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Adaptive Mesh-Refinement?
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What is all about?
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Adaptive Algorithm

@ initial mesh 7y

@ adaptivity parameter 0 < 6 <1

Forall £=0,1,2,3,...
© SOLVE: compute discrete solution U, for mesh 7
@ ESTIMATE: compute indicators ny(T) for all T € Ty
© MARK: find (minimal) set M, C Ty s.t.

0> m(T)>< > n(T)’

TET, TeM,

iterate

© REFINE: refine (at least) all 7' € M, to obtain Ty11

Introduction

B Darfler: SINUM 33 (1996)
Dirk Praetorius (TU Wien)
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Mathematical Questions?

@ can we prove convergence for adaptive mesh-refinement?

@ can we prove linear convergence 1y, < C'¢" n,?
o constant C > 0 reflects pre-asymptotic convergence rates

Introduction

@ can we prove optimal convergence rates?

o at least asymptotically - Tl O

@ what can be said about computational costs? :
e at least asymptotically

@ which set of problems can be covered?

© uniform
* adaptive:

107 10°
number of elements
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Some References

o AFEM: analysis well developed

Dérfler: SINUM 33 (1996)

Morin, Nochetto, Siebert: SINUM 38 (2000)

Binev, Dahmen, DeVore '04: Numer. Math. 97 (2004)
Stevenson: Found. Comput. Math. 7 (2007)

Cascon, Kreuzer, Nochetto, Siebert: SINUM 46 (2008)
Feischl, Fiihrer, Praetorius: SINUM 52 (2014)

[ (=) =) (=) (=) [

e ABEM: analysis for Laplace 2D /3D

[4 Gantumur: Numer. Math. 124 (2013)
[§ Feischl, Karkulik, Melenk, Praetorius: SINUM 51 (2013)
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Introduction

Main Theorem on Adaptive Algorithms

Theorem (Stevenson '07, ..., Carstensen, Feischl, Page, P. '14)

@ properties of mesh-refinement & estimator axioms (Al)—(A4)

0 0<bO<1
— AC>030<qg<1Vlin>0 np, <Cq"n

o Ty :={T €refine(Tp) : #T < N} U{To}
@ s> 0 arbitrary

o 0 < 0 < 1 sufficiently small

@ M, has (essentially) minimal cardinality

= sup(#7¢)°n¢ ~ sup (N° min nopt) =: ||7]|a.
EGNO( ) N>0( Topt €T N 0p) i

B Carstensen, Feischl, Page, Praetorius: CAMWA 67 (2014)
Dirk Praetorius (TU Wien)
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Regular Triangulations

Dirk Praetorius (TU Wien)

Adaptive Finite Element Methods

Triangulation of ) C R?

Dirk Praetorius (TU Wien)

Regular Triangulations

8/53

Adaptive Finite Element Methods

Triangulation of ) C R?

T is triangulation of Q) C R?, if
o T is finite set of compact triangles T with |T'| > 0

o T covers Q, ie., @ =Uper T

o forall T, 7" € T with T # T" holds [T NT'| =0

e i.e., the overlap of two elements is trivial

Regular Triangulations

Dirk Praetorius (TU Wien)
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Regular triangulation

Triangulation 7 is regular or conforming, if
e forall T, 7" € T with T # T’, the intersection T NT" is
o either empty

e or a joint node TNT" = {z}

e orajointedge TNT' =F

regular not regular, hanging node

Dirk Praetorius (TU Wien) 10 / 53
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Shape regularity

Triangulation T is y-shape regular or (locally) y-quasi uniform

diam(7)?
@ max —————

<<
rer T -

@ geometrically: minimal angles of all T € T are bounded from below

@ analytically: enters inverse estimates and approximation estimates
o eg., [|[VU| r2(r) < C(v,q) dian(T) " ||U||2(r) for all U € P4(T)

@ sloppy formulation in papers:

o ... where the constants depend on the shape of the elements.
o If the triangulation is (locally) quasi uniform, it holds ...

o better: ... where the constants depend on 7.

Dirk Praetorius (TU Wien) 11/ 53

Adaptive Finite Element Methods Regular Triangulations

Axioms on mesh-refinement

@ given initial mesh Ty

@ given mesh-refinement strategy refine(-)

Axioms of Adaptivity require
Q all constants in (A1)—(A4) are bounded

@ refined elements are split in > 2 and < n many sons

~> 7-shape regularity

© overlay estimate

© closure estimate

@ aim of first lecture: all is satisfied for Newest Vertex Bisection (NVB)

Dirk Praetorius (TU Wien) 12 / 53
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Dirk Praetorius (TU Wien)




Adaptive Finite Element Methods Newest Vertex Bisection

Newest Vertex Bisection (NVB)

@ each element has reference edge

@ refinement by bisection
o I"sonof T — |T'|=|T|/2

@ new reference edges are
opposite to newest vertex

/AN

o for T' € T, obtain unique binary tree
with possible successors 7" with 7" & T

Dirk Praetorius (TU Wien) 13 / 53

Adaptive Finite Element Methods Newest Vertex Bisection

NVB guarantees finitely many shapes

@ NVB leads to only finitely many similarity classes of triangles
e depends only on T and its reference edge

> S A o
@ in particular, uniform shape regularity

diam(7")?
o 1O )
"]

< ~(T) < oo for all NVB successors T” of T'

Dirk Praetorius (TU Wien) 14 / 53
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Element level function
@ suppose initial triangulation 7 with fixed reference edges

@ each NVB successor T' of some Ty € Ty has refinement level:

o lev(T) = 0if T =Ty Q
o lev(T) :=1ev(T)+ 1if T son of T

e note that diam(7")? ~ |T'| = |Tp| 2~ 1v(T)

Lemma
o T, T C Ty € Ty with lev(T) = lev(T”)

= T=T o |TNT|=0

@ proof by induction on lev(T)

Dirk Praetorius (TU Wien) 15 / 53
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T' = refine(7T, M)

@ initialization
o for all marked elements T' € T N M, mark its reference edge

@ recursion

o if element’s edge is marked, mark at least its reference edge
e terminates, since each triangulation has only finitely many edges

o refinement according to scheme

L L L
N A SN

@ note that each case is iterated NVB

/

AR
A

@ each refined element has 2, 3, or 4 sons

Dirk Praetorius (TU Wien) 16 / 53
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Newest Vertex Bisection

Adaptive Finite Element Methods

Newest Vertex Bisection

Example Example
@ given reference edges o given reference edges
@ marked elements M, C 7,
Dirk Praetorius (TU Wien) 17 / 53 Dirk Praetorius (TU Wien) 17 / 53
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Example Example

@ given reference edges
@ marked elements M, C 7

@ mark reference edges

Dirk Praetorius (TU Wien)
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@ given reference edges
@ marked elements M, C 7,
@ mark reference edges

@ proceed recursively

Dirk Praetorius (TU Wien)
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Example

(]

given reference edges
@ marked elements M, C 7y

@ mark reference edges

(]

proceed recursively

@ mesh refinement

Dirk Praetorius (TU Wien) 17 / 53
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NVB preserves regularity
o recall refinement scheme
AN A S

— T’ =refine(T, M) regular

e since new nodes are always edge midpoints

AR
A

o 7T regular

o marked edge E =T NT" is refined for both elements

e i.e., refinement creates no new hanging nodes

e refine(7, M) is coarsest conforming refinement of 7 s.t.
e all T € M are bisected by NVB

Dirk Praetorius (TU Wien) 18 / 53
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Order of refinement does not matter

@ order of refinement does not matter

° Tl,TQ cT —
refine(refine(7T,{T1}),{T2})) = refine(refine(T, {12}),{11}))
e since only one refinement rule

e 7' =refine(7, M) can also be realized through single refinements
T =T
for each T e M
T’ :=refine(T",{T})

end

o recall that refine(7”,{T'}) usually refines more than 1 element

Dirk Praetorius (TU Wien) 19 / 53
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[terated NVB refinement

o T given regular triangulation

o fixed reference edge for all T' € T

(]

write 7' € refine(T) if T’ is obtained by finitely many steps, i.e.,
exists n € Ny,

exists 7o, 71, - - -
exists M; C T,
such that: 7; = refine(7;_1, M,_1) forall j=1,...,n.

T with To=T and 7, =T,

e initial triangulation 7y fixes possible 7 € T := refine(7y)

Dirk Praetorius (TU Wien) 20 / 53




Adaptive Finite Element Methods

Overlay Estimate
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Example
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o 7 (blue)

Overlay Estimate
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Example

NS
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Overlay Estimate

o 7' (red)
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Adaptive Finite Element Methods

Example

&
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o 7T (blue)
e 7' (red)
o TT

Overlay Estimate
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Local compatibility

Lemma
@ For all NVB successors T, 7" C Ty € To with [T NT’| > 0, it holds
o lev(T”) > lev(T)
o lev(T") = lev(T)

= T'GT

= T'=T (already proved)

Proof.
e for all k < 1ev(T) exist unique NVB successors T}, T}, of Tj s.t.

o lev(Ty) =k = lev(T})
o TCTyandT' C T i:

o T, NT}| >|T'NT’'| >0 implies
o Tj, =Ty forall k < lev(T)
o and T =T} for k = lev(T)
oie, T"CT|=T,=T for k= 1lev(T)

o T C T for lev(T’) > k ]

Dirk Praetorius (TU Wien) 22 / 53
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Overlay 1/2

Proposition (Overlay of NVB meshes)

o 7,7 € refine(7y)

o TOT :={TNT :TeT, T'eT,|TNT|>0}
— T & T €refine(T)Nrefine(T")

Proof.

o for x € ), choose sequence T}, of NVB triangles s.t.
ez el
o lev(Ty) =k
o Ty, 2 Tt

= ex.4,jeENst. T, eT, ;€T andze,NT, €T&T

o T=TNT €T&T = T=TorT=T (local compatibility)
— T & T is triangulation

@ remains to show: T @& T is regular
Dirk Praetorius (TU Wien) 23 / 53
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Overlay 2/2
erecall TaT ={TNT :TeT, T eT,|TNT'|>0}
olet T\ T"eTaT
@ let 2z be node of T with z € T”
@ goal: z is also node of T” (i.e., there are no hanging nodes)
owlog TeT
o w.lo.g. T € T’ (otherwise claim follows from regularity of T)
o by definition of 7 @ T”, there exists T € T with T’ - T
o thus, z € TnT
2z is node of T'

o regularity of T = zisnodeof T —

o T' is NVB successor of T with z € T’

o nodes stay nodes under NVB refinement |
Dirk Praetorius (TU Wien) 24 / 53
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Overlay estimate

Proposition (Overlay estimate)
o Let 7,7’ € T = refine(7p)
— exists T ® T’ € refine(7T) Nrefine(T’) s.t.

HTOT) <H#T +#T —#To

Proof.

orecal TaT :={TNT :TeT, T eT,|TNT|>0}
o shown: T & T consists of elements of 7 and elements of 7"

@ too rough estimate: #(T ®T') < #T + #T'

@ but: can locally subtract the number of coarser elements

ceg, T=TNT eToT withT eT, T €T’
= do not count T for #(T & T")

o for each Ty € Ty, at least one such element in 7 U7 can be omitted
= #TOT)<#T +#T' —#To u

Dirk Praetorius (TU Wien) 25 / 53
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Remarks

o THT :={TNT :TeT, T'eT, |TNT|>0}
o is coarsest common refinement of 7 and 7~

o ie., #(T®T') = min {#7A' . T € refine(T) N refine(77)}
@ same proof works for NVB in R? instead of 2D

@ overlay estimate can be proved for “simple” refinement strategies
e e.g., red refinement with hanging nodes

@ overlay estimate fails for 2D red-green-blue refinement

Overlay Estimate

@ Stevenson: Found. Comp. Math. (2007)
@ Cascén, Kreuzer, Nochetto, Siebert: SINUM (2008)
B Bonito, Nochetto: SINUM (2010)

@ Pavlicek: Bakk thesis (TU Wien 2011)
Dirk Praetorius (TU Wien)

NVB in R2

NVB in R

RGB in R

wd

red refinement with hanging nodes

)
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Closure Estimate
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Adaptive Finite Element Methods

Example

o MyCTy
@ Tpy1 = refine(Ty, My)

Dirk Praetorius (TU Wien)

Closure Estimate
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Example

o M, C Ty
o Ty11 = refine(Ty, My)
o clearly: # My < #Ry

>N\

Dirk Praetorius (TU Wien)

Closure Estimate
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Example

o M, CTy
@ Tpy1 = refine(Ty, My)
o clearly: # My < #R,

o #Ry < C#M, cannot hold

o #M;y=1
o #Ry~ 1/

Dirk Praetorius (TU Wien) 27 / 53
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Admissibility

Initial triangulation 7q is admissible, if
e forall T,T" € Ty, it holds

E := T NT'is reference edge of T <= E is reference edge of T’

AN

NTARAN

Dirk Praetorius (TU Wien) 28 / 53
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Closure estimate

Theorem (Binev, Dahmen, DeVore '04, Stevenson '08)

@ 7o admissible

-} 7; = refine('];_l,./\/lj_l) with Mj_l C 7;_1 forall j=1,2,3,...

/—1
— #To—#To < C(To) Y #M,;

J=0

o recall: #Ty — #Tp—1 £ C(To) #My

o by counter example

@ remainder of talk: proof of theorem

Dirk Praetorius (TU Wien) 29 / 53
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Uniform refinements are admissible

Lemma
o Tymif .= 75 admissible
° ’mmif = refine(ﬁunif,n“_“if) uniform refinement for k =1,2,3, ...

= T admissible and lev(T) = k for all T € Tunif

Proof by induction on k.
o start: k=0
@ hypothesis: claim OK for k

o goal: claim for k+ 1

° ﬁunif is admissible = only reference edges are refined ‘ ‘
@ no recursive marking needed

o all non-reference edges become reference edges of 7,"if n

Dirk Praetorius (TU Wien) 30 / 53
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Neighbors differ by level < 1

Lemma

o 7 € refine(7p) with 7o admissible

o I''N €T with E:=T NN edge
= |lev(T) —1lev(N)| <1

Closure Estimate

Proof.
o w.lo.g.: lev(T) =1lev(N) +n withn >1

e consider uniform refinement of 7y with lev(7)

= n levels of bisection provide successor N’ of N s.t.

o lev(N') = lev(N) +n = lev(T)
o E =T NN’ since uniform refinement is regular

= n <1, since 2 levels of bisection half all edges

Dirk Praetorius (TU Wien)
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Configurations of reference edge 1/5

Lemma

o T € refine(7y) with 7y admissible

o T'N € T with E:=T N N reference edge of T

—> Then,

o cither lev(T) = 1lev(N) and E is also reference edge of N

o or lev(T) =1ev(N) + 1 and E is reference edge of son of N

Proof by consideration of three cases.
@ since |lev(T') — lev(N)| < 1:

Q lev(T) =1lev(N)

Q lev(T)=1lev(N)+1

Q lev(T)+ 1= 1lev(N)

Dirk Praetorius (TU Wien) 32 / 53
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Configurations of reference edge 2/5

Q@ Case. k:=1ev(T) = lev(N)
e goal: F is reference edge of T and N

o T,N ¢ Tunif

o T is admissible

@ E=TnNN is reference edge of T
— F is also reference edge of N

Dirk Praetorius (TU Wien)

Closure Estimate
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Configurations of reference edge 3/5

@ Case. k:=1lev(T) =1lev(N)+1

e goal: F is reference edge of T and son of NV

o T € Tymif

o Let N/, N" € T,""f be sons of N (one bisection!)
o Tl is admissible

e £ =TnN N'is reference edge of T

— F is also reference edge of N’

Dirk Praetorius (TU Wien) 34 / 53
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Configurations of reference edge 4/5

@ Case. lev(T) + 1 =1ev(N)
e goal: this case is never met!

@ bisect T into 17", 1"
— lev(T") = lev(T”) = lev(N)
— {T",T7", N} regular triangulation of T U N ‘

o FE is split, since F is reference edge of T' —

= contradicts regularity

Dirk Praetorius (TU Wien) 35 / 53
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Configurations of reference edge 5/5

Lemma

o T € refine(7p) with 7y admissible

o T'N € T with E :=T N N reference edge of T’

— Then,

o either lev(T) = lev(NN) and E also reference edge of N

o or lev(T) = 1lev(IN) 4+ 1 and E is reference edge of son of N

NN Y

Dirk Praetorius (TU Wien) 36 / 53
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Recursive refinement 1/6

Lemma

o 7 € refine(7y) with 7o admissible

o I'N € T with E :=T N N reference edge of T’

—> (T ¢ refine(T,{N}) <= E also reference edge of N)

Proof of —> (since <— is clear).
@ ex. minimaln € Nand T1,...,Th11 € T s.t.
o T\ =N, Tpy1 =T
o E;:=T;NTji; is reference edge of T forall j =1,...,n

@ Casel.n=1,ie, T =T
— FE also reference edge of N =T}
o Case 2. n > 1, i.e, E; not ref. edge of Tj 1 forall j =1,....,n -1
— lev(Tj) =1lev(Tj1) +1
= lev(N)=1lev(Th) =" -=1lev(Thy1) +n=1ev(T) +n
— n<1 — contradictsn >1 [ |

Dirk Praetorius (TU Wien) 37 / 53
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Recursive refinement 2/6

Lemma (Level of generated elements)

o T €T € refine(Tp) with Ty admissible
o T' e refine(T,{TH\T

— lev(T') <lev(T)+1

Proof by induction on lev(T).
start: kK = 0 is clear, since 7y is admissible v/
hypothesis: claim OK for all T" with 1lev(T) < k
suppose lev(T) =k +1
w.lo.g.: #(refine(T,{T})\T) > 2, i.e.,, more than T is refined
let N €T s.t. E:=NNT is reference edge of T
Case 1. 1lev(T) = 1lev(N) v \\
Dirk Praetorius (TU Wien) 38 / 53
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Recursive refinement 3/6

Case 2. lev(T) =1lev(N) +1
o T" c refine(T,{TH\T
e N €T with E:=T NN is reference edge of T

o lev(T)=k+1
refine(7,{T}) = refine(7’,{T})
T e T\T = 1lev(T') <1lev(N)+1=1lev(T)

T' € refine(T',{T})\ T is
o either son of T, i.e., lev(T") = lev(T) 4+ 1
o or grandson of N, i.e., lev(T") = lev(N) 4+ 2 = 1lev(T) + 1. ]

NN

Dirk Praetorius (TU Wien) 39 / 53

= lev(N) =k, i.e., hypothesis applies to N
with 7' :=refine(T,{N})

Adaptive Finite Element Methods Closure Estimate

Recursive refinement 4/6
o recall diam(T)? ~ |T'| = |Tp| 272"(T) with T C Ty € Ty
— Ex. d,D>0st d27"") <|T| < dian(T)? < D?2-tev(T)
Lemma (Distance of generated elements)
o T €T € refine(Tp) with Ty admissible
o T" e refine(T ,{TH\T

lev(T)
N . A —j/2
— dl(T,T).—rxnel;lla: 2| <V2D Z 2
' eT’ j=lev(T")

Proof.
o Step 1. 7" S T son of T
— AT, T)=0v
@ Step 2. F:=T NN is reference edge of TN € T
= T and N are bisected once — d(T7,7")=0V

AN

Dirk Praetorius (TU Wien) 40 / 53
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Recursive refinement 5/6

Step 3. Proceed by induction on k = lev(T)
start: k = 0 follows from Step 1-2, since 7y is admissible v

@ hypothesis: estimate is true up to level k.

@ suppose lev(T) =k + 1 and T" Z T (covered by Step 1)

e N € T with E:=T N N reference edge of T, but not of N (Step 2)
— lev(T)=1lev(N)+1 and T’ €refine(T,{N})\T

lev(N)
— lev(N)=k and A(N,T)<V2D » 279/
j=lev(T")
o triangle inequality — d(7,7") < diam(N)+ d(N,T")
o lev(T) =1lev(N)+1 = diam(N) < D27tv(N)/2 = |/ p 2-1ev(T)/2
1ev(T)
— AT, T)<Vv2D Y 2792 |
j=lev(T")

Dirk Praetorius (TU Wien) 41 / 53
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Recursive refinement 6/6

Proposition (Control of generated elements)

o T €T € refine(Tp) with Ty admissible

o T" e refine(T,{T}H\T

— 1lev(T") <1lev(T)+1 and d(T,T') < B(T) 2 ev(T)/2

Proof.

lev(T) lev(T)—lev(T")
o (I, T)<V2D > 2777 = Yo 2GRy
j=lev(T") k=0
S 1
—(Lev(T")+k)/2  9—1lev(T")/2
= <
2D
— B=—" :[2_1/2 and B = B(Tp). n
Dirk Praetorius (TU Wien) 42 / 53
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Closure estimate

Theorem (Binev, Dahmen, DeVore '04, Stevenson '08)

@ 7o admissible

o 7; =refine(T;_1, M;_1) with M;_1 C T;_; forall j =1,2,3,...

/-1

= #To—#To < C(To) Y_#M;

=0

Closure Estimate

Adaptive Finite Element Methods Closure Estimate

Sketch of Proof

Find A(T', M) > 0 such that
o MeM:=U_yM; = > NI,M)<C(T)
TeT,

— ) MT,M)>1
MeM

o T eT\To

This implies closure estimate.

o #Ti—#To < #(T\To) < > > MT, M)

TeT\To MeM

o > D MT.M) <C(To) #M

(lower bound)

(upper bound)

@ use these assumptions in the following! MeMTeT\To
{—1
— #T0— #T0 < O(To) #M = C(To) D #M, n
§j=0
Dirk Praetorius (TU Wien) 43 / 53 Dirk Praetorius (TU Wien) 44 / 53
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Proof of closure estimate 1/8 Proof of closure estimate 2/8
o A= A(Ty) == (D + B) Z;io(p'i' 2)3277/2 < o o forT €T and M € M := Uf;(l)./\/lj define
(1ev(M) —1ev(T) +2)"2 if A(T, M) < A2~ tev(1)/2
Lemma NT,M) = and lev(T) < lev(M)+1
- 0 herwi

o MeM:= Uf:(l) Mj otherwise

° 0<k<lev(M)+1 Lemma (upper bound)

o Uy(M):={T €T : lev(T) =k and d(T, M) < A27%/2} o

v Te']’l
Proof.
o dian(M) < D2-1ev(M)/2 < po—(-1)/2 < \/3 D 2—H/2 Proof.
= = = o recall: Uyp(M) :={T € T; : 1ev(T) = k and d(T, M) < A27k/2}
exeT eclp(M),ye M lev(M)+1
— |z —y| < dian(T) + d(T, M) + diam(M) < 27%/2 o Y AT M= D ) ANT,M)
= |UUe(M)| S 27F TET, k=0 Tely(M)

o [T =27 for T € Up(M) — H#U(M)S 1. - @ observe: N(T, M) = (lev(M) — k+2)~=.

Dirk Praetorius (TU Wien) 45 / 53 Dirk Praetorius (TU Wien) 46 / 53




Adaptive Finite Element Methods Closure Estimate

Proof of closure estimate 3/8

Lemma (upper bound)

2
o MeM:=UM;, — Y ATM) < TAT)
TeT,
Proof (cont’d).
lev(M)+1
o Y ANT.M)= ) D ANTM)
TeT, k=0  TelU,(M)
e observe: \(T, M) = (lev(M) — k +2)~2
lev(M)+1
— > MT,M) < A(Tp) (lev(M) — k +2)~2
TeT, k=0
lev(M)+1 © 2
lev(M)—k+2)2 <) — =— |
° kz_o (lev(M) +2)7° < pz::po 5
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Proof of closure estimate 4/8

Lemma (lower bound)

Closure Estimate

e T eT\Ty = Z AT, M) > 1, where M := U?;}]M]
MeM
Proof.
eex. My,... My,eMand ¥ty >4y >--->/4, =0 s.t.
o with My :=T

o M; € refine(Ty,, {Mj41})\ Ty,
= lev(M;) <1lev(Mj;41)+1, i.e., level decrease at most 1
and dl(Mj+1, M]) < B2 lev(M;)/2
o clearly, lev(T) > 1

= ex. minimal index t € {1,...,n} s.t. lev(M;) = lev(T) — 1
—> in particular, lev(T) < lev(M;)+1forall1 <j <t
j—1
e next aim: d(T, M;) < (D + B) ZQ*lev(Mk)/Q
k=0

Dirk Praetorius (TU Wien)
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Proof of closure estimate 5/8
o My:=T, My,...,M; € M chosen s.t.
o lev(T) < 1lev(M;)+1
o lev(M;_1) <lev(M;)+1
o d(M;,M;_1) < B9o-lev(M;_1)/2

o triangle ineq. = (T, M;) < d(T, M;) + diam(M;) + (M, M)

j—1 j—1
o inductively = (T, M;) <) diam(M) + > d(My, My41)
k=1 k=0

-1
<D+B) 92— lev(My)/2
k=0

#{k=1,..

k}

= d(T, M) <

o define m(p, j) =1 lev(My) = lev(T) + p}

S(D—I—B)im

p=0

= (T, M) (p,j)2 P22tV
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Proof of closure estimate 6/8

(D + B) Zmpj )2~ p/29=1ev(T)/2 for j =1,
p=0

(p+2)3 forall p=0,1,2,...

@ shown: d(T, M;)

e Case 1. m(p,t) <
— dl(T, Mt) S (D"*B)Z(p<|>2)g 2—P/2 2—lev(T)/2
p=0

o recall: lev(M;) =1ev(T) —1

— A 2—1ev(T)/2

(1ev(M) —1ev(T) +2)"2 if d(T, M) < A27teV(1)/2
and lev(T) <lev(M)+1

0 otherwise

o \T, M) =

— AT, M) =1

= ) ML M) = NT, M) =1V
MeM

Dirk Praetorius (TU Wien)
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Adaptive Finite Element Methods Closure Estimate

Proof of closure estimate 7/8

o recall: m(p,j) =#{k=1,...,5—1: lev(My) = lev(T) + p}
e Case 2. m(p,t) > (p+2) for some p=0,1,2,...

e for all those p, choose minimal ¢, = 2,...,t s.t. m(p,t,) > (p +2)3
e note: m(p,1)=0< (p+2)3

@ choose p, with minimal ¢, :=t,,

= m(p,k)<(p+2)3forallpandall k=1,...,t,—1
o asinCase 1 =— d(T,M,;) < A271ev(T)/2
o recall: 1lev(T) < lev(Mj) + 1

—  MNT, M) = (lev(My) — lev(T) +2)~2
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Proof of closure estimate 8/8

o My,...,My,_1 € M chosen s.t.
o \NT, M) = (Lev(My) — lev(T) +2)2
o t, =2,...,t minimal s.t. m(ps,t.) > (psx +2)3

o recall: m(p,j) =#{k=1,....5—1: lev(My) = lev(T) + p}

- m(p*at*) -1< m(p*,t* - 1) < (p* + 2)3 < m(p*at*)

e inequality in N = m(p,,tx — 1) = (psx +2)3
bl m(py, te — 1)
£ E )\( R )7 E )‘( ) k) (p*_|_2)2

MeMm k=0
lev(My)=lev(T)+px«

= > AMTM)>(p+2) =2V
MeM

@ in both cases — Z NT,M)>1

Mem
Dirk Praetorius (TU Wien)
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Adaptive Finite Element Methods

Axioms of Adaptivity

estxmator reduction

stability (A1) \ \ / quasi-orthogonality (A4) I

optimality of linear convergence
Dorfler marking of ny

N/
4 ]

discrete reliability (A3) I
\ overlay estimate I
optimal convergence .
—
of U efficiency

@ Carstensen, Feischl, Page, Praetorius: CAMWA 67 (2014)
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Adaptive Finite Element Methods

Outline

@ Axioms of adaptivity

© Estimator Reduction & Convergence
e Linear Convergence

@ Optimality of Dorfler Marking

© Rate Optimality

@ http://www.asc.tuwien.ac.at/~praetorius/afem-lecture/
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Adaptive Finite Element Methods Axioms of adaptivity
Adaptive Algorithm

@ initial mesh 7y
@ adaptivity parameter 0 < 0 <1

Forall £=0,1,2,3,... iterate
© SOLVE: compute discrete solution U, for mesh 7,
@ ESTIMATE: compute indicators ny(7T) for all T' € Ty

© MARK: find (minimal) set M, C T s.t.

0 m(T)* < Y ne(T)?

TETy TeM,

O REFINE: refine (at least) all T' € M, to obtain Tp11

[ Dérfler: SINUM 33 (1996)

Dirk Praetorius (TU Wien) 3 /53

Adaptive Finite Element Methods Axioms of adaptivity

Elementary Exercise

@ last lecture:

o Ty :={T €refine(Tp) : #7 < N} U{To}
N* _ /
° ;g( n??é‘%N Nopt) = I1llar

@ this lecture:

o Ty :={T €refine(To) : #T — #To < N}
o sup ((N'+1)° g rope) =+ [lnlla.

Exercise: prove that

min Topt
72)pt GTN P )

@ sup (N mln nopt) ~ sup ((N-I— 1)°
N>0 Topt €T N>0

Dirk Praetorius (TU Wien) 5 /53

Adaptive Finite Element Methods Axioms of adaptivity

Main Theorem on Adaptive Algorithms
Theorem (Stevenson '07, ..., Carstensen, Feischl, Page, P. '14)
o properties of mesh-refinement & estimator axioms (Al)—(A4)
0 0<h<1
— AC>030<q¢g<1VUn>0 ngn <Cq"ny

© uniform

e o

: #T —#To < N}

o Ty :=

{T € refine(Tp)

@ s > ( arbitrary

o 0 < 6 « 1 sufficiently small

@ M, has (essentially) minimal cardinality

= sup (#7e)°ne ~ B ((N+1)S min 7opt)
LeN Topt €T N

o

= Inlla,

@ Carstensen, Feischl, Page, Praetorius: CAMWA 67 (2014)
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Axioms of Adaptivity
—
estlmator reduction

— (Al) / \ / quasi-orthogonality (A4) I

linear convergence
of ny

/
\ overlay estimate I

]—

optimality of

Dorfler marking

discrete reliability (A3) I —

optimal convergence
of Uy

|

@ Carstensen, Feischl, Page, Praetorius: CAMWA 67 (2014)
irk Praetorius (TU Wien)
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Framework

e 7 Hilbert space with norm || - ||

@ 7, corresponds to discrete space X

@ u € H sought solution

e U, € X, computed discrete approximation

@ 1,(T) refinement indicator for T € T,

Sometimes: Lax—Milgram setting

(-,-) elliptic bilinear form on H
o I € H* functional

Adaptive Finite Element Methods Axioms of adaptivity

Adaptive Finite Element Methods

Poisson Model Problem

Strong formulation
in O C R?
on I' =00

—Au=f

u=~0

Axioms of adaptivity

Weak formulation
o find u € H}(Q) s.t.

/Vu-sz/fv for all v € HJ(Q)
Q Q

where T!—\ﬁ - R—F - T—|—v #R—i- < Orel#(’tl—\ﬁ)

VOLN >0 Ve>0
N

(A) > " (U1 — Uell® — enp) < Coren(e) nf
k=¢

Dirk Praetorius (TU Wien)

8 /53

/vw-vw:/m for all V; € SL(Tp)
Q Q

o u € H solves (u,v) =F(v) forallveH
o U, € X, solves (U,,V,) =F(v) forall V, € X,
Dirk Praetorius (TU Wien) 7 /53 Dirk Praetorius (TU Wien) 9 /53
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The Axioms Poisson Model Problem
VT, VT, € refine(T,)
1/2 1/2
A (X @) (X m@) | < Com U - Vsl |
TeT:NTx TeT+NTx Strong formulation
~Au=f inQcR?
(A2) Y (TP <gea Y, 14T+ Crea IUx — Uyl? wu=0 onl =299
TET\T4 TET\Tx /
(A3) U ~ Ul < O 3 (@) FEM formulation
TeR o find U; € S} (Ty) s.t.

Dirk Praetorius (TU Wien)
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Adaptive Finite Element Methods

Regular Triangulation 7,

/< ‘ \ >
RS
Al
VANZANAS /AN P
ST NI KT

SR
d

SR
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Adaptive Finite Element Methods

Axiom (A1): Stability on Non-Refined Elements

(A1) Stability on non-refined elements

> w@?)”

T€7’+|’T7’*

VT,

2\ 1/2
> ne@)?) 7| < Cotan U — U
T€7’+0T*

Axioms of adaptivity

VT, € refine(7,)

@ verification for Poisson model problem:

° U*(T)2 = h% ||f||%2(T) + hr ||[87’LU*]||%2(6TQQ)
@ inverse triangle inequality + scaling arguments

) 1/2
Z h [[[0n(Usx — U+)]||L2(8Tmﬂ))
TeT+NTx

SIVU = Ul Lz o)

LHS§<

o reminder: ||zl — [lyll| < ll= —yl|-

D Cascén, Kreuzer, Nochetto, Siebert: SINUM 46 (2008)
Dirk Praetorius (TU Wien)
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Adaptive Finite Element Methods

Residual Error Estimator for Poisson Model Problem

Reliability and efficiency
o flu=Udl < ne =

~Y

min

llw — U] + oscx ~
VieSH(Tx

: fl = Vill + oscs

Axioms of adaptivity

|

o Il = IVOllzaey
o= (3 m(p)”
TeTx

o n(T)? := h7 ||f||%2(T) + hr ||[8nU*]||%2(8TmQ)

/
® 0S¢, 1= < Z W || f — fT||%2(T)>1 i

TeT,

Dirk Praetorius (TU Wien)
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Adaptive Finite Element Methods

Axiom (A2): Reduction on Refined Elements

(A2) Reduction on refined elements V7, V7T, € refine(7,)

> @< grea Y, 14(T)+ Crea U — U |?
TET\T+ TeT\Tx

Axioms of adaptivity

(7]

verification for Poisson model problem:
U*(T)Q = h%’ Hf”?'}(T) + hr H[anU*]H%Z(aTmQ)

U(TATy) = U(T\T)
hpr < 271/2 hr for T > T’ ; T e T_|_
hy = |T|Y/? ~ diam(T)

(]

with

@ triangle inequality + scaling arguments

D Cascén, Kreuzer, Nochetto, Siebert: SINUM 46 (2008)
Dirk Praetorius (TU Wien)
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Adaptive Finite Element Methods Axioms of adaptivity

Axiom (A3): Discrete Reliability

(A3) Discrete reliability

@ exists Ry C 74 with
o TI\T. SR+
o #Ry < Cra#(T+\T)
o IU - TP <2 S 0 (T

TER+

V7. VT, € refine(7,)

® Ry =T:\T, for FEM
o R, = patch(7:\7;) for BEM / FVM

o discrete reliability = reliability

ﬁ Stevenson: Found. Comput. Math. 7 (2007)
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Adaptive Finite Element Methods Axioms of adaptivity

Approximation Property

@ suppose: Céa lemma ||lu — U, ~ Vmin lle — Vil

* *

@ usual setting: exists D C H dense with

Vo > 037, € refine(Ty) Vv € D VmiE flo—Vil| <0
* €A%

e eg: D=H*Q) C HY Q)
in v = Vil o) = (1= Z)vllme) < 1A D?|| 120
< Nhallzoo ) 1Dl 22 ()
= flu—Uill = [nin. lu = Vill < flu — ol + ;nin. lv — Vill

= approximation property Ve > 037, € refine(Ty) |lu—U| <e€

Dirk Praetorius (TU Wien) 16 / 53

Dirk Praetorius (TU Wien) 15 / 53

Adaptive Finite Element Methods Axioms of adaptivity

Discrete Reliability = Reliability

° 1 = ( > W(T)?)l/2

TeT,
e triangle inequality for 7, € refine(7;) and (A3)

lw = Uell < flu = Usll + |Ux = Uell < Jlu = Usll + Crer e

@ approximation property

Ve>0 37T, € refine(Ty) |lu—Ui <e

= lu—Udl < Crame

Adaptive Finite Element Methods

Axiom (A4): Quasi-Orthogonality

Axioms of adaptivity

(A4) Quasi-orthogonality

N

(NUk41 = Ull® = €nz) < Corm(e) mg
k=0

Ve>0 VI, N eNg

@ verification for Poisson model problem
o Galerkin orthogonality + symmetry

lu = Ukt l? + 1041 = Uell* = flu — Ukll?

—> Pythagoras theorem

@ telescoping series = quasi-orth. with Co,(e) = C’fel, e=0
N N
S MUk =Tl = > (lu=Ukll? = llu=UssalI?) < llu— Ue||?
k=t k=¢

@ Feischl, Fiihrer, Praetorius: SINUM 52 (2014)
Dirk Praetorius (TU Wien)
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Adaptive Finite Element Methods Axioms of adaptivity Adaptive Finite Element Methods
Validity of Axioms

Theorem (Feischl, Fiihrer, P. '14; Bespalov, Haberl, P. '17)
@ Ac Wheo symmetric, b € L, ¢ € L piecewise on 7
@ Lu:=-V -AVu+b-Vu-+cu

@ induced bilinear form af(-, ) is elliptic (plus compact perturbation)

o nestedness S5(77) C S (Tit1) . .
— weighted-residual error estimator satisfies (Al)—(A4) Estimator Reduction & Convergence

Sketch of quasi-orthogonality (A3):

e L is compact perturbation of symmetric + elliptic operator

o |[Uss — Uell () — 0 for some Uy, € H(Q2)

o moreover, (Uso — Up)/|Use — Ul g1 () — 0 weakly in H'(€2)

@ Feischl, Fiihrer Praetorius: SINUM 52 (2014)

B Bespalov, Haberl, Praetorius: CMAME 317 (2017)

Dirk Praetorius (TU Wien) 18 / 53 Dirk Praetorius (TU Wien)

Estimator Reduction & Convergence

Adaptive Finite Element Methods Axioms of adaptivity Adaptive Finite Element Methods

Axioms of Adaptivity Estimator Reduction

reduction (A2) —_—

Stability (A1) + reduction (A2) = estimator reduction
e V0< <1 A0 < et <1 dCet >0 VL €Ny :

estimator reduction

quasi-orthogonality (A4) I

e gl y

optimality of linear convergence
[ Dorfler marking ] [ of ny ]
@ sketch: Young inequality + (A1) + (A2)

/ \ ‘ - o variable parameter § > 0 sufficiently small

discrete reliability (A3) I
—\ overlay estimate I ° qut’ - (]' + 5) - 0(]‘ + 5 - qred) ~ ]‘ - 0(1 - Qred)
. 0 Cost = C2, (14071 + Crea
[ opt)maloi.olrszergence ]

77?4_1 < Qest 77[% + Clest |||U£+1 - Ué|||2

@ Cascén, Kreuzer, Nochetto, Siebert: SINUM 46 (2008)

19 / 53 Dirk Praetorius (TU Wien) 20 / 53

Dirk Praetorius (TU Wien)



Adaptive Finite Element Methods Estimator Reduction & Convergence

Proof of Estimator Reduction 1/3
@ (A1) + (A2) + Young ineq. (a + b)? < (14+6)a? + (1+571)b?

M= > @+ Y

TETe+1NTe TeTe41\Te

< (1 + 5) Z W(T)Q + Gred Z

TeTe1NTe TeT\To41
+ (Coap(1 4071 + Crea) U1 = Udl?

Nes1(T)?

ne(T)*

= (1 + 6) 77[? + (Qred - (1 + 5)) Z n€<T>2
TeTe\Te41
+ (CEap(L+ 671 + Crea) |Ue1 — Uell?

J

~~
=Clst

Dirk Praetorius (TU Wien) 21 / 53

Adaptive Finite Element Methods Estimator Reduction & Convergence

Proof of Estimator Reduction 3/3

@ proved: forall § >0

M < (1+06) =01+ 8 — grea)) 17 + Cest [|Ue1 — Ugll?
60—0
@ (est — (1+5)—¢9(1+5—qred) _— 1—9(1—qred) <1
0 Cost = C2,(1+071) + Crea

S

@ small § >0 == estimator reduction estimate

77[%4—1 S Gest 77(% + Cest |||U€+1 - UE”|2
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Adaptive Finite Element Methods Estimator Reduction & Convergence

Proof of Estimator Reduction 2/3
O (Al) + (A2) + Young inequality

M < (L+0) 07 + (Grea — (140)) >
TeT\To41

ne(T)?

+ Cest Ue+1 — Ue|l?

Q@ My CT\To41

Mg < (L+6)1; = (140 = grea) >, m(T)?
TeM,

+ Cest Ues1 — Uel?

© Dorfler marking

S ((1 + 5) - '9(1 + d— Qred)) 7742
+ Cost 1Ue11 — Ue|®

Dirk Praetorius (TU Wien) 22 / 53

Adaptive Finite Element Methods Estimator Reduction & Convergence

Estimator Reduction = Convergence 1/2

o X, C AXyr1 C H sequence of nested discrete spaces

@ suppose: Lax—Milgram setting

Convergence Theorem (Babugka, Vogelius '84)

@ ex. limit Uy, € H such that ||Us — Uy|| — 0 as £ — oo
Ug+1 — Ug||| — 0

@ in particular,

o X := closure(|J,2, Xz) € H with Galerkin solution Uy, € X
— Uy e Xy C X is Galerkin approx. of Uy
@ Forall e >0, exists k € Ny and Vi, € Xy s.t. || Uso — V|| <€

= Uso = Uil| = min [[Uoc = Vel| < [[Uoc = Vil| < & for £ &

D Babuska, Vogelius: Numer. Math. 44 (1984)
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Adaptive Finite Element Methods Estimator Reduction & Convergence

Estimator Reduction = Convergence 2/2

Let 0 < k <1 and py,ay > 0 with

® pry1 S Kpe+ oy

{—00
o ay —— 0

Then, pr 2% 0

per1 <6 po + g w ey <K po + || () lloo Yhg £

°
@ (pn) bounded = M := limsup, py > liminfy py > 0 exist

@ next, M = limsup, ps+1 < klimsup, p; + limsup, oy = €M

e thus, M =0

e finally, 0 < liminf, py < limsup, py =0 = limypy =0

Adaptive algorithm = convergence

o fu—UllSne—0as 00, since 12, < dosit? + CosthUrsr — Uem?J

Dirk Praetorius (TU Wien) 25 / 53

Adaptive Finite Element Methods Estimator Reduction & Convergence

Axioms of Adaptivity

reduction (A2)

stability (Al) \

optimality of

estlmator reduction

\ / quasi-orthogonality (A4) I

linear convergence
of ny

/ closure estimate

discrete reliability (A3) I
—\ overlay estimate I

]—

Doérfler marking

optimal convergence
of Uy
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Remarks on Estimator Convergence

: L—
Estimator convergence 7, ——» (

conceptually, algorithm only sees estimator, not error

conceptually, estimator convergence 1, — 0 is necessary

consequently, rather ask for 7, — 0 than for ||u — Uy|| — 0

basically: general marking strategies possible (instead of Dorfler)

here: simple argument from own work (tailored to Dorfler)

note: mesh-refinement strategy (NVB) did not enter yet

@ Morin, Siebert, Veeser: M3AS 18 (2008)
@ Siebert: IMA J. Numer. Anal. 31 (2011)

@ Aurada, Ferraz-Leite, Praetorius: Appl. Numer. Math. 62 (2012)
Dirk Praetorius (TU Wien) 26 / 53
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Linear Convergence
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Slow Convergence?

Current state

o (Al) + (A2) = 7742+1 < Qestn(% + Cest |||U€+l - U€”|2
Q Céalemma Uy — Uy, as £ — o0

© estimator reduction principle =— n; — 0

Q reliability — |Ju—-Uyf| <ne—0
o in particular, u = Uy

Adaptive Finite Element Methods

Linear Convergence

@ question: Can convergence of ny — 0 be slow?
o |Ups1 — Ue])*> — 0 could be slow?

@ goal: 77%+n < q"nl?

Dirk Praetorius (TU Wien)
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Linear Convergence — Quasi-Orthogonality

Proposition (Carstensen, Feischl, Page, P. 14)

o reliability ||u — Ug|| < e

@ linear convergence 1y, < Ciin qfi,, ¢

= quasi-orthogonality (A3) with ¢ =0, Coin(e) =
N

@ ie.: Z IUk+1 — Ukm2 S 77(g
k=~

Oorth (0) >0

for all ¢, N

@ Carstensen, Feischl, Page, Praetorius: CAMWA 67 (2014)
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Slow Convergence? No!

10 T T T

~< © uniform

* adaptives

error estimator
S
,

H
o\
L
T

-6

! ! !

10

10 10 10
number of elements

Dirk Praetorius (TU Wien)
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Adaptive Finite Element Methods Linear Convergence

Proof: Linear Convergence = Quasi-Orthogonality

@ triangle inequality + reliability

N N
D MUk = Ukl <2 Y (llw = U l® + llu — URI?)
k=¢ k={

N+1

<4 flu—Ugl?
k=t
N+1

<> o
k=t

@ linear convergence + geometric series

N+1 N+1
2 k—¢ 2
Z Me S ( Z q ) e
k={ k={
2
S
Dirk Praetorius (TU Wien) 31 /53




Adaptive Finite Element Methods Linear Convergence

Linear Convergence <= General Quasi-Orthogonality

Proposition (Carstensen, Feischl, Page, P. 14)

o reliability |Ju — Ug|| < e

@ estimator reduction for 0 < 0 < 1, e.g., stab. (Al) + red. (A2)
@ quasi-orthogonality (A3)

= linear convergence 1¢4,, < Ciin g}, ¢

ﬁ Carstensen, Feischl, Page, Praetorius: CAMWA 67 (2014)
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Proof: Linear Convergence <= Quasi-Orthogonality 2/2

N
Q obtain: Z n < Z (g + 0)np_ 1+C7712
k=(+1

Q@0<g+d<land N =00 — Z ni < Mn}

k=(+1
[e.e] (e @] (e @]
0 — (I+MYH DY m< D m+ni=>_m
k=0+1 k=0+1 k=t

o0 o0
@ induction — (1+M~bH" ZU}%EZU}%S@‘*‘M)W%

k=¢+n k=¢
oo
O finally: 77, < Y mp < (1+M7)7"(1+ M)
k=0+n
qu{n =Clin
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Proof: Linear Convergence <= Quasi-Orthogonality 1/2

@ estimator reduction and 0 < 6 < 1

N

N
S > |anto+ CIUK - Ul
k=0+1 k=0+1
N N
= > @+ +C > |0k = Ul = €70,
k=(+1 k=0+1
Q reliability
WUk~ Uksa P =C 7 omE s < U =Upia [P = CfC6 lu=Uga 2
© quasi-orthogonality with € = C’refC’ )
N
> 10k = Ul = £ Ju = U
k=0+1
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Remarks on Linear Convergence 1/3
@ algorithm leads to convergence rate s > (

o w.r.t. dofs  sup (#7¢)°ne < o0

¢eNg

¢
S
e w.r.t. work  sup (Z# ) Ny < 00

£eNy =0

@ linear convergence —

V4
esetll\l;:)(#%) Mg Sup (;#ﬁ)

o LHS<oco = 1, S#T)™* = #T;<n; /"

o linear convergence =— 1, gt i, = ur 1 < q“‘”nzl

L l L

—1/s —1/s 1—5)/s —1/s

— > #TL S > S Y g Y
i=0 i=0 §=0

Dirk Praetorius (TU Wien)

—> RHS < LHS
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Remarks on Linear Convergence 2/3

Our proof also shows equivalence of
o EIC'lin > 040 < Qlin < 1W,n € N0 e+n S C’linqgn e

©3C>03p>0¥neNy Y nf < Cpr}
k=¢

© 3C>0Vp>0V4neNy Y nf < Cprpf
k=~

@ linear convergence is required for optimal computational costs

@ use summability criterion for p = 1, if you include iterative solvers

D Fiihrer, Haberl, Praetorius, Schimanko: Numer. Math. 2019 (published online first)
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Contraction

e axioms (Al)—(A4)

e for symmetric + elliptic problems, slightly stronger result available

— linear convergence 7]?+n < q"n?

o Lax—Milgram setting (with exact solver)

Theorem (Cascon, Kreuzer, Nochetto, Siebert '08)

o Ap= g — Pl +ymf = 0}
e with 0 < v < 1 sufficiently small

— Exists 0 < k = k(f) < 1 s.t.

Api1 <KkAy hence  lim my=0= lim ||¢ — @
{—00 {—00

D Cascon, Kreuzer, Nochetto, Siebert: SINUM 46 (2008)
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Remarks on Linear Convergence 3/3

@ analysis relies only on specified axioms! J

@ analysis is independent of

e linear / nonlinear problem

o discretization method (e.g., FEM / BEM / FVM)
e nestedness / conformity of discrete spaces

e exact / inexact computation of discrete solution
e mesh-refinement strategy (e.g., NVB)

@ all this enters for proofs of axioms for precise setting
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Proof of Contraction Theorem

@ Pythagoras [|¢ — @¢i1[|” = [|¢ — @of|” — [|0p11 — P?
@ estimator reduction 17, < g} + C|| 1 — D
O reliability [|¢ — @[|* < 717

T

@ use small parameters 0 < 7v,e < 1 to see that

I — @eiall® +vmisy < llé — Pell® + van;
< (1=l — Po||* + (g + cCo)n7
< k(¢ — @ell* + ynd)

@ obtain: Ay < kAy

e O0<k<«l
o A= ¢ — D[ + 7
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Linear Convergence

Adaptive Finite Element Methods

Axioms of Adaptivity

reduction (A2)

estlmator reduction

\ / quasi-orthogonality (A4)

linear convergence
of ny

/ closure estimate I

stability (Al) \

optimality of

Doérfler marking

discrete reliability (A3) I
—\ overlay estimate I

]—

optimal convergence
of Up
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Optimality of Dérfler Marking

QS Z,]M(TQ

TeM,

Dorfler Marking 6 Z ne(T
TreT,

@ goal: determine M, C 7T, with minimal cardinality

— requires(?) sorting n¢(11) > --- > ne(Tn) ~ O(Nlog N)
e sufficient: My C Ty has essentially minimal cardinality

o i.e., # M, < CH#My if My has minimal cardinality
@ idea: sorting with binning [Stevenson '07] ~ O(N)

— H#My < 2#M,

@ ongoing: modified Quicksort allows for minimal cardinality ~~ O(N)

& Dérfler: SINUM 33 (1996)
@ Stevenson: Found. Comput. Math. 7 (2007)

[ Pfeiler, Practorius: work in progress 2019
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Adaptive Finite Element Methods

Optimality of Dorfler Marking

Dirk Praetorius (TU Wien)
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Dorfler Marking == (Linear) Convergence

@ shown: stability (A1) 4 reduction (A2) + Dorfler marking

— estimator reduction

@ estimator reduction + reliability (A3) + quasi-orth. (A4)

— linear convergence ¢4, S g}, e

@ i.e.: Dorfler marking sufficient for (linear) convergence

@ question: Dorfler marking also necessary?




Adaptive Finite Element Methods Optimality of Dorfler Marking

Recall Stability (A1) and Discrete Reliability (A4)

(A1) Stability on non-refined elements, 7;, 7, € refine(7y)

(X n@))” (X @)1 -vi

TeTNTx TeTNTx

(A4) Discrete reliability, 7, € refine(7y)
o exists Ry C T, with

o T\Tx C Re

o #Ry < Cra #(Te\Tx)

o U —Uel> < CZy > me(T)?
TER,
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Proof: Optimality of Dorfler Marking 1/2

Optimality of Dérfler Marking

© stability (A1) + Young inequality + discrete reliability (A4)

> (1)’

TeTiNTx
<S@+67Y D TP+ (L+6)Ch U — Ul?
TeTNTx
S (1 + 5_1)773 + (1 + 6)052tab0r2e1 Z W(T)Q
TeER,
Q@ . <qmn and T\T.CRy
m= > mT+ Y m(T)
TeT\Tx TeTNTx
< (46N + 1+ (1+0)CanCrl Y m(T)?
TeR,
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Dorfler Marking

@ so far: Dorfler =

Optimality of Dorfler Marking

<= Convergence

linear convergence nprn, S i}, M

Stab. (A1) + disc. rel. (A3)
Exists 0 < 0, < 1and 0 < ¢, < 1 s.t.

o for all 7, = refine(7y;) with n? < q n?

@ and all 0 < 0 < 0,

e and Ry O T;\T. from discrete reliability (A4)

holds Dorfler marking 6 Z ne(T)? < Z ne(T)?
TeTy TERy

—> optimality of Dorfler marking

@ linear convergence

= Dorfler marking holds every fixed number n of steps

@ independently of how elements are actually marked!

= if discrete reliability (A3), then Dorfler necessary for linear conv.

Dirk Praetorius (TU Wien) . /53|

Adaptive Finite Element Methods

Proof: Optimality of Dorfler Marking 2/2

@ nf < (L+6 )@ ni+ 1+ (140)Co0Co Y nelT)?
TERy

Optimality of Dorfler Marking

1—(1+6Yg 2

< T)?
1+ (1 + 5) CSQtabCrQel "= TGZRe né( )
Q ¢ 0<0 .
iven: =102 o2
g * 1+ Cgtabcfel

1—(1 5_1 2 1+ 1yge—0
° 0* > ( + 5 )q*z 77? §—0
1+ (149)Cz,.C

rel

O

© choose § > 0 and 0 < ¢, < 1 small such that

1—(1+61He?
1+(1+6)C%  C?

stab ~rel

ng < Ox
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Dirk Praetorius (TU Wien)

Optimality of Dorfler Marking
Necessity of Discrete Reliability
@ suppose: Céa lemma —Uy|| ~ i -V
pp Ju—Uell = iy Ju— Vil

o Let 7, € refine(7/41)
= U« = Uell < llu— Ul + lu = Uell < fluw—Tell

@ Suppose knowledge that 7, is reliable 4+ Dorfler marking

— fu—Ud® S <67 D nu(T)?
TeM,

e marked elements are refined, i.e., My C Ty\To11 C T\ T
—> obtain discrete reliability

10« = Uell* <

D> n(T)?

TeT\Tx

—> If Dorfler marking is used, then discrete reliability is necessary!
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Rate Optimality

Dirk Praetorius (TU Wien)
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Adaptive Finite Element Methods

Optimality of Dorfler Marking

Axioms of Adaptivity

reduction (A2) —_—

estimator reduction

I quasi-orthogonality (A4) I

e gl

optimality of
Dorfler marking

/

~

linear convergence
of ny

/
—\ overlay estimate I

]—

discrete reliability (A3) I

optimal convergence
of Uy
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Quasi-Monotonicity of Estimator

stab. (A1) + red. (A2) + rel. (A4)

o 7, € refine(7y)

=—> monotonicity
S n*gcmonné J

;= Z e (T)? + Z 1 (T)?

TeT\T, TeTNTe

< S @+ D (T + UL - Ul
TeT\Tx TeTeNTx

S
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Proof of Optimality Theorem 1/3

Heart of the Matter: Exists 7, € refine(7) s.t.

1/s —1
o HT. — #T0 S Inlly/* n; "
0 7 < quMy
o recall = su N +1)° min
Inlla, = sup ((N+1)° min )
o define e := Ciliqme < mo < |Inlla, < o0

choose minimal N € Ny with ||n|la, < e (N +1)°
o [[nlla, > eN®

let 7 € Ty = {T € refine(7y)
° e < (N+1)7"[Inlla, < e
o #To—#To < N < [lnfl /™Y

define T, := 7 ® Ty & use overlay estimate

: #T — #To < N} s.t. n. = ming, ety 74

o #To — #To < (#Te+ #Te — #T0) — #T0 < nlla,e™V/* ~ n;V/°
° 7y < Omonne < C1m0n5 = 4«
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Proof of Optimality Theorem 3/3
/-1

@ obtained: #7Tp, — #To < ||n||1/5
7=0
@ linear convergence 0+, < ¢" 1 & geometric series

71/5
J

= e < ¢y

£—1 -1
-1 _/s) -1 -1
— Yo < (Zq(e i/ )774 /s < s
7=0 j=0

© combining this, we obtain

l/s—s

— H#To = #To—#To+ 1~ #To — #To < ve=0
o trivial: #75 < ||77H;1x/s77071/s
= (#70) e S for all s > 0 with |]a, < o0 w20

~> interesting part of main thm.
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= SUpgen, (#7Te)° e
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Rate Optimality

Proof of Optimality Theorem 2/3

Q exists 7, € refine(7y) s.t.

o #To — #Te S nlly/*n, "
@ 7y S qx Ny

@ optimality of Dorfler marking
— Ry ~ T¢\T, satisfies Dorfler marking

© M, has (essentially) minimal cardinality

1/5 —1/s

— #FMe S H#Re = H#(TN\T) S #T —#Te Ve € No
© overlay estimate
:#n—#%sf_l#M z_j
7=0 7=0
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Axioms of Adaptivity

reduction (A2) —_—
estimator reduction

e St

optimality of
Dorfler marking

quasi-orthogonality (A4) I

I
/
[ linear convergence ]

of ny
_—
—\ overlay estimate I
—

discrete reliability (A3) I

optimal convergence
of Uy
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Thanks for listening!

Dirk Praetorius

TU Wien
Institute for Analysis
and Scientific Computing

dirk.praetorius@tuwien.ac.at
http://www.asc.tuwien.ac.at/~praetorius
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