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Model problem NumPDi:s

® symmetric linear elliptic PDE

—div (AVwu*) = f —divf in Q c R?
u =0 on 0

® linear goal functional G(v) = / gv+g-Vodr
Q

® approximate quantity of interest G/(u*)

P instead of u* wrt. energy norm
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FEM discretization NumPPll:s

® 7 conforming initial triangulation
® T = T(7p) set of admissible conforming refinements 7, € T

8 uy € V,:= 8 (7T;) conforming FEM solution

a(uj,vp) = F(vg) forall vy €V,

® apply: ’SOLVE — ESTIMATE — MARK — REFINE

® goal: |G(u*) — G(u})| = O(#T¢)~*) with o > 0 as large as possible
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Optimal adaptive algorithms?! NumPDi:s

® starting point: an adaptive algorithm leads to optimal rates

<= error decays with any possible rate along generated sequence (7¢)sen

® first question: Which rates are possible?
> ||G(u* = su min (N + 1)%|G(u*) — G(u}
1G(u")]|aq W pin )G (W) = Glugy)|
P then: ||G(u*)||s, < oo <= rate a >0 is possible

® second question: When does algorithm convergence with rate o > 07

— sup (#7)° |G () — Gluf)| < oo
LENy

= adaptive algorithm guarantees optimal rates if and only if

P Va>0: G)lla, = sup (#Te)%|G(w) - Glug)
€No
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Optimal rates vs. optimal complexity NumPPDIzs

® optimal rates
Va>0: [|G(u")]la, ~ §u§(#ﬁ)a|G(U*) — G(ug)]
€No

® idealized optimal computational complexity — because of uj
* E @ * *

Vo> 00 G a, ~ sup (Z #7;,) G(u*) — G(u)]

0 “pr—0

le

® optimal computational complexity — with uf ~ u} and G} ~ G(u})

* @ * k
Va>0: [G(u)|a, =~ sup ( Z #72/) |G (u*) — Gy
f,k)GQ (Z’,k/)GQ
(¢ k") <(¢,k)
® note: later results will be slightly weaker
» optimal rates / complexity wrt. quasi-error quantity A¥ > |G (u*) — G¥|
b since error |G(u*) — G%| is not accessible
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Dual problem & goal error estimate NumPDi:zs

® u* €V = H}(Q) primal solution

a(u*,v) = F(v) forall veV

with FEM approximation u* =~ uj € V,

z* € V dual solution

a(v,z*) = G(v) forall veV

with FEM approximation z* ~ z; € V,

residual a-posteriori error estimators 7,(u;) and (o(2})

— Gu) — G(u)) = Gu* —uj) = a(u* —uj, 2*) = a(u* —uj, 2" — 2})

= |G = Gup)| < " —wgllllz" — 270 < ne(wi)Ce(=7)

@ Giles, Siili: Acta Numer. 11 (2002)
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GOAFEM with exact solver NumPPll:s

Input: 75, 0<60<1

For each £ =0,1,2,... do

® SOLVE: compute v} and zj

® ESTIMATE: compute 7¢(T,u}) and (,(T, z}) for all T € T,

® MARK: choose M, C 7, such that ¢ Z 0¢(T)? < Z 0¢(T)?

TEeTy - TeM;
where 04(T)* = ne(u})*Ce(T, 25)? + ne(T, u})*Ce(25)?

® REFINE: Ty := refine(7;, M)

Output: Discrete goal values G(u}) and estimator products ng(u}) Ce(27)

® same structure as AFEM loop, but modified marking step

® M, is always chosen with quasi-minimal cardinality

[2] Mommer, Stevenson: SIAM J. Numer. Anal., 47 (2009)
@ Becker, Estecahandy, Trujillo: SIAM J. Numer. Anal., 49 (2011)
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Different marking strategies NumPDi:zs

Mommer & Stevenson '09

® choose M¥ C 7T; such that 0 n,(u})? < Z ne(T, u))?
TeMy

® choose M7 C 7, such that 6 (y( Zg Z Ce(T, ze
TeM;

® choose My € { M}, M3} with # M, = min{#M}, # M7}
Becker, Estecahandy, Trujillo 11

® choose M, C 7, such that

260 ne(u})*Ce(22)” < me(up)® Y Col(T,20)% + Co(wp)? > me(T,up)?
TeM, TeM,
® MS(0, My) =  BET(0/2, My)
® BET(A, M;) = Dorfler(ng, 0, M) or Dorfler((y, 0, My)

[2] Mommer, Stevenson: SIAM J. Numer. Anal., 47 (2009)
@ Becker, Estecahandy, Trujillo: SIAM J. Numer. Anal., 49 (2011)
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Linear convergence NumPDi:zs

Theorem (Mommer, Stevenson '09; Feischl, P., van der Zee '16)

® arbitrary 0 < 0 <1
® BET marking (or MS marking)

—> exists 0 < ¢ < 1 such that

|G(u*) — Gup)| S me(wf)Ce(2) S ¢ ner(ul)Co (27)

@ first proof by MS for Poisson problem
* * * * * 1/2 * *
P me(up)Ce(zf) = A = [llur — gl +oseo(F)?] 7 [l = 27> + 0scs(G)?]
» A7, < qAj by monotonicity of oscillations

1/2

» does not generalize to symmetric problems

® proof by FPZ for general 2nd order linear elliptic PDEs

@ Mommer, Stevenson: SIAM J. Numer. Anal., 47 (2009)
@ Feischl, Praetorius, van der Zee: SIAM J. Numer. Anal., 54 (2016)
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Optimal convergence rates NumPDi:zs

Theorem (Mommer, Stevenson '09; Feischl, P., van der Zee '16)
® arbitrary s,t >0

® BET marking (or MS marking)

8 |lu* ‘= su min (N +1)° wr ) < 0o
™ ||a, NZ#I?% #%ptSN( ) Nopt opt)
® [|z¥]|a, == sup min (N +1)"Copi(z5p) < 00

N>#To #Topt <N
8 sufficiently small 0 < 6 < 1

= 3115(#72)3“172(%)@(22) S lutllas 127,
S

® note: involves separate approximation classes for u* and z* (unlike intro!)
® proof closely related to optimality of standard AFEM

@ Mommer, Stevenson: SIAM J. Numer. Anal., 47 (2009)
@ Feischl, Praetorius, van der Zee: SIAM J. Numer. Anal., 54 (2016)

Dirk Praetorius (TU Wien) GOAFEM with optimal computational complexity



NumPPDIzs

ASC»TUWIEN

GOAFEM with iterative solver

Dirk Praetorius (TU Wien) GOAFEM with optimal computational complexity



Discrete goal & goal error estimate NumPDi:zs

® exact FEM solutions v}, z; € V,

Gu*) - Gu) = a(u* — uj, =) 2 a(u* — uf, 2 — )

® for general uf, zf eV
G(u*) — G(uf) =a(u* — u?, 2¥) = a(u* — uf, z2* = zé“) + a(u* — u’g, zé“)

— discrete goal G(uf,z}) = G(u}) + [F(zf) — a(u}, 2})] satisfies

K _k K K K K
G(u) — Gluy, )| = a(u” —uyg, 2" — z7) < |Ju* —uj|lf]l=" — z/]|

® note: discrete goal must be adapted, since Galerkin orthogonality fails

@ Giles, Siili: Acta Numer. 11 (2002)
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Contractive iterative solver NumPPDI:s

Blet0O<kr<l1

® consider contractive solver for discrete linear systems
g — uf] < kllaf — b forall keN

® nothing but triangle inequality

11—k

k k k— k—1
g —wgl < flug — g™ < (L4 5) fluf —ug ™"

® example solvers:

» PCG with multi-level additive Schwarz preconditioner

P geometric multigrid

@ Chen, Nochetto, Xu: Numer. Math. 120 (2012)
@ Wu, Zheng: Appl. Numer. Math. 113 (2017)
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Stopping criterion for algebraic solver NumPDi:s

® reliability & stability of residual error estimator
rel
k k k
lo* = wgll <l —wgll + luf —uill < neup) + llug — gl
ab
<

S
k k
S ne(ug) + ug — ugl]

o+

Ive

St
k ko k-1
S nelug) + llug —ug ™l

o

® note: contractive solver allows for a-posteriori error control

G (u*) = Gluf, 2)| < [neug) + llug — g™ W] [Gel=f) + Nz — 23]

® idea: equilibrate mg(uf) and |luf — uif_lm

—> stop algebraic solver for K = k as soon as [Jul — ufflm < Ane(ufd)

® nested iteration: ug = uf_l

= a-posteriori error control for all u} but u
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GOAFEM with contractive solver NumPPll:s

Input: 7, uo, 3'8, 0<6<1, X>0
For each £ =0,1,2,... do
® SOLVE & ESTIMATE: For £k =1,2,3,..., K, repeat

» compute uf and z}
» compute 1 (T,u¥) and (o(T, 2F) for all T € Ty

@ until fuf —uf Y < Ane(uf) and 2 — 25T < AG(#S)
® MARK: choose My C 7T, such that 6 Z 00(T)? < Z 00(T)?
TET, TeM,
where  0¢(T)? = ne(ul)2Co(T, 25)? + no(T, uf)2Co(2f)?
® REFINE: 7,1 := refine(7;, M), u?_H = uf, Z?+1 o= zlf(

Output: Discrete goal values G(ulS, 2/) and goal error control

® note: number of solver steps K = K (¢) might vary with ¢
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Main result 1: Full linear convergence NumPDi:zs

Theorem (Becker, Gantner, Innerberger, P. '21)

® Q= {(¢,k) €N} : uff computed by algorithm}

® |0k =#{(,K)eQ: Ue/ computed earlier than ue}
8 Af = [lur = ufll + ne(wg)] (125 — 261+ Ce(=)]

® arbitrary u8, 28, 0<0<1, X>0

— exists 0 < ¢ < 1 such that

|y ! /
G(u*) — Guf, )| S A} $ ¢HIEFIAY

. /
® note: linear convergence <= Z AF < AY

(£k)eQ
€,k > K|

® for exact solvers: A} ~ n,(u})Co(u})

@ Becker, Gantner, Innerberger, Praetorius: preprint arXiv:2101.11407

Dirk Praetorius (TU Wien) GOAFEM with optimal computational complexity



Main result 2: Optimal complexity NumPPDIzs

Theorem (Becker, Gantner, Innerberger, P. '21)
® arbitrary s,t > 0

® |u* = su min (N +1)° ur ) < oo
ol = spmin (N +1)Tope 1)
® ||2*]la, ;= sup  min (N +1)"Copt(2hy) < 00

N>#To #Topt <N
® sufficiently small 0 < 6 <1 and A >0
s+t
— s (Y #Te) AF S max {Jlutllal=*lla, . A}
(f,k)EQ (@',k/)EQ
[ K| <|€,K|

® recall: |G(u*) — G(uﬁ,zéf)\ S A?

@ Becker, Gantner, Innerberger, Praetorius: preprint arXiv:2101.11407
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New argument = full linear convergence  NumPDI:s

@ full linear convergence

—  sup ( Z #72/) tA]gfﬁ sup (#ﬁ)sﬁA?

(L,k)eQ (¢ keQ (Lk)eQ
|£' k’|<|l k|
and  sup (#7'0)5+tA]5 < Ag
(0,k)eQ

@ sufficiently small A > 0

—  sup (#T)*TAF =~ sup (#T0)"TA7 = sup (#T0)" ne(up)Ce(uy)
(Z,Zk)gg £,00eQ £eNg
>

@ sufficiently small 0 < 0 <1

— §u§(#n)s+tm(u;)@(u;) ~ [Ju*||a, 127 a
€No

@ Gantner, Haberl, Praetorius, Schimanko: Math. Comp., in print 2021
@ Feischl, Praetorius, van der Zee: SIAM J. Numer. Anal., 54 (2016)
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Algorithmic variants NumPDi:zs

® presented algorithm used BET marking strategy
® same results hold for MS (and FPZ) marking strategy

® presented algorithm used simultaneous stopping of algebraic solver
® same results for decoupled stopping criteria

k.
Uy ——o o o (60— o (oo o (o

k.
2y ——o o o o o (oo ——(&—o (o

o recall: Jul —ul U < An(udt) and 2 — 2NN < AGED)

@ Mommer, Stevenson: SIAM J. Numer. Anal., 47 (2009)
@ Becker, Estecahandy, Trujillo: SIAM J. Numer. Anal., 49 (2011)
@ Feischl, Praetorius, van der Zee: SIAM J. Numer. Anal., 54 (2016)
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Smooth solution, but singular goal NumPDi:zs

= Q=(0,1)?%cCR?
T

® Prescribe exact solution

u(x) := x129(1 — 1) (1 — x2)

ou*
] ) = =11
G(u¥) - dz /960
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Comparison of iterative solvers NumPDi:s

® CG = CG without N ‘
preconditioner

. . S 10-3| i
® ML = PCG with optimal = '
“ e 2
preconditioner &
5 1075} =
5]
® usually: rates wrt. #7¢ £ e
o 107 N . |
@ —o— —— (ub)C(=E) over #T . )
® new: rates wrt. J— e (ub)Ce(5) over work(e, k) E e
1077 [ |G(u*) — Ge(uk, 25)| over work(t, k)
work(/, k) g H T ‘ ‘ ‘ ‘ | |
/Lt 10t 10? 10° 107 100 10%
(0 KHeQ
10K |<|¢,k| performance measure
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Necessity of corrector term NumPPDIzs
ASC»TUWIEN

® Recall corrected goal G(uf, 2f) = G(uf) + F(2}) — a(uf, 2})

® Order of convergence of G(u§) depends on solver parameter A

G = Gup)| — la(uf, 2f) = F(zH)| ——ne(uf)Ce(zf) —1G(u) = Ge(uf, 2f)]
10~2 Actr =1 | Actr = 1074,
8
% 10741 8
E
z
< —6 | -
c 107
g
5
1078 1
10—10 - -
AT AT L It L It It It L I It Ll ul L L L It ul

i LT T 11 M T Y11 M AW AT MWW T NI L IR BRI ST bl Byl
102 10® 10* 10° 10° 107 10% 10° 10®> 10° 10* 10° 105 107 10% 10°
work (¢, k)
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Summary NumPPDIzs

« algorithm for goal-oriented adaptive FEM with iterative solvers
« requires corrected goal quantity G(uf,zéﬁ)

« stopping criteria for contractive iterative solver

« goal error controlled by quasi-error product |G(u*) — G(uf, )| < A}

« full linear convergence of quasi-error product A§

' optimal complexity = rates wrt. total computational cost
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Thank you for your attention!

@ Roland Becker, Gregor Gantner, Michael Innerberger, Dirk Praetorius
Goal-oriented adaptive finite element methods with optimal computational complexity

preprint at arXiv:2101.11407
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