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Abstract. We propose a Bernoulli phase-fitted (BPF) finite difference method for the Helmholtz5
equation on the interval (0, L) with impedance boundary conditions. The scheme is derived from6
a complexified Scharfetter–Gummel discretization of the one-way factorization of the Helmholtz7
operator. It yields both a phase-fitted interior discretization and exact discrete impedance bound-8
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wavenumber and h the grid size. In particular, under the fixed-resolution condition kh ≤ s0 for some13
0 < s0 < π together with kL ≥ π, the constants in the error bounds remain uniform with respect14
to the wavenumber, yielding a pollution-free convergence theory in the principal Nyquist regime.15
Numerical experiments confirm the theoretical analysis and show favorable performance compared16
with standard and dispersion-corrected finite difference methods.17
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1. Introduction. The Helmholtz equation is a fundamental model for time-21

harmonic wave propagation in acoustics, electromagnetics, and seismic imaging. In22

the high-frequency regime, characterized by large wavenumbers k, its solutions are23

highly oscillatory, and their accurate numerical approximation remains a central24

challenge in scientific computing. A well-known difficulty is the pollution effect25

[1, 2, 12, 21, 22]: For standard discretization methods, as the wavenumber k in-26

creases, the numerical error cannot in general be controlled solely by maintaining a27

fixed number of degrees of freedom per wavelength. Consequently, to achieve a pre-28

scribed accuracy, the total number of degrees of freedom must grow faster than the29

natural scaling O(kd), where d is the spatial dimension.30

A large body of work has therefore been devoted to mitigating the pollution effect31

in Helmholtz discretizations. In the context of finite element methods, high-order and32
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hp-FEM techniques can substantially reduce pollution when the polynomial degree is33

increased together with mesh refinement [23, 24, 26]. Related approaches include dis-34

continuous Galerkin formulations, boundary element methods, and multiscale meth-35

ods, all of which have been developed to improve robustness in the high-frequency36

regime [14, 15, 17, 25, 27]. Another important class consists of Trefftz and wave-based37

methods, in which the approximation spaces are built from local solutions of the un-38

derlying differential equation and hence the incorporate oscillatory behavior directly39

[4, 18, 19, 20]. These developments show that controlling the phase accuracy of the40

discretization is central to the design of robust high-frequency methods.41

Within the finite difference framework, a common approach is to design stencils42

with adjustable coefficients aimed at minimizing dispersion errors. This viewpoint43

has led to a variety of optimized compact schemes [5, 6] and dispersion-minimizing44

schemes [10, 11, 28, 32] in multiple space dimensions. Another important line of work45

is based on the use of a shifted wavenumber, chosen to ensure that the discrete phase46

velocity better matches the exact velocity; see, e.g., [8, 9]. More recently, asymptotic47

dispersion correction was developed for general finite difference schemes, providing a48

systematic way to improve the accuracy of discrete Helmholtz operators [7].49

For the one-dimensional Helmholtz equation, even stronger results are possible.50

Exact three-point finite difference schemes were constructed for homogeneous prob-51

lems [31], and pollution-free finite difference schemes were also proposed for nonho-52

mogeneous equations [30]. The corresponding analyses are based on Taylor expansion53

and are therefore established in a small-kh regime only, where h is the grid size. Recent54

Fourier-based analyses [16] show that one can derive sharp wavenumber-explicit error55

estimates; however, the rigorous results focus on the classical centered three-point56

scheme with Dirichlet boundary conditions. Hence, rigorous pollution-free conver-57

gence results remaining valid throughout the full Nyquist band 0 < kh < π are still58

largely unavailable, particularly in the presence of impedance boundary conditions.59

The present work addresses this gap for the one-dimensional Helmholtz equation with60

impedance boundary conditions by developing a phase-fitted scheme in which the in-61

terior discretization and the boundary closure are derived in a unified way.62

1.1. Motivation and general framework. The starting point is the observa-63

tion that the one-dimensional Helmholtz operator admits the factorization64

∂xx + k2 = (∂x + ik)(∂x − ik),(1.1)6566

which separates the left- and right-traveling components of the wave. The corre-67

sponding one-way operators annihilate the elementary plane waves e±ikx, suggesting68

that one may discretize these first-order factors directly rather than approximate the69

second-order operator only through a standard three-point stencil.70

Motivated by this factorization, we develop a finite difference scheme based on a71

complexified version of the classical Scharfetter–Gummel (SG) discretization [3, 29].72

The SG scheme is widely recognized for its ability to include the local first-order flux73

directly within the discrete operator. By replacing the real drift parameter with the74

purely imaginary quantity ik, we obtain discrete one-way operators that naturally75

approximate the Helmholtz factors ∂x ± ik. Their composition yields a new Bernoulli76

phase-fitted (BPF) finite difference discretization for the Helmholtz equation.77

At the level of the interior three-point stencil, the resulting formula is closely78

related to phase-fitted and shifted-wavenumber discretizations for the one-dimensional79

Helmholtz equation [7, 13, 30, 31]. The factorized SG viewpoint provides a unified80

derivation of this stencil together with the Bernoulli source scaling and the discrete81

This manuscript is for review purposes only.



A BERNOULLI PHASE-FITTED METHOD FOR THE HELMHOLTZ EQUATION 3

impedance boundary closures. In particular, the BPF scheme retains the discrete82

one-way structure and is exact on the corresponding plane waves, and this exactness83

is inherited by the impedance boundary conditions. In this sense, the scheme couples84

the phase-fitted interior discretization and the boundary treatment through a unified,85

structure-preserving construction.86

From an analytical point of view, the main question is whether the BPF con-87

struction admits rigorous wavenumber-explicit and pollution-free error estimates on88

the full Nyquist band 0 < kh < π. Existing dispersion-corrected finite difference89

analyses for the one-dimensional Helmholtz equation typically yield error bounds of90

order O(k2h2) [7]. In the Dirichlet setting, the analysis in [30] suggests that an O(h2)91

regime may be attainable, when kh is sufficiently small. A difficulty is that classi-92

cal Taylor expansion alone does not provide estimates uniformly in the wavenumber,93

since derivatives of oscillatory solutions typically scale with k. Our approach is in-94

spired by recent Fourier-based analyses for Dirichlet problems [16]. In the present95

setting, however, the impedance boundary closures introduce an additional difficulty.96

To overcome this obstacle, we exploit the plane-wave exactness of the scheme to lift97

the Helmholtz kernel component, and thereby isolate a zero-trace remainder. The98

subsequent analysis can then be carried out by combining a sine expansion with a99

Fourier-symbol analysis. In this way, the factorization-based structure of the scheme100

leads to the wavenumber-explicit stability bounds and uniform convergence estimates101

established below.102

1.2. Main results and contributions. In this paper, we consider the one-103

dimensional Helmholtz problem with impedance boundary conditions104

u′′(x) + k2u(x) = f(x), x ∈ (0, L), u′(0)− ik u(0) = g0, u′(L) + ik u(L) = gL,105106

where g0, gL ∈ C prescribe the incoming wave data at the two boundaries.107

For this problem, we establish a wavenumber-explicit analysis of the proposed108

BPF finite difference scheme. For the homogeneous equation, namely f(x) = 0, we109

show that the scheme reproduces the sampled plane-wave solutions exactly, both in the110

interior and at the discrete boundary closures. For the inhomogeneous problem, we111

prove stability, consistency, and second-order convergence estimates for all kh /∈ πZ.112

A representative form of the convergence estimate for the grid error e is113

k∥e∥0,h + |e|1,h ≲ h2,114

with constants given explicitly in terms of kh and kL. In particular, under the con-115

ditions kh ≤ s0 < π for some s0 > 0 and kL ≥ π, these constants remain uni-116

formly bounded with respect to the wavenumber. The condition kh ≤ s0 < π cor-117

responds to a number of more than two grid points per wavelength (PPW), since118

PPW = 2π/(kh) ≥ 2π/s0 > 2, while kL ≥ π means that the interval (0, L) contains119

at least half a wavelength. Thus, in the principal Nyquist regime, the method admits120

a natural pollution-free interpretation under the fixed resolution kh ≤ s0 < π. Equiv-121

alently, in such a regime, the second-order estimate O(h2) may also be interpreted122

as an O(k−2) decay with respect to the wavenumber. Our theoretical findings are123

further confirmed by numerical experiments. The main contributions are:124

• We propose a BPF finite difference scheme for the one-dimensional Helmholtz125

equation with impedance boundary conditions, derived from a complexified126

Scharfetter–Gummel discretization; see Sections 2.2–2.3.127

• We prove that the scheme is exact for the homogeneous problem: It repro-128

duces plane waves exactly, with no numerical dispersion in the interior and129
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no artificial reflection at the boundaries (Proposition 2.2).130

• We develop a wavenumber-explicit analysis based on a Fourier-symbol view-131

point, exact plane-wave lifting, and the discrete factorization structure of132

the scheme. This yields stability, consistency, and second-order convergence133

estimates for all kh /∈ πZ (Theorems 3.1, 4.2, and 4.3).134

• In particular, we show that, under the fixed-resolution condition kh ≤ s0 < π135

together with kL ≥ π, the constants in the error estimates remain uniform136

with respect to the wavenumber, thereby establishing a pollution-free conver-137

gence theory in the principal Nyquist regime. Numerical experiments confirm138

the theory and demonstrate a favorable performance compared with standard139

and dispersion-corrected finite difference schemes.140

1.3. Organization of the paper. The remainder of the paper is organized141

as follows. In Section 2, we derive the BPF discretization and prove its plane-wave142

exactness. Section 3 is devoted to the well-posedness and stability analysis of the143

discrete scheme. In Section 4, we establish consistency and convergence estimates.144

Finally, numerical experiments are presented in Section 5.145

2. Bernoulli phase-fitted discretization. In this section, we derive the BPF146

finite difference discretization for the Helmholtz equation. As already mentioned, the147

construction is based on a factorization of the Helmholtz operator into one-way com-148

ponents and a complexified version of the classical Scharfetter–Gummel discretization.149

2.1. Helmholtz factorization and grid notation. Recall the one-dimension-150

al Helmholtz equation151

(2.1) uxx(x) + k2 u(x) = f(x), x ∈ (0, L),152

with the impedance (radiation) boundary conditions153

(2.2) ux(0)− ik u(0) = g0, ux(L) + ik u(L) = gL,154

where g0, gL ∈ C. The decomposition ∂xx + k2 = (∂x + ik)(∂x − ik) separates the155

Helmholtz operator into two first-order one-way operators associated with opposite156

propagation directions. In particular, (∂x + ik)e−ikx = 0 and (∂x − ik)eikx = 0157

for x ∈ [0, L], so that the operators annihilate outgoing and incoming plane waves,158

respectively. This structure motivates the construction of discrete operators that159

preserve these one-way propagation properties.160

To formulate the discretization, we introduce the computational grid. The interval161

[0, L] is divided into n uniform subintervals of length h := L/n with grid points162

xi := ih for i = 0, 1, . . . , n. For grid functions v = {vi}ni=0 and w = {wi}ni=0, we define163

the discrete inner product and L2 norm on the interior grid by164

(v, w)h := h

n−1∑
i=1

viwi, ∥v∥20,h := (v, v)h,165

where wi denotes complex conjugation. The forward difference operator and the166

associated discrete H1 seminorm are defined as167

(∇hv)i :=
vi+1 − vi

h
, i = 0, . . . , n− 1, |v|21,h := h

n−1∑
i=0

|(∇hv)i|2.168

Finally, the standard three-point approximation to the second derivative equals169

(∆hv)i :=
vi+1 − 2vi + vi−1

h2
, i = 1, . . . , n− 1.170
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2.2. Complexified Scharfetter–Gummel operators. To discretize the one-171

way operators appearing in the Helmholtz factorization (1.1), we draw inspiration172

from the Scharfetter–Gummel (SG) discretization [3, 29], which was originally devel-173

oped for semiconductor drift–diffusion models. The one-dimensional drift–diffusion174

equation can be written in the flux form as175

∂tu = ∂xF, F = ∂xu− vu = (∂x − v)u,176

where v denotes the drift velocity. The SG scheme approximates the flux at cell177

interfaces by locally solving the stationary flux equation, which leads to178

(2.3) Fi+1/2 =
1

h

(
B(hv)ui+1 −B(−hv)ui

)
.179

Here, B(z) for z ∈ C denotes the Bernoulli function180

B(z) =
z

ez − 1
for z ̸= 0, and B(0) = 1.181

The following useful properties are used later:182

(2.4) B(−z) = ezB(z), B(−z)−B(z) = z.183

To adapt this idea to the Helmholtz equation, we complexify the SG flux by184

replacing the real drift velocity v in (2.3) with the imaginary wavenumber ik. This185

leads to the discrete one-way operators186

(D+
k u)i :=

1

h

(
B(ikh)ui+1 −B(−ikh)ui

)
,

(D−
k u)i :=

1

h

(
B(−ikh)ui −B(ikh)ui−1

)
.

187

These operators preserve the plane-wave structure of the Helmholtz equation. Indeed188

(see Proposition 2.2), we have D+
k e

ikxi = 0 and D−
k e

−ikxi = 0, so that the discrete189

operators annihilate the corresponding one-way plane waves exactly.190

2.3. BPF finite difference scheme. We now construct the discrete Helmholtz191

operator by composing the one-way operators D+
k and D−

k introduced above. Ap-192

plying these operators to the Helmholtz equation (2.1) together with the boundary193

conditions (2.2) leads to the discrete system194

(2.5)

{
D−

k D
+
k ui = fi, i = 1, . . . , n− 1,

D+
k u0 = m(kh) g0, D−

k un = m(kh) gL,
195

where fi := f(xi). The complex-valued correction factor196

(2.6) m(s) = e−is/2 cos(s/2)197

is chosen in such a way that the discrete boundary operators reproduce the exact198

plane-wave solutions; see Proposition 2.2. Note that m(s) ̸= 0 for s ∈ (0, π).199

We further introduce the phase-fitted weight200

Θ(s) := |B(is)|2 = B(is)B(−is), s ∈ R,201
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which has the properties202

Θ(s) =
s2

4 sin2(s/2)
, s /∈ 2πZ, and 1 ≤ Θ(s) ≤ π2

4
, 0 ≤ s ≤ π.203

A direct algebraic calculation (see Proposition A.1 in Appendix A) shows that the204

composition D−
k D

+
k in (2.5) can be written in the three-point form205

(2.7) −Θ(kh) (∆hu)i − k2ui = fi.206

This representation shows that the BPF discretization is equivalent to a three-point fi-207

nite difference scheme with a shifted wavenumber k̂ = k/
√
Θ(kh). Hence, the method208

can be interpreted as a phase-fitted scheme: It inherits the pollution-free dispersion209

properties of shifted-wavenumber discretizations, while being derived systematically210

from the complexified SG flux.211

Remark 2.1. In the homogeneous case fi = 0, the interior scheme (2.7) coincides212

with the pollution-free finite difference method proposed in [13, 31], which eliminates213

the phase error by using the shifted wavenumber k̂. When a source term is present214

(fi ̸= 0), an alternative dispersion-corrected scheme was proposed in [7]:215

−(∆hu)i − k̂2ui = fi.216

In contrast, the BPF formulation introduces the scaled source term fi/Θ(kh) in (2.7).217

Expanding 1/Θ(kh) in powers of kh shows that, up to this expansion, the resulting218

method coincides with the second-order scheme proposed in [30]. This treatment219

of the source term is analogous to the approach used by [1] in the finite element220

framework; see also [16, Section 4] for a related discussion.221

2.4. Exactness for plane waves. The BPF discretization reproduces the exact222

plane-wave solutions of the homogeneous Helmholtz equation. Indeed, consider the223

homogeneous problem (f ≡ 0). Its general solution on (0, L) is224

(2.8) u(x) = α eikx + β e−ikx, α, β ∈ C.225

The coefficients α and β are determined by the impedance boundary conditions (2.2):226

(2.9) − 2ik β = g0, 2ik eikLα = gL.227

Proposition 2.2 (Exactness for plane waves). Let f ≡ 0 and consider the228

continuous solution (2.8). Define the sampled sequence ui := u(xi). Then it solves229

D−
k D

+
k ui = 0, (D+

k u)0 = m(kh)g0, (D−
k u)n = m(kh)gL,230

where i = 1, . . . , n− 1, recalling definition (2.6) of m(s).231

Proof. We first verify that the discrete one-way operators annihilate the corre-232

sponding plane waves. It holds for the outgoing wave eikx that233

(D+
k e

ikx)i =
eikxi

h

(
B(ikh)eikh −B(−ikh)

)
.234

Using the identity B(−z) = ezB(z) with z = ikh gives (D+
k e

ikx)i = 0. Similarly, we235

find that (D−
k e

−ikx)i = 0. For the general solution (2.8), linearity yields236

(D−
k D

+
k u)i = αD−

k D
+
k e

ikx + βD−
k D

+
k e

−ikx = 0,237
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which proves the interior equation. We infer from (A.3) and (A.4) that238

(D+
k e

−ikx)0 =
B(ikh)

h

(
e−ikh − eikh

)
= −2i

h
B(ikh) sin(kh) = −2ikm(kh),239

and similarly (D−
k e

ikx)n = 2ikm(kh)eikL. We substitute (2.9) to obtain (D+
k u)0 =240

m(kh)g0 and (D−
k u)n = m(kh)gL, finishing the proof.241

As a consequence, the BPF discretization introduces neither numerical dispersion242

in the interior nor spurious reflection at the boundaries; the discrete solution coincides243

exactly with the continuous plane waves satisfying the impedance conditions.244

3. Stability and well-posedness. We establish the main stability result for245

the BPF scheme and prove the well-posedness of the discrete problem. Throughout246

this section, we assume that kh /∈ πZ, so that the Nyquist degeneracy is avoided and247

For brevity, we write Θ := Θ(kh) = |B(ikh)|2.248

Our goal is to derive estimates that are explicit with respect to the wavenumber249

and remain uniformly bounded under a fixed resolution constraint.250

Theorem 3.1 (Well-posedness and k-explicit stability). Let uh = {ui}ni=0 de-251

note the solution to the BPF scheme (2.5). For s := kh and t := kL, define252

(3.1) A0(s, t) :=
L√
2Θ(s)

sec
(s
2

)
+

L

2t
sec2

(s
2

)
,253

Then, for any kh /∈ πZ, and for any source f and boundary data g0, gL ∈ C, the BPF254

scheme admits a unique discrete solution satisfying255

k∥uh∥0,h ≤ A0(kh, kL) ∥f∥0,h +

√
L

2

(
|g0|+ |gL|

)
,(3.2)256

√
Θ |uh|1,h ≤ A0(kh, kL) ∥f∥0,h +

√
L

2

(
|g0|+ |gL|

)
.(3.3)257

258

In particular, for any fixed s0 < π, the quantities A0(kh, kL) remains uniformly259

bounded with respect to k whenever kh ≤ s0 and kL ≥ π.260

The proof of Theorem 3.1 is based on two key ingredients. First, we derive stabil-261

ity estimates for the discrete problem with homogeneous discrete radiation conditions.262

Second, we exploit the exactness result of Proposition 2.2, which shows that the BPF263

scheme reproduces the homogeneous plane-wave component exactly. This allows us264

to treat general boundary data by an exact lifting argument.265

3.1. Reduction to homogeneous discrete radiation conditions. We first266

consider the BPF discretization with homogeneous discrete radiation conditions,267

(3.4)

{
D−

k D
+
k ui = fi, i = 1, . . . , n− 1,

(D+
k u)0 = 0, (D−

k u)n = 0.
268

This reduced problem contains the essential stability mechanism of the scheme. We269

isolate (3.4) since the contribution of the boundary data can be represented exactly by270

plane waves. Indeed, Proposition 2.2 shows that the homogeneous Helmholtz equation271

with impedance boundary data is reproduced exactly by the discrete BPF scheme at272

the nodal level. Consequently, the full discrete problem with general boundary data273

can be reduced to (3.4) by subtracting an exact plane-wave lifting.274

We therefore first establish k-explicit stability estimates for (3.4). The lifting275

argument and the proof of the full stability theorem will be given in Section 3.4.276
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3.2. Basic flux and energy identities. We derive the basic estimates for the277

homogeneous-boundary problem (3.4). Since the one-way fluxes D+
k u and D−

k u are278

naturally defined on staggered index sets, we slightly abuse the notation and write279

∥D+
k u∥

2
0,h := h

n−1∑
i=0

|D+
k ui|2, ∥D−

k u∥
2
0,h := h

n∑
i=1

|D−
k ui|2.280

We start with L2 bounds for the discrete one-way fluxes associated with the281

homogeneous discrete radiation problem.282

Lemma 3.2 (Flux estimate). Let u = {ui}ni=0 solve (3.4). Then283

(3.5) ∥D+
k u∥

2
0,h + ∥D−

k u∥
2
0,h ≤ L2

Θ
∥f∥20,h.284

Proof. Set wi := (D+
k u)i for i = 0, . . . , n− 1. We deduce from D−

k D
+
k u = f and285

the definition of D−
k that286

B(−ikh)wi −B(ikh)wi−1 = hfi, i = 1, . . . , n− 1.287

Using the identity B(ikh) = e−ikhB(−ikh) yields the recurrence288

wi = e−ikhwi−1 +
h

B(−ikh)
fi, i = 1, . . . , n− 1.289

Since (D+
k u)0 = 0, an iteration gives290

wi =
h

B(−ikh)

i∑
j=1

e−ikh(i−j) fj , i = 1, . . . , n− 1.291

Taking absolute values and using |e−ikh(i−j)| = 1 and |B(−is)|2 = Θ(s), we find that292

|wi| ≤
h√
Θ

i∑
j=1

|fj | ≤
h√
Θ

√
i

( i∑
j=1

|fj |2
)1/2

≤
√
ih√
Θ

∥f∥0,h.293

294

It follows from
∑n−1

i=0 i ≤ n2/2 and nh = L that295

(3.6) ∥D+
k u∥0,h = ∥w∥0,h ≤ L√

2Θ
∥f∥0,h.296

A completely analogous backward recursion, starting from (D−
k u)n = 0 leads to297

(3.7) ∥D−
k u∥0,h ≤ L√

Θ
∥f∥0,h.298

Combining (3.6) and (3.7) gives (3.5).299

The next result relates the discrete one-way fluxes to the standard discrete H1300

norm and the boundary data.301

Lemma 3.3 (Flux–energy relation). For any u = {ui}ni=0 and all kh /∈ πZ,302

(3.8) ∥D+
k u∥

2
0,h + ∥D−

k u∥
2
0,h = 2Θcos(kh) |u|21,h + 2k2 ∥u∥20,h + k2h

(
|un|2 + |u0|2

)
.303

This manuscript is for review purposes only.



A BERNOULLI PHASE-FITTED METHOD FOR THE HELMHOLTZ EQUATION 9

Proof. Using the identity B(−z)−B(z) = z, we rewrite304

(D+
k u)i =

B(ikh)ui+1 −B(−ikh)ui

h
= B(ikh)∇hui − ik ui,(3.9)305

(D−
k u)i+1 =

B(−ikh)ui+1 −B(ikh)ui

h
= B(ikh)∇hui + ik ui+1.(3.10)306

307

Hence, it follows that308

|D+
k ui|2 + |D−

k ui+1|2 = 2|B(ikh)|2 |∇hui|2 + k2
(
|ui+1|2 + |ui|2

)
+ Tcross,309310

where the cross terms are collected into311

Tcross = 2ℜ
(
B(ikh)∇hui · ikh(∇hui)

)
= ikh

(
B(−ikh)−B(ikh)

)
|∇hui|2312

313

Using B(−z)−B(z) = z again, this gives314

|D+
k ui|2 + |D−

k ui+1|2 =
(
2|B(ikh)|2 − k2h2

)
|∇hui|2 + k2

(
|ui+1|2 + |ui|2

)
.315

Since |B(is)|2 = Θ(s) and316

2Θ(s)− s2 =
s2

2 sin2(s/2)
− s2 =

s2 cos s

2 sin2(s/2)
= 2Θ(s) cos s,317

we obtain318

|D+
k ui|2 + |D−

k ui+1|2 = 2Θ(kh) cos(kh) |∇hui|2 + k2
(
|ui+1|2 + |ui|2

)
.319

Summing over i = 0, . . . , n− 1 and multiplying by h yields (3.8).320

As a byproduct of Lemmas 3.2 and 3.3, we have the following estimate.321

Corollary 3.4 (Auxiliary energy bound). Let u solve (3.4). For all kh /∈ πZ,322

(3.11) Θ cos(kh) |u|21,h + k2∥u∥20,h +
k2h

2

(
|u0|2 + |un|2

)
≤ L2

2Θ
∥f∥20,h.323

Remark 3.5 (Coercivity in the low-frequency regime). Although (3.11) is valid324

for all kh /∈ πZ, it is coercive in the principal Nyquist regime 0 < kh < π only for325

0 < kh < π/2, since cos(kh) changes sign at kh = π/2. Hence, the estimate (3.11)326

alone is not sufficient to establish H1-control over the entire interval 0 < kh < π, and327

an additional discrete energy identity, proved in the next subsection, is needed.328

3.3. Uniform stability for homogeneous discrete radiation conditions.329

We now establish k-explicit stability estimates for the homogeneous discrete radiation330

problem (3.4) that remain valid for all kh /∈ πZ, in particular for the whole principal331

Nyquist regime 0 < kh < π. The key point is the discrete energy identity associated332

with the three-point formulation of the BPF scheme.333

Lemma 3.6 (Discrete energy identity). Let u = {ui}ni=0 solve (3.4). Then334

Θ|u|21,h − k2h

2

(
|u0|2 + |un|2

)
− k2∥u∥20,h = ℜ(f, u)h.(3.12)335

336
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Proof. According to the representation (2.7), we write the interior equation as337

Θ(kh) (∆hu)i + k2ui = fi, i = 1, . . . , n− 1.338

Multiplying by hui, summing over i = 1, . . . , n−1, and using the standard summation-339

by-parts identity340

h

n−1∑
i=1

(∆hu)i ui = −|u|21,h +
(
∇hun−1 un −∇hu0 u0

)
,341

we obtain342

(3.13) Θ(kh)
(
|u|21,h − (∇hun−1 un −∇hu0 u0)

)
− k2∥u∥20,h = (f, u)h.343

We next use the homogeneous discrete radiation conditions D+
k u0 = D−

k un = 0. Then344

we deduce from (3.9)-(3.10) that B(ikh)∇hu0 = ik u0 and B(ikh)∇hun−1 = −ik un.345

Substitution into (3.13) yields346

(3.14) Θ(kh)

(
|u|21,h +

ik

B(ikh)

(
|un|2 + |u0|2

))
− k2∥u∥20,h = (f, u)h.347

Finally, since B(z) = z/(ez − 1), we have348

ℜ
(
Θ(s)

is

B(is)

)
= ℜ

(
Θ(s)(eis − 1)

)
= Θ(s)(cos(s)− 1) = −s2

2
.349

Using this formula and taking the real part of (3.14) gives (3.12).350

We combine Corollary 3.4 and Lemma 3.6 to obtain global k-explicit L2 and351

discrete H1 bounds for the homogeneous-boundary problem.352

Theorem 3.7 (Uniform stability for homogeneous radiation conditions). The353

BPF scheme (3.4) with homogeneous radiation conditions admits a unique solution.354

For s := kh and t := kL, let A0(s, t) be defined in (3.1). Then, for all kh /∈ πZ,355

(3.15) k∥u∥0,h ≤ A0(kh, kL) ∥f∥0,h,
√
Θ |u|1,h ≤ A0(kh, kL) ∥f∥0,h.356

Proof. We use Lemma 3.6 and Corollary 3.4. From (3.12) and (3.11), we eliminate357

the H1-seminorm to derive358

(3.16)
(
1+cos(kh)

)(
k2∥u∥20,h+

k2h

2
(|u0|2+ |un|2)

)
≤ L2

2Θ
∥f∥20,h−cos(kh)ℜ(f, u)h.359

The Cauchy–Schwarz and Young inequalities with ε = 2 cos2(kh/2) k2 yields360

(3.17) |ℜ(f, u)h| ≤
1

4k2
sec2

(kh
2

)
∥f∥20,h + cos2

(kh
2

)
k2∥u∥20,h.361

Substituting (3.17) into (3.16) and dividing by 1+ cos(kh) = 2 cos2(kh/2), we obtain362

k2∥u∥20,h ≤ 1

2

(
L2

2Θ
sec2

(kh
2

)
+

1

4k2
sec4

(kh
2

))
∥f∥20,h +

1

2
k2∥u∥20,h,363

which gives the discrete L2-norm estimate in (3.15). To estimate the discrete H1-364

seminorm, we return to (3.12) and (3.11), and eliminate the L2-norm to find that365

(3.18) Θ
(
1 + cos(kh)

)
|u|21,h ≤ L2

2Θ
∥f∥20,h + ℜ(f, u)h.366
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Combining (3.18) with (3.17), and dividing by 1 + cos(s) = 2 cos2(s/2),367

Θ|u|21,h ≤ 1

2

(
L2

2Θ
sec2

(kh
2

)
+

1

4k2
sec4

(kh
2

))
∥f∥20,h +

1

2
k2∥u∥20,h.368

Applying the discrete L2 estimate in (3.15) gives the H1-seminorm estimate.369

It remains to show the well-posedness. If f ≡ 0, then (3.15) implies u ≡ 0,370

so the full discrete problem (3.4) is unique. Since the BPF discretization defines a371

square linear system in the finite-dimensional space Cn+1, uniqueness implies exis-372

tence. Therefore the full discrete problem (3.4) admits a unique solution, and the373

proof of Theorem 3.7 is complete.374

3.4. Lifting and proof of Theorem 3.1. We now return to the full BPF375

discretization (2.5) with general boundary data g0, gL ∈ C. The key observation376

is that, by Proposition 2.2, the homogeneous Helmholtz component generated by377

the boundary data is reproduced exactly by the BPF scheme. This allows us to378

reduce the general problem to the homogeneous discrete radiation problem treated in379

Theorem 3.7. We begin with a discrete estimate for the exact plane-wave lifting.380

Lemma 3.8 (Plane-wave lifting). Let381

upw(x) = αeikx + βe−ikx, α =
gL

2ik eikL
, β = − g0

2ik
,382

so that upw(x) with x ∈ [0, L] satisfies the homogeneous Helmholtz equation with383

impedance boundary data g0, gL. Define the sampled grid function vi := upw(xi) for384

i = 0, . . . , n. Then v = {vi}ni=0 satisfies385

(3.19) k∥v∥0,h ≤
√
L

2
(|g0|+ |gL|),

√
Θ |v|1,h ≤

√
L

2
(|g0|+ |gL|).386

Proof. For the L2 bound, we use |vi| ≤ |α|+ |β| and thus ∥v∥20,h = h
∑n−1

i=1 |vi|2 ≤387

L (|α|+ |β|)2. The L2-norm estimate in (3.19) then follows from388

(3.20) |α|+ |β| ≤ |g0|+ |gL|
2k

.389

For the discrete H1 seminorm, we compute for i = 0, . . . , n− 1,390

(∇hv)i =
α(eik(xi+h) − eikxi) + β(e−ik(xi+h) − e−ikxi)

h
.391

Using |eiθ − 1| = 2| sin(θ/2)|, we find that392

|v|21,h = h

n−1∑
i=0

|(∇hv)i|2 ≤ 4 sin2(kh/2)

h2
L (|α|+ |β|)2.393

It follows from (3.20) and the expression Θ(s) = s2/(4 sin2(s/2)) that394

|v|21,h ≤ L

4Θ(kh)
(|g0|+ |gL|)2,395

which is equivalent to the H1-seminorm estimate in (3.19).396

We now prove the main stability theorem stated at the beginning of this section.397
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Proof of Theorem 3.1. Let uh denote the solution to the BPF scheme (2.5) with398

source term f and impedance data g0, gL, and let v be the plane-wave lifting con-399

structed in Lemma 3.8. We deduce from Proposition 2.2 that400

D−
k D

+
k v = 0, (D+

k v)0 = m(kh)g0, (D−
k v)n = m(kh)gL.401

Define the remainder w := uh−v. By linearity of the BPF scheme, w satisfies the BPF402

scheme (3.4) with homogeneous radiation conditions. Applying the triangle inequality403

to uh = w + v and combining the estimate of w from Theorem 3.7 and the estimate404

of v from Lemma 3.8, we conclude (3.2) and (3.3).405

It remains to show the well-posedness. The existence of solution uh is ensured by406

our construction. If f ≡ 0 and g0 = gL = 0, then (3.2)–(3.3) imply uh ≡ 0, so the407

solution is unique. Therefore the full discrete problem admits a unique solution, and408

the proof of Theorem 3.1 is complete.409

4. Consistency and convergence. In this section, we establish the consistency410

of the BPF discretization and derive the corresponding convergence estimates. Let411

u denote the exact solution of (2.1)–(2.2) and let uh = {ui}ni=0 be the discrete BPF412

solution to (2.5). Our goal is to obtain k-explicit second-order bounds for the grid413

error ei := ui − u(xi) in the discrete L2 norm and H1 seminorm.414

4.1. Residual equation and main results. We begin by inserting the exact415

solution into the discrete BPF operator. This gives rise to the interior and boundary416

residuals that govern the error equation. For the interior nodes i = 1, . . . , n − 1, we417

define the interior residual by418

(4.1) τi(u) := −Θ(kh) (∆hu)(xi)− k2u(xi)− f(xi).419

Using the differential equation (2.1), this can be rewritten equivalently as420

(4.2) τi(u) = Θ(kh) (∆hu)(xi)− u′′(xi).421

At the boundary, we define the residuals by422

(4.3) β0(u) :=
1

m(kh)
(D+

k u)0 − g0, βL(u) :=
1

m(kh)
(D−

k u)n − gL.423

Using Proposition A.1 in Appendix A, together with the impedance boundary condi-424

tions in (2.2), we may write them explicitly as425

(4.4)

β0(u) =
k

sin(kh)

(
u(h)− eikhu(0)

)
−

(
u′(0)− iku(0)

)
,

βL(u) =
k

sin(kh)

(
eikhu(L)− u(L− h)

)
−
(
u′(L) + iku(L)

)
.

426

For simplicity, when u is the exact solution to (2.1)–(2.2), we omit the arguments:427

(4.5) τi := τi(u), β0 := β0(u), βL := βL(u).428

With these definitions, the grid error satisfies a discrete residual equation of exactly429

the same form as the BPF scheme.430
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Lemma 4.1 (Error equation). Let u be the exact solution to (2.1)–(2.2), and let431

uh be the discrete BPF solution to (2.5). Then the grid error ei := ui − u(xi) for432

i = 0, . . . , n satisfies433 {
D−

k D
+
k ei = τi, i = 1, . . . , n− 1,

D+
k e0 = m(kh)β0, D−

k en = m(kh)βL,
434

where τi, β0, and βL are given by (4.2)–(4.5).435

We now state the main results of this section. The first theorem provides k-explicit436

bounds for the interior and boundary residuals.437

Theorem 4.2 (Consistency and residual bounds). Assume that f ∈ H3(0, L) ∩438

H2
0 (0, L), and let τ = {τi}n−1

i=1 , β0, and βL be defined by (4.1) and (4.3). Then, for439

any kh /∈ πZ, the residuals satisfy the second-order estimates440

∥τ∥0,h ≤ LΘ(kh)
h2

12
∥f (3)∥L2(0,L),(4.6)441

|β0|+ |βL| ≤ 2
√
LΘ(kh)

∣∣∣∣ sec(kh

2

)∣∣∣∣ h2

6
∥f ′′∥L2(0,L).(4.7)442

443

In particular, for any fixed s0 < π, the constants in (4.6)–(4.7) are uniformly bounded444

with respect to k whenever kh ≤ s0.445

Combining the residual equation with the stability result of Theorem 3.1, we446

obtain the following convergence theorem.447

Theorem 4.3 (Convergence and error estimate). Assume that f ∈ H3(0, L) ∩448

H2
0 (0, L). For s := kh and t := kL, let A0(s, t) be defined by (3.1). Then, for any449

kh /∈ πZ, the grid error eh = {ei}ni=0 satisfies450

k∥eh∥0,h ≤ ΘA0(kh, kL)

(
L
h2

12
∥f (3)∥L2(0,L) +

h2

3
∥f ′′∥L2(0,L)

)
,451

√
Θ |eh|1,h ≤ ΘA0(kh, kL)

(
L
h2

12
∥f (3)∥L2(0,L) +

h2

3
∥f ′′∥L2(0,L)

)
.452

453

In particular, for s0 < π, the method is second-order convergent in ∥ · ∥0,h and | · |1,h,454

with constants uniformly bounded with respect to k whenever kh ≤ s0 and kL ≥ π.455

The remainder of this section is devoted to proving the k-explicit consistency456

estimates stated in Theorem 4.2. As a Taylor expansion of the leading interior and457

boundary consistency terms does not provide a k-uniform control of the remainders,458

we choose a Fourier-based approach inspired by [16]. In the present setting, the459

impedance boundary closures introduce additional difficulties, which are overcome by460

lifting the Helmholtz kernel component.461

4.2. Exact kernel lifting and sine expansion. We begin the proof of Theo-462

rem 4.2. The key observation is that the BPF discretization is exact on the Helmholtz463

kernel span{e±ikx}. This allows us to separate from the exact solution a homogeneous464

oscillatory component that contributes no residual, and to reduce the consistency465

analysis to a zero-trace remainder.466

Lemma 4.4 (Exact kernel lifting). Assume that sin(kL) ̸= 0. Then there exists467

a unique function b ∈ C∞([0, L]) such that468

(4.8) − b′′ − k2b = 0 in (0, L), b(0) = u(0), b(L) = u(L).469
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Moreover, b belongs to span{cos(kx), sin(kx)} = span{e±ikx}.470

Proof. The general solution to the homogeneous Helmholtz equation −b′′−k2b =471

0 is of the form b(x) = A cos(kx)+B sin(kx) with A, B ∈ C. The boundary conditions472

in (4.8) give A = u(0) and A cos(kL)+B sin(kL) = u(L). Since sin(kL) ̸= 0, this sys-473

tem is nonsingular and therefore determines a unique pair (A,B). The representation474

above also shows that b ∈ span{cos(kx), sin(kx)}.475

Remark 4.5 (Resonant wavenumbers). The assumption sin(kL) ̸= 0 is imposed476

only to simplify the derivation. If sin(kL) = 0 (i.e. kL = nπ for some integer n), one477

may apply a limiting procedure. The residual estimates obtained below extend to the478

resonant case sin(kL) = 0 by continuity with respect to k.479

We now define the lifted remainder w := u− b. Since u solves (2.1) and b satisfies480

(4.8), it follows that w(0) = u(0)− b(0) = 0 and w(L) = u(L)− b(L) = 0. Then, the481

lifted remainder w satisfies the Dirichlet problem482

(4.9) − w′′ − k2w = f in (0, L), w(0) = w(L) = 0.483

The relevance of this decomposition is that the kernel part b produces no truncation484

error. Indeed, by Proposition 2.2, the BPF scheme is exact on the plane waves e±ikx485

and hence, by linearity, on the entire space span{e±ikx}. Therefore, τi(b) = 0 for486

i = 1, . . . , n− 1 and β0(b) = 0, βL(b) = 0. The residuals of the exact solution reduce487

to those of the lifted remainder:488

τi(u) = τi(w), i = 1, . . . , n− 1, β0(u) = β0(w), βL(u) = βL(w).489

Since w(0) = w(L) = 0, the boundary residuals (4.4)-(4.5) admit the simplified forms490

β0 = β0(w) =
k

sin(kh)
w(h)− w′(0),(4.10)491

βL = βL(w) =
−k

sin(kh)
w(L− h)− w′(L).(4.11)492

493

Thus, the truncation errors are determined by the zero-trace solution w of (4.9).494

To expand the lifted zero-trace component w in the since basis, we introduce495

(4.12) ϕn(x) :=

√
2

L
sin(ξnx), ξn :=

nπ

L
, n ∈ N.496

Then {ϕn}n≥1 is an orthonormal basis of L2(0, L), and497

(4.13) w(x) =
∑
n≥1

ŵn ϕn(x), ŵn := (w, ϕn)L2(0,L).498

Similarly, since f ∈ L2(0, L), we may write499

f(x) =
∑
n≥1

f̂n ϕn(x), f̂n := (f, ϕn)L2(0,L).500

In the next two subsections, we use the Fourier-based analysis to derive separate501

k-explicit estimates for the interior residual τ and the boundary residuals β0 and βL.502
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4.3. Interior residual estimate. We estimate the interior residual τi(w) by503

adopting a “semi-discrete” viewpoint. For this, we introduce the continuous and504

semi-discrete Helmholtz operators on C2[0, L]:505

(4.14) L := −∂xx − k2, Lh := −Θ(kh)∆h − k2.506

Then the interior truncation error (4.2) can be extended to a pointwise residual,507

(4.15) τh(x) := (Lh − L)w(x), x ∈ (0, L),508

so that, by construction,509

(4.16) τi(w) = τi(u) = τh(xi), i = 1, . . . , n− 1.510

By (4.16), it suffices to analyze the pointwise residual τh(x). We use Fourier511

multiplier analysis. Note that the sine basis diagonalizes the continuous and semi-512

discrete Helmholtz operators. Indeed, from (4.12),513

(4.17) Lϕn = (−ϕ′′
n − k2ϕn) = (ξ2n − k2)ϕn =: λ(ξn)ϕn.514

Moreover, since515

(∆hϕn)(x) = − 4

h2
sin2

(ξnh
2

)
ϕn(x),516

it follows from (4.14) that517

(4.18) Lhϕn =

(
Θ(kh)

4

h2
sin2

(ξnh
2

)
− k2

)
ϕn =: λ̃h(ξn)ϕn.518

Finally, testing the Helmholtz equation (4.9) with ϕn gives the modal relation519

(4.19) λ(ξn) ŵn = f̂n, that is, ŵn =
f̂n

λ(ξn)
, n ≥ 1.520

We begin with the modal representation of τh(x) in the sine basis.521

Lemma 4.6 (Modal representation of the interior residual). Let u be the exact522

solution to (2.1)–(2.2), let b and w = u− b be defined as in Section 4.2, and let τh be523

given by (4.15). Then τh(x) =
∑

n≥1 τ̂h,n ϕn(x), where for n ≥ 1,524

τ̂h,n = Mh(ξn;h, k) f̂n,(4.20)525

Mh(ξ;h, k) :=
λ̃h(ξ)− λ(ξ)

λ(ξ)
=

Θ(kh)
4

h2
sin2

(
ξh
2

)
− ξ2

ξ2 − k2
.(4.21)526

527

Here, λ(ξ) and λ̃h(ξ) are the Fourier symbols of L and Lh defined in (4.17) and528

(4.18), respectively.529

Proof. It follows from definition (4.15) of τh and expansion (4.13) of w that530

τh = (Lh − L)w =
∑
n≥1

ŵn(Lh − L)ϕn =
∑
n≥1

ŵn

(
λ̃h(ξn)− λ(ξn)

)
ϕn,531

where we used (4.17) and (4.18) in the last line. We apply (4.19) to obtain532

τ̂h,n =
(
λ̃h(ξn)− λ(ξn)

)
ŵn =

λ̃h(ξn)− λ(ξn)

λ(ξn)
f̂n,533

which is exactly (4.20)–(4.21).534
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The next lemma gives a k-explicit bound for the multiplier Mh.535

Lemma 4.7 (Uniform bound for the interior multiplier). It holds for all kh /∈ πZ536

and ξ > 0 that537

(4.22) |Mh(ξ;h, k)| ≤ Θ(kh)
h2

12
ξ2.538

Proof. Set A := ξh/2 and B := kh/2. The multiplier (4.21) can be rewritten as539

Mh(ξ;h, k) =
Θ sin2 A−A2

A2 −B2
.540

Introducing the function g(t) := sin2(
√
t)/t for t > 0, we have sin2 A = A2g(A2) and541

sin2 B = B2g(B2). Then, in view of Θ = 1/g(B2) and the mean value theorem,542

|Mh(ξ;h, k)| =
∣∣∣∣A2Θ(kh)

g(A2)− g(B2)

A2 −B2

∣∣∣∣ ≤ A2Θ(kh) sup
t>0

|g′(t)|.543

We refer to the Appendix for a proof that supt>0 |g′(t)| ≤ 1/3. Hence544

|Mh(ξ;h, k)| ≤ A2Θ(kh) · 1
3
= Θ(kh)

h2

12
ξ2,545

which proves (4.22).546

We can now derive the k-explicit bound for the interior residual.547

Theorem 4.8 (Interior residual estimate). Assume that f ∈ H3(0, L)∩H2
0 (0, L).548

Then the interior residual τ = {τi}n−1
i=1 satisfies549

(4.23) ∥τ∥0,h ≤ LΘ(kh)
h2

12
∥f (3)∥L2(0,L),550

so the interior part of Theorem 4.2 follows. Moreover, under the fixed-resolution551

condition kh ≤ s0 < π, the constant in (4.23) is uniformly bounded with respect to k.552

Proof. We know from Lemma 4.6 that τh(x) =
∑

n≥1 Mh(ξn;h, k) f̂n ϕn(x). Using553

|ϕn(x)| ≤
√

2/L and the Cauchy–Schwarz inequality, we obtain554

|τh(x)| ≤
√

2

L

∑
n≥1

|Mh(ξn;h, k)| |f̂n|555

≤
√

2

L

(∑
n≥1

|Mh(ξn;h, k)|2 ξ−6
n

)1/2(∑
n≥1

ξ6n|f̂n|2
)1/2

.556

557

By Lemma 4.7,558 ∑
n≥1

|Mh(ξn;h, k)|2 ξ−6
n ≤ Θ(kh)2

h4

144

∑
n≥1

ξ−2
n .559

Since ξn = nπ/L,560

(4.24)
∑
n≥1

ξ−2
n =

L2

π2

∑
n≥1

1

n2
=

L2

6
.561
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Because of f ∈ H3(0, L) ∩ H2
0 (0, L), Parseval’s identity for the sine basis gives562 ∑

n≥1 ξ
6
n|f̂n|2 = ∥f (3)∥2L2(0,L). Combining these estimates, we find that563

|τh(x)| ≤
√

2

L

Θ(kh)h2

12

(
L2

6

)1/2

∥f (3)∥L2(0,L) =

√
L

3

Θ(kh)h2

12
∥f (3)∥L2(0,L).564

Finally, using (4.16),565

∥τ∥0,h =

(
h

n−1∑
i=1

|τh(xi)|2
)1/2

≤
√
L ∥τh∥L∞(0,L) ≤

LΘ(kh)

12
√
3

h2 ∥f (3)∥L2(0,L).566

567

This proves (4.23).568

4.4. Boundary residual estimate. We turn to the boundary residuals β0, βL,569

which are defined in (4.4)–(4.5). We first derive their modal representation.570

Lemma 4.9 (Modal representation of the boundary residuals). Let u be the exact571

solution to (2.1)–(2.2), let w = u− b, where b is defined in Lemma 4.4, and let β0, βL572

be defined by (4.10)–(4.11). Then573

β0 =
∑
n≥1

Bh(ξn;h, k) f̂n, βL =
∑
n≥1

(−1)nBh(ξn;h, k) f̂n, where574

Bh(ξ;h, k) =

√
2

L

h

sin(kh)

kh sin(ξh)− ξh sin(kh)

(ξh)2 − (kh)2
.(4.25)575

576

Proof. We infer from expansion (4.13) of w in the sine basis that577

w′(0) =
∑
n≥1

√
2

L
ξn ŵn, w(h) =

∑
n≥1

√
2

L
sin(ξnh) ŵn.578

Since (4.19) gives (ξ2n − k2)ŵn = f̂n, we deduce from (4.10) that579

β0 =
∑
n≥1

√
2

L

(
k

sin(kh)
sin(ξnh)− ξn

)
ŵn580

=
∑
n≥1

√
2

L

k
sin(kh) sin(ξnh)− ξn

ξ2n − k2
f̂n =

∑
n≥1

Bh(ξn;h, k) f̂n.581

582

For the right endpoint, we use sin(ξnL) = 0 and cos(ξnL) = (−1)n to write583

w′(L) =
∑
n≥1

√
2

L
(−1)nξn ŵn,584

w(L− h) =
∑
n≥1

√
2

L
sin

(
ξn(L− h)

)
ŵn = −

∑
n≥1

√
2

L
(−1)n sin(ξnh) ŵn,585

586

where we have used sin(a − b) = sin(a) cos(b) − cos(a) sin(b) in the last equality.587

Substituting into (4.11), we obtain588

βL =
∑
n≥1

√
2

L
(−1)n

( k

sin(kh)
sin(ξnh)− ξn

)
ŵn =

∑
n≥1

(−1)n Bh(ξn;h, k) f̂n,589

which finishes the proof.590
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The next lemma gives a k-explicit bound for the boundary multiplier.591

Lemma 4.10 (Uniform bound for the boundary multiplier). It holds for all kh /∈592

πZ and ξ > 0 that593

|Bh(ξ;h, k)| ≤
√

2Θ(kh)

L

ξh2

6

∣∣∣ sec(kh
2

)∣∣∣.594

Proof. Starting from (4.25), we rewrite Bh as595

Bh(ξ;h, k) =

√
2

L

hAB

sinB

h(A2)− h(B2)

A2 −B2
, A := ξh, B := kh,596

where h(t) := sin(
√
t)/

√
t for t > 0. We apply the mean-value theorem and the bound597

supt>0 |h′(t)| ≤ 1/6 from Lemma A.2 in the Appendix:598

|Bh(ξ;h, k)| ≤
√

2

L

hAB

| sinB|
sup
t>0

|h′(t)| ≤
√

2

L

ξh2

6

kh

| sin(kh)|
599

=

√
2

L

ξh2

6

√
Θ(kh)

∣∣∣ sec(kh
2

)∣∣∣.600
601

This ends the proof.602

We can now estimate the boundary residuals.603

Theorem 4.11 (Boundary residual estimate). Assume that f ∈ H2
0 (0, L). Then604

(4.26) |β0|+ |βL| ≤ 2
√
LΘ(kh)

∣∣∣ sec(kh
2

)∣∣∣ h2

6
∥f ′′∥L2(0,L),605

so the boundary part of Theorem 4.2 follows. Moreover, under the fixed-resolution606

condition kh ≤ s0 < π, the constant in (4.26) is uniformly bounded with respect to k.607

Proof. We conclude from Lemma 4.9 and the Cauchy–Schwarz inequality that608

|β0| =
∣∣∣∣∑
n≥1

Bh(ξn;h, k) f̂n

∣∣∣∣ ≤ (∑
n≥1

|Bh(ξn;h, k)|2 ξ−4
n

)1/2(∑
n≥1

ξ4n|f̂n|2
)1/2

.609

It follows from Lemma 4.10 and (4.24) that610

∑
n≥1

|Bh(ξn;h, k)|2 ξ−4
n ≤ 2Θ

L
sec2

(kh
2

) h4

36

∑
n≥1

ξ−2
n =

LΘ

3
sec2

(kh
2

) h4

36
.611

Moreover, because of f ∈ H2
0 (0, L), Parseval’s identity for the sine basis yields612 ∑

n≥1 ξ
4
n|f̂n|2 = ∥f ′′∥2L2(0,L). Combining these estimates, we obtain613

(4.27) |β0| ≤
(
LΘ

3
sec2

(kh
2

) h4

36

)1/2

∥f ′′∥L2(0,L).614

For the right endpoint, Lemma 4.9 shows that |B̃h(ξn;h, k)| = |Bh(ξn;h, k)| and615

thus, the same argument yields the same bound as in (4.27). Finally, summing the616

estimates of β0 and βL leads to (4.26).617
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5. Numerical Experiment. In this section, we present numerical experiments618

for the proposed BPF scheme. The first two tests are designed to validate the theoret-619

ical analysis. We then test the robustness of the BPF scheme in terms of nonsmooth620

sources. Finally, we compare various numerical methods.621

We consider the relative L∞- and V -errors, defined by, respectively,622

∥e∥L∞ =
∥u− uh∥L∞

∥u∥L∞
, ∥e∥V =

∥u− uh∥V
∥u∥V

,623

where ∥u∥2V = k2∥u∥20,h + |u|21,h, and u is the reference solution.624

5.1. Exact resolution of a 1D plane wave. As shown in Section 2.4, the625

BPF scheme exactly reproduces plane-wave solutions. To illustrate this property, we626

consider the exact u(x) = 2eikx + e−ikx over the interval (0, 1). The corresponding627

impedance are g0 = u′(0) − iku(0) = −2ik and g1 = u′(1) + iku(1) = 4ikeik. We628

choose the wavenumber k = 27 and the coarse mesh size h = 2−3. With this setup,629

the computed solution agrees with the sampled exact solution up to machine precision;630

more precisely, the absolute L∞-error is 2.91 × 10−15. In Figure 1, we plot the real631

and imaginary parts of the exact and numerical solutions. The figure shows that the632

BPF scheme reproduces the plane wave accurately even on a very coarse mesh.

0 0.2 0.4 0.6 0.8 1

-3

-2

0

2

3

0 0.2 0.4 0.6 0.8 1
-1.5

-1

-0.5

0

0.5

1

1.5

Fig. 1. Comparison between the reference solution and the numerical solution for the plane-
wave test on a coarse mesh.

633

5.2. A smooth manufactured-solution test. To directly validate the con-634

vergence estimate of Theorem 4.3, we consider the smooth manufactured solution635

u(x) = eikx + r(x), r(x) := x4(1 − x)4 for x ∈ (0, 1). The source term is defined by636

f(x) = r′′(x) + k2r(x) or, more explicitly,637

f(x) = 12x2(1− x)4 − 32x3(1− x)3 + 12x4(1− x)2 + k2x4(1− x)4.638639

The impedance boundary data are taken from the exact solution:640

g0 = u′(0)− iku(0) = 0, g1 = u′(1) + iku(1) = 2ikeik.641

Taking into account that r has fourth-order zeros at both endpoints, it follows that642

f(0) = f(1) = f ′(0) = f ′(1) = 0, so this example is consistent with our regularity643

assumptions . Moreover, it holds that ∥f (α)∥2 ≲ k2 for α = 2, 3.644

We report the relative L∞- and V -errors as the mesh is refined with h = 3−9, . . . ,645

3−5. Because the V -norm of the exact solution does not depend on h when k is fixed,646

the relative V -norm error is the same as the absolute energy error when assessing647

the convergence rate in relation to h. Figure 2 shows that the BPF solution exhibits648

second-order convergence under mesh refinement, in agreement with Theorem 4.3.649
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Fig. 2. Results for the smooth-source test: convergence with respect to h in the relative V -norm
(left) and the relative L∞-norm (right).

5.3. A nonsmooth-source test. We consider a nonsmooth source term to il-650

lustrate the robustness of the BPF scheme beyond the regularity assumptions required651

in Theorem 4.3. We take fx) = 50 for |x − 0.5| ≤ 1/9 and f(x) = 0 else, together652

with the nonhomogeneous impedance boundary condition653

(5.1) u′(0)− iku(0) = 2, u′(1) + iku(1) = i.654

Since an exact solution is not available, we compute a reference solution on the fine655

mesh h = 3−12. This example does not satisfy the smoothness assumptions of the656

theoretical analysis. We choose h = 3−10 . . . , 3−5. As shown in Figure 3, the BPF657

scheme still exhibits an approximately second-order convergence trend with respect658

to h in the relative V - and L∞-norms, despite the low regularity of the source term.

-5 -4 -3 -2

-6

-4

-2

0

-5 -4 -3 -2

-6

-4

-2

0

Fig. 3. Results for the nonsmooth-source test: convergence with respect to h in the relative
V -norm (left) and the relative L∞-norm (right)

659

5.4. Fixed-resolution behavior. The resolution condition plays a fundamen-660

tal role in the numerical simulation of highly oscillatory Helmholtz problems. In661

particular, it is closely related to pollution effects and on the number of grid points662

per wavelength. We therefore examine the behavior of the BPF scheme for varying663

values of k and h, and compare it with the classical finite difference (FD) method and664

the dispersion-corrected FD method [7].665

We consider the problem with source term f(x) = sin2(πx), together with the666

impedance boundary condition (5.1). Then f ∈ H3(0, L) ∩ H2
0 (0, L) satisfies the667
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assumption of Theorem 4.3. The reference solution is computed on the fine mesh h =668

2−18. For the present benchmark, the numerical data indicate that ∥u∥L∞ and ∥u∥L2669

scale like k−1, whereas the discrete energy norm ∥u∥V is nearly independent of k.670

We therefore use the relative V -norm error as the main quantity. For the comparison671

plots, we instead use the relative L∞-error, which provides a direct pointwise measure672

of accuracy and gives a clear visual comparison between the three methods.673

Table 1 reports the relative V -norm error of the BPF scheme for different values674

of k and h. The table contains two types of information. Along each row, the error675

decreases by approximately a factor of four when h is halved, indicating a second-676

order convergence trend for fixed k. Along each parallel diagonal, the quantity kh677

is fixed, or equivalently, the number of grid points per wavelength PPW = 2π/(kh)678

is fixed. Along these diagonals, the error decreases steadily as k increases, which679

confirms the O(k−2) decay predicted by the second-order convergence estimate under680

fixed resolution. In the present example, the observed decay is in fact empirically681

faster than this theoretical rate. The table also contains values outside the principal682

Nyquist regime 0 < kh < π; these are still covered by the general theory, since the683

main estimates hold for all kh /∈ πZ. For example, when k = 210 and h = 2−5, so684

that kh = 32, the relative V -norm error is still only 4.08× 10−5 in this benchmark.685

Table 1
Relative V -norm error of the BPF scheme for different values of k and h. Parallel diagonals

correspond to fixed values of kh, or equivalently, fixed numbers of grid points per wavelength.

k
h

2−5 2−6 2−7 2−8 2−9 2−10

25 4.18e-05 1.01e-05 2.52e-06 6.27e-07 1.56e-07 3.85e-08
26 2.29e-05 5.05e-06 1.22e-06 2.96e-07 6.82e-08 1.81e-08
27 2.48e-05 2.86e-06 6.26e-07 1.49e-07 3.41e-08 9.85e-09
28 2.10e-05 3.00e-06 3.64e-07 8.45e-08 2.58e-08 1.31e-08
29 6.16e-06 2.55e-06 3.76e-07 4.36e-08 8.83e-09 2.24e-09
210 4.08e-05 7.51e-07 3.16e-07 4.64e-08 5.08e-09 1.24e-09

When the classical finite difference (FD) method is used, increasingly fine meshes686

are required for large wavenumbers because of the well-known dispersion pollution ef-687

fect. A dispersion-corrected FD method was proposed in [7] to alleviate this difficulty;688

in that approach, the error is primarily governed by the quantity kh, so that reasonable689

accuracy may still be obtained when the resolution is chosen appropriately. Figure 4690

provides a direct visual comparison of the three methods, all evaluated at fixed values691

of kh. It shows that the classical FD error deteriorates rapidly as k increases, while the692

dispersion-corrected FD method improves this behavior but still remains significantly693

less accurate than the BPF method over the tested parameter range. By contrast, the694

BPF scheme consistently produces the smallest errors, confirming its clear advantage695

in this benchmark. As in the relative V -norm data, the relative L∞-error also shows696

an empirically faster decay than the O(k−2) behavior guaranteed by our theory, with697

an apparent rate close to third order in this benchmark.698

6. Conclusion and outlook. In this paper, we introduced a Bernoulli phase-699

fitted scheme for the one-dimensional Helmholtz equation with impedance boundary700

conditions. The scheme is derived from a complexified Scharfetter–Gummel discretiza-701

tion of the one-way factorization of the Helmholtz operator. For the homogeneous702

problem, the scheme reproduces the sampled plane-wave solutions exactly, both in703
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Fig. 4. Relative L∞-error versus k for the classical FD method (left), dispersion-corrected FD
method (middle), and BPF scheme evaluated at fixed values of kh (right).

the interior and at the discrete impedance boundary closures. For the inhomoge-704

neous problem, we established well-posedness, derived wavenumber-explicit stability705

estimates, and proved second-order consistency and convergence. These results hold706

more generally for kh /∈ πZ, and in particular yield a pollution-free convergence theory707

for fixed resolution within the principal Nyquist regime. The numerical experiments708

demonstrate the favorable fixed-resolution behavior of the BPF scheme in comparison709

with standard and dispersion-corrected finite difference methods.710

A natural next step is the extension of the present factorization-based framework711

to multidimensional and higher-order discretizations. We found that the factorized712

5-point discretization reproduces the tested two-dimensional plane-wave data very713

accurately. A detailed analysis is deferred to future work.714

Appendix A. Auxiliary results. We prove some results used in this paper.715

Proposition A.1. For i ∈ Ih, the interior scheme in (2.5) can be written as716

D−
k D

+
k ui = Θ(kh)

ui+1 − 2ui + ui−1

h2
+ k2ui,717

and the boundary conditions in (2.5) are equivalent to718

(A.1)

1

m(kh)
D+

k u0 =
k

sin(kh)

(
u1 − eikh u0

)
,

1

m(kh)
D−

k un =
k

sin(kh)

(
eikhun − un−1

)
,

719

where m(s) = e−is/2 cos(s/2) for s > 0.720

Proof. A direct calculation shows that721

(A.2)
D−

k D
+
k ui =

1

h

(
B(ikh)D−

k ui+1 −B(−ikh)D−
k ui

)
=

1

h2

(
Θ(kh)ui+1 −

(
B2(ikh) +B2(−ikh)

)
ui +Θ(kh)ui−1

)722

We deduce from (2.4) that723

B2(ikh) +B2(−ikh) =
(
B(ikh)−B(−ikh)

)2
+ 2B(ikh)B(−ikh)724

= −k2h2 + 2Θ(kh).725726
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A substitution into (A.2) leads to the interior formula. For the boundary condition,727

we apply identity (2.4) again to find that728

(A.3) D+
k u0 =

1

h

(
B(ikh)u1 −B(−ikh)u0

)
=

B(ikh)

h

(
u1 − eikh u0

)
.729

It follows from the definition of m(s) and 2 sin(s/2) cos(s/2) = sin(s) that730

(A.4) B(is) =
is

eis − 1
=

se−is/2

2 sin(s/2)
, so

B(is)

m(s)
=

s

sin(s)
.731

Using this identity into (A.3) leads to the first formula in (A.1). The second formula732

in (A.1) can be derived similarly.733

Lemma A.2. Let g(t) := sin2(
√
t)/t and h(t) :=

√
g(t) = sin(

√
t)/

√
t for t > 0.734

Then g, h ∈ C1(0,∞) and735

(A.5) sup
t>0

|g′(t)| ≤ 1

3
, sup

t>0
|h′(t)| ≤ 1

6
.736

Proof. We first estimate h′(t). For t > 0, write t = s2 with s > 0. Then737

h′(t) =
1

2s

d

ds

( sin s
s

)
=

s cos s− sin s

2s3
,738

and the identity sin s− s cos s =
∫ s

0
r sin r dr yields the estimate739

|h′(t)| ≤ 1

2s3

∫ s

0

r| sin r| dr ≤ 1

2s3

∫ s

0

r2 dr =
1

2s3
· s

3

3
=

1

6
.740

Finally, since h(t) ≤ 1, we have |g′(t)| ≤ 2h(t) |h′(t)| ≤ 1/3. This proves (A.5).741
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[21] F. Ihlenburg and I. Babuška, Finite element solution of the Helmholtz equation with high798
wave number. Part I: The h-version of the FEM, Comput. Math. Appl., 30 (1995), pp. 9–799
37.800
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