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Adaptive Boundary Element Methods:
Error Estimation, Convergence, and Optimality

©

part 1: introduction & h-h/2 error estimators

©

part 2: estimator reduction & convergence of ABEM

©

part 3: linear convergence of ABEM

(7

part 4: optimal convergence rate of ABEM
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part 5: local inverse estimates for nonlocal operators
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2D Model Problem




2D Model Problem

@ weakly-singular integral equation

Vu(x) := —% /Flog |lx — y|u(y) dy = f(z) forz el

o I' C 9 with Q C R? bounded and Lipschitz

Variational Formulation
Find solution u € H of

(u,v) == (Vu,v) 20y = (f,0) 2@y forallveH

@ (-,-) is scalar product
o induced norm ||v|| := (v, v)Y/? ~ ||v||;1_1/2(r)
@ Theorem of Riesz == unique solution u € H

@ u in general not computable numerically
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A Priori Error Estimate

@ suppose regularity u € H N HY(T)
o Uy € Xy = PP(T;) Galerkin solution

0= Uil ey S llegry s diam (770010412

Optimal Convergence Behavior
@ suppose smooth solution u
@ suppose h ~ diam(T) for all T € 7T,
o let N := #7; ~ h~! (because of 2D)
~ - +3/2  anr—(p+3/2
= |lu— U] =~ ||lu— Ug||H,1/2(F) < pP13/2 o N0 43/2)
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Galerkin BEM

@ 7T, partition of I" into affine line segments

@ hy € L*°(I") local mesh-size hy|7 := diam(7)

@ PP(Ty) space of Ty-piecewise polynomials of degree < p
o X, := PP(T;) discrete subspace of H = H~/2(I)

Galerkin Formulation
Find solution U, € &) of

(Ue, Vo) = (f, Vo)pzry forall V, € Xy

@ Theorem of Riesz == unique solution u € ‘H
@ U, computable by solving a linear SPD system

o Céa lemma ||lu — Uy = ‘;nel% llu— Vil|
£ 74
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Empirical Convergence Rates

(]

suppose: ®(N) = cN~™* with ¢,a > 0 unknown
o eg., ®(N) = |u— U with N =#T,

@ suppose: can compute ®(N;) for certain N;

(]

goal: determine empirical value of a > 0

(]

D(Ny) = eN;

= ®(N1)/®(N2) = (N1/N2)~

O(N1)

= a = —log (}(Nz)/log% _ __log®(N1)—log ®(N2)

log Ny —log No

@ consequence: plot log ®(N;) over log N;

— « is negative slope of corresponding curve
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Uniform Mesh-Refinement

@ in each step, all elements T € T, are bisected
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Uniform vs. Adaptive Mesh-Refinement 1/2

@ 1D boundary piece I' = (—1,1) x {0}
o u(z,y) = —2x/v1 — 22 solution to f(z,y) = —z

@ singularities at £(1,0)
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Adaptive Mesh-Refinement

@ in each step, only certain elements are bisected

@ usually, take care of K-mesh property

diam(T)

m < K forall T, T" € T; neighbours
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Uniform vs. Adaptive Mesh-Refinement 2/2

O(N—5/2)

=3¢ errorPO-unif
_g| =¥ errorP1-unif
10 " === errorPO
== errorP1

10° 10" 10°
number of elements
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Observation

although RHS is smooth, solution exhibits singularities
uniform refinement can lead to poor convergence rates

higher p does not help on uniform meshes

e © ¢ ¢

appropriate adaptive refinement recovers optimal rates

©

question: how to grade the mesh automatically?

@ answer: a posteriori error estimation + adaptive algorithm!
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3D Model Problem

@ weakly-singular integral equation

1 1
Vux::—/ u(y)dy = f(x) forx el
(@)= 47 | ey v v = £
o I' C 99 with © C R3 bounded and Lipschitz

Variational Formulation
Find solution v € H of

(u,v) == (Vu,v)2ry = {f,v)p2qy forallveH

@ (-,-) is scalar product
o induced norm [|v|| := (v, v)'/? ~ 1l 5172y

@ Theorem of Riesz == unique solution u € H

@ wu in general not computable numerically
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3D Model Problem
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Galerkin Discretization

@ as before Uy € X, := PP(Ty)

@ mesh 7; of I with local mesh-widths hy, oy € L>°(T")

oe(T he(T)
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A Priori Error Estimate

@ suppose regularity u € H N HY(T)
o Uy € Xy = PP(T;) Galerkin solution

= Nl = Uellgosyory S Il ery max diam(T)™ et ez

Optimal Convergence Behavior
@ suppose smooth solution u
@ suppose h ~ diam(T) ~ |T|'/2 for all T € T,
@ let N := #7; ~ h=2 (because of 3D)
= |lu— U] =~ ||u— Ug||ﬁ_1/2(r) < P32 o N (0 H3/2)/2
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Anisotropic Mesh-Refinement

T | Ts T

Ty 15 T

ABEM, Part 1:

marked element 7' can be split anisotropically
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Isotropic Mesh-Refinement

T T
T
Ty T3
@ marked element T is split into T4,..., Ty

o either all elements are refined (uniform refinement)

@ or only some elements (adaptive isotropic refinement)
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ABEM, Part 1:

K-mesh property
< K elements meet at each node

< K hanging nodes per edge

helz
hg|T/
ol T
el 1

< K for all neighboring elements T N T" # ()

< K for all neighboring elements TN T # ()

satisfied for each mesh with K = K(7y)

important: K(7y) < C' < oo uniformly bdd under refinement
o usually required for numerical analysis
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Numerical Experiment

2
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@ consider Vu = 1 on L-shaped screen L x {0} C R3
@ initial mesh 7Ty with N = 12 elements
@ lowest-order BEM p =0
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Observation

@ although RHS is smooth, solution u exhibits singularities
o singularities along edges and at corners

(]

for 3D BEM, convergence for uniform refinement can be poor
@ isotropic adaptive refinement improves convergence rate

@ but: optimal convergence requires anisotropic elements

@ question: how to grade the mesh automatically?

@ answer: a posteriori error estimation + adaptive algorithm!
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Uniform vs. Adaptive Mesh-Refinement

0

10

O(N71/4)
g 107 B
c uniform
>
o0
[
o
(0]
£ isotropic adaptive
S .
507F 1
O(N73/4)
anisotropic adaptivel
107 . ] . ] . N

10 10 10° 10 10°

number of elements
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Abstract h-h/2 Error Estimation
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Abstract Setting

o Hilbert space H with scalar product (-, -)
@ induced norm || - ||

@ F(-) linear, continuous

Variational Formulation
Find solution u € H of

(u,v) = F(v) forallveH

@ Theorem of Riesz == unique solution u € ‘H
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Characteristics of Galerkin Methods
@ Uy characterized by Galerkin orthogonality
(u—Up, Vy) =0 forall Vye A,

@ Galerkin projection Gy : H — Xy, u+— Uy

o linear projection G2 = G,

@ orthogonal with respect to (-, -)

o symmetric (Gyu, v) = (u,Gov) = (Gou,G,o)
@ best approximation property (Céa's lemma)

— Uyl = min [Ju—V,
Ju— Udl = min Vel

OXKC.)/C} - Gg/UgZUg
o since (Uy— Uy, Vi) =0 forall V,e Xy
o in particular, || Uy — Up|| = min ||Us — Vo
VeEXy
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Galerkin Discretization

@ X; C H finite dimensional subspace

Galerkin Formulation
Find solution U, € &) of

<<Ug, Vg)) :F(Vg) for all V, € X

@ Theorem of Riesz == unique solution U; € X}
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Adaptive Algorithm

@ initial mesh 7y 0 0 < 1= only few

@ adaptivity parameter 0 < 0 <1 marked elts

@ refinement indicators 9 0 =~ 1 — essentially
we(T) =~ ||lu— Ul uniform refinement

Adaptive Algorithm
O compute discrete solution U, for mesh 7;, where Xy = Xy(7y)
Q for all T € Ty, compute pe(7T)
© find (essentially minimal) set M, C 7y s.t.
0> (T < > m(T)?

TeT, TeM,
Q refine (at least) marked elements 7' € M, to obtain Tp41
@ increase counter £ +— ¢+ 1 and iterate

o
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h-h/2 Error Estimator 1/8

@ 1D example with singular solution
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h-h/2 Error Estimator 3/8

@ compute Galerkin solution Uy € Xy := P°(Ty)
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h-h/2 Error Estimator 2/8

@ start with mesh 7y

@ refine 7, uniformly to obtain 7AZ
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h-h/2 Error Estimator 4/8

@ compute Galerkin solution Uy € X; := P(Ty)
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h-h/2 Error Estimator 5/8

@ compare Uy € Xy and @g € /'?g

ﬂ-

ABEM, Part 1: h-h/2 Error Estimators Dirk Praetorius

h-h/2 Error Estimator 7/8

@ got marking of old mesh 7y

o refine marked elements to obtain new mesh 7y

o refine Ty41 uniformly to obtain 7AZ+1
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h-h/2 Error Estimator 6/8

o mark T; locally, where py(T) = || Uy — Uy|| 7 is large

o 1 3 m(TP < Y w1y

TeT, TeM,

o || U — Uyl 7 not specified yet
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h-h/2 Error Estimator 8/8

@ creates sequence of meshes Ty

@ etc.
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Efficiency

° 771 uniform refinement of 7y

o Uy Xy:= 730(7AZ) Galerkin solution

o 1y := || Uy — Uy|| canonical h-h/2 estimator
o heuristics: [Ju — U] < Ju— Ug

Efficiency
There always holds 7y < ||u — Up|| J

@ proof by Galerkin orthogonality (u — ﬁg, Uy — Up) =0

lu— Uell® = 1w — Te) + (T — Up)|?
— flu— Te|® + 2
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1 |

Asymptotic Behavior == Saturation Assumption

@ suppose: asymptotics ||u — Uy|| = CN~¢ with N = #7T,
@ uniform refinement satisfies #72 =k-#Ty with k> 2
= |lu— Ul = C(k#Te)™® =k [lu — U|

— Gsat — k=«
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Reliability
Reliability <= Saturation Assumption
Saturation assumption
llu— Uell < guat llu— Upll ~ for some  guag € (0,1)
is equivalent to reliability

lu = Uell < Crer e

with Coq = (1 — ¢2,) /2 > 1

@ proof again by Galerkin orth. [|u — Up[|2 = Ju — Uy||® + n?
o flu= Ul < ¢ llu = Uell® +nf

o flu— Uell® = llu— Uell® = nf < (1= CZ)) llu— Uel?

rel
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Saturation Assumption for 2D Model Problem 1/2

10° b E
X - @(Nfl/Q)
10 \ |
=L 4
[
=)
|
RS f
10°F E
O(N—S/Q)
== p = 0, unif. —3/2
| =¥—p= 1, unif. oW )
10 & =—t= p = 0, adap. 3
—#— p = 0, adap.
L L L
10° 10 10° 10°
number of elements
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Saturation Assumption for 2D Model Problem 2/2 Difficulties & Tasks

09 @ || - |lz2(r) is local in the sense of

) == PO-unif
o720y = > NollZ2(r)
TeT;

o
©

I
3

O |1+l = I liz-1/2p) is non-local

o
o

o
O py

Jlol? = /F /F o(z) Glo — ) o(y) dy da

I
S

@ What is appropriate local contribution || Uy — Up|| 7?

empirical saturation constant
o
w

@ Avoid computation of Uy, since /Ug is computed and

o
N

lv = Uell = min [lu— V| < Jlu — U]
Ve X,

0.1
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Inverse Estimates

@ bound stronger (semi-)norms by weaker norms
@ up to negative powers of mesh-size

h-h/2 Error Estimation for BEM o eg. (FEM): [loy ™V Wil z2(0) S ll0f Wellz2a)

o for all Wy € PUTy)
o foralla e R

@ can only hold for discrete functions
@ based on norm equivalence on finite dimensional spaces
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Local Inverse Estimate in H /2

Theorem (Graham, Hackbusch, Sauter '05)

o lle"* " Vell vy < G llgg Vellj-a(r for all Ve € PP(Ty)

o Ci,y depends only on ', p, and K-mesh property of 7
o forall o € R

o Corollary: g := llog"* (Ue — Up)ll 2y S 110 — Ull = e

o a=0,-I=Illg-v
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Local Approximation Estimate Between H /2 and L2

Theorem (e.g., Carstensen, P. '06)
o Il : L*(T') — PP(T;) L?-orthogonal projection
o ve L*T)
-1 1/2 1/2
= Oapx ”(1_1_[5)1)"}}—1/2(1—‘) < ||h£ (1_H£)U“L2(F) < “hé UHLQ(I‘)

@ (,px > 0 depends only on I’

o first prove [|(1 = T1)vll 710y S e 0ll2(r)

@ apply this to v := (1 — Ip)w, i.e., (1 —Ip)v= (1 —I)w
— (1 =T wll g oy S "1 = T 2y

@ II; is even Ty-piecewise best approximation
— |lh* (=T wll g2y S kgl 2y
= |Ih"2 (=T w 2y S kg wll 2oy
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Approximation Estimates

@ bound weaker norms by stronger (semi-)norms
@ up to positive powers of mesh-size

@ require certain “orthogonality” properties

o eg. (FEM): [[h¢V (1 — Tl 20y S I1by T D0 12(q)

o veE H?(N)
o 7, : H*(Q2) — S'(T;) nodal interpolant
¢ foralla e R

o eg. (FEM): [[h¢(1 — Zo)vll o) S y\h§+aD2uy\L2(Q)
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Equivalent h-h/2 Estimators
Corollary (Ferraz-Leite, P. '08)

o =T — Uy
o 7y = [|(1 —IIp) Up|

o o =|loy*(Te — Uo)l 22
o fie = llo*(1 - IL,) Uyl z2(ry

(
T = < < 7 < A Y2k
= i < pe Sne < e S| E/QfHLoo(r) e

i

o n = || Uy — Ugll = miny,ex, | Uc — Vell < 11— 1) Tyl = ¢
o A = (1= T0) Uell 1oy S Iog”* (1 = L) Till oy ~ e
o II, is even T,-piecewise best approximation

— o>~ 1) Uil 21y < Moy (e — Ul 2y

— Jie = lloy* (1 — ) Uil oy S N> (U = Ul oy = e
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Remarks

Practical h-h/2 Estimator i, = ||gé/2(1 — Hg)/[ngLz(F)

@ requires only /Ug, but avoids computation of Uy

@ local contributions (T := Hglﬁﬂ(l —1IIy) @HLQ(T) satisfy
pp =Y m(T)
TeT,

. = 1/2 .
© fie S me = 1Tc — Uell S he/ el 2y Fi

o theoretically, ||h¢/ 0| oo (ry measures “how isotropic” Ty is
@ bounded for 2D and isotropic mesh-refinement in 3D
o theoretically unbounded for anisotropic mesh-refinement in 3D

@ practically, non visible if 7y fits to singularities of «
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error and estimators

N
o
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-6

10

|
IS

Numerical Experiment in 2D (p=0)

e rrOr, UNIf.
—t— 24, unif.
E =M= 17, unif.
#g, unif.
g, unif.

=©— error, adap.

E Ay, adap.
ne, adap.
g, adap.

pg, adap.

O(N73/2)

10°

ABEM, Part 1: h-h/2 Error Estimators

1

10

2 3

10
number of elements

Dirk Praetorius

Numerical Experiment in 2D

@ 1D boundary piece I' = (—1,1) x {0}
o u(z,y) = —2z/v1 — 22 solution to f(z,y) = —x

@ singularities at +(1,0)
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error and estimators

=
o

10°

-6

10

l
IS

Numerical Experiment in 2D (p=0)

=3¢ error, unif.
== 1, unif.
E == (1, unif.
= error, adap.
m— 20, adap.
m—— 1y, adap.

o(N~1/2)

o(NT3/2)

10°
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A

error and estimators
= =
o o

&

10°F
=3¢ error, unif.
—3— 20, unif.

10k —3— /1y, unif.
e error, adap.
— 20, adap.
m—— 1y, adap.

1075

10

Numerical Experiment in 2D (p=1)

O(N—5/2)

! !
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Numerical Experiment in 3D (isotropic)
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©

error and estimators
+ o b4+ 4

=
S)
T

=
S}
T

— error (unif.)
ny (unif.)
g (unif.)
ppr (unif.)
T (unif.)
error (ad.,iso.)
ny (ad.iso.)
> 75 (ad. is0.)
< pp (ad.iso.)
P 417 (ad.iso.)

3/4

1

10
10

10

ABEM, Part 1: h-h/2 Error Estimators

1

2

10
number of elements

10

3

10

Dirk Praetorius

@ consider Vu = 1 on L-shaped screen L x {0} C R?

Numerical Experiment in 3D

181

161
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@ initial mesh 7o with N = 12 elements

@ lowest-order BEM p =0

ABEM, Part 1: h-h/2 Error Estimators

Dirk Praetorius

Adaptive Isotropic Mesh
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Steering of Anisotropic Mesh-Refinement

e ¢ ¢ ¢

©

suppose T € M,
L?-orthogonal projection Ilpers, if T is horizontally refined
L?-orthogonal projection Ilyert if T is vertically refined

fix parameter 0 < 7 < 1

if: [|(1 = Morsz) Ull p2(y < 7 [|(1 — TIy) ﬁEHLQ(T)

— refine T horizontally

@ if: [|(1 — Myere) Uell 2y < 7 |(1 = L) Uil 21y
— refine T vertically

@ else: refine T isotropically

@ altogether: |\Piﬁ(1 —To11) el pory < 7 e T)
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Adaptive Anisotropic Mesh-Refinement
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Numerical Experiment in 3D (anisotropic)

10

C)

=
o

F = error (unif.)
=+ 7y (unif.)
= 7y (unif.)
F pp (unif)
A Ly (unif)

error and estimators
5

-2

" “©- error (ad.,iso.)
-# 7y (ad. iso.)
ey (ad.iso)
< 1y (ad.iso.)
D hn (ad. o))

10 5
10
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Conclusions
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Conclusions 1/2

use 1y = || Uy — Uy|| to estimate [Ju — Uy|

Extensions

° @ h-h/2 strategy applies to all problems in Lax-Milgram setting
o BEM for mixed boundary value problems
@ ng < ||lu — Up| with known constant 1 o FEM-BEM coupling
¢ most general & most simple strategy
. . @ hyper-singular integral equations with || - || ~ || - ||
@ almost no implementational overhead yp & grateq 0= ||H1/2(F)
. . . - . . 1_ .
& can be computed exactly (up to Galerkin system) ® localization OfAH HHl/Z(F) V|la/;/ve|ghted HAsemmorm
ne = 1Ue — Uell = |lo," (1 = 11e)V Ul L2 (1) = fie
& |lu — Ug|| < ne hinges on saturation assumption o analysis only for isotropic meshes
© saturation assumption is hard to guarantee in practice
& requires Galerkin solution /Ug for uniformly refined mesh 7} @ localization analysis works for fixed polynomial degree p > 0
& cannot steer adaptive mesh-refinement o weakly-singular as well as hyper-singular integral equation
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Conclusions 2/2 References
@ cheaper local variant ji; = ||Q;/2(1 - Hg)/UgHLQ(F) Ferraz-Leite, P. (Computing 83, 2008)
_ ¢or 2D and isotropi href tin 3D Erath, Ferraz-Leite, Funken, P. (Appl. Numer. Math. 59, 2009)
D fug = Tor Aan ISOtropic mesh-retinement i @ weakly-singular integral equations in 2D / 3D
& only requires Uy, but avoids Uy @ (global) equivalence to other estimators (averaging, two-level)
¢ capable to steer anisotropic mesh-refinement in 3D
© good performance in numerical experiments Aurada, Ferraz-Leite, et al. (Appl. Numer. Math. 62, 2012)
@ lowest-order BEM for mixed BVPs in 2D
& i =~ ng only empirically for anisotropic mesh-refinement in 3D
) Erath, Funken, Goldenits, P. (Appl. Anal. 92, 2013)

@ good reasons for (h-h/2)-type estimators

o check stability of code before implementing other estimators Aurada, Feischl, Fiihrer, et al. (Appl. Numer. Math, 2014)

@ any other estimator should (try to) beat h-h/2 @ hyper-singular integral equation in 2D / 3D

o each adaptive strategy must satisfy iy <y — 0 @ (global) equivalence to other estimators (averaging, two-level)
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Open Problems

@ prove iy < Cfiy with €' = C([|he/ogl[ oo ry s u) < M < o0
o as long as 7y is aligned with anisotropic behavior of u

@ h-h/2 estimators for hyper-singular IE on anisotropic meshes

o so far, localization of H'/2-norm requires isotropic meshes

@ prove saturation assumption for smooth RHS
e e.g., if Ty is sufficiently fine
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Zurich Summer School 2014 Some References on adaptive FEM
uly lo—zz,

@ —Au=fin Q with ulr =0
Adaptive Boundary Element Methods

o AFEM with residual error estimator
Part 2: Estimator Reduction & Convergence

© Dorfler '96 o Dorfler marking
. . Morin, Nochetto, Siebert '00 @ convergence up to
Dirk Praetorius © Morin, Nochetto, Sieber Tolerafce: IIZofIILz .
© Morin, Siebert, Veeser '08 @
@ Siebert '11

Vienna University of Technology
Institute for Analysis and Scientific Computing

LF

Der Wissenschaftsfonds.
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Some References on adaptive FEM

@ —Au=fin Q with ulp =0

@ AFEM with residual error estimator

@ errpy1 < gerry + 0scy

o oscy = ||he(f — fo)ll L2

o bisech-refinement
A

@ Siebert '11 SN\

© Dorfler '96
© Morin, Nochetto, Siebert '00
© Morin, Siebert, Veeser '08

History: Convergence of Adaptive Algs
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Some References on adaptive FEM

o —Au=fin Q with ulr =0

@ AFEM with residual error estimator

© Dorfler '96 o general theory
Srfler

© Morin, Nochetto, Siebert '00
© Morin, Siebert, Veeser '08
© Siebert '11

o general marking

@ bisech-refinement
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Some References on adaptive FEM

o —Au=fin Q with ulp =0

@ AFEM with residual error estimator

© Dorfler '96

© Morin, Nochetto, Siebert '00
© Morin, Siebert, Veeser '08
@ Siebert '11

@ h-h/2 ABEM: Ferraz-Leite, Ortner, Praetorius '10
@ simpler argument: Aurada, Ferraz-Leite, Praetorius '12

o combines MSV '08 + Cascon, Kreuzer, Nochetto, Siebert '08
o so-called estimator reduction principle

ABEM, Part 2: Estimator Reduction & Convergence Dirk Praetorius
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Some References on adaptive FEM

o —Au=fin Qwith ulp =0

@ AFEM with residual error estimator

@ Dorfler '96 o general theory
orfler

© Morin, Nochetto, Siebert '00
© Morin, Siebert, Veeser '08
@ Siebert '11

o general marking

o bisec-refinement

/A
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A Priori Convergence
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Abstract Setting

@ Hilbert space H with scalar product (-, -)
@ dual space H* of H
@ right-hand side f € H*

Variational Formulation
Find solution u € H of

(u,v) = F(v)

for all v € H

@ Theorem of Riesz == unique solution u € H
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Uniform Mesh-Refinement = Convergence 1/2

o Let 7, sequence of uniformly refined meshes, i.e., |||z — 0
@ suppose: Xy = Xy(Ty)
@ usual setting: Exists D C H dense with

min v — Vel =250 forall ve D
V[EX@

e eg:D=H*Q)C H(Q)

. 2
guin, [[v = Vellyey < 11 =Tl @) S l1he D70l 120
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Galerkin Discretization

@ X; C H finite dimensional subspace

Galerkin Formulation
Find solution U, € X of

<<Ug, Vg)) = F(Vg) forall V, € &,

@ Theorem of Riesz == unique solution U, € X}

ABEM, Part 2: Estimator Reduction & Convergence Dirk Praetorius
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Uniform Mesh-Refinement = Convergence 2/2
Proposition
@ Suppose D C ‘H dense with
o {—00
min [|lv— V|| —— 0 forallveD
VeeXy
— [lu— U] =0 J
o Jlu— Uyl = min flu— V| < flu— in flo— V,
= Uall = iy, = Vall <l — oll + iy flo— Vel

@ choose v € D with ||u —v| <e

ABEM, Part 2: Estimator Reduction & Convergence Dirk Praetorius
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Difficulty with Adaptive Mesh-Refinement

©

adaptivity might lead to |||/~ 4 0 as £ — oo

@ cannot expect min ||v — V|| — 0 for all v € D
VeeX,

©

cannot expect ||u — Uy|| — 0 for all u

©

but: adaptivity is driven by concrete estimator

©

and: adaptivity provides structure on discrete spaces
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Adaptive Schemes Converge!

® T;y.1 obtained from 7; by local mesh-refinement
@ thus Ay := PO('D) — nestedness Xy C Xy

A Priori Convergence of Adaptive Galerkin Schemes

o there holds U, =22 1/,

o butu= Uy "?
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A Priori Convergence
o Xy, C Xyt sequence of nested discrete spaces

o U, € Xy Galerkin solution

Convergence Theorem (Babuska, Vogelius '84)

There holds convergence

£—00

Uy —— Uy €H

with some limit Uy, € H

o X, = closure(Up2, Xr) € H with Galerkin sol. Uy € Xo
@ Fore >0, exists Vi € Xy sit. [|[Uso — V|| <&
= U0 = Uell = min [[Uso = Vel| < || Uso — Viell <€ for >k
VeeX,

@ ie limy Uy = Uy
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History A Priori Convergence
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Estimator Reduction
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Anisotropic Refinement
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Estimator Convergence

Estimator Convergence py —% 0
@ conceptually, algorithm only sees estimator, not error
@ conceptually, estimator convergence p; — 0 is necessary
@ consequently, rather ask for p; — 0 than for |[u — U|| — 0

@ idea: [Morin, Veeser, Siebert '08], [Siebert '11] for AFEM

@ quite general marking strategies (instead of Dorfler marking)
o but: based on local properties of estimator
@ but: analysis based on Lebesgue theorem

@ here: simpler argument from [Aurada, Ferraz-Leite, P. '12]

o requires Dorfler marking
@ arguments only based on basic calculus

ABEM, Part 2: Estimator Reduction & Convergence Dirk Praetorius

Estimator Reduction
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Model Problem

History A Priori Convergence
(e]e] 00000000

Anisotropic Refinement
00000000

@ weakly-singular integral equation in 2D or 3D
@ bisection in 2D / isotropic mesh-refinement in 3D
@ adaptivity steered by py = ||Q;/2(/Ug — Ul 2y

@ recall mesh-size function gy € L*°(T)

Conclusion
0000

o1l he| 7
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Conclusion
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History A Priori Convergence
(e]e) 00000000

Anisotropic Refinement
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Estimator Reduction Principle

Estimator Reduction = Estimator Convergence
Let 0 < k < 1 and py, ap > 0 with
Q@ pry1 S Kpe+ oy

{—00
o apy—— 0

Then, pp =225 0

per1 < K po + X5 kg <k pg + [[(am)lloo Thmo £
pn) bounded = M := limsup, py > liminf, py; > 0 exist
1

°
°
® next, M = limsup, p¢+1 < klimsupy p¢ + limsup, oy = kKM
@ thus, M =0

o finally, 0 < liminfy py < limsup, py =0 = limypy =0
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Adaptive Algorithm

@ initial mesh 7

@ adaptivity parameter 0 < 0 <1

Adaptive Algorithm
@ compute discrete solution @, for mesh 7y
© compute refinement indicators py(7T') for all T € Ty
© find (essentially minimal) set M, C 7Ty s.t.

0% w1 < Y p(T)

TeT, TeM,

Q refine (at least) marked elements 7' € M, to obtain Tp11
@ increase counter / — { + 1 and iterate

Conclusion
0000
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Estimator Reduction (isotropic)

Proposition (Ferraz-Leite, Ortner, P. '10; Aurada, F.-L., P. '12)
@ Isotropic refinement steered by py = HQ;/Q(ﬁg -
Up) = (Uer — Ul

Uo) |l z2(r
= o1 < Kpg + C|[(Upgr —
1-0/2

@ with Kk =

—> This already implies p, £

@ nestedness Xy C &1 = a priori convergence Uy tmoo, Uso
@ nestedness /'?g C /'?ZH = a priori convergence lA]g tmoo, ﬁoo
Ue) = (U1 = U =0

@ estimator reduction for puy, = limy uy = 0

Ulll ~ e = Uno = Uso

o thus, ay := [|(Ups1 —
@ in particular, n, = || Uy —
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Proof of Estimator Reduction 2/4 (isotropic)

@ 11 < 102 (Te= U0 2y + Conw (T — U) = (Upa— U0

@ use isotropic mesh-refinement to see

HQg+1( UE)HH(F

= Z HQE—H( UK)HL? T)+ Z ||Q£+1( UE)HL?
TeM, TeT\M,
1

<5 2 U= Udliay + 3 e (T = Uiy
TeM, TeT\M;
1 1/2

=3 X Mo (Ue = Ullgary + Y et (Te = Uy

TeM, TeT,
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Proof of Estimator Reduction 1/4 (isotropic)

© triangle inequality & inverse estimate prove

pen = oy (Uesr — U)oy
<|lep2 (T = Ul + ey [(Tesr — Upr) — (Te = U] |12
< log2 (T = Ul g2 + Ciaw 1T — Ue) = (Usgr — TR
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Proof of Estimator Reduction 3/4 (isotropic)
@ piest < e (Te=U0) g2y Cin (Vs = Uo) = (Uesa = Ul

Q HQ£+1( UE)HL2(F

1 12,7
<5 ¥ log'>(Ue= U)oy + Y- llog*(Te— U2
TeM, TeTe

© use Dorfler marking strategy

0 Z ||Q UE)HL?(T) Z ||Q ( U£)||L2(T)
TeT, TeM,
to see
<(=5+1) X Nl (T~ Ul3acry
TeT,
= (1-6/2)u;

ABEM, Part 2: Estimator Reduction & Convergence Dirk Praetorius
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Proof of Estimator Reduction 4/4 (isotropic)

1/2 , 75 s s
Q i1 < 110 (U= Ul 120y + Conw (U1 — Ue) = (U= Uo) |

1/2 /75
Q ||Qg_/|_1(U€_ Uf)”%,?(r)
1 1/2, 7 2 1/2 /7 2
<-3 > e (U= Uiz ry+ > lle" (Ue= Ul Z2(ry
TeM, TeTe

Q < (1-6/2)u;

@ obtain estimator reduction with k = /1 —6/2 € (0,1)

teg1 < K pp + Ciny |H(ﬁ12+1 - /Ue) — (Uer — Uo)||

ABEM, Part 2: Estimator Reduction & Convergence Dirk Praetorius

Anisotropic Refinement Conclusion
0@000000 Q000

Estimator Reduction
0000000000

Model Problem

History A Priori Convergence
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@ weakly-singular integral equation in 3D

@ anisotropic mesh-refinement

T, | T3 T

o difficulty: mesh-size g, not necessarily contracted on 7' € M,
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Estimator Reduction
0000000000

History A Priori Convergence
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Anisotropic Mesh-Refinement in 3D
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Estimator Reduction
0000000000

History A Priori Convergence
oo 00000000

Remedy: Two-Step Marking Criterion

@ use simplified estimator iy = Hgéﬂ(l —1Iy) /U[HL2(F)

o first: single out marked elements by Dorfler marking

0> (T < > fie(T)?

TET, TeM,

@ second: favor anisotropic refinement for T' € My, but ensure

1/2 75 1/2 =~ -
o2 (1 = o) Uelliary < 7 o (1 = 1) Uellary = 7 fae(T)
o isotropic ref. — Hg%j(l - Hg+1)ﬁg"L2(T) =0<71m(T)
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Estimator Reduction (anisotropic)

@ Dorfler marking with 0 < 0 <1

@ direction control with 0 < 7 < 1

Proposition (Aurada, Ferraz-Leite, P. '12)

@ Anisotropic refinement steered by iy = HQé/Q(l —1IIy) /(74||L2(F)
— fer1 < £ g+ C || Upr — Uil
o with k =+/1—-6(1—-71)

—> This already implies i, )
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Proof of Estimator Reduction 2/4 (anisotropic)

- 1/2 = = =
Q Jier1 < |10y (1 = Test) Uell 2y + Cinw | s — Tl

@ use mesh-refinement to see

log} 3 (1=Tlgs) U2y

1/2 s 1/2 s
S o3 (0 -Tle) Uel2o o+ 32 Nlefa (= Terd) Uel 22y

TeM, TeT\My
1/2 5
<7 3 llo?(1-11) Uliey+ > leg?(1 — ) Ul 727
TeM, TeT\M,
1/2 o 1/2 T3
=(r-1Y lloy/ (1=T10) Uell 22y + D loy/ (1=T1p) Ue1 22 )
TEM@ Ten
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Proof of Estimator Reduction 1/4 (anisotropic)

@ triangle ineq. & local orthogonality & inverse estimate prove

~ 1/2 Ty
fies1 = llog}3 (1~ Tyy) Ues1llz2(r)

< HQ@H(l 1) Upll g2 + HQ@il(l — 1) (U1 — Up)|| 2
<o (0 = Toy1) Uell 2 + o (Tesr — Te)|l 12

< ||Q£+1(1 —Tpi1) Usll 2 + oo | Uea — U]
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Proof of Estimator Reduction 3/4 (anisotropic)

~ 1/2
Q Jirr1 < o2 (1 = Tey1) Uell 2y + Cone | Uesr — Uil

o HQ£+1( HHI)[A]E“ZL?(F)

1/2 o 1/2 e
<(r=1) 3 [l (1 =) Tl oy + 3 o> (1 = T00) Ul
TeM, TeT,

© use marking strategy

1/2 fa 1/2 73
0> lo/*(1 — I0y) Ulllfz(my < Y loy/*(1 — I0y) UdllZz(my

TeT, TeM,
to see
1/2 72
<@ —=1)+1) D> o/ (1 =T Upll 2y

TeT,
= (1-00-7) i
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Proof of Estimator Reduction 4/4 (anisotropic)

~ 1/2 e e e
Q Jier1 < |10y (1 = Teyt) Uell z2ry + Conw | Uesr — Tl

1/2 =~
> ||Q£<L1(1 — Tgy1) Uell 72y

<=1 e (0 =T Telairy + S lle)* (1 = T00) Ul 1y
TeM, TeT,

9 < (1-0(1-7))i
@ obtain estimator reduction with k = /1 — (1 —7) € (0,1)

firy1 < ki + Cuoy || Upsr — Ui

ABEM, Part 2: Estimator Reduction & Convergence Dirk Praetorius

History A Priori Convergence Estimator Reduction Anisotropic Refinement Conclusion
(e]e] 00000000 0000000000 00000000 Oe00

o useful adaptive algorithms lead to py RNy

£—
o concept: ask for py —— 0, not for error

. . . l—
@ estimator reduction == estimator convergence py =0

o Dorfler marking
@ triangle inequality & inverse estimates
@ a priori convergence

@ estimator reduction is independent of reliability/efficiency

o decouples convergence and saturation assumption
o does not need Galerkin orthogonality
@ relies on contraction of estimator on marked elements

9 e.g.: local contributions p;(T) weighted by mesh-size
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Extensions
@ various problem settings

o in particular, BEM for hyper-singular integral equations

o independent of FEM, BEM, FEM-BEM

o allows certain nonlinearities in FEM domain

Conclusion

ABEM, Part 2: Estimator Reduction & Convergence Dirk Praetorius

@ various error estimators

o h-h/2 error estimators for FEM, BEM, FEM-BEM
@ averaging error estimators for BEM
o weighted-residual error estimators for FEM, BEM, FEM-BEM

@ adaptive BEM with data approximation of RHS
o further consistency terms to error estimator
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@ weakly-singular integral equations in 2D / 3D
@ isotropic / anisotropic mesh-refinement
@ different estimators (h-h/2, averaging)
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@ BEM for mixed BVPs in 2D
@ including approximation of RHS
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@ a priori convergence of Clément-type operators for data approx.
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Zurich Summer School 2014 2D I\/Iodel Problem

July 18-22, 2014

@ weakly-singular integral equation

Adaptive Boundary Element Methods .
Part 3: Linear Convergence of ABEM Vule) := _%/Plogm ~yluly)dy =Jf(z) forzel
o I' C 99 with © C R? bounded and Lipschitz

Dirk Praetorius
Variational Formulation

Find solution v € H of

Vienna University of Technology ((u, ’U)) = (Vu, U)Lz(p) = <f, 'U>L2(1'*) forall ve H
Institute for Analysis and Scientific Computing

WIF @ (-,-) is scalar product

Der Wissenschaftsfonds. [+ induced norm |”’U|” = <<’U, ?)>>1/2

= HUHFIfl/Q(F)
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Galerkin BEM

@ 7Ty partition of I' into affine line segments
@ local mesh-width hy € L>(T"), hy|7 := diam(7T) for T € Ty
Introduction o X, := PP(T;) discrete subspace of H = H1/2(T")

Galerkin Formulation
Find solution Uy € &) of

(Ue, Vo) = (f, Vo)pary forall V, € Xy

ABEM, Part 3: Linear Convergence of ABEM Dirk Praetorius ABEM, Part 3: Linear Convergence of ABEM Dirk Praetorius



Introduction Setting Stability & Reduction Discrete Reliability Linear Convergence Conclusions

000@000000000 000000 0000000000 00000000000 O00000000000 000000

Weighted-Residual Error Estimator
Poincaré inequality

we H'(T) with w L PUTy) = [lwllzqy S lhew'|| 2

o w:=f— VU L PP(Ty) 2 P(Ty)

Reliability (Carstensen, Stephan '95, '96, & Maischak '01)

lu = Uell = If = VUell g2y S g (F = VU Il z2ry =: e

@ proof (later!) requires regularity of 7, for localization

@ 2D: uniformly bounded local mesh-ratio
@ 3D: uniform ~-shape regularity
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1D Example

@ 1D boundary piece I' = (—1,1) x {0}
o u(z,y) = —2z/v/1 — 22 solution to f(z,y) = —z

@ singularities at £(1,0)
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Adaptive Algorithm

@ initial mesh 7y

@ adaptivity parameter 0 < 0 <1

Adaptive Algorithm
© compute discrete solution Uy for mesh 7y
© compute refinement indicators 7y(7T) for all T € Ty
© find (essentially minimal) set M, C 7y s.t.
0> m(T)>< D n(T)?
TeT, TeM,

Q refine (at least) marked elements T' € M, to obtain Tp14

© increase counter ¢ — ¢+ 1 and iterate
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Solve on Coarse Mesh 7
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Compute Residual on 7

o no(T) = diam(T)1/2 I(f — VUO),HLQ(T)
o7 Yom(mPs X m(Ty

T€eTo TeMo
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o m(T) = diam(T)'" |/ = VOOl 2y
o 1 Y w1 Y m(1)

T€eTo TeMo
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Compute Residual on 7;

o m(T) = diam ()" |(f = VU2
o1 Y om(rPs Y m(ry?

TeT TeMy
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o mi(T) = diam(T)'"2 |(f ~ VOl g2y
o1 Y m(1P< Y m(T)
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Mathematical Questions?

@ can we prove convergence for adaptive mesh-refinement?

@ can we prove linear convergence ngﬂb < Cqni?
9 constant C > 0 reflects pre-asymptotic convergence rates

@ can we prove optimal convergence rates?
o at least asymptotically

@ which set of problems can be covered?
AFEM for 2nd order elliptic PDEs?
o ABEM for 2nd order elliptic PDEs?
o adaptive FEM-BEM coupling?

o linear/nonlinear problems?

(9
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Optimal Rates in Adaptive FEM

000000

o —Au=fin Q with ulr =0

@ AFEM with residual error estimator

Dérfler '96
Morin, Nochetto, Siebert '00
Binev, Dahmen, DeVore '04

o Dorfler marking

@ convergence up to
Stevenson '07 e = |lhofllz2(e)
Cascén, Kreuzer, Nochetto, Siebert '08

Feischl, Fiihrer, P. '14
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Optimal Rates in Adaptive FEM

o —Au=fin Q with ulr =0

@ AFEM with residual error estimator

Dorfler '96
o MNS algorithm

with coarsening

Morin, Nochetto, Siebert '00

Binev, Dahmen, DeVore '04
o link to approximation

Stevenson '07 theory

Cascédn, Kreuzer, Nochetto, Siebert '08

Feischl, Fiihrer, P. '14

o optimal rates
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Optimal Rates in Adaptive FEM

o —Au=fin Q with ulp =0

@ AFEM with residual error estimator

Dérfler '96

. . ’ 9 errpy; < gerry + 0scy
Morin, Nochetto, Siebert '00

o oscy = ||he(f — fo)ll 2

o bisech-refinement
AN
N\

Binev, Dahmen, DeVore '04
Stevenson '07
Cascon, Kreuzer, Nochetto, Siebert '08

Feischl, Fihrer, P. '14
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Optimal Rates in Adaptive FEM

o —Au=fin Q with ulp =0

@ AFEM with residual error estimator

Dorfler '96

Morin, Nochetto, Siebert '00

Binev, Dahmen, DeVore '04 ° M.NS algorlthm.
without coarsening

Stevenson '07 .
o optimal rates

Cascén, Kreuzer, Nochetto, Siebert '08

Feischl, Fihrer, P. '14
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Optimal Rates in Adaptive FEM

o —Au=fin Q with ulr =0

@ AFEM with residual error estimator

© Dorfler '96 o symmetric PDEs

© Morin, Nochetto, Siebert '00 o optimal rates

© Binev, Dahmen, DeVore '04 o NVB refinement

@ Stevenson '07

© Cascédn, Kreuzer, Nochetto, Siebert '08 / \
© Feischl, Fihrer, P. '14
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Optimal Rates in Adaptive BEM

@ Feischl, Karkulik, Melenk, P. '13

o weakly-singular integral equation for 2D / 3D Laplace
o polygonal boundaries
o lowest-order BEM

@ Tsogtorel '13
@ general integral kernels
@ smooth boundaries
¢ |lowest-order BEM

@ Feischl, Fuhrer, Karkulik, Melenk, P. '14

o weakly-singular / hyper-singular IE for 2D / 3D Laplace
o polygonal boundaries
o fixed-order BEM with approximation of RHS

@ all results: restricted to isotropic mesh-refinement
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Optimal Rates in Adaptive FEM

o —Au=fin Q with ulp =0

@ AFEM with residual error estimator

Dérfler '96 @ non-symmetric PDEs

Morin, Nochetto, Siebert '00 o optimal rates

Binev, Dahmen, DeVore '04 o NVB refinement

/A

Stevenson '07
Cascon, Kreuzer, Nochetto, Siebert '08

Feischl, Fiihrer, P. '14
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Main Results on Rate Optimality

© linear convergence 7., < C q"ny

o for 0 < 0 <1 arbitrary
o with0< ¢g=1¢(0) <1, C=C(0) >0
9 requires: appropriate orthogonality

© optimal convergence 1y < (#T) — #7Ty)~°
o for 0 < 0 < 1 sufficiently small
o for each possible s > 0

© optimality constrained by estimator and isotropic refinement!

e ok for 2D
o suboptimal in 3D w.r.t. error!
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What are the Overall Topics?

©

abstract framework for convergence with optimal rates

©

formulated in terms of estimator only

©

boils down to four properties of error estimator

©

reproduces all available results from the literature
@ independent of FEM, BEM, nonconforming FEM, mixed FEM

©

sharp characterization of linear convergence
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Reduction (A2) _

I Discrete reliability (A4) I

[ Estimator reduction ] 1
Reliability

-— I Quasi-orthogonality (A3) I

[ Optimal convergence

of g \

Efficiency [ OptlmaL:o{;vergence
£

Stability (Al) /
Optimality of
Dérfler marking

[ Discrete reliability (A4) ]/
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Road Map (Part 3 + Part 4)

I Discrete reliability (A4) I

Reduction (A2) —_—
[ Estimator reduction ]

e

Optimality of
Dérfler marking

Linear convergence

- -~ I Quasi-orthogonality (A3) I

| Dol e I(A) I/7

=]
=

of Uy

Optimal convergence I

(e ]———
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Continuous and Discrete Setting
@ H vector space

@ u € H unknown solution

@ 7y initial mesh

o fixed mesh-refinement strategy refine(:)

o T, € refine(7y)
o X, finite dimensional space

o U, € X, computable discrete solution

@ || - || norm to measure ||u — U,||

ABEM, Part 3: Linear Convergence of ABEM Dirk Praetorius
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Regular Triangulation
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Model Problem

o weakly-singular integral equation Vu = f in 2D/3D
o ueH:=H D)

(u,v) :=(Vu,v)2 = (f,v)2 forallveH
o[-l ={,)?

@ 7T, regular and 7-shape regular triangulation
o 2D: partition into affine line segments, local mesh ratio <~y
o 3D: partition into affine surface triangles, no hanging nodes

diam(T)? <
max ————
TeTr |T| — 7

o U, € PP(T,) =: X, unique solution of
(Ue, Vi) = {f, Viype for all V, € PP(Ty)

ABEM, Part 3: Linear Convergence of ABEM Dirk Praetorius

Setting
Approximation Property
Assumption: Uniform refinement yields convergence
VT, € refine(Ty) Ve >0 37, € refine(Ty): |lu— ULl <e J

@ Verification for BEM model problem:

o Céa lemma + L>?-projection + density of smooth fcts

lu— Ul = llu— Uullgossaqey

5 HU - H*”Hﬁ—l/z(p)

e R L] [y
1/2

S e+ 1ol oy

<e

~Y

ABEM, Part 3: Linear Convergence of ABEM Dirk Praetorius




Introduction Setting
0000000000000 00000@

Stability & Reduction
0000000000

Discrete Reliability
00000000000

Linear Convergence Conclusions
O00000000000 000000

Residual Error Estimator for Model Problem

Reliability and Efficiency
777

(@)
o lu—Ul < n I llu— Ul + osc.

~

1/2

(]

T = ( Z 77*(T)2)

TeT
n(T)* = | TV DV (f = VU F2ery

©

her == | T4~ ~ diam(T)

©

(]

reliability 2D: [Carstensen, Stephan '95,'96]

reliability 3D: [Carstensen, Maischak, Stephan '01]
efficiency 2D: [Carstensen '96], [Aurada, Feischl, et al. '13]
¢ only direct BEM & closed boundaries & smooth data

e ©
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Local Inverse Estimate for Non-Local Operators

Theorem (Feischl, Karkulik, Melenk, P. "13; Tsogtorel '13)

o |L AV VW, 2y < Ciuv | Wall -2y for all W, € PP(T,)
o C’inv: inv(Fapr)

@ sketch of proof later (part 5)
@ is “classical” inv.est. for “non-classical” space VPP(T,) 2 ¥,

o LHS = ||hi/2V\If*||L2 weighted H!-seminorm (stronger)
o RHS =~ ||W,| g1/2(ry (weaker norm)

@ lowest-order case W, € P°(Ty)
o Feischl, Karkulik, Melenk, P. '13

o Tsogtorel 13 for smooth boundary, but general kernels
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Stability & Reduction
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Local Inverse Estimate: Uniform Meshes

o aim to prove: |h/*V VW, | 2y S | Wil for all W, € PO(T5)
@ stability V : L?(T') — HY(T") provides

1R Vi gy < W20 Vol ry S 027202y

= ||h"*wl| 2y

@ local inverse estimate of Graham, Hackbusch, Sauter '05

b > Wil 12y S || Wi ~ | Wi |

HIN{*l/?(F)
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Axiom (A1): Stability on Non-Refined Elements
(A1) Stability on non-refined elements, 7, € refine(7y)

(2 @)’ -( X wm)”|s1u -l

TeTiNTx TeTNTx

@ Verification for BEM model problem:
o ()2 = | T/ V(f — VU2

1/2
o Y T ="V - VU ymnm)
TeTNTx
@ inverse triangle inequality 4+ novel inverse estimate

LHS < |b/*V(f = VU.) = by "V (f = VUl 2 yzemsy

< |V V(U = Ul 2y

5 ” UE - U*||[';]—1/2(F)
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Estimator Reduction

Stability (Al) + Reduction (A2) = Estimator Reduction
OV0O< <1 A0< gest <1 dCest >0 V£ € Ny :

nlg—l—l < Qest 77% + Cest ||| Uf-l-l - U£”|2

@ sketch: Young inequality + (A1) + (A2)

@ variable parameter § > 0 sufficiently small
@ (est = (1 + 5) - ‘9(1 + 0 — Qred) ~1- 0(1 - Qred)
*] CLSt - (Ziab(l'_k 6__1) %_ (%ed
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Axiom (A2): Reduction on Refined Elements

(A2) Reduction on refined elements, 7, € refine(7;)

Z n*(T)z < Gred Z nﬁ(T)Q + Cred ”’ Ue — U£“|2
TeT\Te TeT\Tx

@ Verification for BEM model problem:
ne(T)2 = | TV |9(f — VU2

U(TA\Te) = U(T\TS)
T <L|T|for 2T S TEeT

©

©

©

@ proof as for estimator reduction for h-h/2 estimators
@ triangle inequality + Young ineq. + novel inverse estimate
9 Gred = 2_1/(d_1)
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Proof of Estimator Reduction 1/3
© (A1) + (A2) + Young ineq. (a + b)? < (1+8)a® + (1+571)v?

M1 = Z e (T)* + Z e (T)?
TeT+1NTe TeTe41\Te

< (1 + 5) Z nZ(T)Z + Qred Z UE(T)2

TeTo1NTe TeT\To+1
+ (Caan (L4671 + Crea) 1 U1 — Uell

=(1+08)n +(grea— (14+0) > n(T)?
TeT\Te1
+ (Caap(1+ 67 + Cred) | Usr — Uell®

=Cest
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Proof of Estimator Reduction 2/3
(A2) + Young inequality
(149))

Q (A1) +

77%+1 < (1 + 6) 77% + (qred - Uz(T)Q

2.

TeT\Te41
+ Cest | U1 — Uill?

Q My CT\Te41

775?+1 <S@+8)n; — (146~ grea)

> n(T)?

TeM,
+ Cest | U1 — Ut

© Dorfler marking

< ((140)—0(1+6 — grea)) n7
+ Cost | U1 — Ue|)?
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Road Map

Reduction (A2) _

[ Estimator reduction ]

Optimality of
Dérfler marking

[ Discrete reliability (A4) ]/

Optimal convergence
of g

Discrete Reliability
00000000000

Conclusions
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000000000000

I Discrete reliability (A4) I

Reliability

-— I Quasi-orthogonality (A3) I

lIlHHHHHIl

[ OptlmaL:o{;vergence
2

— =
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Proof of Estimator Reduction 3/3

@ proved: for all 6 > 0

M1 < (146) =01+ 06 — grea)) 17 + Cest | U1 — Ul?

6—0

® et =(1+9) —0(14+6 — red) —> 1 —0(1 — Grea) < 1

@ small § >0 == estimator reduction estimate
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Necessity of Discrete Reliability

@ Suppose BEM model problem
o Let 7, € refine(7;11)
= U = Ul < llu— Uell®

@ Suppose knowledge that 7y is reliable 4+ Dorfler marking

— Ju— Ul? Smi <6071 DY m(T)?
TeM,

@ marked elements are refined, i.e., My C T)\Tr41 € To\ T«
—> obtain discrete reliability

10~ Uell* S > nel(T)
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Patch

o S C 7, set of elements
@ patch(S)

@ ~-shape regularity

—> #S§ ~ #patch(S)

Axiom (A4): Discrete Reliability

(A4) Discrete reliability, 7, € refine(7))
o exists Ry C Ty with
° T\T. C Ry
o #Re~#(Te\T)

o U = Tel? < G2y D me(T)?
TER,

@ introduced by Stevenson '07

@ proof refines usual reliability proof by choice of clever test fct
o Ry = T/\Ts for FEM

® Ry = patch(7,\7s) for BEM

TeT\Tx
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Discrete Reliability = Reliability

@ triangle inequality for 7, € refine(7y)

lu = Uell <l = Ul + 1 Ux = Uell < llw = Uil + Crer e

@ approximation property

Ve >0 37, € refine(Ty): |Ju— U <e

= |||U - U£||| < Crel Ne
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Proof of Discrete Reliability 1/5

O00000000000 000000

o W,=U, - U

W, onTecT,NT,
0 on T € T\T
© Ry:={zeNy: ze UT\T)}

o P W, e P(Te), PuW, —{

© use Galerkin orthogonality

IWoll> = (VU = VU, W) = (3 0u(f = VU, (1= B) W, )

2ERy
@ (1-Py)W,=00nTeT,NT,
o > p.=lonTeT\T.

zERy
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Proof of Discrete Reliability 3/5
° Ryi={zeNy: 2z UT\T)}
9 sum = Z Wz(f_ VUE)

z€Ry

Linear Convergence Conclusions
000000000000 000000

—1/2
@ | U, — Uil 5 llsuml oy + ik
@ elementwise Poincaré inequality, since f — VU, L P°(Ty)

sum||%2 )

—-1/2 : -
Hhé / sum||2L2(p) = Z dlam(T) 1HsumH%2(T)
TET,

< Z diam(T

TNRy#£D

< Z diam(T

TNRy#£D

~ > n(T)?

TNRy#£D

)7 = VUZ2

V(= VU T2y
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Proof of Discrete Reliability 2/5

o W, =U,—- Uy

W, onTeT,NT,
0 on T € T\T
o Ry:={zeNy: ze U(T\T»)}

oMMEWm»mm:{

@ IW.I> = X :lf - VU, W, — B, W.)

zERy

o (sum, W.) S lsuml| gz oy | Wall g oy = llsuml] gz ey [l Wil
o (sum,P,W,) < ||h; " *sun| 2oy || By *Pe Wi || 2y
© || PeWill oy = N0/ Pe Wl 2y < 10" Wl 2y S I Wl

-1
@ Obtain | W.[> S lswmlf?, o + 1y P sum 2y
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Proof of Discrete Reliability 4/5
o Ry:= {z eENy: z€ U(ﬁ\'ﬁ)}

o sun= % o.(f - VU
z€ERy

Q ||U. -
Q |h Y “sum||ary S

—1/2
Udl? 5 llsunls oy + 1Ay

> n(T)?

TNRy#D
@ coloring argument as in Carstensen, Maischak, Stephan '01

Z ”SOz f— VUE)HHI/z(F)
z€Ry

sumn|| 2L2 )

| sum||H1/2(F)

@ interpolation + Poincaré estimate + scaling arguments

o (f — VUe)H?ql/Q(p) S ez (f = VU 2oyl (f = VU 1 1y
1/2
< IV (f = VU2

(supp(e=))
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Proof of Discrete Reliability 5/5
2 € U(T\T)}

o sun= 3 ¢.(f— VU
2ERy

Linear Convergence
O00000000000

ORgZ:{ZEM:

—1/2
N0, = Uell? S lsuml|2s gy + 1y 2sum] 2,
—1/2
Ihy Psumlfaey S D m(T)?
TNRy#0

||sumH§{1/2(F) S Z 2 (f — VU£)||§11/2(1“)
z€Ry

1/2
Q lle-(f = VU o) S I0/*V

V(f— VU€)||L2(supp (¥2))

1/2
I U, — Psun|Zopm S Y mel(T)?

TNRy#D

Ull® < llsumllZ ey +l17
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Linear Convergence
000000000000

I Discrete reliability (A4) I

Reduction (A2) —_—
[ Estimator reduction ] 1
Stability (Al) / Reliability

Optimality of

Dérfler marking - I Quasi-orthogonality (A3) I

[ Discrete reliability (A4) ]/

~
[ Optimal convergence /

of np \
d

. Optimal convergence
——
Efficiency [ of Uy

Dirk Praetorius
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Slow Convergence?

Current State
Q (Al) + (A2) = 17y < gestl + Cest | U1 — Ulll?
Q@ Céalemma Uy — Uy as ¥ — o0

© estimator reduction principle — 1, — 0
Q reliabilty = |lJu— U Sne—0
o in particular, u = Uy

@ question: Can convergence of ny — 0 be slow?
o ||Ups1 — Ug*> — 0 could be slow?

@ goal: n§+n < q"nl%
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Slow Convergence? No!
10"
DR © uniform
=~ —1/2
10° RN ~O<N / ) * adaptive
107
<

A
o
S
'E“ 107}
B
n
o
5 10°
S
-
o

107

10°F

10° .

10° 10" 0’ 10

10° 1
number of elements
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Linear Convergence —> Quasi-Orthogonality

Proposition (Carstensen, Feischl, Page, P. 14)
o reliability |u — Up|| < e
@ linear convergence 7np1, < Ciin g%, 1

— quasi-orthogonality (A3) with e =0, Cortn(€) = Cortn(0) >0

N
oie: > |Uky1— Ukll> Smp  forall ¢, N

k=¢
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Axiom (A3): Quasi-Orthogonality

(A3) Quasi-orthogonality, for all ¢ > 0 and ¢, N

N

(NUks1 — Usl® — ellu — Ukll*) < Cortn(e) m7
k=0

@ Verification for model problem

@ Galerkin orthogonality + symmetry —> Pythagoras theorem

Ilu = Uksrl? + W Uksr = Ukll* = llu — Ukll?

o telescoping series = quasi-orth. with Co¢n(e) = C’I?el, e=0
N N
D MU= Uell? = (lu=Ull* = llu=Upall?) < llu— Uelf?
k=¢ k=¢
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Proof: Linear Convergence — Quasi-Orthogonality

@ triangle inequality + reliability
N N
2 2 2
D MUker = Uell> <2 3 (lw = Uall® + llu = Ukll?)

kzi k:f
N+1

<4 ) flu— Uil
k=t

N+1

<S> om
k=¢

@ linear convergence + geometric series

N+1 ) N+1 s )
ani(zq’)w
k=¢ k=/¢
2
S
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Linear Convergence <= General Quasi-Orthogonality

Proposition (Carstensen, Feischl, Page, P. 14)
o reliability [|u — Up|| < e
@ estimator reduction for 0 < § < 1, e.g., stab. (Al) + red. (A2)
@ quasi-orthogonality (A3)

= linear convergence 1y, < Ciin ¢, ¢
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Proof: Linear Convergence <= Quasi-Orthogonality 2/2

N
@ obtain: Z 77,% <
k=0+1 k

(q+0)mi_y + Cn}

N
2
—0+

Q0<g+d<land N w00 — Z’?I%SMW%

k=0+1
oo o0 oo
Q@ — (I+MY) Y m< > nitni=>
k=(+1 k=+1 k=t

o oo
@ induction — (1+MH" Z U%SZU%SG‘FM)W%

k=0+n k=4
0
Q finally: np, < > m<(A+M Y "(1+M)n;
—ttn TTC’H—/
~ Hlin — Yln
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Linear Convergence
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Proof: Linear Convergence <= Quasi-Orthogonality 1/2

© estimator reduction and 0 < d < 1

N N
Soni< > amoi+ CllU — Upa]?]
k=0+1 k=0+1
N N
= Y (q+0ma+C Y (U= U]~ ¢ 1ot
k=041 k=0+1
Q reliability
I Uk = Upsall> = Comi_y < | Uk— Uyl = Coof €716 flu— Up—a 1P
© quasi-orthogonality with ¢ = r;f c~1
N
> 10— Vel = e llu— U ?| S
k=£+1

ABEM, Part 3: Linear Convergence of ABEM Dirk Praetorius

Introduction
0000000000000

Conclusions
000000

Setting
000000

Stability & Reduction
0000000000

Discrete Reliability
00000000000

Linear Convergence
000000000800

Contraction

@ axioms (Al)-(A4)

@ for symmetric problems, slightly stronger result available

— linear convergence 77£2+n < q”n?

Theorem (Feischl, Karkulik, Melenk, P. '13)

o Ap= ¢ — @fll* + 7 ~ n}
@ with 0 < v < 1 sufficiently small

— Exists 0 < k = k(f) < 1 s.t.

Apy1 <kAy hence lim 9y, =0= lim |[¢ —
{—00 {—00

@ concept of proof goes back to CKNS '08
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Proof of Contraction Theorem

Q Pythagoras [|¢ — ®ri[|* = [|¢ — Poll* = [[Prar — D[
Q estimator reduction ngﬂ < qng + C||®es1 — Po|?

Q reliability [|¢ — ®/[|* < C2 2

@ use small parameters 0 < 7, < 1 to see

¢ — @eall® +vmiss < ¢ — @oll® +vani
< (1—ey)llo — @l + (g +Cp)n;
<k (l¢p — e|)* + yn7)

@ obtain: Ay < KAy

2 0<k«l
o Ap=l¢ — Po)® + 17
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Road Map

I Discrete reliability (A4) I

[ Estimator reduction ] 1
Reliability

/

<—| Quasi-orthogonality (A3) I

Reduction (A2) —_—

Optimality of
Dérfler marking

[ Discrete reliability (A4) ]/

|
Optimal convergence /
of ny -

;

. Optimal convergence
——
Efficiency [ of Uy
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Conclusions 1/2
Two simple ways to prove convergence of adaptive scheme:

© estimator reduction principle
9 quite general approach
needs appropriate inverse estimates
needs a priori convergence
no assumption on reliability / efficiency of estimator

¢ ¢ ¢

@ linear convergence / contraction theorem
o based on estimator reduction (only estimate!)
needs reliability of estimator
needs certain quasi-orthogonality
avoids a priori convergence

¢ ¢ ¢
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Conclusions 2/2

o framework with axioms (Al)—(A4) is independent of

@ continuous problem
@ discretization method
o linearity / nonlinearity of problem

@ quasi-orth. (A4) essentially equivalent to linear convergence

@ est. reduction + reliability + quasi-orth. = linear conv.
o reliability + linear convergence — quasi-orth.

@ for linear convergence suffices reliability ||u — Up|| < e

@ however: discrete reliability (A3) seems to be necessary

o follows from Dérfler marking and reliability
o implies reliability
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Carstensen, Feischl, et al. (Comput. Math. Appl. 67, 2014)

@ axiomatic framework for optimal adaptivity
@ 59-page review article on available results

Feischl, Karkulik, et al. (SIAM J. Numer. Anal. 51, 2013)

Feischl, Fiihrer, et al. (Calcolo, 2014)

@ optimal ABEM for weakly-singular IE (with approx. of RHS)
@ fixed polynomial order p > 0

Feischl, Fiihrer, et al. (ASC Preprint 30/2013)

@ optimal ABEM for hyper-singular IE (with approx. of RHS)
@ fixed polynomial order p > 0
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@ linear convergence also OK for h-h/2 estimators
@ requires: saturation assumption to ensure reliability

o (A1)—(A4) valid for hyper-singular IE with residual estimator

e = > (F = WUl 2y

@ symmetric |[E for mixed BVP on smooth boundaries

@ then: operator is elliptic with compact non-symmetric part
o use residual error estimator

@ abstract analysis does not need norm || - ||
@ can also use error measure, e.g.: difference of energies
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Open Problems

@ reliability of residual error estimator on anisotropic meshes

o if mesh is aligned with singularities of u
o numerical evidence in [Carstensen, Maischak, Stephan '01]

@ estimator reduction for estimator from [Faermann '00, '01]
o recent convergence result by [Feischl, Fiihrer, et al. '14]

@ quasi-orth. for symmetric IE for mixed BVP for polygonal I’

@ quasi-orthogonality for FEM-BEM coupling for polygonal T"
o then: non-symmetric part of operator is non-compact

@ reliable approximation of Galerkin matrix, e.g., by H-matrices

ABEM, Part 3: Linear Convergence of ABEM Dirk Praetorius
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Zurich Summer School 2014 Adaptive Algorithm

July 18-22, 2014

@ initial mesh 7

Adaptive Boundary Element Methods
Part 4: Optimal Convergence of ABEM

@ adaptivity parameter 0 < 0§ <1

Adaptive Algorithm

. . © compute discrete solution Uy for mesh 7y
Dirk Praetorius . o
@ compute refinement indicators 7y (7T) for all T € Ty

© find (essentially) minimal set My C Ty s.t.

. o 0> T? < ) T)?
Vienna University of Technology W( ) - W( )
Institute for Analysis and Scientific Computing TeT, TeM,
WIF Q refine (at least) marked elements 7' € M, to obtain Ty11
Der Wissenschaftsfonds. @ increase counter ¢ — ¢ + 1 and iterate
4
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What is all about?

~o © uniform
10° ¢ R O(N_I/Z) * adaptive?
@ linear convergence

Netn < Cq" e
~ o for 0 < 6 <1 arbitrary
o with0< g=1¢(0) <1
9 with C=C(0) >0

Introduction

error estimator

@ optimal convergence
ne S (#Te — #To)~°
o forsmall 0 < <1
@ for each possible s > 0

0 1 2 3 4

10 10 1
number of elements
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Road Map

I Discrete reliability (A4) I

[ Estimator reduction ] 1
Stability (A1) ( Reliability

/

<—| Quasi-orthogonality (A3) I

Reduction (A2) _—

Linear convergence
of ng

Optimality of
Dérfler marking

I Discrete reliability (A4) I/

7y
]

Optimal convergence
of Uy

Efficiency _——
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Optimal Convergence Rates

Theorem (Carstensen, Feischl, Page, P. '14)
@ “optimal mesh-refinement”
@ My C 7Ty has (essentially) minimal cardinality
@ 0 < 60 < 0, sufficiently small

= (u,f) €A, = S H#HT—#To)"*

Conclusions
0000000000

@ proof analyzes AFEM proof of Stevenson '07

© linear convergence 7,4, < ¢, n¢ (sufficient and required)
Q@ ~ optimality of Dérfler marking

© ~ optimality of closure & overlay of meshes

@ efficiency is not needed

@ interesting implication is —
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Dirk Praetorius

Conclusions
0000000000

3D BEM
000000000

Optimality
0000000

Dérfler Marking
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What is Optimality?

Introduction NVB
0000@0 000000000000

@ T set of possible meshes for fixed mesh-refinement strategy

o Ty ={T: €T : #T, — #T < N}
@ possible convergence order 7, = O(N~°) with s > 07

o As = {(U,,f) : Huv.f”As =

o u (unknown) exact solution
e f given data

N

S N 4+ 1)° mi <
sup((N +1)° min 71,) < oo}

Quasi-Optimality of Adaptive Algorithm
o (u,f) € Ay
@ algorithm is rate optimal

<= order O(N?) is possible
<= it leads to O(N )

ABEM, Part 4: Optimal Convergence of ABEM Dirk Praetorius

3D BEM
000000000

Dérfler Marking
00000000

Optimality
0000000

Introduction NVB
Q00000 000000000000

Newest Vertex Bisection
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Newest Vertex Bisection NVB Algorithm 2/2
@ each element has reference edge
@ given reference edges
@ refinement by bisection
@ marked elements M, C 7,
@
@ new reference edges are
opposite to newest vertex
o for T € 7Ty, obtain unique binary
tree with possible sons
ABEM, Part 4: Optimal Convergence of ABEM Dirk Praetorius ABEM, Part 4: Optimal Convergence of ABEM Dirk Praetorius
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NVB Algorithm 1/2

@ initialization
o if element is marked, mark its reference edge

@ recursion

o if element’s edge is marked, mark at least its reference edge

@ refinement according to scheme

s S S
A .

L
A o AN

ABEM, Part 4: Optimal Convergence of ABEM
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NVB Algorithm 2/2

@ given reference edges
@ marked elements M, C 7,
@ mark reference edges

@ proceed recursively
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NVB Algorithm 2/2 Control of Mesh Closure
. -
@ given reference edges o M C Ty
@ marked elements M, C 7T, ® Ty41 = refine(7,, My)
@ mark reference edges
@ proceed recursively
@ mesh refinement
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Similarity Classes Control of Mesh Closure
@ NVB leads to only finitely many similarity classes of triangles
o depends only on 7 and its reference edges
o M, C7T,

/

/N

A

@ in particular, only finitely many shapes of patches

N
/

L s Ao
M. -

= convenient for numerical analysis

@ but: no anisotropic elements possible
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@ Tyi1 = refine(Ty, My)
o clearly: # M, < #Ry
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Control of Mesh Closure

Conclusions
0000000000

o M, CT,
@ Tyy1 = refine(Ty, My)
@ clearly: # M, < #Ry

o #Ry < C#My cannot hold

o #M,=1
o H#HRy~ /L

N\
N\
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Avoid BDD Assumption for 2D

3D BEM
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Theorem (Karkulik, Pavlicek, P. '13)
@ 2-dimensional manifold €2 (e.g. 2D FEM, 3D BEM)
@ 7o regular triangulation into non-degenerate triangles
@ arbitrary choice of reference edges

—> NVB guarantees
©Q mesh-closure estimate #7;, — #7y < C(To) EZI #M;

j=0

Q uniform H'-stability of L2-projection onto S}(7;), S1(Tp)

Conclusions
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Optimality of Mesh Closure

Mesh closure estimate (Binev, Dahmen, DeVore '04)

-1

#To— #To < C(To) D_#M,;

J=0

Conclusions
0000000000

@ in 2D first proved by Binev, Dahmen, DeVore '04
@ proof requires BDD assumption on Tg

@ each E = TN T is reference edge of both T, T” or of none

@ each 2D mesh allows for BDD labeling

@ no effective algorithm known to determine BDD labeling

@ extension to R? by Stevenson '08

@ open whether each 7 allows for BDD labeling
o refine 7 uniformly to ensure BDD assumption
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Optimal Mesh Refinement 1/3

3D BEM
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T; regular and uniformly shape regular
@ usually required for boundedness of constants in
Q stability (A1)
Q reduction (A2)

© quasi-orthogonality (A3)
Q discrete reliability (A4)

Conclusions
0000000000

@ R% newest vertex bisection
@ 2D red-green-blue refinement
@ 1D bisection with bounded local mesh-ratio

o red refinement with first-order hanging nodes in R¢

ABEM, Part 4: Optimal Convergence of ABEM
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Optimal Mesh Refinement 2/3

Mesh closure estimate

0000000000

-1

#To — #To < C(To) D _ #M,;

j=0

@ R? newest vertex bisection
o Binev, Rahmen, DeVore '04
@ Stevenson '08
o Karkulik, Pavlicek, P. '13 (2D without BDD assumption)
o R? red refinement with first-order hanging nodes
@ Bonito, Nochetto '10
@ 2D red-green-blue refinement
o Pavlicek, P. "11 (bacc thesis)
@ 1D bisection with bounded local mesh-ratio
o Aurada, Feischl, Fiihrer, Karkulik, P. '13

ABEM, Part 4: Optimal Convergence of ABEM Dirk Praetorius
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Overlay Estimate: #(T. & Ty) < #T. + #To — #7To
S

o T, (blue)
@ Ty (red)
o T.&T
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Optimal Mesh Refinement 3/3
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Overlay estimate
For T, 7Ty exists common refinement 7, ® 7Ty s.t.

H#(Te®Te) < #Tu + #Te — #7o

@ R? newest vertex bisection
@ Stevenson '07
o Cascédn, Kreuzer, Nochetto, Siebert '08
o R? red refinement with first-order hanging nodes
o Bonito, Nochetto '10
@ 1D bisection with bounded local mesh-ratio
o Aurada, Feischl, Fiahrer, Karkulik, P. '13
@ wrong for 2D red-green-blue refinement
o Pavlicek, P. '11 (bacc thesis)
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Optimality of Dorfler Marking
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Dorfler Marking 0 >° n,(T)* < Y no(T)*

TeT, TeM;

@ goal: determine M, C T, with minimal cardinality
= requires sorting ny(T1) > -+ > ne(Tn) ~ O(NlogN)
o sufficient: M, C T, has essentially minimal cardinality

o ie., #M,; < C#Mvg if ./T/l/g has minimal cardinality

@ idea: sorting with binning [Stevenson '07] ~ O(N)
O exclude all T € T; with n(T)? < (1 —0)n7 /N with N := #T,
@ the remaining elements will satisfy the Dorfler marking
Q determine M := max e, n0(T)?
@ determine minimal K € Ny with 2=(K¥D 1 < (1 - 0)n2/N
Q fill k=0,..., K bins with all 2=*+D M < 0y (T)? <27FM
© successively take elts from (unsorted) bins until M, is OK

— HM < 2#M,

ABEM, Part 4: Optimal Convergence of ABEM Dirk Praetorius
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Recall Stability (A1) and Discrete Reliability (A4)

Optimality
Q000000

(A1) Stability on non-refined elements, 7, T, € refine(7y)

Y @) (X )| s hu - vl

TeTNTx TeTNTx

(A4) Discrete reliability, 7, € refine(7y)
o exists Ry C Ty with
o T\T. C Re
o #R¢ =~ #(T\Tx)
o U~ Ul® < G2 ) m(T)?

TER,
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Dorfler Marking == (Linear) Convergence

@ shown: stability (A1) + reduction (A2) + Dérfler marking
= estimator reduction

@ estimator reduction + quasi-orth. (A3) + reliability (A4)
—> linear convergence n§+n St 77?

@ i.e.: Dorfler marking sufficient for (linear) convergence

@ question: Dorfler marking also necessary?

ABEM, Part 4: Optimal Convergence of ABEM Dirk Praetorius

Introduction NVB
000000 000000000000

Dérfler Marking
0O000e000

3D BEM
000000000

Conclusions
0000000000

Optimality
0000000

Dorfler Marking <= Convergence

@ so far: Dorfler == linear convergence n§+n St 77%

Stab. (A1) + Rel. (A4) = Optimality of Dorfler Marking
Exists 0 < 0, <1 and 0 < ¢, < 1 s.t.

o for all 7, = refine(7y) with 77 < ¢, n?

@ and all 0 < 0 < 0,

@ and Ry from discrete reliability (A4)

0> m(T)> < > m(T)?

TeT, TER,

holds Dorfler marking

@ linear convergence
— Dorfler marking holds every fixed number n of steps
@ independently of how elements are actually marked!
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Proof: Optimality of Doérfler Marking 1/2
@ stability (A1) + Young inequality + discrete reliability (A4)

> m(T)?

3D BEM
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TeTiNTx
<S(1+6) D ndTY+ (1+6Chum IUs — Udll?
TeTNTx
< (1 + 5)773( + (1 + 5 tab Crel Z 776

TER,y

and T\T. € Ry

ST+ > (T

Q 2 < qn?

ng =
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G J—

[ Discrete reliability (A4) ]

[ Estimator reduction ] 1
-Reliability

/

(—[ Quasi-orthogonality (A3) ]

Optimality of
Dérfler marking

Linear convergence
of ng

l Discrete reliability (A4) I/Y

S 7y
(]

T€7—£\7; Tenﬂﬁ .. Optimal convergence
Efficiency _—— of Up
2,2
< (1—{—6)(]* e +[1+(1+6 tab rel E 776
TeERy
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Proof: Optimality of Dorfler Marking 2/2

o 775% < (1+5)Q*77?+[1 ( +5 sta rel Z 77@
TeERy
1 - (1 _% 6)Q* j{: ne

1+ (1 + 6_1) Cstab Crel TER,
Q gi 0 <0 !

given: =

Cstab Cr2el
1- (1 + 5)(]* 2 (122(;%0
e Trays e, e N

@ choose § > 0 large and 0 < ¢, < 1 small such that

1—(149)g 9
0 < < 0,
1+(1+6 12, 02"
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Optimal Convergence Rates

o Ay={(u,f) : lu,flla, = sup (N +1)° min n,) < oo}
NENy Tx€Tn

Theorem (Carstensen, Feischl, Page, P. '14)
@ “optimal mesh-refinement”
@ M, C Ty has (essentially) minimal cardinality
@ 0 < 0 < 0, sufficiently small

= mS#HT—#To)*

= (u,f) € A
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Proof of Optimality Theorem 1/3
Heart of the Matter: Exists 7, € refine(7;) s.t.

AT —#T S,
n2 < qnp

(]

(]

(]

recall ||u, f|la, = sup ((N +1)° min )
NeNy T€TN
define € := Cplua "m0 < mo < Jlu, flla, < oo
choose minimal N € Ny with ||u, f|ja, < (N +1)°
o |lu,flla, > eN*

@ choose 7. € Ty with . = min, et 7%

° e < (N+ 1) [u, flla, < ¢

o BT —#To < N < |lu, fI[f/ e~/
o define T, := 7. @& Ty & use overlay estimate
o #T—#Te < HTe+#To—#To) —#T0 < e Vo ~ p /"
o 0! < Cione < Caon® = i}

¢ ¢
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Quasi-Monotonicity of Estimator

stab. (A1) + red. (A2) + rel. (A4)

= monotonicity
o T, € refine(7y) J

— % < Cmon Tle

Yo (T Y (1)

TeT\Te TeTNTe

S > m(T?+ Y w1+ U — Uell?
TeT\T« TeTeNTx

2
NKJ
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Proof of Optimality Theorem 2/3

Dérfler Marking
00000000

Q exists T, € refine(7y) s.t.

o #T, —#Te S, /*
o ?ﬁé q*n?

@ optimality of Dorfler marking
= Ry =~ T¢\ T, satisfies Dorfler marking

© M, has (essentially) minimal cardinality

— HM < H#R = #(TA\T) S #T —#T S V0 veeN

@ overlay estimate
- ¢

= #T—H#To <D H#M; D gt

Jj=

,_\
I
—_

<.
Il
o
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Proof of Optimality Theorem 3/3

-1
obtained: #7; — #7o < an_l/s
j=0
linear convergence 14, < ¢ n; & geometric series

— e < ¢

— Zn] l/s (Zq(( J)/5> l/s 77;1/8

@ combining this, we obtain
= #Ti—#To S,

= e S (#Te — #To)~*  for all s >0 with ||u, f|ja, < o0
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Examples 3D BEM
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Road Map

Reduction (A2) —_—

I Discrete reliability (A4) I

[ Estimator reduction ] 1
Reliability

/

<—| Quasi-orthogonality (A3) I

e

Optimality of
Dérfler marking

Linear convergence
of me

| Dol e I(A) I/7

=]
=

Optimal convergence
of Uy

(e ]———
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L-Shaped Screen

ANAN

@ solve Vu =1 on I' with lowest-order BEM p = 0
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L-Shaped Screen: Errors and Estimators
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|-Shaped Screen: Estimator Competition
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L-Shaped Screen: Adaptive Meshes
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L-Shaped Screen: Estimator Competition

10

— 12 adap.

Il
&

0 7 Jlu— Uell* fip-adap

——n? adap. %N

= Jlu— Uel|* ne-adap ;

107 Ll Lol Ll Ll Ll Ll R
10" 10° 10° 10* X 10° 10

10
computational time
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Conclusions

@ optimal convergence rates require optimal mesh-refinement
@ mesh-closure estimate
@ overlay estimate

o discrete reliability (A3) == Dérfler marking is optimal
o essentially: Dorfler marking == discrete reliability (A3)
@ no good reason to use different marking strategy!

@ linear convergence sufficient & necessary for Stevenson's proof
-1
fcace —1/s —1/s
o see exercises: E n S,

~

= Metn S "M
=0

@ analysis made for weighted-residual error estimators

o = th}/QV(f — VUy)| 12y for weakly-singular IE

° = th}/Q(f — WUy)||2(ry for hyper-singular IE
o standard residual error estimator for FEM

ABEM, Part 4: Optimal Convergence of ABEM Dirk Praetorius

Conclusions
000®@000000

Introduction NVB
000000 000000000000

Dérfler Marking
00000000

Optimality 3D BEM
0000000 000000000

References

Carstensen, Feischl, et al. (Comput. Math. Appl. 67, 2014)

@ axiomatic framework for optimal adaptivity
@ 59-page review article on available results

Feischl, Karkulik, et al. (SIAM J. Numer. Anal. 51, 2013)

Feischl, Fiihrer, et al. (Calcolo, 2014)

@ optimal ABEM for weakly-singular IE (with approx. of RHS)
@ fixed polynomial order p > 0

Feischl, Fiihrer, et al. (ASC Preprint 30/2013)

@ optimal ABEM for hyper-singular IE (with approx. of RHS)
@ fixed polynomial order p > 0

Feischl, Fihrer, P. (SIAM J. Numer. Anal. 52, 2014)

@ optimal AFEM for general 2nd order (linear) elliptic PDE
@ quasi-orth. (A3) for symm. operator + compact perturbation

ABEM, Part 4: Optimal Convergence of ABEM Dirk Praetorius

Conclusions
00@0000000

Optimality 3D BEM
0000000 000000000

Introduction NVB
000000 000000000000

Dérfler Marking
00000000

Extensions

@ everything holds for (locally) equivalent error estimators
o e.g.: ZZ-type error estimators for FEM

@ inexact / iterative solvers are OK (convergence + optimality)
@ control discrete residual by error estimator

@ discrete reliability for “standard problems” well developed
@ use Scott-Zhang projector for problems in H?® with s > 0
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Open Problems

@ optimal anisotropic mesh-refinement
o how to deal with overlay estimate?

o discrete reliability (A4) for problems with anisotropies

@ quasi-orth. (A3) for FEM-BEM coupling with polygonal T’
o weighted-residual error estimator satisfies (A1), (A2), (A4)

@ linear convergence for Faermann residual estimator
o clear: quasi-orthogonality (A3), since weakly-singular IE
o OK: stability (A1), discrete reliability (A4)
o problem: reduction (A2), since no hy-weighting
o interesting: Faermann estimator satisfies 1, ~ ||u — Up||
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What is HILBERT ?

Hilbert Is a Lovely Boundary Element Research Tool
@ Matlab library for h-adaptive Galerkin BEM

@ lowest-order elements for 2D Laplacian
o PO for normal derivatives
o S! for traces

@ research code for FWF project P21732

@ overview on current state of the art
o starting point for further investigations

Conclusions
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Features of HILBERT

3D BEM
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Optimality
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@ C implementation of integral operators via MEX interface
V(PR x Pp)

K(SE x PR)

W (St x St)

N(Pg x Pp)

@ remaining codes in Matlab fully vectorized

¢ ¢ ¢ ¢

o different error estimators (h-h/2, 2-Level, residual, Faermann)
¢ different marking strategies
o local mesh-refinement (1D bisection, 2D NVB)
@ demo files and adaptive algorithms for
o weakly-singular integral equation
o hypersingular integral equation
@ symmetric integral formulation of mixed BVP
o with/without volume force
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Example: Point Errors

10

=
e
T

L
L

=
o

|
L

=
o

+ np,¢ (unif., nodal)

!
3

4 errg ¢ (unif., nodal)

i
o

- np,¢ (unif., L?-projection)

© errg o (unif., L*-projection)
4 np,¢ (adap., nodal)

< errg ¢ (adap., nodal)

-1

i
o
5

estimators and point error in 2

-12

[N
o
T

np,e (adap., L2-projection) N’;g//

errg ¢ (adap., L?-projection)
14 I I I I

10 10 10° 10° 10 10
number N = #&, of boundary elements

10
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Restrictions of HILBERT

@ only 2D

@ only lowest-order elements

@ only canonical bases

o characteristic functions for P9
o hat functions for S!

@ no matrix compression, i.e., dense matrices

@ direct solution of linear systems by Matlab backslash operator
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Inverse Estimates

@ bound stronger norm || - || by weaker norm || - ||

|zl < C|z|| forall z e X

@ requires finite dimensional space X
@ naive norm equivalence yields C' = C(X)

@ not sufficient for X = PY(7;) if mesh is refined!

ABEM, Part 5: Inverse Estimates

Inverse Estimates Conclusions

0000

Dirk Praetorius

Inverse Estimates Conclusions
@®000000000000 0000

Local Inverse Estimates
for Non-Local Operators
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Inverse Estimates for FEM

@ Lipschitz domain  Cc R¢

@ ~-shape regular triangulation 7

@ local mesh-size by € P°(Ty)

@ lowest-order Courant FE space S*(7p)

FEM Inverse Estimate
Exists C' = C(y) > 0 s.t.

thVUgHL2 <C H UEHL2 for all U, € 81(72)

Conclusions
0000

o C = C(v) essentially independent of X = S'(T;)
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Proof of FEM Inverse Estimate
@ equivalence of norms on reference situation

IV Ul 21y < ClIUN 27,0 for all U € PH(Tret)

o constant C'= C(Tyer) > 0

@ scaling argument provides powers of hy

||hEVU€||L2(T) < C || UgHLQ(T) for all Ug € Pl(T)

o constant C' = C(Tret, )

@ reduction to local configurations & summation

||th UgHLQ(Q) <C || UgHLz(Q) for all Uy € 51(72)
o constant C' = C(Tyet,7)
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1/2 1/2 1/2
12V Vel S D0 >V Vrliair + D 1>V Vi ola
TeT, TeT,
o p e L*(T) = decomposition Vi) = V(¢r)+ V(¢ 1)

1/2

Ihg Y Vi l3acry S >V Vior|Becry + bV Vi 2132y

o idea: Y17 = Ylpaten(ry = V¥ is local
@ estimate as for uniform mesh-refinement

o idea: Yp\r =9 —t¢br = Vip\ 7 smooth potential
o trace inequality + elliptic regularity theory
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Inverse Estimate for Non-Local Operator

o goal: |1l "V VWillsary S IV Celiiraqry = [1¥ellg-1r2qr)
@ X = VPY(T,) finite dimensional space

@ reduction to local configurations

1/2 1/2
IV O ey = S 0PV V2 )
TeT,

@ V is non-local = dimension on T depends on 7

ABEM, Part 5: Inverse Estimates Dirk Praetorius

Inverse Estimates Conclusions
0O00000@000000 0000

1/2 1/2 1/2
Ihy >V V) 2o S k201200 + D he >V Vi 2122
TeT,

@ stability V : L*(I') — H(I') & shape regularity

||hl}/2V Vl/JTH%2(T) < hr HVV¢T”2L2(F)

< hr 07 ll72

~

1/2
~ ||y 912 pasency)

@ shape regularity

1/2 1/2
S Ik VErIEacr S D0 Ik 012 e
TeT, TeT,

12

Dll72r)
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1/2 1/2 1/2
1hy 2V Vi 2oy < b 120y + D 102V Ve rl 22
TeT,

@ up = Vi 7 solves transmission problem

—Aur =0 in RA\T
[ur] =0 onT
[Onur] ==Yy onT

+ radiation condition

— up € H2(Up) locally around T
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1/2 1 2
1"V VillZa) S g 01y + 1015y + 2 1DV,
TeT,

@ decomposition Vi) = V(¢r) + V(¢r\ 1)

1DVr\2l7s 5, S IV, 5, DV,

o shape regularity & stability V : H=Y/2(I') — H'(Ur)

> 1DV, 2(Tp) o IVl oy S I0I1% 12(r
TET;

orc |J UrcUrcRr?
TeT:
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1/2 1/2
Hh / VVT/)HLQ I ~ < th 7/}HL2 (1) + E : |\DV¢F\THL2
TeT,

o ur = Vip\ 7 € H%(Ur) locally around T
o TC UrC /UT

@ trace inequality for Dur € HY(Ur)

IVurlizry S bzt 1 DurlFa,y + hrllD?urll7z 0,

@ Caccioppoli inequality

I1D*ur 2y S b1 Durllfe g,

— hr HVUT”L?(T) S HDUTHLQ(U )
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1/2 12
g A T TR 1 D S TR AP
TeT,

o I, : L*(T') — PY(T;) L*-orthogonal projection

||DV¢T||L2(U = S DV 7| +{[DV(1 = )i

L2(Ur) L2(Ur)

@ scaling argument

HDVngTHLZ(U < hTHHﬂ/}TH%Q(patch(T ) ~ S hr HwHLQ (patch(T))

1/2
= ||DVH£¢T||LZ(U = <y’ D72y
TET;

o shape regularity & stability V : H=/2(I') — H'(Ur)

Z ||DV 17H£>¢THL2(U )~ Z H 1 — 1, 1/}THH 1/2(T)
TET, TeTe
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1/2
A A THE T SN T NS S (GRS 1A e A,
TeT,

@ local approximation property of L?-projection
2 — pL/22
1/1T||L2(F) = [1By" "l 72 (paten( 1))

11 = o)l S ik

H=1/2(1) ~

@ shape regularity

> (=T 12

TeT,

1/2
S 0y

@ inverse estimate ||hl}/2\Ij£||L2(F S el
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Conclusions

—-1/2 (F)
— IV Vel 2y S el
0 LIL2(T) ~ Ll -1 /2(T)
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Inverse Estimates for Non-Local Operators

Thm (Aurada, Feischl, Fihrer, Karkulik, Melenk, P. "12++)
o e *T) =
1/2 1/2
15" Vbl 2wy S Iy + Il 2y
1/2 7% 1/2
1" K%l 2y S Wl g-sja ey + e 22y
eve HI(T) =
1/2 1/2
1"V Koll 2y S 1ol g2 0y + e > Vol 2y

1/2 1/2
1y Woll 12y S | + (1> Vol g2y

vHﬁl/z(F)

ABEM, Part 5: Inverse Estimates Dirk Praetorius

Conclusions / Extensions

@ non-local operators are less non-local than expected
@ since they are linked to layer potentials

@ analysis tailored to shape regular meshes

@ such analysis are required

o to stability + reduction for optimal BEM adaptivity
o to prove efficiency of weighted-residual BEM error estimator

@ inverse estimates can also be proved for hp-BEM

@ analysis works on piecewise smooth boundaries

ABEM, Part 5: Inverse Estimates Dirk Praetorius




Inverse Estimates Conclusions Inverse Estimates Conclusions

Q000000000000 00e0 O000000000000 [elele] ]

References

Feischl, Karkulik, et al. (SIAM J. Numer. Anal. 51, 2013)

@ inverse estimate for V' and lowest-order BEM p =0
@ polygonal boundary
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Aurada, Feischl, Fithrer, Karkulik, et al. (Preprint 2012, 2014)
@ inverse estimate for V, W, K, K’
@ formulated for fcts. in L? resp. H*
@ applicable to hp-BEM
@ polygonal boundary (will be: piecewise smooth)
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