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Linearization and discretization B NumPPDl=s
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Linearization + AFEM NumPDIzs
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First linearize, then discretize

Update Linearization

® Adaptive Uzawa: [Binsch, Morin, Nochetto, 2002], [Kondratyuk, Stevenson, 2008], [Kreuzer, 2012], [Di
Fratta, Fiihrer, Gantner, Praetorius, 2019, ...

@ FEM-BEM coupling: [Fiihrer, Praetorius, 2018], ...
® Adaptive LSFEM: [Bertrand, Brodbeck, Ricken, Schneider, 2025], [Bringmann, Praetorius, 2025], ...
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AFEM + linearization B NumPEs

ye

. . . no
Update Linearization

® AFEM + iterative solver: [Stevenson, 2007], [Carstensen, Gedicke, 2012], [Daniel, Ern, Vohralik, 2020],
[Gantner, Haberl, Praetorius, Schimanko, 2021], ...

® Newton’s method: [El Alaoui, Ern, Vohralik, 2011], [Ern, Vohralik, 2013], [Amrein, Wihler, 2015], [Heid
2023, ...

@ Katanov FPI: [Garau, Morin, Zuppa, 2011], [Diening, Fornasier, Tomasi, Wank, 2020], [Balci, Diening,
Storn, 2023], [Miragi, Praetorius, Streitberger, 2025], ...

@ Zarantonello FPI: [Congreve, Wihler, 2017], [Gantner, Haberl, Praetorius, Stiftner, 2018], [Haberl,
Praetorius, Schimanko, Vohralik, 2021], [Becker, Brunner, Innerberger, Melenk, Praetorius, 2022], . ..

® Adaptive iteratively linearized FEM: [Heid, Wihler, 2020], [Heid, Praetorius, Wihler, 2021], [Bringmann,
Feischl, Miragi, Praetorius, Streitberger, 2025], ...
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First discretize, then linearize

N
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Semilinear model problem B NumPDIs
Q) C R? bounded, polygonal, Lipschitz beR? feL?)

Find u* € H}(2) such that for all v € H}(Q)

(A(u*),v) = (Vu*, VU)B(Q) +(b- VU*vv)LZ(Q) + (c(u*),v )L?(Q (fsv)r2() = (F,v)

Let ¢ € CNV(R) satisfy
Monotonicity V€ e R (§) >0

Growth condition 3N e N IR>0 VéeR  |cM)(&)| <R

Ej
Ej
Ej
P
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Abstract Browder—Minty setting B NumPDIs

X Hilbert space with norm ||| - ||| X' topological dual with pairing (-,-)  F e X’

Find u* € X such that for all v € X (A(u*),v) = (F,v)

Let A: X — X’ satisfy
(N1) Strong monotonicity Ja >0 Yo,w € X alllv — wl||? < (A(w) — A(w),v — w)
(N2) Local Lipschitz continuity V9 >0 JL[Y] > 0 Vv, w € X with |||v]]], [Jw]|| < ¥

[A(v) = A(w) |2 < L][flo — wl|

&
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Conforming discretization & NumlPI:s

Admissible initial triangulation 7y and NVB generate the family of conforming triangulations T

Xy C X finite-dimensional subspace associated with 7y € T

Find u}; € Xy such that for all vy € Xy (A(uyy),ve) = (F,vgH)
Uniform bound |[[u*[||, [|lu} ]| < Bo = ||[F — A(0)||x+ /e

LB
Bol i — vl
« vy EXY

Céa-type estimate ||u* — u}]| <

E|
B
Ej
Ej
Ej
P
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B NumPDE:s

Adaptive iteratively linearized FEM
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Axioms of adaptivity B NumPDIs
ni: T % X = Rso (U, vn)? = Yreyy, nu(Toon)* nu(vn) = nu(Ti, vn)

Let any 7T € T and any refinement T;, € T(Ty) satisfy
(A1) Stability 3Cstap, >0 YUy C TN Ty Yvg € Xy Vv, € X
[nn (U, vn) — na (Ui, va)| < Cseap |Jvn — v
(A2) Reduction 30 < qreq <1 Yoy € Xy 9a(Ta \ Ta,va) < Greanu(Ta \ ThyvH)
(A3) Discrete reliability 3C4,e) > 0 llup, — willl < Cavana (Ta \ Thy uly)

Let any nested sequence Xy C &)1, for all £ € Ny satisfy
(A4) Quasi-orthogonality V0 < & <1 FCopn(e) >0 V4,n e N

l+n
22 [l = winll? = enmm(u,)?] < Corn(e) ne(up)?

m=~{

(uig) [}

)
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Axioms of adaptivity B NumPDIs
ni: T % X = Rso (U, vn)? = Yreyy, nu(Toon)* nu(vn) = nu(Ti, vn)

Let any 7T € T and any refinement T;, € T(Ty) satisfy

(A1) Stability V9 > 0 ICsan[9] > 0 YUz C TN Ta Vom € Xg Vo, € X

lonlll Mozl < 0 = o Us, vn) = n U, vi)] < Cstan[V] [lon — vall
(A2) Reduction 30 < grea <1 Yog € X 9a(Ta \ Tasvm) < qreana (T \ Thyvm)
(A3) Discrete reliability 3Cg.¢ > 0 llup, — willl < Cavana (Ta \ Thy uly)

Let any nested sequence Xy C &)1, for all £ € Ny satisfy
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l+n
22 [l = winll? = enmm(u,)?] < Corn(e) ne(up)?

m=~{

(uig) [}
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Quasi-orthogonality by energy (b = 0) B NumPDIs

If b =0, then there exists a potential P: X — R such that for all u,v € X

(A), v) = (AP (), v) = lim D2F50) = Pu)

s—0 S

The energy £ := P — F satisfies for Xy C &),

L[Bo]
2

(0%
Sk, — wigll* < Eufy) — Eu) < M, = I

= Quasi-orthogonality (A4) follows directly from a telescoping sum of energy differences

l+n {+n

« * *

S My = el < D7 () = Eupn)] = E@7) = E(uf i)
m=/{ m=F
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Quasi-orthogonality by compact perturbation (b # 0)@ NumPDIs
ul, € X = closure(U,2y Xr)
Quasi-Pythagoras V0 < p <1 3y e N VL > {y
1
1+p

1
lluse = ugll® < luge = ug o I + Mgy —uill® < lluse = wuzlli?

S1-,

= Quasi-orthogonality (A4) follows for p = £/(c + C%.;) and £ > {;

l+n l+n
7 Mllrser = wrlli® = emm ()] <Y [luse = wrlli® = lube = whia 7] < llude = wZI?

m={ m={
Ei
Ei
Ej
Ej
Ej
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https://arxiv.org/abs/2512.19357

Iterative linearization B NumPDI:s
Dp(0;-): Xy — Xy with damping parameter § > 0
D: X x X — Rxg such as D(v,w) = |[|v — wl|| or D(v,w) = |E(w) — E(v)|/?
Uniform contraction 36y >0 V0 < d < dg 0 < g <1 Yog € Xy
D(uyy, Pu(0;vm)) < ¢D(ufy,vm)

Linearization error estimate Sequence of iterates u%, := @H(é;u’;fl) for k € N satisfies
l—¢ k E o k=1 k—1
q Q(UFDUH) S@(UH,UH ) < (1+Q) Q(UFDU’H )
Examples
® Zarantonello fixed-point iteration
8 Kacanov fixed-point iteration

8 damped Newton's method
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Adaptive algorithm with inexact solver & NumlPI:s

Input: Initial mesh Ty, bulk param. 0 < 6 < 1, stopping param. A > 0, initial iterate u8 =0
For all £=0,1,2,...
Solve & Estimate: Forall k=1,23,...
Compute one step u’g = Py(J; uf‘l) and (T, u’;) forall T €7,
If D (uf,uy ") < Ane(uf) then terminate k-loop with k[f] := k
Mark minimal number of simplices M, C 7, with Hw(ufy < ’I]f(M[@,’U%)Q
Refine 7; by newest-vertex bisection such that My, C Ty \ Ty11

Set 10, = u¥ (nested iteration
041 1

Output: Sequence of meshes 7; and corresponding discrete approximations u’g
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P. Bringmann Newton AILFEM



Newton’s method B NumPEs

Update direction pf € A} solves for all v, € Xy (dA[ulZ_l]pf,w) = (F — A(ulg_l), vg)
(Damped) Newton’s iteration ®,(d; uf‘l) = u’Z’l + 0pk

Let the derivative dA: X — L(X, X’) satisfy

(N3) Uniform ellipticity 338 >0 Vo,w € X Blllwl? < (dA[v)w, w)

(N4) Local Lipschitz continuity V¢ >0 IM[J] > 0 Vv, w € X with ||[o]], |w]l| < ¥

[dA[v] — dA[w]l g, 2y < M[D] [[[o — wl]
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Global convergence of Newton’s method & NumlPI:s

Linearization error estimate V9 > 0 Vv, € &y with [||luj|||, |[|velll < ¥
allug —velll < |F = Alve) gy < L[9] fllug — vell
Newton—Mysovskich analysis 3Cy = Cola, B, L, M,Bg] >0 V0 <6 <1
|F = A=+ 8pf)ly < |16+ Coll F = Al ™)Ly 0] IF = AGuf ™),

Consequences
® use computable residual D(uj, v¢) := [|F' — A(ve)|| x; to measure linearization error

® enables adaptive choice of § by successive reduction and testing for contraction

&
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Newton-based adaptive iteratively linearized FEM B NumPDIs
Input: 75, 0 < 0 <1, A >0, u) =0, minimal Newton steps kmin € No, dmin = 1/2

For all £=0,1,2,...

Solve & Estimate: Forall k=1,2,3,...

Compute pf € Xy by (dA[uf ™k, ve) = (F — A(ub™), vp) for all v € Ay, § =1
While || — A(ul ™"+ 6p8) | v £ (16200 /2)|[F — A(ul ™),

I Reduce ¢ := §/2 and set dyin = min{d, dmin

Update u} == uf_l + 0p% and compute 7, (T,uf) for all T € Ty

If £ > kpin & [|[F — A(u’g)HXé < Ane(uf) then terminate k-loop with k[¢] = k

Mark + Refine + Nested iteration

=1
Output: 7;, uf ordered by the step counter |(,k| == Y k[{'] +k
=0
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B NumPDE:s

Convergence analysis
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Newton'’s iteration under mesh refinement B NumPPDl=s

Guaranteed reduction 30 < §g < Jpin With 79 :=1 — 63’/2/2 <1 V¢ <Ny Vk <E[(

k k—1
|1 F = A(wg) | xy < 7o [[F = Aluy ™)l
Guaranteed quadratic convergence Cy ||F — A(ulg_l)HXé <rgp = 6 =1 is accepted

Number of Newton steps Given 0 < g < 1 with cg == 2(1 — @), let kmin € Ny satisfy

Li(1 B .
qO — [( +aco) 0] ,,,gmln < q < 1

Contraction of residual V¢ € Ng VEk > knin

k * *
IF — A(up)lla < qoll F = Alug_y)llaz_ | + LI+ co)Bo] [llug — uj_y|]
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Convergence results & NumlPI:s
Quasi-error [[u* — uf|l| S HE = | F — A(uf) |l x; + ne(uy)

Theorem (full R-linear convergence)

V0 < <1 VA>O0 (both arbitrary) 30 < giin < 1 V|€o,0| < |, K'| < |4, K|

K| =18 K| gk
HE < g™ HE
Theorem (optimal convergence rates)

V0 < 0 < 6* V0 < XA < A" (both sufficiently small)

T
o (S dima ) HE = mec s (V407 i 0,
|e/ k| <|6,k| NeNo Topt €T

(€,k)
>0 #Topt <N
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B NumPDE:s

Numerical experiment
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Semilinear PDE with convection B NumPPDl=s
L-shape 2 := (—=1,1)2\ [0,1)>  —Au* —5001u* + Z 40“ =2  wpa=0

T
1| |

k
Uy € 8§(Tz0) 1 0 1

#=0.3 A=0.1 kmin = 1 Mesh T (5248 triangles)

P. Bringmann 17/20



Semilinear PDE with convection B NumPPDl=s

TTTTT T T T T T T T T T T
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uniform (# =1) -o0- -4A- -a- -0

adaptive (6 =0.3) —e— —A— = 0
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Semilinear PDE with convection B NumPPDl=s
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Conclusion B NumPEs

Newton-based adaptive iteratively linearized FEM

full R-linear convergence of quasi-error for rough initial guess

optimal convergence rates with respect to idealized computational cost

® no existence of energy required

robust damping strategy

» fully computable adaptive choice of damping parameter
> quadratic convergence asymptotically guaranteed
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Thank you for your attention!
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