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Derivation of an explicit equation for
infiltration on the basis of the Mein-Larson
model

BERNHARD H. SCHMID

Instivue fiir Hydraulik, Gewdésserkunde und Wasserwirtschaft,
Technische Universitit Wien, A-1040 Vienna, Austria

Abstract Proceeding from the well-known infiltration model by
Mein & Larson (1973) and several extensions, explicit equations
for time-dependent infiltration rate and cumulative infiltration
are proposed in this paper. Although the time-range of validity is
limited due to the chosen mode of derivation, the formulae seem
well suited for application in the course of storm runoff modelling
for small catchments. Major advantages of the proposed equations
are constituted by the comparatively simple structure and by a
high degree of versatility allowing a considerable number of effects
to be explicitly accounted for. The parameters involved can be
identified from measurements. Rules of thumb regarding the
range of applicability are given.

Etablissement d’une équation explicite décrivant Pinfiltration sur
la base du modéle de Mein-Larson

Résumé Cet article propose des équations explicites destinées a
I’évaluation du taux d’infiltration et de linfiltration cumulative en
fonction du temps. Cette méthode repose sur le modeéle de
Mein-Larson et ses differentes extensions. Malgre la validité
limitée dans le temps de ces équations, due a la méthode choisie,
les formules sont bien appropriées pour les modeles d’écoulement
d’averse dans les petits bassins hydrologiques. Les principaux
avantages des équations proposées résident dans la simplicité de
leur structure et leur haut degré de versatilité qui permet de tenir
compte directement d'un nombre maximum de données influant
sur le modéle. Les paramétres utilisés peuvent étre identifiés
d’aprés les données mesurées. On frouvera enfin une reégle
pratigue concernant leur champ d’application.

INTRODUCTION

Mathematical simulation of overland flow has received a great deal of interest
for about two decades. Since a hydrologically realistic view of this process
cannot content itself with the calculation of flows over impermeable planes,
the infiltration component gains in importance. Although the Richards
equation describing soil water movement has been known since 1931, the
complexity of overland flow -calculation justifies the development and
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subsequent use of approximate infiltration models, especially if kinematic
shock waves are to be included in the analysis. One of the best known
physically-based infiltration models accounting for both pre-ponding and
post-ponding stages was presented by Mein & Larson (1973). Comparison
of the results obtained by this algorithm with solutions of the Richards
equation was favourable and extensions regarding time-varying rainfall
intensity (James & Larson, 1976; Schmid & Gutknecht, 1988) as well as a
more general expression for ponding time (Smith & Parlange, 1978) have
since been proposed. Contributions by Chu (1978) and Kutilek (1980)
are noteworthy.

In the context of semi-analytic overland flow models involving shock
dynamics an explicit expression for rainfall excess and therefore infiltration
rate as well as cumulative infiltration would be preferable to an iteration
algorithm. For example, a necessary criterion of kinematic shock formation
due to the intersection of a characteristic originating from the #-axis at
some time ¢ = ¢ BO (corresponding to a water depth A B’O) and the
so-called limiting characteristic starting from x = 0 at ponding time ¢ I
tpo can be given as:

t
B0

hpo> j‘t r {t)dt (1)
p

where r denotes the time-dependent rate of rainfall excess (rainfall intensity
minus infiltration rate). In this instance it is obvious that an explicit
expression for cumulative infiltration will greatly facilitate the practical
evaluation and subsequent discussion of equation (1). Several other examples
could be given in the course of a full treatment of kinematic shocks, which is,
however, beyond the scope of this paper. The reader is referred to Schmid
(1990) for further information.

Since the Mein-Larson model together with the extensions mentioned
has proved a versatile and sufficiently accurate method, the development of
an explicit equation on the basis of this method seems justified and may, as
indicated above, lead to a useful tool for further overland flow studies.

FUNDAMENTALS

The basic equations corresponding to those derived by Mein & Larson (1973)
can be given as:

infiltration capacity:
fo=K [+ (S, +hk] 2)
infiltration rate:

f, = min(, f,) ©)
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continuity:

c= (f, =)/ (8,-8,) @
with r = rainfall intensity;

f, = infiltration capacity;

f, = infiltration rate;

S, = average suction at the wetting front;

h = water depth at the ground surface;

z, = depth of the wetting front (zero datum is ground level);

K, = saturated vertical conductivity of the soil;

¢, = celerity of the wetting front;

r, = antecedent rainfall intensity;

] s = volumetric water content of the soil at saturation; and

6 = initial volumetric water content.

Soil water hysteresis need not be considered, since only the imbibition case is
treated here. Thus, the suction ¢ < 0 can be described as a single-valued
function of the relative hydraulic conductivity k, = K(8)/K_, with K depending
on the volumetric water content 8. S _ can now be defined by:

S - 1 J‘I.O
@ N1 -k J&,

ni ni

®)

with &k wi =T /K . Following the recommendation by Mein & Larson (1973),
the mlmmum lower boundary of the integral in equation (5) will be taken as
0.01 in order to avoid difficulties during numerical integration.

An illustration of equation (5) is given in Fig. 1.

fwl
[

1.0
1w (k) dk,l
Kei

—
0 Kei 1.0

Fig. 1 llustration of the integral term in equation (5).
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DERIVATION OF THE EXPLICIT EQUATION

Preparatory to the subsequent analysis, a relation for the time of ponding (¢ p)
must be obtained. If the rainfall intensity at ponding time is denoted by Ty
the basic equation may be written as:

r,= £ =1 ) (©6)
Therefore, from equation (2):

rP=KW. (1+ (Sav+h)/z&p)

After rearrangement of terms, the depth of the wetting front at ponding time
(@, p) can be computed by:

=Ky (Sg+ W) 1 (- K,) ™

z
Sp

At this point, a definition sketch showing certain variables related to the
cumulative infiltration may facilitate further discussion (Fig. 2).
As can be inferred from Fig. 2, z 5p must also satisfy the equation:

Zsp ° (es - ei) = Fl,p (8)
Eguation (7) substituted into equation (8) yields:

K, - +hy/ (@ -K)=F, _/f(®B -8) ®
% av ? sv Lp s i

7 - 8
|

i s,
=

I zs(t)

z
Fig. 2 Definition sketch.
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t
. P _
with Fl,p = IO [r(t) - ri] dt and r, = r(tp).
For the special case of r = constant, the time of ponding can be given as:
Sg * M- (8, - 9)

ty = Ky =2 N (10)

Smith & Parlange (1978) pointed out that an equation like equation (9)
can be used successfully to determine the time of ponding for arbitrary
rainfall patterns, r = r(f). After t_has been calculated, the only restriction to
be imposed on the arbitrariness of time-varying rainfall intensity is the
condition r(t > ¢ ) 2 f (¢t > ¢ ), which will be satisfied in most cases due to the
rapid decay of infiltration capacity after ponding.

For ¢t 2 ¢t ,f_ can be replaced by f, in equation (2), which, in turn, is
equal to the time-derivative of the cumulative infiltration. Denoting F1, + F,
as F (total shaded area in Fig. 2) and employing a relationship for z_ similar
to equation (8) for z P equation (2) may be rewritten in the following form:

dF, (S, *+ B)- (8, - 8)
@ Rt T

(1D

Use of the notation dﬁl/dt = Fl, and (S, +h) - (8,— 8)= A, separation of
variables and rearrangement of terms yields:

F, - F,

- =K_-A (12)
[(Kw -r)/K,, ‘A]-FI +1

By analytical integration of this ordinary differential equation, an implicit and
nonlinear equation in F; is obtained:

Fy 1

- -1 K_-r)/K_-A|F, +1
[(st—'ri)/st'A] [(st‘“ri)/st'A]z n([( » ="Ky ] 1 }

Fl,p

[, -r)iK,, 4]

G )

K- A-@-1) (13)
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which, except for the inclusion of r;agrees with previously derived results (e.g.
Chu, 1978).

For clarity, replacement of the term [K _-A/(K_, - r)] by B seems
indicated. Thus, equation (13) becomes:

Fy-B-In(L+FyB) - F, ,+B-In(1 + F) /B)=K_ -A - (t = 1,)/B
(14)

Recalling that }7—‘1 =F +F, » cancelling and rearranging terms leads to:

*

F\-B-In[1+F/B +F, )]=K,- A4 - (B (15)

N4

with 1" =¢ -1 .

At this point, there are several possibilities of expanding the logarithm
into a Taylor series. After investigation of various alternatives, the most
satisfactory way was considered to be:

2 3
F1 F1 1 Fl Fl
In |1+ = - | ———1 +0 S E—
B+F1,P B+F1’P 2 B+F1)p B+F1’p

(16)

With regard to equation (16) three aspects should be pointed out:

(a) the range of convergence of the infinite series is limited by F/
(B + F, } £ 1. Thus, in spite of second-order accuracy, the correct
asymptotic behaviour of f,~ K, for t » = will not be reproduced;

(b) consideration of the above limit leads to the postulate that the second
term of the argument of the logarithm should be as low as possible.
That is why equation (16) is superior to any form containing the
argument (1 + F,/B), since F,/B > F,/(B + F, ). Derivation of such an
expression is, of course, poss1ble, but leads to poor results; and

(c) a Taylor series without an upper limit to the range of convergence has
also been studied. Although this method was able to reproduce the
correct asymptotic behaviour of the infiltration rate, it was rejected for
the following reason: the series consisted of rational functions so that
any approximation beyond the first order led to an equation of a
degree larger than or equal to three. While the first-order approxima-
tion, as expected, turned out as too rough, analytical solutions to
third-order equations are too complex to be of practical interest, so
that, finally, a decision in favour of equation (16) was made.

Substitution of the truncated series of equation (16) into equation (15) leads

to:

2
Fy B Fy .
Fl-—B--————l—+-2—- —— | =K_-A-1B (17)
P



203 Derivation of an explicit equation for infiltration

from which the required explicit relations for the total cumulative infiltration,
F, and the infiltration rate, respectively, are finally derived:

Sp+m-(8,-8)

t

F = IP r(r)dr + ri-t*+K_w- (rp -r)-
0 r, ~ Ky)?

¥% (18)

2
(rp -K) .

K Sy th)-(8,-8)

*

1+2

and

r, = Ky,

K, (S,,+h)-(8,~8) (19)

~

fr=ri+(rp—ri) 1+2

. *
with 0 < ¢ —t-—tp.

RANGE OF APPLICABILITY

In order to get a first impression of the performance of the explicit
relationships proposed, results from equations (18) and (19) were compared to
the output of the iteration algorithm as well as to numerical solutions of the
Richards equation for two cases described by Mein & Larson (1973). The soil
investigated is Columbia sandy loam under constant rainfall of intensity 3.336
mm minl. Hydraulic properties of this soil, and two others treated later
(Guelph loam and lda silt loam), could be taken from the above-mentioned
paper.

The outcome of this comparison for two respective values of the initial
volumetric water content €, is shown in Figs 3 and 4.

Agreement among the three methods seems reasonable, though it is
obviously time-dependent (as expected) and it differs with respect to
infiltration rate and cumulative infiltration. Clearly, a systematic investigation
of the properties of equations (18) and (19) with the aim of establishing a
range of applicability is indicated. In order to determine the errors due to the
approximation inherent in the explicit equations, several test runs employing
equations (18) and (19) as well as the iteration algorithm were performed.
The results are summarized in Table 1 showing reiative errors in the
computed infiltration rate and the cumulative infiltration (counted from
t =t ), respectively, for a number of different situations regarding both
rainfall intensity and initial soil water content (surface flow depth is assumed
to be zero). Values of the rainfall duration were chosen with the intention of
excluding extremely improbable events.
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Fig. 3 Columbia sandy loam: infiltration rates under steady rain.
r = 3.336 mm min%; 8, = 0.125 (case A) and 8, = 0.200 (case B),
respectively; full lines = explicit equation (19); dashed lines =
iteration algorithm; and dash-dotted lines = Richards equation.
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Fig. 4 Columbia sandy loam: cumulative infiltration under steady
rain. r = 3.336 mm minL 9 ;= 0.125 (case A) and 0= 0.200 (case
B), respectively; full lines = explicit equation (18); dashed lines =

iteration algorithm; and dash-dotted lines = Richards equation.

In general, it may be inferred from Table 1 that errors related to the
cumulative infiltration are smaller than those related to the corresponding
infiltration rate. Accordingly, the range of applicability of equation (18) will
be wider than that of equation (19).
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Unfortunately, the theory of error propagation which might be used for
tracing errors from the Taylor series expansion down to the final results does not
yield any easily handled criterion of applicability as would be required in this
context. It may, however, be assumed that errors in the final result will depend on
the initial error committed in the course of the truncation of equation (16). Thus,
the second term of the logarithmic argument, ie. F/(B + F; )= 8, (normalized
cumulative infiltration) may be taken as a measure of the expected final error.
The relative initial error as a percentage defined by:

_In(1 +8) - &+ 05 8
) In(1 + )

- 100 (20)

is a single-valued function of &, the range of which can be seen from Table
2, with & = 1.0 as the limit of convergence of equation (16).

Table 2 Relative error depending on normalized cumulative

infiltration
R ()
= €(%
B+ F;,
0.1 03
0.2 13
0.3 2.8
04 49
0.5 7.5
0.6 10.6
0.7 14.3
08 183
09 22.9
Lo 27.9

If Fj is approximated by the third term of the right hand side of equation
(18) the maximum permitted value of t* (time counted from ponding) can be
expressed as a function of 8, which finally yields the criterion required:

.1 (S, +h)-(8,-80)
tmax = -2—

- K

¥ - K (K, -1 )?
rp, = KKy, = 1)
21)
: [Sz-rp2+ 6-(5~2) K2, +2:6-(1-8)-Kr,+2-8Kr,~

2-8~rp-ri]

For r; close to zero, the above equation can be simplified:
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. (S, +h)-(8,~8)

1
t = -
2

max

K, (r,— K)? (22)
. [sz.pf,a, 5.(6-2) K2 +2:5.(1 —S)-Kw-rp]

If the same error margin, e.g. 10%, is applied to the infiltration rate and the
cumulative infiltration, respectively, t:nax will be larger with regard to the
latter thus reflecting the wider range of applicability of equation (18).

Application of equation (21) to the set of data given in Table 1 showed
that the following recommendations regarding the order of magnitude of
tolerable initial relative errors can be made:

(a) the choice of € = 3% corresponding to 6 = (.31 mostly leads to errors
in infiltration rate around 10% at " = .. This figure applies very
well to Guelph loam but it can be increased for coarser soils (Columbia
sandy loam), eg. € = 4% to 6% (6 = 036 to 0.44) and should be
slightly lower for finer soils (Ida silt loam, € = 2%, & = 0.25). In the
latter case, errors above 10% may sometimes result, but, since the
amount of rainfall excess is considerably larger than that of infiltration
in such situations, these errors cannot exert any great influence on the
calculation of surface runoff and may, therefore, still be considered as
tolerable; and

(b) the € value recommended in the context of cumulative infiltration
calculation is 8% (8 = 0.52) reflecting the wider range of applicability of
equation (18). This figure was in good agreement with the resulis
obtained for Guelph loam and Columbia sandy loam (here, again, it
may be increased by 1% to 2%). For finer soils, ¢ should be chosen as
about 6% (5 = 0.44).

CONCLUSIONS

In the context of overland flow modelling, an explicit equation describing the
process of infiltration is desirable, especially if aspects of kinematic shock
routing are to be considered. Such an equation can be derived from the
algorithm presented by Mein & Larson (1973). It has been shown to be
simple in structure and can therefore be handled easily, Results are sufficiently
accurate within a certain range of time after ponding, which can be estimated
by means of a given rule of thumb. The equation proposed is particularly
well suited for the computation of cumulative infiltration as required in the
course of the integration of kinematic overland flow characteristics.
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Universitdt Wien, for kindly reviewing this paper.
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