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AFEM for nonlinear operators Introduction

Adaptivity — What else?

Overall aim
e compute wup ~u* with |Ju* —upf| < tolerance

@ subject to minimal computational costs

@ out of reach at the moment

@ but clearly requires
e adaptivity to resolve singularities
o effective solver to avoid unnecessary costs

e data compression e.g., for dense BEM matrices
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AFEM for nonlinear operators Introduction
Tasks / Questions / Outline
@ design adaptive algorithm which also steers (iterative) solver?
@ convergence of adaptive strategy?
@ optimal convergence rates w.r.t. degrees of freedom?

@ new: optimal convergences rates w.r.t. computational work / time?

Cohen, Dahmen, DeVore: SIAM J. Numer. Anal. 70 (2001)
Ern, Vohralik: SIAM J. Sci. Comput. 35 (2013)

Gantner, Haberl, Praetorius, Stiftner: IMA J. Numer. Anal. 38 (2018)

) ) &) )

Fithrer, Haberl, Praetorius, Schimanko: Numer. Math., 141 (2019)

ﬁ Gantner, Haberl, Praetorius, Schimanko: work in progress 2019
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AFEM for nonlinear operators Introduction

Quasi-optimal computational costs?

llla, = sup (N° min [l —ugpll + nopt(u3pe) 1)
op

~ sup(#7¢)° [ " — wgll + ne(uy) ]
~ sup(g ) (#70)° [ ™ — ugl + ne(uyf) ]

~ supgny (>0 #Te) [l — gl +meu)]
' n)<(n)

@ goal: thorough proof of these equivalences for adaptive algorithm!
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AFEM for nonlinear operators Introduction

Almost optimal computational costs!

new: optimal

letla, =~ suwp (3 #Te) [t — gl + me(up)]

(Z,n)GQ (Z/ / )eQ
Eareien

known: almost optimal

[, = sup (N°_min [ = gyl + o (50)] ) < o0
op

—  sup ( Z #T') [”|U* —ull + ne(uy)] <0 Ve>0
(Ln)eQ ' neQ
, ')<(f n)

ﬁ Gantner, Haberl, Praetorius, Stiftner: IMA J. Numer. Anal. 38 (2018)

ﬁ Fiihrer, Haberl, Praetorius, Schimanko: Numer. Math., 141 (2019)
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AFEM for nonlinear operators Model Problem

Model problem

—div A(Vu*) + f(u*) =0 in Q
u* =0 onI =00

Example for strongly monotone nonlinearities

@ nonlinear material laws M = x(|H|) H in magnetostatics
o together with B = po(H + M)
0 eg., A(Vu) = (1 )Vu

1
+ 1+ |Vul

ﬁ Zeidler: Nonlinear functional analysis and its applications, part I1/B
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AFEM for nonlinear operators Model Problem

Abstract setting

@ 7 separable Hilbert space with norm || - ||

o A:H—H"is

(O1) strongly monotone allu—v))?* < {Au— Av,u —v)
(02) Lipschitz continuous  |JAu — Av|| < L |lu — ||

Main Theorem on Strongly Monotone Operators (Zarantonello '60)

@ exists unique u* € H s.t. (Au*,v)=0 forallveH

Corollary

o exists unique uj € &j s.t.  (Auj,vp) =0 for all v, € &),

L
* * < - o * .
o Ju —uill << min Ju" — unl

ﬁ Zarantonello: U.S. Army Math. Res. Center, Tech. Report 160 (1960)

ﬁ Zeidler: Nonlinear functional analysis and its applications, part |I/B
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AFEM for nonlinear operators Model Problem
Zarantonello iteration
@ constructive proof by Banach fixpoint theorem
@ Iy : H — H* Riesz mapping (Iyu,v) = (u, v)y

el I;[lAu,

o O(u) :=u— 2

_ a?\1/2
= o) — @) < gllu—vll with q:=(1-7)
@ @ has unique fixpoint u* e H (<= Au*=0)

Q u° € H arbitrary, u":= ®(u"1)

n
=t =l < g It e < gt -

@ Zarantonello: U.S. Army Math. Res. Center, Tech. Report 160 (1960)

@ Zeidler: Nonlinear functional analysis and its applications, part |I/B
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AFEM for nonlinear operators Model Problem

Discrete Zarantonello iteration

o uY € Ay arbitrary, u} = ®p(u) ")

n
n—lm < q

q
= M =il = g ik =, T4 llu, — ull

Discrete Zarantonello iteration

1

@
o solve (up, vp)u = (up ~, vp)u+ I3 <Au2_1 ,upy  for all vy € &y,

@ i.e., each step of Zarantonello iteration solves Laplace problem

ﬁ Congreve, Wihler: J. Comput. Appl. Math. 311 (2017)
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AFEM for nonlinear operators

A posteriori error control

o Jlur —wll < Jlur — will + flug = wZll
® estimator: s =il < me(uz) < me(ug) + lup — ufll

@ contraction: g — uf|| < fluf — u?—lm

— [l = ugll + me(u)] S me(u) + g — w3~

Adaptive Algorithm

@ adaptive algorithm should equilibrate RHS

ﬁ Congreve, Wihler: J. Comput. Appl. Math. 311 (2017)
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AFEM for nonlinear operators Adaptive Algorithm

Adaptive algorithm

o initial mesh 75 with initial guess uJ :=0
@ adaptivity parameters 0 <6 <1, A>0

For all £:=0,1,2,... iterate:

© SOLVE{ESTIMATE REPEAT forn=1,2,3,...
o compute uf := Pp(u; ")
o compute indicators 7,(T,u}) forall T €T,
UNTIL g —up ™ || < Ane(uf)
@ MARK find (minimal) set M, C 7, s.t.

0 Z ne(T, u?)z < Z ne(T, u?)2

TET, TeM,

© REFINE refine (at least) all T € My to obtain Tp41

Q define n:=n(f):=n and u) ,:=u; (nested iteration)
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AFEM for nonlinear operators Adaptive Algorithm

Experiments

e mixed BVP
—div (u(|Vu*) Vu*) = f in Q
p(|Vu*|) Vu*-n=g onTly
w=0 onIp
1
o u(t): =2+ a0 & 2, L=3 wrt. |-l=IVO)llr2@

v

o prescribed singular solution u(z) = % cos(By)

o ne(T,ue) = h||.f + div (u(| Vuel) Vue) |72y
+hrllg = ul|Vuel) Ve - nl|72 grap
+hr || [p(|Vue|) Vug - m ] H%Q(aTmQ)
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Adaptive Algorithm

Adaptive mesh #7T5 = 7.657
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AFEM for nonlinear operators

Dependence on @ for A = 102

Adaptive Algorithm
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AFEM for nonlinear operators

Dependence on A for 6

Adaptive Algorithm
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error & estimator

AFEM for nonlinear operators

uy =0

Adaptive Algorithm

vs.  nested iteration 1/2

number of elements N
e A=10"2

o u):=0 (left) vs.

Dirk Praetorius
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AFEM for nonlinear operators

Adaptive Algorithm

u) ;=0 vs. Nested iteration 2/2
18 T
—x=10""
L Ollog(V)
A=10""° 4
el A=1007% L __. ;-

A=10"°

number of Zarantonello iterations

0 ‘2 ‘3 ‘4 ‘5 6
number of elements N
o known: n(f) = Ollog(#7¢)] vs. n(f) =O[1+log(1+ ne—1/ne)]
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AFEM for nonlinear operators Convergence

Axioms of Adaptivity: (A1) stability & (A2) reduction
(A1) stability on non-refined elements
@ dCsap >0 VT VT, € refine(TH) Yog € Xg Yo, € A),

1/2 1/2
> m@u)?) = (X ma(Ton)?) | < Coas lon — val]
TeTyNTh, TeETyNTs

v

(A2) reduction on refined elements
0 0 < qred <1 YTy VT €refine(Ty) Yoy € Xg C X,

> ﬁh(T,UH)2>1/2§qred< > UH(T,UH)2)

TeTr\Ta TeTu\Tn

1/2

B Diening, Kreuzer: SIAM J. Numer. Anal. 46-2 (2008)
ﬁ Cascon, Kreuzer, Nochetto, Siebert: SIAM J. Numer. Anal. 46-5 (2008)

ﬁ Garau, Morin, Zuppa: Numer. Math. Theory Methods Appl. 5 (2012)
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AFEM for nonlinear operators Convergence

Axioms of Adaptivity: (A3) discrete reliability

(A3) discrete reliability
@ Ciq >0 YTy VT € refine(Ty)

1/2
i, — wiill < Cea( 3 (T u)?)
TeTu\Tn

o discrete reliability for (non-computable) discrete solution uj,
o discrete reliability = reliability
o stability (A1) + reliability (A3) + contraction

= lu* =gl + neCuy) < meuy) + Nug — g™

@ Stevenson: Found. Comput. Math. 7 (2007)

@ Garau, Morin, Zuppa: Numer. Math. Theory Methods Appl. 5 (2012)
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AFEM for nonlinear operators Convergence

Convergence 1/2: What if mesh is never refined?

Proposition (Gantner, Haberl, P., Stiftner '18)
@ given / € Ng, A >0

@ suppose that REPEAT does not terminate

— u* =uj and n(u*) =0,

lw* — wp |l + ne(uy) < ¢* for allm >0

o ne(uy) + lluj —up Il < Nup —wg M < luf —up ™M < 0"

x k< X T ny _
o [lu* — il < me(uf) ,gggonewu 0

ﬁ Gantner, Haberl, Praetorius, Stiftner: IMA J. Numer. Anal. 38 (2018)
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AFEM for nonlinear operators Convergence

{—00

Convergence 2/2: [|u — ug|| < me(ug) ~ me(u) —= 0

-1
oO<>\*::<CStab qq) 0<f<1  0<A<\d

1—
Equivalence
= (1= MM me(uy) < me(up) < (14N A me(uy) J

0 — M/,
1+ M/

0 0< b .= <h<1

Dorfler for n,(u})

:>9mu£ ZWTWQ = 0 n(u))? anTug
TEM@ TGM@

— e (ufg)? < gne(u))? + C llup,, — up|?

ﬁ Gantner, Haberl, Praetorius, Stiftner: IMA J. Numer. Anal. 38 (2018)
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AFEM for nonlinear operators Main results

Axioms of Adaptivity: (A4) quasi-orthogonality

(03) A has potential 7 : H — K (Au,v) = lim J(u+rv) = J(u)

r—0 r

Lemma
o X} C H closed subspace
o vy, € A&

o L
= 5 llvn = upll? < J(vn) — T (uf;) < 3 llon = ujI?

@ i.e., Galerkin equation equivalent to minimization of J
=

N
D Mk —uill® = T ) =T (uyr) < T (wp) =T () = lur —ug®

k=t

@ Zeidler: Nonlinear functional analysis and its applications, part |I/B
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AFEM for nonlinear operators Main results

Linear convergence (first)

Theorem (Gantner, Haberl, P., Stiftner '18)

e 0<f08<1, 0O0<A<A\O
@ suppose that REPEAT terminates for all £ € N

= () S ¢ ne(uy)  forall £,k >0

o A}, < qAj with (A,*l)2 =J(uy) — T (u*) + ’ynh(u,*l)2

o note: A% ~ np(up) = np(uyy) = [lu* — |l + na(uy) = Ay

ﬁ Gantner, Haberl, Praetorius, Stiftner: IMA J. Numer. Anal. 38 (2018)
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AFEM for nonlinear operators Main results

Key observation: Full linear convergence
o Q:={(¢,n) € Ng x Ny : (£,n) used in algorithm}

e [(¢,n)] ~» number of overall solver steps until uj

Theorem (Gantner, Haberl, P., Schimanko '19+-+)
0 0<h<1, 0O0<A<A\b

@ not needed that REPEAT terminates

o A} = ut —wpll +meup) forall (6m) € Q

— A} < J@RIIEIEMIAL forall (£, n') > (¢,n)

@ proof: exploits stopping criterion + contraction

o linear convergence <= > AY < AP forall (¢',n') € Q
' n")y>,n)

e note: PCG allows even arbitrary A > 0

D Fithrer, Haberl, Praetorius, Schimanko: Numer. Math., 141 (2019)
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AFEM for nonlinear operators Main results
Optimal convergence rates
Theorem (Gantner, Haberl, P., Stiftner '18 / & Fiihrer '19)
0 0<O<l, 0<A<AO
° 0= m < bpi= (14 CZapCla) ™
o use NVB for m*esh—refinement

@ s > 0 arbitrary

= sup (#T)°A} ~ sup (#T0)°A} :\J/ sup (N° min Agpt)
(tn)eQ (£,0€Q N>0 Topt €T N

=: [Ju*]|as

e simple observation: A} < A < Ay, ~ A},

@ Gantner, Haberl, Praetorius, Stiftner: IMA J. Numer. Anal. 38 (2018)

ﬁ Fithrer, Haberl, Praetorius, Schimanko: Numer. Math., 141 (2019)
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AFEM for nonlinear operators Main results

Quasi-optimal computational costs

new: Theorem (Gantner, Haberl, P., Schimanko '19++)
@ same assumptions as for optimal rates
@ s > 0 arbitrary

— s (X #T) M swp TR L,

¢mn)eQ @ )< (En) ¢n)eQ

@ suppose: linear costs O(#7) for
o SOLVE: linear systems (e.g., one step of Zarantonello iteration)
o ESTIMATE: refinement indicators (for one particular discrete function)
e MARK: marking elements for refinement
o REFINE: generate locally refined mesh

= (9( Z #7}1) effort to compute A} (<= comp. time)
(¢';n")<(¢n)

@ Fithrer, Haberl, Praetorius, Schimanko: Numer. Math., 141 (2019)
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Conclusions

@ Axioms of Adaptivity for strongly monotone model problem
o lowest-order FEM
o axioms proved for scalar nonlinearity A(Vu) = u(|Vu|) Vu

e with simple Zarantonello iterative solver

@ done: linear convergence with optimal algebraic convergence rates

e new: quasi-optimal computational costs
o key: full linear convergence

@ current work: include PCG solver into adaptive algorithm

e future work: other estimators / Newton solvers / stopping criteria

D Garau, Morin, Zuppa: Numer. Math. Theory Methods Appl. 5 (2012)
& Ern, Vohralik: SIAM J. Sci. Comput. 35 (2013)

@ Congreve, Wihler: J. Comput. Appl. Math. 311 (2017)
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CMAM 2020 — SAVE THE DATE!

CMAM 2020

9th International Conference on
Computational Methods
in Applied Mathematics

o TU Wien, July 13-17, 2020

July 13-17, 2020
Computational Methods in Applied Mathematics

@ local organizers:

Michael Feischl
Dirk Praetorius
Michele Ruggeri

Conference website
asc.tusson.ac. at/caan2020/

i
DIE] DIE]
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Thanks for listening!

E Gregor Gantner, Alexander Haberl, Dirk Praetorius, Bernhard Stiftner:
Rate optimal adaptive FEM with inexact solver for nonlinear operators,
IMA Journal on Numerical Analysis, 38 (2018). open access

@ Thomas Fiihrer, Alexander Haberl, Dirk Praetorius, Stefan Schimanko:
Adaptive BEM with inexact PCG solver yields almost optimal
computational costs,

Numerische Mathematik, 141 (2019). open access

@ Gregor Gantner, Alexander Haberl, Dirk Praetorius, Stefan Schimanko:
Rate optimality of AFEM with respect to overall computational costs,
work in progress 2019.
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