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Linearization and discretization

A(u⋆) = F dA′(u)ρ = F −A(u)

A(u⋆H) = F dA′(uH)ρH = F −A(uH)

Lin.

Lin.

Disc. Disc.

� El Alaoui, Ern, Vohraĺık: Comput. Methods Appl. Mech. Engrg., 200 (2011)

� Deuflhard, Weiser: De Gruyter Studium (2020)
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Linearization + AFEM

First linearize, then discretize

Solve Estimate Accept?

MarkRefine

Update Linearization

no

yes

␣ Adaptive Uzawa: [Bänsch, Morin, Nochetto, 2002], [Kondratyuk, Stevenson, 2008], [Kreuzer, 2012], [Di
Fratta, Führer, Gantner, Praetorius, 2019], . . .

␣ FEM-BEM coupling: [Führer, Praetorius, 2018], . . .

␣ Adaptive LSFEM: [Bertrand, Brodbeck, Ricken, Schneider, 2025], [Bringmann, Praetorius, 2025], . . .
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AFEM + linearization

First discretize, then linearize

Solve Estimate Accept?

Refine

Update Linearization

Mark

yes

no

␣ AFEM + iterative solver: [Stevenson, 2007], [Carstensen, Gedicke, 2012], [Daniel, Ern, Vohraĺık, 2020],
[Gantner, Haberl, Praetorius, Schimanko, 2021], . . .

␣ Newton’s method: [El Alaoui, Ern, Vohraĺık, 2011], [Ern, Vohraĺık, 2013], [Amrein, Wihler, 2015], [Heid
2023], . . .

␣ Kačanov FPI: [Garau, Morin, Zuppa, 2011], [Diening, Fornasier, Tomasi, Wank, 2020], [Balci, Diening,
Storn, 2023], [Miraçi, Praetorius, Streitberger, 2025], . . .

␣ Zarantonello FPI: [Congreve, Wihler, 2017], [Gantner, Haberl, Praetorius, Stiftner, 2018], [Haberl,
Praetorius, Schimanko, Vohraĺık, 2021], [Becker, Brunner, Innerberger, Melenk, Praetorius, 2022], . . .

␣ Adaptive iteratively linearized FEM: [Heid, Wihler, 2020], [Heid, Praetorius, Wihler, 2021], [Bringmann,
Feischl, Miraçi, Praetorius, Streitberger, 2025], . . .
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Semilinear model problem

Ω ⊂ R2 bounded, polygonal, Lipschitz b ∈ R2 f ∈ L2(Ω)

Find u⋆ ∈ H1
0 (Ω) such that for all v ∈ H1

0 (Ω)

⟨A(u⋆), v⟩ := (∇u⋆,∇v)L2(Ω) + (b · ∇u⋆, v)L2(Ω) + (c(u⋆), v)L2(Ω) = (f, v)L2(Ω) =: ⟨F, v⟩

Let c ∈ CN (R) satisfy

Monotonicity ∀ξ ∈ R c′(ξ) ≥ 0

Growth condition ∃N ∈ N ∃R > 0 ∀ξ ∈ R |c(N)(ξ)| ≤ R

� Becker, Brunner, Innerberger, Melenk, Praetorius: Comput. Math. Appl., 118 (2022)

� Becker, Brunner, Innerberger, Melenk, Praetorius: ESAIM Math. Model. Numer. Anal., 57 (2023)

� Brunner, Praetorius, Streitberger: Numer. Math., 157 (2025)
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Abstract Browder–Minty setting

X Hilbert space with norm ||| · ||| X ′ topological dual with pairing ⟨·, ·⟩ F ∈ X ′

Find u⋆ ∈ X such that for all v ∈ X ⟨A(u⋆), v⟩ = ⟨F, v⟩

Let A : X → X ′ satisfy

(N1) Strong monotonicity ∃α > 0 ∀v, w ∈ X α|||v − w|||2 ≤ ⟨A(v)−A(w), v − w⟩

(N2) Local Lipschitz continuity ∀ϑ > 0 ∃L[ϑ] > 0 ∀v, w ∈ X with |||v|||, |||w||| ≤ ϑ

∥A(v)−A(w)∥X ′ ≤ L[ϑ]|||v − w|||

� Zeidler: (1990)
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Conforming discretization

Admissible initial triangulation T0 and NVB generate the family of conforming triangulations T

XH ⊂ X finite-dimensional subspace associated with TH ∈ T

Find u⋆H ∈ XH such that for all vH ∈ XH ⟨A(u⋆H), vH⟩ = ⟨F, vH⟩

Uniform bound |||u⋆|||, |||u⋆H ||| ≤ B0 := ∥F −A(0)∥X′
/
α

Céa-type estimate |||u⋆ − u⋆H ||| ≤ L[B0]

α
min

vH∈XH

|||u⋆ − vH |||

� Maubach: SIAM J. Sci. Comput., 16 (1995)

� Traxler: Computing, 59 (1997)

� Stevenson: Math. Comp., 77 (2008)

� Karkulik, Pavlicek, Praetorius: Constr. Approx., 38 (2013)

� Diening, Gehring, Storn: Found. Comput. Math. (2025)

P. Bringmann 6/20



Adaptive iteratively linearized FEM

P. Bringmann Newton AILFEM



Axioms of adaptivity

ηH : TH ×XH → R≥0 ηH(UH , vH)2 :=
∑

T∈UH
ηH(T, vH)2 ηH(vH) := ηH(TH , vH)

Let any TH ∈ T and any refinement Th ∈ T(TH) satisfy

(A1) Stability ∃Cstab > 0 ∀UH ⊆ Th ∩ TH ∀vH ∈ XH ∀vh ∈ Xh

|ηh(UH , vh)− ηH(UH , vH)| ≤ Cstab |||vh − vH |||
(A2) Reduction ∃0 < qred < 1 ∀vH ∈ XH ηh(Th \ TH , vH) ≤ qredηH(TH \ Th, vH)

(A3) Discrete reliability ∃Cdrel > 0 |||u⋆h − u⋆H ||| ≤ CdrelηH(TH \ Th, u⋆H)

Let any nested sequence Xℓ ⊆ Xℓ+1 for all ℓ ∈ N0 satisfy

(A4) Quasi-orthogonality ∀0 < ε < 1 ∃Corth(ε) > 0 ∀ℓ, n ∈ N
ℓ+n∑
m=ℓ

[
|||u⋆m+1 − u⋆m|||2 − εηm(u⋆m)2

]
≤ Corth(ε) ηℓ(u

⋆
ℓ )

2

� Carstensen, Feischl, Page, Praetorius: Comput. Math. Appl., 67 (2014)

� Becker, Brunner, Innerberger, Melenk, Praetorius: Comput. Math. Appl., 118 (2022)
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� Carstensen, Feischl, Page, Praetorius: Comput. Math. Appl., 67 (2014)

� Becker, Brunner, Innerberger, Melenk, Praetorius: Comput. Math. Appl., 118 (2022)

P. Bringmann 7/20



Quasi-orthogonality by energy (b = 0)
If b = 0, then there exists a potential P : X → R such that for all u, v ∈ X

⟨A(u), v⟩ = ⟨dP(u), v⟩ = lim
s→0

P(u+ sv)− P(u)

s

The energy E := P − F satisfies for XH ⊆ Xh

α

2
|||u⋆h − u⋆H |||2 ≤ E(u⋆H)− E(u⋆h) ≤

L[B0]

2
|||u⋆h − u⋆H |||2

=⇒ Quasi-orthogonality (A4) follows directly from a telescoping sum of energy differences

α

2

ℓ+n∑
m=ℓ

|||u⋆m+1 − u⋆m|||2 ≤
ℓ+n∑
m=ℓ

[
E(u⋆m)− E(u⋆m+1)

]
= E(u⋆ℓ )− E(u⋆ℓ+n+1)
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Quasi-orthogonality by compact perturbation (b ̸= 0)
u⋆∞ ∈ X∞ := closure(

⋃∞
ℓ=0Xℓ)

Quasi-Pythagoras ∀0 < ρ < 1 ∃ℓ0 ∈ N ∀ℓ ≥ ℓ0
1

1 + ρ
|||u⋆∞ − u⋆ℓ |||2 ≤ |||u⋆∞ − u⋆ℓ+1|||2 + |||u⋆ℓ+1 − u⋆ℓ |||2 ≤

1

1− ρ
|||u⋆∞ − u⋆ℓ |||2

=⇒ Quasi-orthogonality (A4) follows for ρ = ε/(ε+ C2
drel) and ℓ ≥ ℓ0

ℓ+n∑
m=ℓ

[
|||u⋆m+1 − u⋆m|||2 − εηm(u⋆m)2

]
≤

ℓ+n∑
m=ℓ

[
|||u⋆∞ − u⋆m|||2 − |||u⋆∞ − u⋆m+1|||2

]
≤ |||u⋆∞ − u⋆ℓ |||2

� Babuška, Vogelius: Numer. Math., 44 (1984)

� Mekchay, Nochetto: SIAM J. Numer. Anal., 43 (2005)

� Morin, Siebert, Veeser: Math. Models Methods Appl. Sci., 18 (2008)

� Becker, Brunner, Innerberger, Melenk, Praetorius: Comput. Math. Appl., 118 (2022)

� Bringmann, Brunner, Praetorius: arXiv: 2512.19357 (2025)
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Iterative linearization
ΦH(δ; ·) : XH → XH with damping parameter δ > 0

D : X × X → R≥0 such as D(v, w) := |||v − w||| or D(v, w) := |E(w)− E(v)|1/2

Uniform contraction ∃δ0 > 0 ∀0 < δ < δ0 ∃0 < q < 1 ∀vH ∈ XH

D(u⋆H ,ΦH(δ; vH)) ≤ q D(u⋆H , vH)

Linearization error estimate Sequence of iterates ukH := ΦH(δ;uk−1
H ) for k ∈ N satisfies

1− q

q
D(u⋆H , ukH) ≤ D(ukH , uk−1

H ) ≤ (1 + q)D(u⋆H , uk−1
H )

Examples

␣ Zarantonello fixed-point iteration

␣ Kačanov fixed-point iteration

␣ damped Newton’s method
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Adaptive algorithm with inexact solver

Input: Initial mesh T0, bulk param. 0 < θ ≤ 1, stopping param. λ > 0, initial iterate u00 ≡ 0

For all ℓ = 0, 1, 2, . . .

Solve & Estimate: For all k = 1, 2, 3, . . .

Compute one step ukℓ := Φℓ(δ;u
k−1
ℓ ) and ηℓ(T, u

k
ℓ ) for all T ∈ Tℓ

If D(ukℓ , u
k−1
ℓ ) ≤ λ ηℓ(u

k
ℓ ) then terminate k-loop with k[ℓ] := k

Mark minimal number of simplices Mℓ ⊆ Tℓ with θ ηℓ(u
k
ℓ )

2 ≤ ηℓ(Mℓ, u
k
ℓ )

2

Refine Tℓ by newest-vertex bisection such that Mℓ ⊆ Tℓ \ Tℓ+1

Set u0ℓ+1 := u
k
ℓ (nested iteration)

Output: Sequence of meshes Tℓ and corresponding discrete approximations ukℓ
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Newton-based adaptive iteratively linearized FEM
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Newton’s method

Update direction ρkℓ ∈ Xℓ solves for all vℓ ∈ Xℓ ⟨dA[uk−1
ℓ ]ρkℓ , vℓ⟩ = ⟨F −A(uk−1

ℓ ), vℓ⟩

(Damped) Newton’s iteration Φℓ(δ;u
k−1
ℓ ) := uk−1

ℓ + δρkℓ

Let the derivative dA : X → L(X ,X ′) satisfy

(N3) Uniform ellipticity ∃β > 0 ∀v, w ∈ X β |||w|||2 ≤ ⟨dA[v]w,w⟩

(N4) Local Lipschitz continuity ∀ϑ > 0 ∃M[ϑ] > 0 ∀v, w ∈ X with |||v|||, |||w||| ≤ ϑ

∥dA[v]− dA[w]∥L(X ,X ′) ≤ M[ϑ] |||v − w|||
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Global convergence of Newton’s method

Linearization error estimate ∀ϑ > 0 ∀vℓ ∈ Xℓ with |||u⋆ℓ |||, |||vℓ||| ≤ ϑ

α |||u⋆ℓ − vℓ||| ≤ ∥F −A(vℓ)∥X ′
ℓ
≤ L[ϑ] |||u⋆ℓ − vℓ|||

Newton–Mysovskich analysis ∃C0 = C0[α, β,L,M,B0] > 0 ∀0 < δ ≤ 1

∥F −A(uk−1
ℓ + δρkℓ )∥X ′

ℓ
≤
[
1− δ +C0∥F −A(uk−1

ℓ )∥X ′
ℓ
δ2
]
∥F −A(uk−1

ℓ )∥X ′
ℓ

Consequences

␣ use computable residual D(u⋆ℓ , vℓ) := ∥F −A(vℓ)∥X ′
ℓ
to measure linearization error

␣ enables adaptive choice of δ by successive reduction and testing for contraction

� Deuflhard: Springer Series in Computational Mathematics (2011)
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Newton-based adaptive iteratively linearized FEM
Input: T0, 0 < θ ≤ 1, λ > 0, u00 ≡ 0, minimal Newton steps kmin ∈ N0, δmin := 1/2

For all ℓ = 0, 1, 2, . . .

Solve & Estimate: For all k = 1, 2, 3, . . .

Compute ρkℓ ∈ Xℓ by ⟨dA[uk−1
ℓ ]ρkℓ , vℓ⟩ = ⟨F −A(uk−1

ℓ ), vℓ⟩ for all vℓ ∈ Xℓ, δ := 1

While ∥F −A(uk−1
ℓ + δρkℓ )∥X ′

ℓ
̸≤ (1− δ

3/2
min/2)∥F −A(uk−1

ℓ )∥X ′
ℓ

Reduce δ := δ/2 and set δmin := min{δ, δmin}

Update ukℓ := uk−1
ℓ + δρkℓ and compute ηℓ(T, u

k
ℓ ) for all T ∈ Tℓ

If k ≥ kmin & ∥F −A(ukℓ )∥X ′
ℓ
≤ λ ηℓ(u

k
ℓ ) then terminate k-loop with k[ℓ] := k

Mark + Refine + Nested iteration

Output: Tℓ, ukℓ ordered by the step counter |ℓ, k| :=
ℓ−1∑
ℓ′=0

k[ℓ′] + k
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Convergence analysis
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Newton’s iteration under mesh refinement

Guaranteed reduction ∃0 < δ0 ≤ δmin with r0 := 1− δ
3/2
0 /2 < 1 ∀ℓ ≤ N0 ∀k ≤ k[ℓ]

∥F −A(ukℓ )∥X ′
ℓ
≤ r0 ∥F −A(uk−1

ℓ )∥X ′
ℓ

Guaranteed quadratic convergence C0 ∥F −A(uk−1
ℓ )∥X ′

ℓ
< r0 =⇒ δ = 1 is accepted

Number of Newton steps Given 0 < q < 1 with c0 := 2(1− q)−1, let kmin ∈ N0 satisfy

q0 :=
L[(1 + c0)B0]

α
rkmin
0 < q < 1

Contraction of residual ∀ℓ ∈ N0 ∀k ≥ kmin

∥F −A(ukℓ )∥X ′
ℓ
≤ q0∥F −A(u

k
ℓ−1)∥X ′

ℓ−1
+ L[(1 + c0)B0] |||u⋆ℓ − u⋆ℓ−1|||
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Convergence results

Quasi-error |||u⋆ − ukℓ ||| ≲ Hk
ℓ := ∥F −A(ukℓ )∥X ′

ℓ
+ ηℓ(u

k
ℓ )

Theorem (full R-linear convergence)

∀0 < θ ≤ 1 ∀λ > 0 (both arbitrary) ∃0 < qlin < 1 ∀|ℓ0, 0| ≤ |ℓ′, k′| ≤ |ℓ, k|

Hk
ℓ ≲ q

|ℓ,k|−|ℓ′,k′|
lin Hk′

ℓ′

Theorem (optimal convergence rates)

∀0 < θ < θ⋆ ∀0 < λ < λ⋆ (both sufficiently small)

sup
(ℓ,k)
ℓ≥ℓ0

( ∑
|ℓ′,k′|≤|ℓ,k|

dimXℓ′

)r

Hk
ℓ ≂ max

{
sup
N∈N0

(N + 1)r min
Topt∈T

#Topt≤N

ηopt(u
⋆
opt), H

0
0

}
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Numerical experiment
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Semilinear PDE with convection

L-shape Ω := (−1, 1)2 \ [0, 1)2 −∆u⋆ − 50 ∂1u
⋆ +

11∑
n=0

(40u⋆)n

n! = 2 u⋆|∂Ω ≡ 0

−1−0.500.51

−1

0

1

0

5

·10−3

u
k
20 ∈ S2

0 (T20)

θ = 0.3 λ = 0.1 kmin = 1

−101

−1

0

1

Mesh T20 (5 248 triangles)
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Semilinear PDE with convection
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Semilinear PDE with convection
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Conclusion

␣ Newton-based adaptive iteratively linearized FEM

␣ full R-linear convergence of quasi-error for rough initial guess

␣ optimal convergence rates with respect to idealized computational cost

␣ no existence of energy required

␣ robust damping strategy

� fully computable adaptive choice of damping parameter
� quadratic convergence asymptotically guaranteed
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Thank you for your attention!

� Bringmann, Brunner, Praetorius
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