FoCM 2017
July 15, 2017

Optimal convergence rates for adaptive FEM

for compactly perturbed elliptic problems

Dirk Praetorius
joint work with

Alex Bespalov (Birmingham), Alexander Haberl (TU Wien)

TU Wien ASC
Institute for Analysis and Scientific Computing TUWIEN

LWwF

Der Wissenschaftsfonds.



AFEM for compactly perturbed problems

Introduction

Dirk Praetorius (TU Wien)



AFEM for compactly perturbed problems Introduction

Impetus

@ adaptivity is well-understood for (BEM for) Poisson problem!

@ question: what can be said about (BEM for) Helmholtz problem? J

@ particular interest: boundary element method for scattering problems
@ rumor: adaptivity works for arbitrarily coarse initial mesh?!
@ but: Garding inequality requires meshes to be sufficiently small!

@ easier start: consider FEM for interior Helmholtz problem
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Model problem
o O C R? bounded Lipschitz domain, d = 2,3
Helmholtz equation

—Au—rKu=f inQ
u=0 on 0N

2

@ k° is not an eigenvalue of —Au  ~» well-posedness

o SP(T,) piecewise polynomials on mesh T,

Discrete formulation
o find U, € X, := SP(T,) N H(Q) s.t.

(VU,, V)2 — (R2U,, V)2 = (f, V)2 forall V, € X,

@ well-posedness of discrete problem has to be considered!
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Residual error estimator

o 7T, conforming triangulation of €2

o n(T)? :=h#||f + AU, + ’f?U*H%?(T) + hr ||[8nU*]||%2(aTmQ) J

o where hp := |T|"/¢ ~ diam(T)

TeTx

o= 77*(T)2)1/2 J

= reliable |lu— Ul < me

= efficient 1, < ||u— Ul + oscs
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Solve —— Estimate — Mark —— Refine

@ Input: initial mesh 7y, adaptivity parameter 0 < 6 <1

Forall £=0,1,2,3,... iterate

Q if A Uy, refine T, uniformly and continue with step @
@ compute discrete solution Uy € &)

© compute error estimators 1,(T") for all T € Ty

@ find (almost) minimal set M, C 7Ty s.t.

Ong < > me(T)?
TeM,

O refine (at least) marked elements T € M, to obtain Ty41

@ Output: approximations U, and estimators 7, for all £ € N
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What is all about?

100F b
~ O(N-/%)
107 F O(Nil/z)
—— adaptive
102 —— uniform
102 10° 104 10° 108

number of elements
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Main results

O linear convergence 77, < C¢"n}
e V0<O#<1 3IC>0 3J0<qg=gqB)<1...

@ quasi-optimal convergence behavior 17, = O(N %)

0 30<60,=0,(Cre1) <1 VO<O<O, ...
o for each possible s > 0

© further remarks
@ algorithm works for every conforming initial mesh 7y
o does not need any a priori information on ||hgl|ecc < H
@ analysis covers AFEM for general 2nd order linear elliptic PDEs
o Lu:=—div(AVu)+b-Vu+cu
o Ae Whe (4RI, be LR, ce L>™(Q)
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Related work

[4 Cascon, Kreuzer, Nochetto, Siebert: SINUM 46 (2008)

@ linear, symmetric, Lax—Milgram /N

[4 Cascon, Nochetto '12: IMA J. Numer. Anal. 32 (2012)
@ linear, non-symmetric, Lax—Milgram
@ divb=0,¢>0
@ initial mesh 7y sufficiently small

[ Feischl, Fiihrer, Praetorius '14: SINUM 52 (2014)
@ linear, non-symmetric, Lax—Milgram
@ no restrictions on 7

[4 Bespalov, Haberl, Praetorius '17: CMAME 317 (2017)
@ now: avoid Lax—Milgram, but only Gérding inequality
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Abstract setting

o H := H} () separable Hilbert space with dual space H*

Variational formulation
a(u,v) + (Ku,v) = (f,v) forallveH J

@ a(-,-) symm., elliptic, cont., bilinear, i.e., ||v||3, ~ a(v,v) =: |Jv|*

o K :H — H* compact linear operator

@ suppose well-posedness of continuous problem

Discrete formulation
o find U, € X, C H s.t.

a(Us, Vi) + (KU, V) = (f, V&) for all V, € X,

@ discrete formulation is possibly not well-posed
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Céa lemma (based on dual regularity)
Proposition
@ suppose H't* regularity of dual problem, s > 0
— JH>0 3C>0 VT, with ||hre < H:
@ unique solution U, € X,
o |lu—U, < C min |lu—V,
= Uil < © i = Vil
¥, Brenner, Scott: Springer (2008)
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Céa lemma (based on compactness argument)

Proposition

@ suppose that H = Jp2y Xy
— 34, eNyg IC>0 VX, CH closed with X, DO Ay, :

@ unique solution U, € X,

o flu— Ul < C miy [lu= Vil

@ uniform refinement — H =, X
= uniform refinement in step @ at most finitely many times

— dbyeN VI>/{y: 7Ty provides unique solution U; € X,

¥ Sauter, Schwab: Springer (2011)
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Convergence

Proposition (Bespalov, Haberl, P. '17)

@ suppose that  sup ||Us||y < o
>4

— Hu—Ug”HS/ng—)Oan—)OO

= in particular, u € X := U2y v

o for each subsequence (ny,) of (1)

© boundedness — w.l.o.g weak convergence Uy, — w in H
© weak formulation = strong convergence U;, — w in H
© estimator reduction for 77, < knj, + C|Us,, — Us, |13

© implies g, — 0

@ overall ny — 0
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Ingredients of symmetric case

o Tppq € refine(Ty) = SH(Ty) C SE(Tot1)

Estimator reduction
Dérfler marking = n7,; < &1 + C |Ues1 — Udl% J

o ||v]|? :==a(v,v) ~ ||v||3, energy norm of symmetric part

Pythagoras theorem (symmetric case)
le = Uesall? + 1041 = Uell® = [lu — Uell® J

@ Cascon, Kreuzer, Nochetto, Siebert: SINUM 46 (2008)
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Quasi-Pythagoras theorem

o [lu = Uraall® + 1Ues1 = Uell* = llu — Up|* for symmetric PDE

Proposition (Feischl, Fihrer, P. '14; Bespalov, Haberl, P. '17)

@ suppose that Uy — u € X := Jj2y A and well-posedness on X,
— Ve>0 dH >4y V>Vl

1
lle = Uesa I? + U1 — Uell? < T2l = Ull®

@ mathematical heart of proof:

o e = u—Uy == 14OinH
llecll

4 .

0Eg:=Ug+1—Ue - méomﬂ

@ Feischl, Fiihrer, Praetorius: SINUM 52 (2014)
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Quasi-Pythagoras theorem (remainder of proof)

Split differential operator
o L:=A+K e L(H,H*)
o (Au,v) = (AVu, Vv)q symmetric, elliptic, linear, continuous

o (Ku,v) = (b-Vu+ cu,v)q non-symm., linear, cont., compact

lleerill® + I1Bel* = Neell® + (KEy, eci1) — (Keerr, Ee) + ...
< lleell® + ICEN Nees1ll + IKegsa b 1Bl + ...

E, €r+1
< lleell® + (IH’C s + (1K Il ) lleera N Eell + -

| E|| lleesrll

—0

< leell® + 2¢ lleesr Ee]| + ..

1
1—¢
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Linear convergence

Theorem (Bespalov, Haberl, P. 17)

@ suppose that Uy — u € X 1= 72 Xr and well-posedness on X

— V0<f0<1l d0<g<l dC>0 V£L>0 VkeN:

Morr < Cq"

@ estimator reduction & quasi-Pythagoras theorem & reliability

— IyVL>0VE: (lu—UillP + i) < @ (lu—Udl®+vn7)

@ Cascon, Kreuzer, Nochetto, Siebert: SINUM 46 (2008)
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Optimal Céa lemma (in energy norm)

Theorem (Bespalov, Haberl, P. '17)

@ suppose that Uy — u € Xo 1= Uj2 Xr and well-posedness on X

o dCy > 1withCy —1 VE> Y4 :

— Uyl < C¢ min |Ju—V,
I~ Uell < Co miy flu= Vi

| Clcsl,

o Galerkin orth. — |Ju—U| < % X;gnel n llw — Vel
lecl

%,_/

—1
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How to ensure well-posedness on X7

@ required: 7y := inf [a(Wy, Vi) + (KW, Vi)

> 0!
VeeX,\ {0} WZEXZ\{O} IVell#l[Well#

@ question: 7, >0 forall £ > £y, but v, =0 for Xoo =Upeg Xe?

Remedy: Ensure X, = H by marking strategy
@ add one largest element T €7, to M,

@ M, remains (almost) minimal

= Xoo=H and >0

M

sup ||Ug|| < o0
A

= linear convergence and optimal Céa lemma
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Approximation class

(]

T set of possible meshes obtained from NVB

(]

Ty ={Tx €T : #T. — #7o < N and discrete well-posedness }

TNZ{ﬁET:#ﬁ—#%SN}

©

= N +1)° mi <
llla Sup (@ +1) T{glﬁm) 00
<~

@ sup ((N—i— 1)* min min (|Ju— Vi||m —i—osc*(V*))) < 00
NeNp To€Tn V€

B Cascon, Kreuzer, Nochetto, Siebert: SINUM 46 (2008)

B Carstensen, Feischl, Page, Praetorius: Comput. Math. Appl. 67 (2014)
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Optimal convergence rates

Theorem (Bespalov, Haberl, P. '17)
o d/, eNy d0<fO,<1 VO<O<bO, Vs>0

ulla, <oo = Vez2li: m S #HTe—#To+1)7°

@ proof follows well-known ideas of standard AFEM

@ but: take care with discrete solvability for overlay

@ Stevenson: Found. Comput. Math. 7 (2007)
@ Cascon, Kreuzer, Nochetto, Siebert: SINUM 46 (2008)

@ Carstensen, Feischl, Page, Praetorius: Comput. Math. Appl. 67 (2014)
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2D Helmholtz equation

—Au—ku=f inQ

u=0 onTp

u=g only

@ exact PDE solution u(z,y) in polar coordinates
_ T/ z
u(zx,y) =r™*cos (ago)

o PLFEM X, := SY(T,) N HH(Q)

@ goal: aim for convergence rate |[u — Uyl < e < N—1/2
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Error vs. estimator

Numerical Experiments

est adaptive
est uniform
10°%F ——_err adaptive
— — —err uniform

O(N—H/2)

102 108

104 10° 108
number of elements

@ reduced uniform rate of 3/2 ~ 0.26 with 8 = 7/«
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Influence of Kk for § = 0.2
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Influence of k for § = 0.5
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K
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Dirk Praetorius (TU Wien) 23 /28



AFEM for compactly perturbed problems

Influence of Kk

Numerical Experiments

AIXIAZ

oo

=N
N
/

EEEER
[RIRINIRI]

00—
o

103 104 105 108 107
number of elements

@ increase of k just effects the pre-asymptotic phase

@ convergence rate independent of k
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Influence of 0 for kK = 2

100 F S E

0.7 O(N*I/Z)

—0.9

— — — uniform

102 108 104 10° 106 107
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10!

10°

Influence of 6 for kK = 16

Numerical Experiments

—0.8
— 0.9

— — = uniform
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Adaptivity parameter 0 < 0 <1

K =2
100 " 1
\\ N~ O(Nfﬁ/2)
—0.1 <
0.2 b
g
LB
i o(NTH?)
- —-uniform N

10° 107

102 103 104 10° 108 107 102 108 10 10°
number of elements number of elements

@ rate stable in 8, while 0 < # < 1 in analysis

@ k affects the pre-asymptotics
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Conclusion

@ optimal convergence of AFEM
o for general Lu := —div(AVu) +b-Vu+ cu
o with coarse initial mesh 7

@ covers, e.g., Helmholtz

@ minimal modification (solve, mark) of adaptive algorithm
o uniform refinement, if discrete system admits no solution
@ enlarge marked elements by one largest element

@ analysis is done in abstract framework for the estimator

o stability on non-refined elements

@ reduction on refined elements

o discrete reliability

o applicable to FEM, BEM, IGAFEM

@ can also prove estimator properties for Helmholtz BEM
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Thanks for listening!

[§ Alex Bespalov, Alexander Haberl, Dirk Praetorius:
Adaptive FEM with coarse initial mesh guarantees optimal
convergence rates for compactly perturbed elliptic problems
CMAME 317 (2017), 31-340

[§ Alex Bespalov, Timo Betcke, Alexander Haberl, Dirk Praetorius:
Adaptive BEM for accoustic scattering
in progress (2017)
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