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A BERNOULLI PHASE-FITTED FINITE DIFFERENCE METHOD
AND WAVENUMBER-EXPLICIT ANALYSIS FOR THE
ONE-DIMENSIONAL HELMHOLTZ EQUATION *

ANSGAR JUNGEL', PANCHI LIf, ZHIWEI SUN$, AND ZHIWEN ZHANGY

Abstract. We propose a Bernoulli phase-fitted (BPF) finite difference method for the Helmholtz
equation on the interval (0, L) with impedance boundary conditions. The scheme is derived from
a complexified Scharfetter-Gummel discretization of the one-way factorization of the Helmholtz
operator. It yields both a phase-fitted interior discretization and exact discrete impedance bound-
ary closures. For the homogeneous problem, the method is exact for plane waves, so the scheme
introduces neither numerical dispersion in the interior nor artificial reflection at the boundaries.
For the inhomogeneous problem, we prove well-posedness, derive wavenumber-explicit stability esti-
mates, and establish second-order consistency and convergence valid for all kh ¢ 7Z, where k is the
wavenumber and h the grid size. In particular, under the fixed-resolution condition kh < s for some
0 < sp < 7 together with kL > 7, the constants in the error bounds remain uniform with respect
to the wavenumber, yielding a pollution-free convergence theory in the principal Nyquist regime.
Numerical experiments confirm the theoretical analysis and show favorable performance compared
with standard and dispersion-corrected finite difference methods.

Key words. Bernoulli Phase-Fitted method, Helmholtz problem, impedance boundary condi-
tions, Scharfetter—Gummel discretization, wavenumber-explicit analysis, pollution-free convergence.
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1. Introduction. The Helmholtz equation is a fundamental model for time-
harmonic wave propagation in acoustics, electromagnetics, and seismic imaging. In
the high-frequency regime, characterized by large wavenumbers k, its solutions are
highly oscillatory, and their accurate numerical approximation remains a central
challenge in scientific computing. A well-known difficulty is the pollution effect
[1, 2, 12, 21, 22]: For standard discretization methods, as the wavenumber k in-
creases, the numerical error cannot in general be controlled solely by maintaining a
fixed number of degrees of freedom per wavelength. Consequently, to achieve a pre-
scribed accuracy, the total number of degrees of freedom must grow faster than the
natural scaling O(k?), where d is the spatial dimension.

A large body of work has therefore been devoted to mitigating the pollution effect
in Helmholtz discretizations. In the context of finite element methods, high-order and
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2 A. JUNGEL, P. LI, Z. SUN, AND Z. ZHANG

hp-FEM techniques can substantially reduce pollution when the polynomial degree is
increased together with mesh refinement [23, 24, 26]. Related approaches include dis-
continuous Galerkin formulations, boundary element methods, and multiscale meth-
ods, all of which have been developed to improve robustness in the high-frequency
regime [14, 15, 17, 25, 27]. Another important class consists of Trefftz and wave-based
methods, in which the approximation spaces are built from local solutions of the un-
derlying differential equation and hence the incorporate oscillatory behavior directly
[4, 18, 19, 20]. These developments show that controlling the phase accuracy of the
discretization is central to the design of robust high-frequency methods.

Within the finite difference framework, a common approach is to design stencils
with adjustable coefficients aimed at minimizing dispersion errors. This viewpoint
has led to a variety of optimized compact schemes [5, 6] and dispersion-minimizing
schemes [10, 11, 28, 32] in multiple space dimensions. Another important line of work
is based on the use of a shifted wavenumber, chosen to ensure that the discrete phase
velocity better matches the exact velocity; see, e.g., [8, 9]. More recently, asymptotic
dispersion correction was developed for general finite difference schemes, providing a
systematic way to improve the accuracy of discrete Helmholtz operators [7].

For the one-dimensional Helmholtz equation, even stronger results are possible.
Exact three-point finite difference schemes were constructed for homogeneous prob-
lems [31], and pollution-free finite difference schemes were also proposed for nonho-
mogeneous equations [30]. The corresponding analyses are based on Taylor expansion
and are therefore established in a small-kh regime only, where h is the grid size. Recent
Fourier-based analyses [16] show that one can derive sharp wavenumber-explicit error
estimates; however, the rigorous results focus on the classical centered three-point
scheme with Dirichlet boundary conditions. Hence, rigorous pollution-free conver-
gence results remaining valid throughout the full Nyquist band 0 < kh < 7 are still
largely unavailable, particularly in the presence of impedance boundary conditions.
The present work addresses this gap for the one-dimensional Helmholtz equation with
impedance boundary conditions by developing a phase-fitted scheme in which the in-
terior discretization and the boundary closure are derived in a unified way.

1.1. Motivation and general framework. The starting point is the observa-
tion that the one-dimensional Helmholtz operator admits the factorization

(1'1) Oz + k* = (690 + 1k)(8z - 1k)7

which separates the left- and right-traveling components of the wave. The corre-
sponding one-way operators annihilate the elementary plane waves e#% suggesting
that one may discretize these first-order factors directly rather than approximate the
second-order operator only through a standard three-point stencil.

Motivated by this factorization, we develop a finite difference scheme based on a
complexified version of the classical Scharfetter—Gummel (SG) discretization [3, 29].
The SG scheme is widely recognized for its ability to include the local first-order flux
directly within the discrete operator. By replacing the real drift parameter with the
purely imaginary quantity ik, we obtain discrete one-way operators that naturally
approximate the Helmholtz factors d, £+ ik. Their composition yields a new Bernoulli
phase-fitted (BPF) finite difference discretization for the Helmholtz equation.

At the level of the interior three-point stencil, the resulting formula is closely
related to phase-fitted and shifted-wavenumber discretizations for the one-dimensional
Helmholtz equation [7, 13, 30, 31]. The factorized SG viewpoint provides a unified
derivation of this stencil together with the Bernoulli source scaling and the discrete
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A BERNOULLI PHASE-FITTED METHOD FOR THE HELMHOLTZ EQUATION 3

impedance boundary closures. In particular, the BPF scheme retains the discrete
one-way structure and is exact on the corresponding plane waves, and this exactness
is inherited by the impedance boundary conditions. In this sense, the scheme couples
the phase-fitted interior discretization and the boundary treatment through a unified,
structure-preserving construction.

From an analytical point of view, the main question is whether the BPF con-
struction admits rigorous wavenumber-explicit and pollution-free error estimates on
the full Nyquist band 0 < kh < w. Existing dispersion-corrected finite difference
analyses for the one-dimensional Helmholtz equation typically yield error bounds of
order O(k?h?) [7]. In the Dirichlet setting, the analysis in [30] suggests that an O(h?)
regime may be attainable, when kh is sufficiently small. A difficulty is that classi-
cal Taylor expansion alone does not provide estimates uniformly in the wavenumber,
since derivatives of oscillatory solutions typically scale with k. Our approach is in-
spired by recent Fourier-based analyses for Dirichlet problems [16]. In the present
setting, however, the impedance boundary closures introduce an additional difficulty.
To overcome this obstacle, we exploit the plane-wave exactness of the scheme to lift
the Helmholtz kernel component, and thereby isolate a zero-trace remainder. The
subsequent analysis can then be carried out by combining a sine expansion with a
Fourier-symbol analysis. In this way, the factorization-based structure of the scheme
leads to the wavenumber-explicit stability bounds and uniform convergence estimates
established below.

1.2. Main results and contributions. In this paper, we consider the one-
dimensional Helmholtz problem with impedance boundary conditions

u”’(x) + K*u(z) = f(z), =€ (0,L), u'(0)—iku(0)=go, v/(L)+iku(L) = gr,

where gg, gr, € C prescribe the incoming wave data at the two boundaries.

For this problem, we establish a wavenumber-explicit analysis of the proposed
BPF finite difference scheme. For the homogeneous equation, namely f(z) = 0, we
show that the scheme reproduces the sampled plane-wave solutions exactly, both in the
interior and at the discrete boundary closures. For the inhomogeneous problem, we
prove stability, consistency, and second-order convergence estimates for all kh ¢ 7Z.
A representative form of the convergence estimate for the grid error e is

klellon + lelin S R,

with constants given explicitly in terms of kh and kL. In particular, under the con-
ditions kh < sg < 7 for some sy > 0 and kL > m, these constants remain uni-
formly bounded with respect to the wavenumber. The condition kh < sy < 7 cor-
responds to a number of more than two grid points per wavelength (PPW), since
PPW = 2n/(kh) > 2m/sg > 2, while kL > 7 means that the interval (0, L) contains
at least half a wavelength. Thus, in the principal Nyquist regime, the method admits
a natural pollution-free interpretation under the fixed resolution kh < sq < 7. Equiv-
alently, in such a regime, the second-order estimate O(h?) may also be interpreted
as an O(k™?) decay with respect to the wavenumber. Our theoretical findings are
further confirmed by numerical experiments. The main contributions are:

e We propose a BPF finite difference scheme for the one-dimensional Helmholtz
equation with impedance boundary conditions, derived from a complexified
Scharfetter—-Gummel discretization; see Sections 2.2-2.3.

e We prove that the scheme is exact for the homogeneous problem: It repro-
duces plane waves exactly, with no numerical dispersion in the interior and
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4 A. JUNGEL, P. LI, Z. SUN, AND Z. ZHANG

no artificial reflection at the boundaries (Proposition 2.2).

e We develop a wavenumber-explicit analysis based on a Fourier-symbol view-
point, exact plane-wave lifting, and the discrete factorization structure of
the scheme. This yields stability, consistency, and second-order convergence
estimates for all kh ¢ 7Z (Theorems 3.1, 4.2, and 4.3).

e In particular, we show that, under the fixed-resolution condition kh < sq < 7
together with kL > 7, the constants in the error estimates remain uniform
with respect to the wavenumber, thereby establishing a pollution-free conver-
gence theory in the principal Nyquist regime. Numerical experiments confirm
the theory and demonstrate a favorable performance compared with standard
and dispersion-corrected finite difference schemes.

1.3. Organization of the paper. The remainder of the paper is organized
as follows. In Section 2, we derive the BPF discretization and prove its plane-wave
exactness. Section 3 is devoted to the well-posedness and stability analysis of the
discrete scheme. In Section 4, we establish consistency and convergence estimates.
Finally, numerical experiments are presented in Section 5.

2. Bernoulli phase-fitted discretization. In this section, we derive the BPF
finite difference discretization for the Helmholtz equation. As already mentioned, the
construction is based on a factorization of the Helmholtz operator into one-way com-
ponents and a complexified version of the classical Scharfetter—-Gummel discretization.

2.1. Helmholtz factorization and grid notation. Recall the one-dimension-
al Helmholtz equation

(2.1) U (7) + K u(w) = f(2), = €(0,L),
with the impedance (radiation) boundary conditions
(2.2) uz(0) — ik u(0) = go, ug (L) +iku(L) = g1,

where go,gr, € C. The decomposition 0., + k?> = (9, + ik)(0, — ik) separates the
Helmholtz operator into two first-order one-way operators associated with opposite
propagation directions. In particular, (9, + ik)e % = 0 and (9, — ik)e** = 0
for « € [0, L], so that the operators annihilate outgoing and incoming plane waves,
respectively. This structure motivates the construction of discrete operators that
preserve these one-way propagation properties.

To formulate the discretization, we introduce the computational grid. The interval
[0, L] is divided into n uniform subintervals of length h := L/n with grid points
x; :=thfori=0,1,...,n. For grid functions v = {v;}}'; and w = {w; }}-,, we define
the discrete inner product and L? norm on the interior grid by

n—1
(v w)n =hY v, [oll§, = (v,0)n,
i=1

where w; denotes complex conjugation. The forward difference operator and the
associated discrete H! seminorm are defined as

n—1

(Y — U; .

(Vhv); := % i=0,...,n=1, [, =h)[(Viv)l*
=0

Finally, the standard three-point approximation to the second derivative equals

Vig1 — 20; + Vi

(Ahv)i = h2 5
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A BERNOULLI PHASE-FITTED METHOD FOR THE HELMHOLTZ EQUATION 5

2.2. Complexified Scharfetter—Gummel operators. To discretize the one-
way operators appearing in the Helmholtz factorization (1.1), we draw inspiration
from the Scharfetter—Gummel (SG) discretization [3, 29], which was originally devel-
oped for semiconductor drift—diffusion models. The one-dimensional drift—diffusion
equation can be written in the flux form as

Oyu = O, F, F =0,u—vu= (9, —v)u,

where v denotes the drift velocity. The SG scheme approximates the flux at cell
interfaces by locally solving the stationary flux equation, which leads to

(23) Fi+1/2 = %(B(hv)uzﬂ - B(—hv)uz)

Here, B(z) for z € C denotes the Bernoulli function

B(z) = : T for z # 0, and B(0) =1.

eZ_

The following useful properties are used later:
(2.4) B(—z) = e*B(z), B(—z) — B(z) = 2.

To adapt this idea to the Helmholtz equation, we complexify the SG flux by
replacing the real drift velocity v in (2.3) with the imaginary wavenumber ik. This
leads to the discrete one-way operators

(Difu); == %(B(ikh) i1 — B(—ikh) u)

(D u); = %(B(—ikh) w; — B(ikh) uH).

These operators preserve the plane-wave structure of the Helmholtz equation. Indeed
(see Proposition 2.2), we have D;e!*®i = 0 and D, e~** = 0, so that the discrete
operators annihilate the corresponding one-way plane waves exactly.

2.3. BPF finite difference scheme. We now construct the discrete Helmholtz
operator by composing the one-way operators D,j and D, introduced above. Ap-
plying these operators to the Helmholtz equation (2.1) together with the boundary
conditions (2.2) leads to the discrete system

25) { DyDfui=fi, i=1,....,n—1,

Difug = m(kh) go, D, u, =m(kh) gz,

where f; := f(z;). The complex-valued correction factor

(2.6) m(s) = e /2 cos(s/2)

is chosen in such a way that the discrete boundary operators reproduce the exact
plane-wave solutions; see Proposition 2.2. Note that m(s) # 0 for s € (0, 7).

We further introduce the phase-fitted weight

O(s) := |B(is)|* = B(is) B(—is), s€ER,
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6 A. JUNGEL, P. LI, Z. SUN, AND Z. ZHANG

which has the properties

s2

Os) = 4sin?(s/2)’

s¢2rZ, and 1<0O(s)<—, 0<s<m.

)3,

A direct algebraic calculation (see Proposition A.l in Appendix A) shows that the
composition D,;D,;Ir in (2.5) can be written in the three-point form

(2.7) — O(kh) (Apu); — k*u; = fi.

This representation shows that the BPF discretization is equivalent to a three-point fi-
nite difference scheme with a shifted wavenumber k = k//0(kh). Hence, the method
can be interpreted as a phase-fitted scheme: It inherits the pollution-free dispersion
properties of shifted-wavenumber discretizations, while being derived systematically
from the complexified SG flux.

Remark 2.1. In the homogeneous case f; = 0, the interior scheme (2.7) coincides
with the pollution-free finite difference method proposed in [13, 31], which eliminates
the phase error by using the shifted wavenumber k. When a source term is present
(fi #0), an alternative dispersion-corrected scheme was proposed in [7]:

—(Apu); — Ku; = fi-

In contrast, the BPF formulation introduces the scaled source term f;/©(kh) in (2.7).
Expanding 1/0(kh) in powers of kh shows that, up to this expansion, the resulting
method coincides with the second-order scheme proposed in [30]. This treatment
of the source term is analogous to the approach used by [1] in the finite element
framework; see also [16, Section 4] for a related discussion.

2.4. Exactness for plane waves. The BPF discretization reproduces the exact
plane-wave solutions of the homogeneous Helmholtz equation. Indeed, consider the
homogeneous problem (f = 0). Its general solution on (0, L) is

(2.8) u(z) = a et 4 e e, a,B e C.
The coefficients « and 3 are determined by the impedance boundary conditions (2.2):
(2.9) — 2ik B = go, 2ik e o = g

PROPOSITION 2.2 (Exactness for plane waves). Let f = 0 and consider the
continuous solution (2.8). Define the sampled sequence u; = u(z;). Then it solves

Dy Difu; =0, (Dfu)o=m(kh)go, (Dyu)n=m(kh)gr,

where i =1,...,n— 1, recalling definition (2.6) of m(s).

Proof. We first verify that the discrete one-way operators annihilate the corre-
sponding plane waves. It holds for the outgoing wave e*? that

(D ek, = & — (B(ikh)e" — B(=ikh)).

Using the identity B(—z) = €*B(z) with z = ikh gives (D} e**); = 0. Similarly, we
find that (D, e~***); = 0. For the general solution (2.8), linearity yields

(D;, Djru); = aD; Dif ™ + 8D, Dife™** =0,
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which proves the interior equation. We infer from (A.3) and (A.4) that

. B(ikh . ; 2i
(Dif e o)y = %(eﬂkh S —EIB(ikh) sin(kh) = —2ik m(kh),
and similarly (D e*®),, = 2ik m(kh)e'*L. We substitute (2.9) to obtain (D; u)y =
m(kh)go and (D, u),, = m(kh)gr, finishing the proof. O

As a consequence, the BPF discretization introduces neither numerical dispersion
in the interior nor spurious reflection at the boundaries; the discrete solution coincides
exactly with the continuous plane waves satisfying the impedance conditions.

3. Stability and well-posedness. We establish the main stability result for
the BPF scheme and prove the well-posedness of the discrete problem. Throughout
this section, we assume that kh ¢ 7Z, so that the Nyquist degeneracy is avoided and
For brevity, we write © := O(kh) = |B(ikh)|?.

Our goal is to derive estimates that are explicit with respect to the wavenumber
and remain uniformly bounded under a fixed resolution constraint.

THEOREM 3.1 (Well-posedness and k-explicit stability). Let up = {u;}}, de-
note the solution to the BPF scheme (2.5). For s := kh and t :== kL, define

L S L s
3.1 Ap(s,t) i= —— sec(7> + — secQ<f),
Then, for any kh ¢ ©Z, and for any source f and boundary data go, g1, € C, the BPF
scheme admits a unique discrete solution satisfying

VL

(3.2) Ellunlon < Ao(kh, kL) fllon + 7(|90| + |9LD,
VL

(3:3) VO lunlin < Ao(kh, kL) || fllo.n + 5= (1g0] + lgz])-

In particular, for any fized sy < m, the quantities Ag(kh,kL) remains uniformly
bounded with respect to k whenever kh < sq and kL > 7.

The proof of Theorem 3.1 is based on two key ingredients. First, we derive stabil-
ity estimates for the discrete problem with homogeneous discrete radiation conditions.
Second, we exploit the exactness result of Proposition 2.2, which shows that the BPF
scheme reproduces the homogeneous plane-wave component exactly. This allows us
to treat general boundary data by an exact lifting argument.

3.1. Reduction to homogeneous discrete radiation conditions. We first

consider the BPF discretization with homogeneous discrete radiation conditions,
(3.4) D, Difu; = fi, i=1,...,n—1,
) (Difu)o =0, (Dy u)p = 0.
This reduced problem contains the essential stability mechanism of the scheme. We
isolate (3.4) since the contribution of the boundary data can be represented exactly by
plane waves. Indeed, Proposition 2.2 shows that the homogeneous Helmholtz equation
with impedance boundary data is reproduced exactly by the discrete BPF scheme at
the nodal level. Consequently, the full discrete problem with general boundary data
can be reduced to (3.4) by subtracting an exact plane-wave lifting.

We therefore first establish k-explicit stability estimates for (3.4). The lifting
argument and the proof of the full stability theorem will be given in Section 3.4.
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3.2. Basic flux and energy identities. We derive the basic estimates for the
homogeneous-boundary problem (3.4). Since the one-way fluxes D;i'u and D, u are
naturally defined on staggered index sets, we slightly abuse the notation and write

n—1 n
IDFulR ) =S IDFwl, IDpuld, =k IDpul
1=0 =1

We start with L2 bounds for the discrete one-way fluxes associated with the
homogeneous discrete radiation problem.

LEMMA 3.2 (Flux estimate). Let u = {u;}, solve (3.4). Then

(3.5) 1D ullg 5 + 11Dy, u||0h< ||f||0h

Proof. Set w; := (D,:ru)l for i =0,...,n— 1. We deduce from D,:D:u = f and
the definition of D, that

B(*lkh)’LUl*B(lkh) Wi;—1 :hf“ 1= 1,,77,71

Using the identity B(ikh) = e~**" B(—ikh) yields the recurrence
—ikh h ,
w; = e w1 + ——— fi, i=1,....,n—1.

B(—ikh)

Since (D} u)o = 0, an iteration gives

h N~ ikhid) ~
P = . B i =1,...,n—1
w B(—ikh) ;e fi i n

Taking absolute values and using |e~#"(:=7)| = 1 and |B(—is)|? = O(s), we find that

2 ik
PR 2 PR
w;| < 7 E |fi] < <§ |15 > <7 [ £llon-

It follows from 37" i <n?/2 and nh = L that

(3.6) 1D} g M llo.n-

A completely analogous backward recursion, starting from (D, u), = 0 leads to

(3.7)

\f £ 1o,
Combining (3.6) and (3.7) gives (3.5). ad

The next result relates the discrete one-way fluxes to the standard discrete H'
norm and the boundary data.

LEMMA 3.3 (Flux—energy relation). For any u = {u;}!, and all kh ¢ 7Z,

(3.8) D ull§ p + IDg ull n = 20 cos(kh) [uli , + 2k2 [ullg , + k*h(Jun|? + |uol*).
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Proof. Using the identity B(—z) — B(z) = z, we rewrite

(3.9) (Dfu); = B(ikh) i - BER Y B k) Vs — s,

h

(3.10) (Dy u)iy1 = = B(ikh)Vpu; + ik uitq.
Hence, it follows that

IDf il + | Dy wiga |* = 2|B(ikR)[* [Vawi* + & (Juig|* + [uil®) + Teross,
where the cross terms are collected into

Toross = 2R (B(ikh) Vs W) - ikh(B(—ik:h) - B(ikh)) IV i |2
Using B(—z) — B(z) = z again, this gives

|D;fwil® + | Dy uiga|* = (2|B(kR)|* — K*h2) |Viu]® + k2 (Juiga|® + [u]?).
Since | B(is)|? = ©(s) and

2 2 (g
9 s 9 s“coss

200) = = iRy~ ° T 2sm(s/2)

= 20(s) cos s,

we obtain
|Dfui? + | Dy uig1|* = 20(kh) cos(kh) | Vau|® + K (Juisa|* + ui]?).

Summing over ¢ = 0,...,n — 1 and multiplying by h yields (3.8).

As a byproduct of Lemmas 3.2 and 3.3, we have the following estimate.

COROLLARY 3.4 (Auxiliary energy bound). Let u solve (3.4). For all kh ¢ ©Z,

kh L?
(3.11) & cos(kh) [ul?j + K2 [ulld + " (fuol? + unl?) < 25 11f

2
0,h

Remark 3.5 (Coercivity in the low-frequency regime). Although (3.11) is valid
for all kh ¢ 7©Z, it is coercive in the principal Nyquist regime 0 < kh < 7 only for
0 < kh < m/2, since cos(kh) changes sign at kh = 7/2. Hence, the estimate (3.11)
alone is not sufficient to establish H!-control over the entire interval 0 < kh < 7, and

an additional discrete energy identity, proved in the next subsection, is needed.

3.3. Uniform stability for homogeneous discrete radiation conditions.
We now establish k-explicit stability estimates for the homogeneous discrete radiation
problem (3.4) that remain valid for all kh ¢ 7Z, in particular for the whole principal
Nyquist regime 0 < kh < 7. The key point is the discrete energy identity associated

with the three-point formulation of the BPF scheme.
LEMMA 3.6 (Discrete energy identity). Let u = {u;}_, solve (3.4). Then
k%h

(3.12) Ofult s — "5 (ol + funl?) = K2llulld 5 = RS, w)n-



w
&
~

338

339
340

342

343

344

345

346

361

362

363

364
365

366

10 A. JUNGEL, P. L1, Z. SUN, AND Z. ZHANG
Proof. According to the representation (2.7), we write the interior equation as
G(k)h) (Ahu)i—&-kzui = fi, t1=1,....n—1.
Multiplying by hu;, summing over ¢ = 1,...,n—1, and using the standard summation-
by-parts identity

h Z(Ahu)iuﬁ = *\Uﬁ,h + (Vhtn-1Un — Vauo o),

we obtain
(3.13) O(kh) (|ul? ), — (Vitn—1Tn — Vauoug)) — K|[ullg = (f, w)n-

We next use the homogeneous discrete radiation conditions D;—:Uo = D, u, = 0. Then
we deduce from (3.9)-(3.10) that B(ikh) Vyug = ikug and B(ikh) Vyun—1 = —ik up.
Substitution into (3.13) yields

ik
(314) @(kh) <7.L|ih + m(|un|2 -+ |u0|2)> — kQ“uHah = (f, u)h.
Finally, since B(z) = z/(e* — 1), we have
is

§R<®(S)B(1s)> =R(O(s)(e”* — 1)) = O(s)(cos(s) — 1) = — 5

Using this formula and taking the real part of (3.14) gives (3.12). |

Vo)

We combine Corollary 3.4 and Lemma 3.6 to obtain global k-explicit L? and
discrete H' bounds for the homogeneous-boundary problem.

THEOREM 3.7 (Uniform stability for homogeneous radiation conditions). The

BPF scheme (3.4) with homogeneous radiation conditions admits a unique solution.
For s:=kh and t := kL, let Ag(s,t) be defined in (3.1). Then, for all kh ¢ 7Z,

(3.15) Ellullon < Ao(kh, kL) fllo.n, VO [ul1n < Ag(kh, kL) || fllo,n-

Proof. We use Lemma 3.6 and Corollary 3.4. From (3.12) and (3.11), we eliminate
the H'-seminorm to derive
2j,

(316) (1-con(h) (20l 5 Qo ) ) < g L7 13—costhIR, .

The Cauchy—Schwarz and Young inequalities with € = 2 cos?(kh/2) k? yields

kh kh
' < 2 2 2 212
(3.17) ROl < g see? (50) 11 1+ cos?(50) K2l
Substituting (3.17) into (3.16) and dividing by 1+ cos(kh) = 2 cos?(kh/2), we obtain

1/ L? kh 1 kh 1
Rl < 5 (55 50 (5) + g 50t (5) )11 + 54210l

which gives the discrete L?-norm estimate in (3.15). To estimate the discrete H'-
seminorm, we return to (3.12) and (3.11), and eliminate the L?-norm to find that

(3.18) O(1 + cos(kh)) |ulf , < 2@ ||f||o n+ R W)
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367 Combining (3.18) with (3.17), and dividing by 1 + cos(s) = 2 cos?(s/2),

1/L? kh 1 kh 1
368 Olul?, < 5 <2® sec? () + 73 sec4<2)> L1 5+ SRl
369 Applying the discrete L? estimate in (3.15) gives the H!-seminorm estimate.
370 It remains to show the well-posedness. If f = 0, then (3.15) implies u = 0,

371 so the full discrete problem (3.4) is unique. Since the BPF discretization defines a
372 square linear system in the finite-dimensional space C**!, uniqueness implies exis-
373 tence. Therefore the full discrete problem (3.4) admits a unique solution, and the
374 proof of Theorem 3.7 is complete. 0

375 3.4. Lifting and proof of Theorem 3.1. We now return to the full BPF
376 discretization (2.5) with general boundary data go,gr, € C. The key observation
377 is that, by Proposition 2.2, the homogeneous Helmholtz component generated by
378 the boundary data is reproduced exactly by the BPF scheme. This allows us to
379 reduce the general problem to the homogeneous discrete radiation problem treated in
380 Theorem 3.7. We begin with a discrete estimate for the exact plane-wave lifting.

381 LEMMA 3.8 (Plane-wave lifting). Let
aqe w _ ikx —ikx _ gL _ 90
382 u™(z) = ™ + BT, a=gotmr, B= oo

383 so that uP¥(x) with © € [0, L] satisfies the homogeneous Helmholtz equation with
384 impedance boundary data go,gr. Define the sampled grid function v; := uP%(x;) for

385 9=0,...,n. Then v ={v;}, satisfies

386 (3.19) kv

VL
O,h§7

VL
(lg0] +1gzl), VO vy < 7(|90|+|9L|)-

387 Proof. For the L? bound, we use [v;| < |a|+ 8| and thus ||v]|3 , = A il <
388 L(Jal +|8])?. The L?-norm estimate in (3.19) then follows from

389 (3.20) la| + 18] < M
2k
390 For the discrete H' seminorm, we compute for i =0,...,n — 1,
391 (Vpv); = afe )+ Ble c )
h
392 Using |e? — 1| = 2|sin(#/2)|, we find that
N ) = , _ 4sin(kh/2) )
39 [olf = h Y 1(Vno)il® < =5 L(la] +18])*.

=0
304 Tt follows from (3.20) and the expression ©(s) = s2/(4sin?(s/2)) that

395 wli, <

396 which is equivalent to the H!-seminorm estimate in (3.19). 0

397 We now prove the main stability theorem stated at the beginning of this section.
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Proof of Theorem 3.1. Let u;, denote the solution to the BPF scheme (2.5) with
source term f and impedance data gg, gz, and let v be the plane-wave lifting con-
structed in Lemma 3.8. We deduce from Proposition 2.2 that

D, D{fv =0, (D v)o = m(kh)go, (Dy v)n = m(kh)gr.

Define the remainder w := up —v. By linearity of the BPF scheme, w satisfies the BPF
scheme (3.4) with homogeneous radiation conditions. Applying the triangle inequality
to up = w 4+ v and combining the estimate of w from Theorem 3.7 and the estimate
of v from Lemma 3.8, we conclude (3.2) and (3.3).

It remains to show the well-posedness. The existence of solution uy, is ensured by
our construction. If f =0 and g9 = g1, = 0, then (3.2)—(3.3) imply u; = 0, so the
solution is unique. Therefore the full discrete problem admits a unique solution, and
the proof of Theorem 3.1 is complete. O

4. Consistency and convergence. In this section, we establish the consistency
of the BPF discretization and derive the corresponding convergence estimates. Let
u denote the exact solution of (2.1)—(2.2) and let uj, = {u;}!, be the discrete BPF
solution to (2.5). Our goal is to obtain k-explicit second-order bounds for the grid
error e; := u; — u(x;) in the discrete L? norm and H' seminorm.

4.1. Residual equation and main results. We begin by inserting the exact
solution into the discrete BPF operator. This gives rise to the interior and boundary
residuals that govern the error equation. For the interior nodes i = 1,...,n — 1, we
define the interior residual by

(4.1) 7i(u) := —O(kh) (Apu)(z;) — k2u(z;) — f(z;).

Using the differential equation (2.1), this can be rewritten equivalently as
(4.2) 7i(u) = O(kh) (Apu)(x;) — u” (z;).

At the boundary, we define the residuals by

43)  Bolu) = (Diu)o — g0, Brlu) = m(D;u)n .

Using Proposition A.1 in Appendix A, together with the impedance boundary condi-
tions in (2.2), we may write them explicitly as

() = oy (10 = €¥u(0)) = (4/(0) = iku(0).
(4.4)
Br(u) = Smfkh) (eikhu(L) —u(L — h)) — (v (L) 4 iku(L)).

For simplicity, when w is the exact solution to (2.1)—(2.2), we omit the arguments:

(4.5) 7= 1 (u), Bo := Bo(u), Br = Br(u).

With these definitions, the grid error satisfies a discrete residual equation of exactly
the same form as the BPF scheme.
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LEMMA 4.1 (Error equation). Let u be the exact solution to (2.1)—(2.2), and let
up, be the discrete BPF solution to (2.5). Then the grid error e; := u; — u(z;) for
1=0,...,n satisfies

D, Die; =T, i=1,...,n—1,
Difeo = m(kh)Bo, D, e, = m(kh)BL,

where T;, Po, and Br are given by (4.2)—(4.5).

We now state the main results of this section. The first theorem provides k-explicit
bounds for the interior and boundary residuals.

THEOREM 4.2 (Consistency and residual bounds). Assume that f € H3(0, L) N
HZ(0,L), and let T = {Ti}?z_ll, Bo, and B, be defined by (4.1) and (4.3). Then, for
any kh ¢ 7Z, the residuals satisfy the second-order estimates

h2
(4.6) I7llo.n < LOGh) 5 I1f P 20,2,
kh\| h?
()|

In particular, for any fized sg < 7, the constants in (4.6)—(4.7) are uniformly bounded
with respect to k whenever kh < sq.

(4.7) |Bol + |BL] < 24/ LO(kh)

Combining the residual equation with the stability result of Theorem 3.1, we
obtain the following convergence theorem.

THEOREM 4.3 (Convergence and error estimate). Assume that f € H>(0,L) N
HZ(0,L). For s :=kh and t := kL, let Ag(s,t) be defined by (3.1). Then, for any
kh ¢ wZ, the grid error e, = {e;}_ satisfies

h? h?
Ellelon < © do(ht b2 (L 35 179 w0 + 5 17" Iz )

h? h?
VBlenls < © Aol k) (L35 170y + 5 1 az0 )

In particular, for so < m, the method is second-order convergent in || - |lo.n and |- |1 n,
with constants uniformly bounded with respect to k whenever kh < sq and kL > 7.

The remainder of this section is devoted to proving the k-explicit consistency
estimates stated in Theorem 4.2. As a Taylor expansion of the leading interior and
boundary consistency terms does not provide a k-uniform control of the remainders,
we choose a Fourier-based approach inspired by [16]. In the present setting, the
impedance boundary closures introduce additional difficulties, which are overcome by
lifting the Helmholtz kernel component.

4.2. Exact kernel lifting and sine expansion. We begin the proof of Theo-
rem 4.2. The key observation is that the BPF discretization is exact on the Helmholtz
kernel span{e®*2}. This allows us to separate from the exact solution a homogeneous
oscillatory component that contributes no residual, and to reduce the consistency
analysis to a zero-trace remainder.

LEMMA 4.4 (Exact kernel lifting). Assume that sin(kL) # 0. Then there exists
a unique function b € C*([0, L]) such that

(4.8) —b" — k=0 in (0,L), b(0) = u(0), b(L) = u(L).
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14 A. JUNGEL, P. LI, Z. SUN, AND Z. ZHANG

Moreover, b belongs to span{cos(kx),sin(kz)} = span{e***}.

Proof. The general solution to the homogeneous Helmholtz equation —b” — k?b =
0 is of the form b(z) = A cos(kx)+ Bsin(kz) with A, B € C. The boundary conditions
in (4.8) give A = u(0) and A cos(kL)+ Bsin(kL) = u(L). Since sin(kL) # 0, this sys-
tem is nonsingular and therefore determines a unique pair (A, B). The representation
above also shows that b € span{cos(kz), sin(kx)}. d

Remark 4.5 (Resonant wavenumbers). The assumption sin(kL) # 0 is imposed
only to simplify the derivation. If sin(kL) = 0 (i.e. kL = nx for some integer n), one
may apply a limiting procedure. The residual estimates obtained below extend to the
resonant case sin(kL) = 0 by continuity with respect to k.

We now define the lifted remainder w := u—b. Since u solves (2.1) and b satisfies
(4.8), it follows that w(0) = u(0) — b(0) = 0 and w(L) = u(L) — b(L) = 0. Then, the
lifted remainder w satisfies the Dirichlet problem

(4.9) —w" —k*w=f in(0,L), w(0)=w(L)=0.

The relevance of this decomposition is that the kernel part b produces no truncation
error. Indeed, by Proposition 2.2, the BPF scheme is exact on the plane waves e*i**
and hence, by linearity, on the entire space span{e***}. Therefore, 7;(b) = 0 for
t=1,...,n—1and By(b) =0, B(b) = 0. The residuals of the exact solution reduce
to those of the lifted remainder:

7i(uw) = 7(w), i=1,....,n—1, Bo(u) = Bo(w), Br(u) = Br(w).

Since w(0) = w(L) = 0, the boundary residuals (4.4)-(4.5) admit the simplified forms

(4.10) Bo = Po(w) = m (h) —w'(0),
(4.11) 1= Buw) = o w(l— ) ~ /(L)

Thus, the truncation errors are determined by the zero-trace solution w of (4.9).
To expand the lifted zero-trace component w in the since basis, we introduce

2
(4.12) Oula) =\ 7 sin(€an), &= ”f” neN.
Then {¢, },>1 is an orthonormal basis of L?(0, L), and
(4.13) w(z) =Y Bndn(x), D= (W, ¢n)r2(0,1)-
n>1

Similarly, since f € L?(0, L), we may write

~

f(‘r) = Z ﬁLan(x)v fn = (fa ¢n)L2(0,L)~

n>1

In the next two subsections, we use the Fourier-based analysis to derive separate
k-explicit estimates for the interior residual 7 and the boundary residuals 5y and Sr,.
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4.3. Interior residual estimate. We estimate the interior residual 7;(w) by
adopting a “semi-discrete” viewpoint. For this, we introduce the continuous and
semi-discrete Helmholtz operators on C?[0, L]:

(4.14) L= —0py — k*, Ly = —0O(kh) A, — k>

Then the interior truncation error (4.2) can be extended to a pointwise residual,
(4.15) (@) = (L — Lyw(a), € (0,L),

so that, by construction,

(4.16) Ti(w) = 7 (u) = Th(xs), i=1,...,n—1.

By (4.16), it suffices to analyze the pointwise residual 75, (z). We use Fourier
multiplier analysis. Note that the sine basis diagonalizes the continuous and semi-
discrete Helmholtz operators. Indeed, from (4.12),

(4.17) Lon = (=) = k*¢n) = (& = k*)dn =1 A(€n)6n-
Moreover, since

4 n
(D) (&) = 7 sin? (206, (),
it follows from (4.14) that

4
. h®Pn = — sin n —+ A\Sn )Pn-
(4.18) Catn = (001 s (551) = 1) 0 = T (6n)o
Finally, testing the Helmholtz equation (4.9) with ¢, gives the modal relation
(4.19) &) By = fn,  thatis, @, = Ji, n>1.
Alén)

We begin with the modal representation of 7, (x) in the sine basis.

LEMMA 4.6 (Modal representation of the interior residual). Let u be the exact
solution to (2.1)—~(2.2), let b and w = u — b be defined as in Section 4.2, and let 15, be
given by (4.15). Then () = 32,5 Th,n ¢n(x), where for n > 1,

(4.20) Thn = My (En; hy k) fo,

: — Xh(ﬁ) - A& O(kh) ﬁsm (fh) %
(4.21) My (& h, k) == )2 T

Here, A\(§) and Xh(f) are the Fourier symbols of L and Ly, defined in (4.17) and
(4.18), respectively.
Proof. Tt follows from definition (4.15) of 75, and expansion (4.13) of w that
Th=(Ln— LYw =" Bn(Lr,— L)n = > B (M (n) = M&n)) b
n>1 n>1

where we used (4.17) and (4.18) in the last line. We apply (4.19) to obtain

?h,n = (Xh(gn) - A(é.n))’@n = W ﬁlv

which is exactly (4.20)-(4.21). d
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The next lemma gives a k-explicit bound for the multiplier M.

LEMMA 4.7 (Uniform bound for the interior multiplier). It holds for all kh ¢ ©Z
and & > 0 that

h2

(1.22) My b)| < O(kR)

Proof. Set A :=¢h/2 and B := kh/2. The multiplier (4.21) can be rewritten as

&,

Osin? A — A2

Mh(g;hak) = A2 — BQ

Introducing the function g(t) := sin?(v/#)/t for t > 0, we have sin®? A = A%2g(A?) and
sin? B = B2g(B?). Then, in view of © = 1/g(B?) and the mean value theorem,

9(4%) —g(B*) | _ A?0(kh) sup |¢'(t)).

. _ 2
|Mh(£ah7k)| =4 G(kh) A2 _ B2 = 0

We refer to the Appendix for a proof that sup,. |¢'(t)| < 1/3. Hence

M€ K] < A%kH) - = o) ¢

which proves (4.22). ]
We can now derive the k-explicit bound for the interior residual.

THEOREM 4.8 (Interior residual estimate). Assume that f € H3(0,L)NHZ(0,L).
Then the interior residual T = {1;}1=' satisfies

h2
(4.23) 17l < LO(kR) 5 1F N 20,19,

so the interior part of Theorem 4.2 follows. Moreover, under the fixed-resolution
condition kh < sg < 7, the constant in (4.23) is uniformly bounded with respect to k.

Proof. We know from Lemma 4.6 that 74 (z) = 3_, 51 Mn(&n; b, k) In ¢n(x). Using
|pn(2)] < 4/2/L and the Cauchy—Schwarz inequality, we obtain

|7 (2 |<[Z|Mh (&ni b )] | £l

n>1
B 1/2 . 1/2
< ﬁ(z |Mh(§n;h,k)2£;6> (Z&Slfﬁ) :
n>1 n>1

By Lemma 4.7,
. < 2

n>1 n>1

Since &, = nw/L,

., L2 1 L?

n>1 n>1
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Because of f € H?(0,L) N HZ(0,L), Parseval’s identity for the sine basis gives
Yons1 ol fnl? = [FaS2 ”%2(0@)‘ Combining these estimates, we find that

2 O(kh)h? [ L2\ /? L ©(kh)h
] < o) 2 SO (B 005y = | O g,

Finally, using (4.16),

n—1 1/2 L@ kh
rllo = (hz |Th<mz->|2) <V rullzmory < ZOED b2y p@ 0
— 12v/3

This proves (4.23). d

4.4. Boundary residual estimate. We turn to the boundary residuals 3y, 5z,
which are defined in (4.4)—(4.5). We first derive their modal representation.

LEMMA 4.9 (Modal representation of the boundary residuals). Let u be the exact
solution to (2.1)—(2.2), let w = u—"b, where b is defined in Lemma 4.4, and let By, B,
be defined by (4.10)—(4.11). Then

Bo= BuEn;hk) fu,  Br=D_ (~1)"Bu(nih.k) Jn, where

n>1 n>1

_ ]2 h  khsin(§h) — Ehsin(kh)
(425) (& k) = \E sin(kh) — (ER)2 — (kh)2

Proof. We infer from expansion (4.13) of w in the sine basis that

\/7§nwna Z\/781n gn
n>1

n>1

Since (4.19) gives (£2 — k?)®,, = Fn, we deduce from (4.10) that

w=3 /2 (st Sh) ~ & )

sin gn En A
—Z\F s ) 6 5 e B

n>1 n>1

For the right endpoint, we use sin(§, L) = 0 and cos(¢, L) = (—1)" to write

=3 \f 1)"&n @,

n>1
w(L — h) Z\/—smgnL h = Z\/ )" sin(&,h) Wn,
n>1 n>1
where we have used sin(a — b) = sin(a) cos(b) — cos(a)sin(b) in the last equality.

Substituting into (4.11), we obtain

Br=> \f Sm kh) sin(&nh) — g)w = (1" Bu(ns . k) fu,

n>1 n>1

which finishes the proof. 0
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The next lemma gives a k-explicit bound for the boundary multiplier.

LEMMA 4.10 (Uniform bound for the boundary multiplier). It holds for all kh ¢
wZ and & > 0 that

|Br(& h, k)| <

PE S ()]

Proof. Starting from (4.25), we rewrite By, as

ey [TIE M)y,

sin B A2 —pB2

where h(t) := sin(v/t)/V/t for t > 0. We apply the mean-value theorem and the bound
Sup;~q |7/ (t)] <1/6 from Lemma A.2 in the Appendix:

This ends the proof. ]
We can now estimate the boundary residuals.

THEOREM 4.11 (Boundary residual estimate). Assume that f € H3(0,L). Then

khy | h2
(4.26) 1Bo| + 82| < 24/T O(kh) ’sec(7)‘ & 17200,

so the boundary part of Theorem 4.2 follows. Moreover, under the fixed-resolution
condition kh < so < m, the constant in (4.26) is uniformly bounded with respect to k.

Proof. We conclude from Lemma 4.9 and the Cauchy—Schwarz inequality that

< (X imein k>|2sn4)1/2(253|ﬁ|2)

n>1 n>1

1/2

|Bo| =

ZBh fn,h k)fn

n>1

It follows from Lemma 4.10 and (4.24) that

_ 20 khy h* _ LO kh\ h*
S 2 () e 10 () 1

n>1

Moreover, because of f € HZ(0,L), Parseval’s identity for the sine basis yields

Zn21 g;ﬂfnﬁ = ||f”||%2<0’L). Combining these estimates, we obtain
Lo khy h\'/?
(1.27) ol < (52 5o () 55 ) 1z

For the right endpoint, Lemma 4.9 shows that |§h(€n; h,k)| = |Br(&n; h, k)| and
thus, the same argument yields the same bound as in (4.27). Finally, summing the
estimates of Sy and Sp leads to (4.26). d
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5. Numerical Experiment. In this section, we present numerical experiments
for the proposed BPF scheme. The first two tests are designed to validate the theoret-
ical analysis. We then test the robustness of the BPF scheme in terms of nonsmooth
sources. Finally, we compare various numerical methods.

We consider the relative L>°- and V-errors, defined by, respectively,

where [ull3, = E*[|ull§ , + [ulf;,, and u is the reference solution.

5.1. Exact resolution of a 1D plane wave. As shown in Section 2.4, the
BPF scheme exactly reproduces plane-wave solutions. To illustrate this property, we
consider the exact u(x) = 2e** 4+ e~k over the interval (0,1). The corresponding
impedance are go = u/(0) — iku(0) = —2ik and g; = u'(1) + iku(l) = 4ike'*. We
choose the wavenumber k = 27 and the coarse mesh size h = 273. With this setup,
the computed solution agrees with the sampled exact solution up to machine precision;
more precisely, the absolute L*®-error is 2.91 x 10715, In Figure 1, we plot the real
and imaginary parts of the exact and numerical solutions. The figure shows that the
BPF scheme reproduces the plane wave accurately even on a very coarse mesh.

15
1

0 0.2 0.4 0.6 0.8 1 ) 0 0.2 0.4 0.6 0.8 1
T T

Fic. 1. Comparison between the reference solution and the numerical solution for the plane-
wave test on a coarse mesh.

5.2. A smooth manufactured-solution test. To directly validate the con-
vergence estimate of Theorem 4.3, we consider the smooth manufactured solution
u(z) = e* 4+ r(z), r(z) := 2*(1 — 2)* for x € (0,1). The source term is defined by
f(x) = r"(x) + k?r(z) or, more explicitly,

flz) =122%(1 — 2)* = 3223(1 — 2)® + 122%(1 — 2)® + k22*(1 — ).
The impedance boundary data are taken from the exact solution:
go = u/(0) —iku(0) =0, g1 =u'(1) + iku(1) = 2ikel*.

Taking into account that r has fourth-order zeros at both endpoints, it follows that
f(0) = f(1) = f(0) = f'(1) = 0, so this example is consistent with our regularity
assumptions . Moreover, it holds that || f(®)|s < k? for a = 2, 3.

We report the relative L>°- and V-errors as the mesh is refined with h =379, ...,
375, Because the V-norm of the exact solution does not depend on h when k is fixed,
the relative V-norm error is the same as the absolute energy error when assessing
the convergence rate in relation to h. Figure 2 shows that the BPF solution exhibits
second-order convergence under mesh refinement, in agreement with Theorem 4.3.
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-6
= 5 6
s 7 E
F v
> 4o
— 9 .
5-10 =
%o ,5-10
2 11 S
— 11
-4 -3 -2 -4 -3 -2
10g1o(h) 10g1o(h)

FiG. 2. Results for the smooth-source test: convergence with respect to h in the relative V-norm
(left) and the relative L -norm (right).

5.3. A nonsmooth-source test. We consider a nonsmooth source term to il-
lustrate the robustness of the BPF scheme beyond the regularity assumptions required
in Theorem 4.3. We take fz) = 50 for |z — 0.5] < 1/9 and f(x) = 0 else, together
with the nonhomogeneous impedance boundary condition

(5.1) W/ (0) — iku(0) =2,  w/(1)+iku(l) =i.

Since an exact solution is not available, we compute a reference solution on the fine
mesh h = 3712, This example does not satisfy the smoothness assumptions of the
theoretical analysis. We choose h = 370 ..., 375 As shown in Figure 3, the BPF
scheme still exhibits an approximately second-order convergence trend with respect
to h in the relative V- and L°°-norms, despite the low regularity of the source term.

— >. O--. =

5 of P g ol

g B A 4 g

¢ N L om) g —O(1?)

> 2 O k=28 2] k=28

— k=29 . k=29
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Fic. 3. Results for the nonsmooth-source test: convergence with respect to h in the relative
V-norm (left) and the relative L°°-norm (right)

5.4. Fixed-resolution behavior. The resolution condition plays a fundamen-
tal role in the numerical simulation of highly oscillatory Helmholtz problems. In
particular, it is closely related to pollution effects and on the number of grid points
per wavelength. We therefore examine the behavior of the BPF scheme for varying
values of k and h, and compare it with the classical finite difference (FD) method and
the dispersion-corrected FD method [7].

We consider the problem with source term f(z) = sin?(7z), together with the
impedance boundary condition (5.1). Then f € H?(0,L) N HZ(0,L) satisfies the



668
669
670
671
672
673
674
675
676
677
678
679
680
681
682
683
684

685

A BERNOULLI PHASE-FITTED METHOD FOR THE HELMHOLTZ EQUATION 21

assumption of Theorem 4.3. The reference solution is computed on the fine mesh h =
2718, For the present benchmark, the numerical data indicate that ||u||p~ and ||u| 2
scale like k~!, whereas the discrete energy norm ||ul|y- is nearly independent of k.
We therefore use the relative V-norm error as the main quantity. For the comparison
plots, we instead use the relative L°°-error, which provides a direct pointwise measure
of accuracy and gives a clear visual comparison between the three methods.

Table 1 reports the relative V-norm error of the BPF scheme for different values
of k and h. The table contains two types of information. Along each row, the error
decreases by approximately a factor of four when h is halved, indicating a second-
order convergence trend for fixed k. Along each parallel diagonal, the quantity kh
is fixed, or equivalently, the number of grid points per wavelength PPW = 27/(kh)
is fixed. Along these diagonals, the error decreases steadily as k increases, which
confirms the O(k~2) decay predicted by the second-order convergence estimate under
fixed resolution. In the present example, the observed decay is in fact empirically
faster than this theoretical rate. The table also contains values outside the principal
Nyquist regime 0 < kh < 7; these are still covered by the general theory, since the
main estimates hold for all kh ¢ 7Z. For example, when k = 219 and h = 275, so
that kh = 32, the relative V-norm error is still only 4.08 x 10~° in this benchmark.

TABLE 1
Relative V-norm error of the BPF scheme for different values of k and h. Parallel diagonals
correspond to fized values of kh, or equivalently, fixred numbers of grid points per wavelength.

h 275 276 277 278 279 2710

25 4.18e-05 | 1.01e-05 | 2.52e-06 | 6.27e-07 | 1.56e-07 | 3.85e-08
26 2.29e-05 | 5.05e-06 | 1.22e-06 | 2.96e-07 | 6.82¢-08 | 1.81e-08
27 2.48e-05 | 2.86e-06 | 6.26e-07 | 1.49e-07 | 3.41e-08 | 9.85e-09
28 2.10e-05 | 3.00e-06 | 3.64e-07 | 8.45e-08 | 2.58e-08 | 1.31e-08
29 6.16e-06 | 2.55e-06 | 3.76e-07 | 4.36e-08 | 8.83e-09 | 2.24e-09
2101 4.08¢-05 | 7.51e-07 | 3.16e-07 | 4.64e-08 | 5.08¢-09 | 1.24e-09

When the classical finite difference (FD) method is used, increasingly fine meshes
are required for large wavenumbers because of the well-known dispersion pollution ef-
fect. A dispersion-corrected FD method was proposed in [7] to alleviate this difficulty;
in that approach, the error is primarily governed by the quantity kh, so that reasonable
accuracy may still be obtained when the resolution is chosen appropriately. Figure 4
provides a direct visual comparison of the three methods, all evaluated at fixed values
of kh. It shows that the classical FD error deteriorates rapidly as k increases, while the
dispersion-corrected FD method improves this behavior but still remains significantly
less accurate than the BPF method over the tested parameter range. By contrast, the
BPF scheme consistently produces the smallest errors, confirming its clear advantage
in this benchmark. As in the relative V-norm data, the relative L*-error also shows
an empirically faster decay than the O(k~?2) behavior guaranteed by our theory, with
an apparent rate close to third order in this benchmark.

6. Conclusion and outlook. In this paper, we introduced a Bernoulli phase-
fitted scheme for the one-dimensional Helmholtz equation with impedance boundary
conditions. The scheme is derived from a complexified Scharfetter—-Gummel discretiza-
tion of the one-way factorization of the Helmholtz operator. For the homogeneous
problem, the scheme reproduces the sampled plane-wave solutions exactly, both in
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Fic. 4. Relative L°-error versus k for the classical FD method (left), dispersion-corrected FD
method (middle), and BPF scheme evaluated at fized values of kh (right).

the interior and at the discrete impedance boundary closures. For the inhomoge-
neous problem, we established well-posedness, derived wavenumber-explicit stability
estimates, and proved second-order consistency and convergence. These results hold
more generally for kh ¢ 7Z, and in particular yield a pollution-free convergence theory
for fixed resolution within the principal Nyquist regime. The numerical experiments
demonstrate the favorable fixed-resolution behavior of the BPF scheme in comparison
with standard and dispersion-corrected finite difference methods.

A natural next step is the extension of the present factorization-based framework
to multidimensional and higher-order discretizations. We found that the factorized
5-point discretization reproduces the tested two-dimensional plane-wave data very
accurately. A detailed analysis is deferred to future work.

Appendix A. Auxiliary results. We prove some results used in this paper.

PROPOSITION A.1. Fori € Iy, the interior scheme in (2.5) can be written as

it1 — 2u; i
D Difu; = ©(kh) “H—— U1 g2y,
and the boundary conditions in (2.5) are equivalent to
1 k .
D+ — _ Jikh
m(kh) %" T sin(kh) (ur = ™ o),
(A1) 1 i -
——D u, = — ' n — Un-1),
m(kh) * “ sin(kh) (¢ = )

where m(s) = e~1%/2 cos(s/2) for s > 0.

Proof. A direct calculation shows that

D;, Difu; = —(B(ikh) D}, uiy1 — B(—ikh) Dy, u;)

(A.2)

_ =

= 73(O(kh) ity — (B?(ikh) + B*(ikh))u; + O (kh) ui-1)

We deduce from (2.4) that
B*(ikh) + B*(—ikh) = (B(ikh) — B(—ikh))2 + 2B(ikh) B(—ikh)
= —k*h* 4 20(kh).
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A substitution into (A.2) leads to the interior formula. For the boundary condition,
we apply identity (2.4) again to find that
B(ikh)

(A.3) D,':uo = %(B(ik;h) u; — B(—ikh) uo) = T(U1 — elkh uo).

It follows from the definition of m(s) and 2sin(s/2) cos(s/2) = sin(s) that

is se1s/2 B(is) s

(A4) BUs) = &7 = a2 ™ ()~ sms)’

Using this identity into (A.3) leads to the first formula in (A.1). The second formula
in (A.1) can be derived similarly. 0

LEMMA A.2. Let g(t) := sin®(v/1)/t and h(t) := \/g(t) = sin(v/1)/\/t for t > 0.
Then g,h € C1(0,00) and

1
(A.5) suplg’(t)] < 7, sup|R/(t)] <
>0 3 t>0

| =

Proof. We first estimate h’(t). For t > 0, write t = s? with s > 0. Then

1 d /sins $Ccoss —sin s
- () - e
®) 25 ds\ s 253

and the identity sins — scos s = fos rsinrdr yields the estimate

1 ® 1 ® 1
l : 2
IR )] < 233/0 rlsinr|dr < 233./0 rdr 253 3 6

Finally, since h(t) < 1, we have |¢'(¢)| < 2h(t)|h/(¢)| < 1/3. This proves (A.5). O
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