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Model problem
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PDE model problem

� ∆u = 0 in Ω ⊂ Rd with d = 2, 3

� u = g on Γ = ∂Ω

indirect BEM ansatz

� u = Ṽ φ in Ω with unknown φ ∈ H−1/2(Γ)

direct BEM ansatz

� u = Ṽ φ− K̃g in Ω with unknown φ ∈ H−1/2(Γ)
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Boundary element method
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indirect BEM
� solve V φ = g on Γ

� compute φh ≈ φ by Galerkin / collocation / ...

� obtain approximation u ≈ uh := Ṽ φh

direct BEM

� solve V φ = (K + 1/2)g on Γ

� compute φh ≈ φ by Galerkin / collocation / ...

� obtain approximation u ≈ uh := Ṽ φh − K̃g

� sought: u ∈ H1(Ω) with ∆u = 0 and u|Γ = g
� known: uh ∈ H1(Ω) with ∆uh = 0

� note: This observation is independent of how φh is computed!
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Quantity of interest?
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� integral density φ?

� makes sense for direct BEM, where φh ≈ φ = ∂nu
=⇒ ‖φ− φh‖H−1/2(Γ) should be controlled / small

� Stephan, Carstensen ’95ff., Heuer, Maischak, Funken, Praetorius, ... / Faermann ’00, ’02

/ ’Steinbach ’00 / Dahmen, Harbrecht, Schneider ’06 / Bakry, Pernet, Collino ’17 / ...

� point value u(x)?

� particular strength of BEM!
=⇒ error control by product of primal and dual errors (resp. estimators)

� Feischl, Praetorius et al. ’16 / Bakry ’17 / Harbrecht, Moor ’19

� potential u?

� e.g., in exterior domains
=⇒ ‖∇(u− uh)‖L2(Ω) should be controlled / small
� focus of the present talk!

q Kurz, Pauly, Praetorius, Repin, Sebastian: Preprint arXiv:1912.05789, 2019
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Functional error estimates
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Functional error identity
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Theorem

� u ∈ H1(Ω) with ∆u = 0 and u|Γ = g

� uh ∈ H1(Ω) with ∆uh = 0

=⇒ max
τ∈L2(Ω)
∇·τ=0

M(τ ;uh|Γ, g) = ‖∇(u− uh)‖2Ω = min
w∈H1(Ω)

w|Γ=g−uh|Γ

M(∇w)

� M(τ ;uh|Γ, g) := 2 〈g − uh|Γ , τ |Γ · n〉Γ − ‖τ‖2Ω
� M(∇w) := ‖∇w‖2Ω

� obtain lower bound by choosing τ ∈ L2(Ω) with ∇ · τ = 0
� obtain upper bound by choosing w ∈ H1(Ω) with w|Γ = g − uh|Γ
� note: bounds come with known constant 1

q Repin: De Gruyter 2008

q Kurz, Pauly, Praetorius, Repin, Sebastian: Preprint arXiv:1912.05789, 2019
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Proof of upper bound
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Upper bound

� u ∈ H1(Ω) with ∆u = 0 and u|Γ = g

� uh ∈ H1(Ω) with ∆uh = 0

=⇒ ‖∇(u− uh)‖Ω = min
w∈H1(Ω)

w|Γ=g−uh|Γ

‖∇w‖Ω

� v ∈ H1(Ω) with v|Γ = g = u|Γ

� ‖∇(u− uh)‖2Ω = 〈∇(u− v) , ∇(u− uh)〉Ω︸ ︷︷ ︸
=0

+ 〈∇(v − uh) , ∇(u− uh)〉Ω

=⇒ ‖∇(u− uh)‖Ω ≤ ‖∇(v − uh)‖Ω

=⇒ ‖∇(u− uh)‖Ω = min
v∈H1(Ω)
v|Γ=g

‖∇(v − uh)‖Ω = min
w∈H1(Ω)

w|Γ=g−uh|Γ

‖∇w‖Ω
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Computable upper bound 1/3
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� goal: cheap computation of good w ∈ H1(Ω) with w|Γ = g − uh|Γ
� approach: employ FEM on boundary layer (to approx. u− uh ∈ H1)

� problem: FEM functions cannot satisfy continuous trace g − uh|Γ
� solution: allow for data oscillation terms

Dirk Praetorius (TU Wien) – 6 – Functional a-posteriori error estimates



Computable upper bound 2/3
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Perturbed upper bound

� u ∈ H1(Ω) with ∆u = 0 and u|Γ = g

� uh ∈ H1(Ω) with ∆uh = 0

� Sh ⊂ H1(ω) FEM space on boundary layer ω ⊆ Ω

� Jh : H1/2(Γ)→
{
vh|Γ : vh ∈ Sh

}
=⇒ ‖∇(u− uh)‖Ω ≤ min

w∈H1(Ω)
w|Γ=Jh(g−uh|Γ)

‖∇w‖Ω + ‖(1− Jh)(g − uh|Γ)‖H1/2(Γ)

� known: ‖∇(u− uh)‖Ω = min
w∈H1(Ω)

w|Γ=g−uh|Γ

‖∇w‖Ω

� choose v ∈ H1(Ω) with ∆v = 0 and v|Γ = (1− Jh)(g − uh|Γ)

=⇒ ‖∇(u− uh)‖Ω ≤ min
w∈H1(Ω)

w|Γ=g−uh|Γ

‖∇(w − v)‖Ω + ‖∇v‖Ω

� choose w := w − v
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Computable upper bound 3/3
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Computable upper bound

� u ∈ H1(Ω) with ∆u = 0 and u|Γ = g

� uh ∈ H1(Ω) with ∆uh = 0

� Sh ⊂ H1(ω) FEM space on boundary layer ω ⊆ Ω

� Jh : H1/2(Γ)→
{
vh|Γ : vh ∈ Sh

}
� compute FEM solution wh ∈ S?h :=

{
vh ∈ Sh : vh|∂ω\Γ = 0

}
s.t.

� wh|Γ = Jh(g − uh|Γ)

� 〈∇wh , ∇vh〉ω = 0 ∀wh ∈ S?h

=⇒ ‖∇(u− uh)‖Ω ≤ ‖∇wh‖ω + ‖(1− Jh)(g − uh|Γ)‖H1/2(Γ)

� wh|∂ω\Γ = 0 allows to extend to wh ∈ H1(Ω)

� later: Sh = S1(Th|ω) p/w affine, globally continuous
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Proof of lower bound
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Lower bound

� u ∈ H1(Ω) with ∆u = 0 and u|Γ = g

� uh ∈ H1(Ω) with ∆uh = 0

=⇒ max
τ∈L2(Ω)
∇·τ=0

(
2 〈g − uh|Γ , τ |Γ · n〉Γ − ‖τ‖2Ω

)
= ‖∇(u− uh)‖2Ω

� ‖x‖2H = max
y∈H

(
2〈x , y〉H − ‖y‖2H

)
in any Hilbert space H

� ∇(u− uh) ∈ H :=
{
σ ∈H(div,Ω) : ∇ · σ = 0

}
=⇒ ‖∇(u− uh)‖2Ω = max

τ∈H

(
2 〈∇(u− uh) , τ 〉Ω − ‖τ‖2Ω

)
+ integration by parts
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Computable lower bound 1/2
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� goal: cheap computation of good τ ∈H(div,Ω) with ∇ · τ = 0

� approach: mixed FEM on boundary layer (for ∇(u− uh) ∈H(div))
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Computable lower bound 2/2
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Computable lower bound

� u ∈ H1(Ω) with ∆u = 0 and u|Γ = g

� uh ∈ H1(Ω) with ∆uh = 0

� RT q(Th) ⊂H(div, ω) Raviart–Thomas space on boundary layer ω ⊆ Ω

� RT q
? (Th) :=

{
σh ∈ RT q : σh|∂ω\Γ · n = 0

}
� compute FEM solution (τh, ph) ∈ RT q

? (Th)× Pq(Th) s.t.

� 〈τh , σh〉ω + 〈∇ · σh , ph〉ω = 〈g − uh|Γ , σh|Γ · n〉Γ ∀σh ∈ RT q
? (Th)

� 〈∇ · τh , qh〉ω = 0 ∀qh ∈ Pq(Th)

=⇒
(

2 〈g − uh|Γ , τh|Γ · n〉Γ − ‖τ‖ω2
)
≤ ‖∇(u− uh)‖2Ω

� τh|∂ω\Γ · n = 0 allows to extend to τh ∈H(div,Ω)

� note: unique solution, but unclear if 0 ≤ LHS
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Adaptive algorithm
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Comments
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� error bounds are independent of ω and Ω

� no reason to fix boundary layer ω ⊆ Ω

� ω should be shrunken to preserve dimension reduction of BEM

� for numerics:

� start with triangulation Th of some boundary layer ω̂ ⊂ Ω

� always extract T Γ
h := Th|Γ

� always extract T ω
h := Th|ω as, e.g., 2nd order patch of Γ
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Adaptive algorithm
ASC �TUWIEN

Iterate the following loop, until ‖wh‖ω ≤ tolerance

�1 extract BEM triangulation T Γ
h := Th|Γ

�2 extract T ω
h :=

{
T ∈ Th : ∃T ′ ∈ Th, T ′ ∩ Γ 6= ∅ 6= T ∩ T ′

}
�3 define boundary layer ω :=

⋃
T ω
h

�4 compute (Galerkin) BEM approximation φ ≈ φh ∈ P0(T Γ
h )

�5 compute Jh(g − uh|Γ) and data oscillations osch(T ) for all T ∈ T ω
h

�6 compute FEM solution wh ∈ S1(T ω
h ) for the majorant ‖wh‖ω

�7 assemble error estimator ηh(T )2 = ‖wh‖2T + osch(T )2 for T ∈ T ω
h

�8 choose Mh ⊆ T ω
h s.t. θ

∑
T∈T ω

h

ηh(T )2 ≤
∑

T∈Mh

ηh(T )2

�9 generate refined triangulation Th ←[ refine(Th,Mh)
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Indirect BEM:
smooth potential, square domain
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Smooth potential
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� Ω = [0, 1/2]2

� u(x) = cosh(x1) cos(x2)

� indirect BEM formulation V φ = u|Γ

� Galerkin BEM with φh ∈ P0(T Γ
h )

� note: u is smooth, but φ is non-smooth
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Adaptively generated meshes 1/2
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Adaptively generated meshes 2/2
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Numerical results 1/3
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Numerical results 2/3
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Numerical results 3/3
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Indirect BEM:
non-smooth potential
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Non-smooth potential
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� Ω $ [0, 1/2]2 L-shaped domain

� u(x) = r2/3 cos(2ϕ/3) w.r.t. re-entrant corner

� indirect BEM formulation V φ = u|Γ

� Galerkin BEM with φh ∈ P0(T Γ
h )

� note: u is non-smooth and φ is non-smooth
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Adaptively generated meshes 1/2
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Adaptively generated meshes 2/2
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Numerical results
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Direct BEM:
non-smooth potential
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Numerical results 1/2
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Numerical results 2/2
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Direct exterior BEM:
non-smooth potential
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Non-smooth potential
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� R2\Ω $ [0, 1/2]2 L-shaped domain

� g ≡ 1 = (1/2−K)1 on Γ

=⇒ indirect BEM = direct BEM

� BEM formulation V φ = 1

� Galerkin BEM with φh ∈ P0(T Γ
h )

� note: u is non-smooth and φ is non-smooth
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Adaptively generated meshes 1/2
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Adaptively generated meshes 2/2
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Numerical results
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Conclusion
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What did I present?
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� new philosophy for a-posteriori error estimation for BEM

� it is hardly needed that ‖φ− φh‖H−1/2(Γ) ≈ small

� it is rather needed that ‖∇(u− uh)‖Ω ≈ small

� simple FEM-based strategy for a-posteriori error estimation

� 2 〈g − uh|Γ , τh|Γ · n〉Γ − ‖τ‖2ω ≤ ‖∇(u− uh)‖2Ω ≤
(
‖∇wh‖ω + osch

)2
� known constants 1 in lower and upper estimate

� upper bound can drive an adaptive algorithm

� empirically ‖∇(u− uh)‖Ω ≈ ‖∇wh‖ω for lowest-order 2D Galerkin BEM
� i.e., osch only employed for refinement, but negligible for error estimation

� analysis works for arbitrary φh ≈ φ and 2D / 3D

� Galerkin / collocation

� exact / inexact solution
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What remains open?
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Empirical experiments:

� How can we include inexact solvers into the adaptive algorithm?

� How does the new strategy perform for 3D BEM?

� Galerkin BEM vs. collocation

� standard discretization vs. isogeometric analysis

� higher order BEM

� anisotropic triangulations

Numerical analysis:

� Can we guarantee (optimal) convergence of the adaptive algorithm?

� Can we extend the argument to other relevant PDEs?

� Can we guarantee that lower bound ' upper bound ?
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� before: ICOSAHOM, TU Wien

� perfect fit: CMAM, TU Wien

� after: WCCM, Paris
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Thank you for your attention!

q S. Kurz, D. Pauly, D. Praetorius, S. Repin, D. Sebastian:
Functional a posteriori error estimates for boundary element methods
Preprint arXiv:1912.05789, 2019

Prof. Dr. Dirk Praetorius

TU Wien

Institute for Analysis
and Scientific Computing

NumPDEs group

dirk.praetorius@asc.tuwien.ac.at

https://www.asc.tuwien.ac.at/∼praetorius
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How to localize the data oscillations?
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� computable upper bound ‖∇(u− uh)‖Ω ≤ ‖∇wh‖ω + perturbation

� perturbation := ‖(1− Jh)(g − uh|Γ)‖H1/2(Γ) . osch

Known upper bound for ‖(1− Jh)(g − uh|Γ)‖H1/2(Γ)

� standard-FEM to compute wh ∈ Sp(Th|ω)
� Jh one of the following operators

� H1-stable L2(Γ)-orthogonal projection
� L2-variant of Scott–Zhang projection
� nodal interpolation for p = 1 and d = 2

� g ∈ H1(Ω)

� φh ∈ L2(Γ)

=⇒ g − uh|Γ ∈ H1(Γ)

� ‖(1− Jh)(g − uh|Γ)‖H1/2(Γ) ≤ C ‖h1/2∇
[
(1− Jh)(g − uh|Γ)

]
‖L2(Γ)

q Aurada, Feischl, Kemetmüller, Page, Praetorius: M2AN 47 (2013)
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Functional error identity
Electro-static Maxwell equation ASC �TUWIEN

Theorem

� u ∈H(curl,Ω) ∩H(div,Ω) with ∇× (∇× u) = 0, ∇ · u = 0,
and n× u|Γ = g

� uh ∈H(curl,Ω) ∩H(div,Ω) with ∇× (∇× uh) = 0, ∇ · uh = 0

=⇒ max
τ∈L2(Ω)
∇×τ=0

M(τ ;uh, g) = ‖∇ × (u− uh)‖2Ω = min
w∈H(curl,Ω)

n×w|Γ=g−n×uh|Γ

M(w)

� M(τ ;uh, g) := 2 〈g − n× uh|Γ , n× (n× τ |Γ)〉Γ − ‖τ‖2Ω
� M(w) := ‖∇ ×w‖2Ω

q Pauly, Praetorius: Work to be started 2020

Dirk Praetorius (TU Wien) Functional a-posteriori error estimates



ASC �TUWIEN

Indirect BEM:
smooth potential, L-shaped domain
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Adaptively generated meshes 1/2
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Adaptively generated meshes 2/2
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Numerical results
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