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Iterative solution of large systems of equations — Exercise 3

Topic: Krylov methods (GMRES)

Model problem

Let @ = (0,1). Consider the 1D-Poisson problem with homogeneous Dirichlet boundary
conditions
—u"=1 in Q,

u(0) = u(l) =0. 1)

Let n € N,h=1/(n+1),and x; = jh for j = 0,...,n+1. We approximate the exact solution
uj ~ u(z;) via finite differences

_Uj—1 = 2u5 Uy
h2
Uy = Up41 = 0.

=1 forj=1,...,n,

This can be reformulated as a linear system: Find u = (ug,...,u,)" € R” such that
Au = Db,
where
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-1 2 -1 1
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We will use this model problem for the entire exercise.

Exercise 1 (GMRES):
Implement the generalized minimal residual method (GMRES) with restart from the lecture notes
(page 33). Write a function

val = GMRES(A,b,x0,tau,m)

that takes the matrix A, the right-hand side b, an initial guess xq, a tolerance 7, and a restart
parameter m as inputs, and returns the first iterate x; generated by GMRES that satisfies the



stopping criterion
IIb — Axglle < 7.

Consider the problem sizes n = 100, 250, 500 for the model problem (2), set 7 = 1075 and m = n, and
plot, for each case, the residual ||rg|l2 = ||b — Axg||2 versus the iteration number in a semilogarithmic
plot. What do you observe? Solve the linear regression problem, i.e., the computation of uy in step
(iv) of the algorithm, via a QR decomposition. You may use a built-in function for this.

Exercise 2 (non-symmetric model problem):
We modify the model problem (1) by adding a convection term. The new PDE reads

—u"+10u =1 inQ
u(0) = u(1) = 0.

Discretizing the second derivative as before and the first derivative via central differences

Uj+1 — Uj—1
2h ’

u'(x5) =

we obtain a non-symmetric linear system Au = b, where

1 2 -1 1 0 1 1
A=— -1 2 . +— -1 0 . eR™”™ and b=|:]|eR"
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Show that the matrix A is positive definite to confirm that the core assumption for contraction of
GMRES is satisfied. Implement an assembly function [A,b] = assemble(n) for this new matrix A.
Test your implementation of GMRES from Exercise 1 for this non-symmetric problem with the same
parameters as before and plot the residual ||rg||2 versus the iteration number in a semilogarithmic
plot. Moreover, apply your CG algorithm from Exercise 1 of the second exercise sheet to this non-
symmetric problem and compare the results. Modify your code to stop the CG algorithm after at
most n iterations.

Exercise 3 (preconditioned GMRES):
Let A € K™*" be regular and positive definite, P € K"*"™ be SPD, and x¢ € K". Consider the Krylov
subspace K = Kr(PA, Prg), where ro = b — Axy is the initial residual. Derive the preconditioned
GMRES algorithm with restart for solving PAx = Pb, where the generated iterates x; € x¢ + Ky,
satisfy

|Pb — PAxy|p-1 = min |Pb—PAyy|p-1

YrEX0+Kk

Use the preconditioned Arnoldi orthogonalization (page 36) as well as the GMRES algorithm from
the lecture notes (page 33) to do this. Make sure that all the used vectors are indeed computable
in practice, i.e., that they do not involve the inverse of P. You can use that Proposition (Matriz
interpretation of Arnoldi process) on page 28 of the lecture notes holds also for the preconditioned
Arnoldi process with ||-||2 replaced by |[|-||p-1.



Exercise 4 (preconditioned GMRES implementation):
Implement the preconditioned GMRES algorithm with restart from Exercise 3. Write a function

val = PreconditionedGMRES(A,b,x0,tau,m,P)

that takes the matrix A, the right-hand side b, an initial guess xg, a tolerance 7, a restart parameter
m, a preconditioner P (can be a matrix or a function) as inputs, and returns the first iterate xy
generated by preconditioned GMRES that satisfies the stopping criterion

IPb — PAx|[p-1 = (Pb— PAx;,b— Ax;,)./* <.

For the second exercise sheet, we have already implemented two preconditioners: the Jacobi pre-
conditioner and the SSOR preconditioner. Use at least one of these to test your implementation of
preconditioned GMRES. Consider the problem sizes n = 100, 250, 500 for the model problem (2),
set 7 = 107% and m = n, and plot, for each case, |Pb — PAx;|p-1 = (Pb — PAx;,b — Axk>§/2

versus the iteration number in a semilogarithmic plot.

Exercise 5 (Complexity of GMRES):

Suppose that one matrix-vector product with the matrix A € R™*" requires C4(n) operations and
that the QR decomposition of an (k + 1) x k Hessenberg matrix requires O(k?) operations. Consider
the GMRES algorithm with restart parameter m from the lecture notes (page 33). Show that one
restart cycle (i.e., m steps of GMRES) has complexity

O(mCa(n) + nm* +m?).

Specialize the result to the tridiagonal model problem 2, where C4(n) = O(n).



