CHEMOTAXIS COMPRESSIBLE NAVIER-STOKES EQUATIONS
WITH DENSITY-DEPENDENT VISCOSITY
MODELING VASCULAR NETWORK FORMATION

ANSGAR JUNGEL AND FLORA PHILIPP

ABSTRACT. The existence of global weak solutions to the compressible Navier—Stokes
equations for the density of endothelial cells and their velocity, coupled to a reaction—
diffusion equation for the concentration of the chemoattractant, is established in a three-
dimensional torus for energy-finite initial data. The coupling of the equations arises
through the chemotaxis force, which contributes to the momentum balance equation, and
the signal production due to the cells in the chemotaxis equation. The equations model
the self-assembly of endothelial cells during the early stages of blood vessel formation. The
existence result holds for adiabatic pressure exponents v > 4/3, matching the exponent
found in the existence analysis for the degenerate Keller—Segel equations. The proof
leverages an approximation via Korteweg and drag terms, the BD entropy inequality, and
a construction of weak solutions that are renormalized in the velocity variable.

1. INTRODUCTION

In vasculogenesis, endothelial cells move through the extracellular matrix and intersti-
tial fluid, guided by gradients of chemoattractants. The cells may self-assemble into a
vascular network. FExhibiting fluid-type behavior and interface effects, the collective cell
dynamics is described by mass transport, momentum balance, and chemotaxis forces. The
mathematical model consists of the compressible Navier—Stokes equations for the cell den-
sity and velocity, coupled with a reaction—diffusion equations for the concentration of the
chemoattractant. The existence of global weak solutions to this system for pressures with
an adiabatic exponent v > 4 was proved in [1] and later extended to the range v > 8/5 in
[12]. The motivation of this paper is to investigate to what extent the admissible range of
can be extended by allowing for model variations. When density-dependent viscosities are
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2 A. JUNGEL AND F. PHILIPP

assumed, we prove that we can choose v > 4/3. On the level of a Korteweg approximation,
the full range v > 1 turns out to be admissible.

1.1. Model equations. The equations for the density p(x,t) of the endothelial cells, their
velocity v(z,t), and the concentration c(z,t) of the chemoattractant are given by

(1) Op + div(pv) =0,
2) By(pv) + div(pv @ v) + Vp(p) = v div(pD(v)) + pVe — %,
(3) Oc=Ac—c+p inQ, t>0,

where D(v) = %(VU + VoT) is the symmetric part of the velocity gradient, p(p) = p7 is
the pressure with the adiabatic exponent v > 1, v > 0 is the viscosity constant, and { > 0
is the relaxation time. We assume that the domain equals the three-dimensional torus,
) = T3, and we impose the initial conditions

(4) \/5(07 ) = \/Fv (ﬁv)«)v ) = \/EUO’ C<07 ) =& inQ

Equations (1)—(2) are the compressible Navier—Stokes equations with a density-depen-
dent viscosity and the chemotaxis force pVe. Equation (3) is the chemical signal model
including degradation of the signal and production due to the cells. Model (1)-(3) was
suggested in [2, p. 1862] with constant viscosity. When the movement of the endothelial
cells is modeled as a non-Newtonian fluid, the results of [9] suggest a degenerate viscosity
that vanishes in vacuum to account for the nonstandard fluid behavior.

In the zero-inertia and zero-viscosity limit, equations (1)—(3) reduce to the degenerate
Keller—Segel equations d;p + ¢ div(Vp(p) — pVe) = 0 and d;c = Ac — ¢+ p. The existence
of global classical solutions to this system was proved for functions p(p) = p with v > 4/3
[21], while there exist smooth solutions in case v > 4/3 that blow up [24]. This indicates
that the range v > 4/3 is optimal to obtain a global existence result for (1)—(4), and this
result is our main contribution.

Without chemotaxis force, global weak solutions to the compressible Navier—Stokes equa-
tions with density-dependent viscosity were shown to exist for all 4 > 1 [5, 6]. This natu-
rally raises the question of whether this range of v is possible in our model with chemotaxis
force, allowing for a modification of the model. We demonstrate that this is achievable by
introducing a Korteweg term of the form div K, where the Korteweg tensor K is specifically
given by K = (r/2)pV?log p with the capillarity constant £ > 0. Then the Korteweg term
becomes

® GV = kp¥ (%)

This expression can also be interpreted as a quantum force with the so-called Bohm po-
tential Ay/p/\/p, used in quantum fluid modeling [14]. Although the presence of Korteweg
terms may be motivated in the modeling of multiphase cellular fluids, we consider it as part
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of the approximation scheme for (1)—(2), introduced to establish the existence of weak so-
lutions for k = 0. The existence of solutions to the compressible Navier-Stokes—Korteweg
model with chemotaxis force for all v > 1 is a by-product of our analysis.

1.2. Mathematical tools. We explain now the mathematical difficulties associated with
the chemotaxis force. The idea of [12], where the viscosity was assumed to be constant, is
to derive a priori estimates from the free energy

) Bu(pvv.0) = [ (Golof + ho) + 51l + ) pe ).

where h(p) = p7/(7— 1) is the internal energy density, 3plv|? is the kinetic energy, and the
remaining terms are associated to the chemotaxis energy. To prove that Ey has a lower
bound, we need an upper bound for pc. This was achieved by the inequality of Sugiyama
[20]

1 1 c
/Qpcdx < §||h('0)”131(9) + ZHVC”%%Q) + C1(7)||C||Lf%)

which requires the condition v > 8/5. The first two terms on the right-hand side can be
absorbed by the energy and the L'(€) of ¢ can be bounded in terms of the initial data
(p°, %). We believe that the bound y > 8/5 cannot be easily improved.

When the viscosity depends on the density as in (2), Bresch and Desjardins discovered
a new mathematical entropy that provides some additional regularity for the density. The
so-called BD entropy

1
(7) Esn(p,v) = & / plo + vV log pl2de
Q

2

yields an a priori bound for V,/p in L*(2) uniformly in time. It can be interpreted as the
kinetic energy associated to the effective velocity, which is the sum of the fluid velocity v
and the osmotic velocity ¥V log p. By the Gagliardo—Nirenberg inequality (see Lemma 3),
we can control the critical term pc according to

(5) [ etz <€)+ [ (VVBE + e

for any ¢ > 0, and the right-hand side can be controlled by the BD entropy.
Unfortunately, our situation is more involved. Indeed, we also need to estimate the term

t
Klzu/ /Vp'Vcda:dT

arising from the chemotaxis force. We prove below (see the proof of (35)) that

K, <C(c // 2dxdr,

such that it is sufficient to estimate p?. If v > 2, the right-hand side can be estimated by
the internal energy component of Ey. For v < 2, we need additional bounds derived from
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a combination of the free energy Ey and the BD entropy Egp. The associated dissipation
contains, up to some factor, the dissipation

4 t
D, = —1// / V2|2 dxdr.
Y Jo Ja

Then, if 4/3 < v < 2, we use the inequality

¢ ¢
(9) / / pPdxdr < C(0) + 5/ / |V 72| 2dxdr
0 Ja 0 Jo

for arbitrary 6 > 0 (see Lemma 3), and the integral on the right-hand side can be absorbed
by D;. We already mentioned that the range v > 4/3 matches the bound for the degenerate
Keller-Segel model [21], which can be seen as a limiting case of our model.

To cover the full range v > 1, a stronger inequality is required:

¢ ¢
(10) / / p*drdr < C(0) + 5/ / |V ¢/p| dzdr.
0 JQ 0 JQ

It is necessary to regularize our equations to control the right-hand side of (10). This is
achieved by adding the Korteweg term (5). Then a combination of Ey and Epp yields the

additional dissipation
t
D, = li/ /p|V2 log p|*dxdr,
0o Ja

which can be estimated from below by

1

(11) D, > 20Km/ (1AVEE + V3l with G =
Q

proved in [14, Appendix] and [22, Lemma 2.1]. This allows us to derive additional a priori
estimates. In fact, for sufficiently large M > 0, we show below that

d
%(EO%—El—I—MEBD)—I—DSC(/{) for 0 <t <T,

where Fy = K fQ |V\/ﬁ|2dx is the Korteweg energy, D is the dissipation containing gradient
bounds, and the constant C'(k) > 0 depends on k and the initial data. If v > 4/3, the
constant can be chosen independently of x, allowing for the limit x — 0.

We detail now our approximation scheme. It is well known that the solution to the
compressible Navier—Stokes equations requires a careful regularization strategy. We con-
sider two regularization levels to solve (1)—(3). First, we add the Korteweg term (5) and
some drag terms with parameters (rq, r1), leading to the following chemotaxis compressible
Navier-Stokes—Korteweg system:

(12) Op+div(pv) =0, Oc=Ac—c+p inQ, t>0,
(13) Oi(pv) + div(pv @ v) + Vp(p) = v div(pD(v)) + pVe — re

¢
A
+ KkV (T\Zﬁ) — rov — r1plv]*o.
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Second, we add the diffusion eAp and some higher-order regularization with parameters
(0,m, ) as in [22, Sec. 2|; see Section 3.1 below.

The strategy of the proof is as follows. We first prove the existence of solutions to the
regularized Navier—Stokes—Korteweg system with parameters (k,rg,71;0,€,n, 1) by means
of a Faedo—Galerkin approximation with dimension n € N. A modified energy inequality
yields estimates uniform in n such that we can pass to the limit n — co. Then we prove the
BD entropy inequality, which provides additional uniform bounds allowing us to perform
the limit (d,e,7n, 1) — 0. This gives a weak solution to the compressible Navier—Stokes—
Korteweg system (12)—(13) for all v > 1. Following [15], we show that this solution is in
fact a renormalized solution (and vice versa). The final step is the limit (k,79,71) — 0
leading to a weak solution to system (1)—(4) for v > 4/3, recalling that the restriction of
the range of v originates from inequality (9).

1.3. State of the art. The first result of the existence of global weak solutions to the three-
dimensional compressible Navier—Stokes equations with constant viscosity and nonnegative
initial data was proved by Lions [17, Theorem 7.2] for v > 9/5. This result was extended
by Feireisl and co-workers [11] to the range v > 3/2. The full range v > 1 seems to
be admissible only under additional assumptions like symmetric initial data [13]. These
results rely on the condition that the viscosity coefficient is bounded from below by a
positive constant to achieve uniform bounds on the gradient of the velocity.

When density-dependent viscosities are considered, the velocity cannot be defined when
the density vanishes. This difficulty was first overcome by Bresch et al. [7] by proving the
stability of a variant of the compressible Navier-Stokes—Korteweg equations, later improved
by Bresch and Desjardins [5] by removing the Korteweg term. This was possible thanks
to a new mathematical entropy inequality, derived from the BD entropy (7). With this
information, the existence of global weak solutions in the presence of appropriate drag
terms or singular pressure close to vacuum was obtained. These additional terms could be
removed by Mellet and Vasseur [18] thanks to a new Mellet—Vasseur inequality, giving a
uniform estimate for [, p|v|? log(1+|v|?)dz for smooth solutions. An approximation scheme
was provided in [16], and the Mellet—Vasseur inequality for weak solutions was proved in
[23]. When the Korteweg term (5) is present, such an estimate cannot be expected, except
for k < v [4, Theorem 2.2].

Another approach was introduced by Lacroix-Violet and Vasseur [15]. The authors prove
an existence result for the compressible Navier—Stokes equations with Korteweg term (5)
and then perform the limit x — 0. The method is based on the construction of weak
solutions that are renormalized in the velocity variable, first used in [23] for the case k = 0.
More general nonlinear density-dependent viscosities have been studied too, see, e.g., the
work [8] without Korteweg term and [3] with Korteweg term.

As already mentioned, we will follow the approach of [15] to prove the existence of weak
solutions to (1)—(4). The novelty of this paper lies in the treatment of the chemotaxis term,
which poses significant challenges for small values of v > 1 due to its quadratic structure.
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1.4. Definitions. We give the definitions of weak and renormalized solutions. To this end,
we introduce the following tensors:

(14) VEPS, = ky/p(V2/p — AV p @ V/p),
(15) VvpT, = vV (pv) — 2vy/pv @ V4/p.
The Korteweg tensor /kpS, satisfies

and accounts for the Korteweg regularization, while the tensor T, equals ,/7pVv, both for
positive smooth functions p. The tensors are needed, since expressions like 1/,/p and Vv

may be not defined. We also introduce the symmetric part of T,, S, = (T, +T.) and we
set Qp == (0,7T") x €.
Our a priori estimates, stated below, yield the following regularity for x > 0:

p € L0, T;L(R), p/? e L*0,T; H(Q)), Vp, Vpv € L=(0,T; L*(Q;R?))
(16) T, € L*(Qr;R¥®), ¢ e L™(0,T; H(Q)) N H'(0,T; L*()),
VTov € L*(Qr), VeAVp € L*(Qr), Vi/kp, ¥ripv € L*(Qp; R?).

Definition 1 (Weak solution to the chemotaxis Navier—Stokes—Korteweg system). The
triple (\/p,\/pv,c) is called a weak solution to (12)—~(13) on [0,T] with initial conditions
(4) if

T
(17) / /Q (,08@ + pv - ng) dzdt = 0,
T
(18) /0 /Q (pv- 0p + (pv @) : Vi — Vp(p) - ¥ + pVe - ) dudt
T
-/ (% 0+ (VIS + \JRPS,) : Vb + ropu -+ raplofu w) ddt,
0

T
/ / (Cath —Ve- Vo —cp+ pd))d:z:dt =0.
0 Jo

for all g € C2(Qr), ¥ € C°(Qr;R?), S, is defined in (14), S, = (T, + TL), T, is given
by (15), the regularity (16) is satisfied, and the initial data (4) is fulfilled in the sense of
distributions.

Definition 2 (Weak solution to the chemotaxis Navier-Stokes system). The triple (1/p,
V/Pv,c) is called a weak solution to (1)~(3) on [0,T] with initial conditions (4) if it is a
weak solution to (4), (12)—(13) with (k,79,71) = 0.

Definition 3 (Renormalized solution to the chemotaxis Navier—Stokes—Korteweg system).
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The triple (\/p, \/pv,c) is called a weak solution to (12)~(13) on (0,T) with initial condi-
tions (4) if for any ¢ € W3°°(R3), there exists Cy > 0 such that

(19) ly0(y)] +

0
yjﬁ_;k(y)‘ <C forally eR®, jk=1,2,3;

there exist Co > 0, depending on the L*(Qr) norm of S, and T,, and measures R,
Q4% € M(Qp) such that

3
IRollm@n) + D Q7 m@r) < Colle” |l

1,5,k=1

the equations are satisfied in the sense

/OT/Q(patczﬁ+pv-v¢)dxdt:o,
o) = / T/ (pp(0)9i + pp(v)v - Vo = Vp(p) - ¢/ (v)¢ + pVe - ¢/ (v)$)dudt
/ /( ()6 + (VPSy + /RpSx) : (¢ ()®v¢)>d:cdt
B /0 /Q (rov - & ()6 + raplof?v - ' (v) ) dadt,

T
/ / (c&@ + cA¢ — cop + pgb) dxdt =0
0 Jo

for all ¢ € C°(Qr); S is defined in (14), S, = (T, + T.), T, is given by
T 0
/ O v)(T,) jpbdadt = / / < \/ﬁ) 0¢ (v)vrdzdt
0 Q?j 8%
'L]k

fori,j,k=1,2,3 and ¢ € C§(Qr); the regularity (16) is satisfied; and the initial data is
fulfilled in the sense of distributions.

1.5. Main results. Let v > 0 and ¢ > 0. We impose the following conditions on the
initial conditions:

(21) P e L), Vo, e HYQ), Ve L2RY), rologp’ e L'(Q).

We first show the existence of global weak solutions to the chemotaxis compressible Navier—
Stokes—Korteweg system.

Theorem 1 (Existence for the chemotaxis Navier—Stokes—Korteweg system). Let k, ro,
r1>0,T>0,v>1, and let (21) hold. Then there ezists a weak solution to (4), (12)—(13)
on [0,T]. If v > 4/3, the regularity results (16) are independent of (k,79,71).
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If v > 4/3, we can pass to the limit (x,rp,r;) — 0 and obtain a weak solution to the
chemotaxis compressible Navier—-Stokes system.

Theorem 2 (Existence for the chemotaxis Navier—Stokes system). Let T > 0, v > 4/3,
and let (21) hold. Then there exists a weak solution to (1)—(4) on [0,T].

The paper is organized as follows. Inequalities (8)—(10) are shown in Section 2. Theorems

1 and 2 are proved in Sections 3 and 4, respectively.

2. AN AUXILIARY LEMMA

We show the following result which is needed to estimate the terms arising from the
chemotaxis interaction.

Lemma 3. For arbitrary oy, o3 > 0, there exists C > 0, depending on o; and the L'(Q)
norms of p and c, such that for all smooth functions p, c, defined on 1,

C+01/p7dx+02/|Vc|2d:c if v > 8/5,
0 0

C’—I—Ul/ |V\/ﬁ|2da7+02/ |Ve|*dx.
Q Q

Furthermore, for any o > 0, there exists C > 0, depending on o and the L'(Q2) norm of p,
such that for all smooth functions p, defined on (0,t) x €2,

(22) /Q pedr <

( t
Ct+/ /p”’dwdT if v> 2,
0 Ja
t ¢
(23) //P2d$d7'§ Ct—i—o/ /\Vp”’/ZdedT if4/3 < v < 2,
0o Jo 0o Ja
¢
Ct+a/ /\wfpﬁdxdr
\ 0o Jo

Proof. The proof of (22) relies on the inequality

/pcdx<01!|p!|m + 02| Vel 72y + Ci(o1, 02) ell o)

for functions p € L™(Q2), ¢ € H'(Q), where oy, 03 > 0 are arbitrary, C} (a1, 02), Co(m) > 0,
and m > 8/5 [20, Appendix B]. We need to control the first term on the right-hand side.
If v > 8/5, we choose m = ~. In the general case, we choose m = 5/3 and apply the
Gagliardo—Nirenberg inequality with § = 3/5:
m 1 0
Il En ) = VAT 0y < CIV VI VAl S " + CllvaliEa
<C+ O||V\/5||%2(Q)

where we used mf = 1, and C' > 0 depends on the L'(2) norm of p. This shows (22).
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We turn to the proof of (23). The inequality is clear if v = 2. If v > 2, there exists
C > 0 such that p? < C + p?, which proves the second case. Let 4/3 < v < 2. Then, by
the Gagliardo—Nirenberg inequality with § = 3v/(6y — 2) < 1 (since v > 1),

4 40 (1-9) 4
/Q prde = 116" [0y < CUVO 21l 15+ Cle 21350

< C+ CIVp gy < Clo) + o[V [0

where the last step follows from Young’s inequality using 46/y < 2 (at this point, we need
v > 4/3). Finally, for any v > 1, applying the Gagliardo—Nirenberg inequality again (with
0=23/8),

/Q o = | ol < CIV YIS | /I + Il Al

< C(0) + allV/plLae
for an arbitrary ¢ > 0, which is possible since 8¢ = 3 < 4. U

3. PROOF OF THEOREM 1

We formulate an approximate system by adding, similarly as in [22, Sec. 2|, higher-
order terms in the density and velocity. This system is approximated by a Faedo—Galerkin
scheme. Estimates uniform in the Faedo—Galerkin dimension follow from an approximate
energy inequality. To pass to the limit in the higher-order terms, we formulate a BD entropy
inequality, which yields additional estimates uniform in the regularization parameters. The
de-regularization limit is then performed by following the compactness arguments of [22].

3.1. Solution of an approximate system. We prove the existence of a weak solution to
the chemotaxis compressible Navier—Stokes—Korteweg equations (12)—(13). We solve first
the approximate system

(24) O+ div(pv) = eAp, Owce=Ac—c+p inQ, t>0,

(25) O (pv) + div(pv @ v) + Vp(p) = v div(pD(v)) + pVe — % + QK + Qno

where the Korteweg/drag regularization Qg = Q(k,rg,r1) and the higher-order regular-
ization Qpo = Qno(d, €,m, p) are defined by, respectively,

A
Qk(K,10,71) = KpV (7@) — rov — r1p|v|?,

Qno(0,2,m, 1) = ediv(v ® Vp) — uA?v +nVp > + §pVA°p,

and we impose smooth initial conditions (4) such that p" is strictly positive. The regular-
ization parameters (g, rg,r1, it,7,0) are positive; we suppose additionally that ¢ < 1.

The higher-order regularization is similar to [22, (2.6)]. The diffusion term eAp in the
mass equation implies strict lower and upper bounds for the density via the maximum
principle, while the term ediv(v ® Vp) is added to preserve the energy structure. The
higher-order term pA2v yields more regularity for the velocity, which is needed to derive
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the BD entropy inequality. The remaining expressions nVp~3 and 6pVA®p yield the strict
positivity of the density by means of the inequality

— — 3 2
(26) o™ Nz < CA+ o ler@) (L o)

which holds for all p € H*(Q) with k > 7/2 such that p~! € L3(Q) [6, (13)]. This allows
us to use later the test function Vlog p to derive the BD entropy inequality.

System (24)—(25) is solved by a Faedo-Galerkin approximation as in [10, Chap. 7] or [19,
Sec. 7.7]. The idea is to choose a basis (ej) of eigenfunctions of —A with domain 2 and
the finite-dimensional space X,, = span{ey,...,e,}> C L*(;R?). A fixed-point argument
shows the existence of a time T,, > 0 and a solution (p,, c,,v,) € C([0,T,]; C=(2))? x
CY([0,T,]); X,,) to (24) and

(27) /Q (putn - 0(T,) — p*° - 6(0))dx = /0 " /Q (pnvn-aTG—i—pn(vn@Un):V@

PnUn

+ p(pn) div 0 — vu, - div(p,D(0)) + p Ve, - 0 —

Tn A
+ / / </§an< \/P_n) 0 — 710y - 0 — T1p0|Vn]P0y - 9) dxdr
o Ja VPn

Th
— / / (e(vn ® Vpn) : VO + pv, - A0+ np,? div 0 — 5p,VA°p,, - 0)dadr
o Ja

. 0) dxdr

for all € C([0,T,,]; X,,). The initial conditions are p,(0,-) = p°, v,(0,-) = P,0°, ¢,(0,-) =
 in Q, where P, the projection on X,,. Let the initial data satisfy 0 < p? < pl (x) < p,

0<c® <d(x) < for ae. z € Q. The maximum principle implies the bounds

p(t) < pult,z) < py(t), min{c?, p2} < e, (t,2) <max{c}, pl}

for (¢t,x) € Qg,, where

Tn
pi(t) := p%exp (:I:/ I divvnHLoo(Q)dT) > 0.
0

To prove that the local solution (p,, ¢, v,) exists on the whole time interval [0, T, we
need a uniform estimate for v,(¢) in X,, on [0,7,,]. This is achieved by the following
approximate energy inequality. Recall that h(p) = p7/(y — 1) and let the modified energy
be given by

1 1
@) Exlp.e)= [ (SR + R+ ITVE VR ) s
Q
and introduce the higher-order energy
2 0
(29 Bup) = [ (%07 + 19 8%2 Yo

Notice that we have not added the chemotaxis part —pc as in (6) such that this expression
will appear on the right-hand side of the energy inequality.
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Lemma 4 (Approximate energy inequality). Let (pn, cn,vn) be the local solution to (24)
and (27). Then, for 0 <t <T,,

(3()) EK((pm Un, Cn)(t)) + Eho(p(t)) + / (DK(p’m Un, Cn) + Dho(pn7 Un, Cn))dT

< (14+e)Ex(p°,0°, ) + Eno(p") + /(pncn dx—l—e/ /pndxdr

where the dissipation terms are given by

DK(anna Cn) = /

Q

Dho(pm Un, CTL) - /

Q

¢
(E19622 + Ceen((9 nlt + 1)

n|Un
(p| | —|—T0‘Un| +T1pn|vn| +Vpn|]D)Un‘2 |87.cn’2)d$

o+ ST 4 20|, ),

and the constant Cx = 1/16 comes from inequality (11).

Proof. The proof is similar to that one of [12, Lemma 3]. However, this proof only holds for
v > 8/5. Therefore, we need to estimate partially in a different way. We use the test func-
tion v, in the momentum equation (27), the test function 1|v,[* + 1 (p,) — KA\/Pn//Pn —
SN’ p,, — %np;‘l in the weak formulation of the mass equation in (24), and sum both ex-
pressions. A computation yields

T=t

3
oy ( pn|vn|2+h<pn>+m|wp—n|2 20 4 §IVA )do
7=0
Pn'Un 2 4 2
+ + 7o|vn|” + ripn|vn|” + von| Do, |? ) dedr
/212 5, den —3/2|2 312
’V,O’Y * + p]Av,| +?|Vp |* + 20| A°pp|* | dxdT

—5&/ /Vpn ( )d:ch—l—/ /ancn v, drdT.

[t remains to control the terms on the right-hand side. The identity 2p,V(A\/pn/\/Pn) =
div(p,V?log p,) and inequality (11) show that

(32) gm//vpn ( )dxdf—gn//pn<

—?/ /pn|V2logpn\2dxdT§—CK5m/ / ([AVPal* + |V /") dadr.
0 Jo 0 Jo

) Vlog p,dxdr
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The chemotaxis force term is reformulated as in the proof of Lemma 3 of [12], inserting
the mass equation in (24),

t t t
pnVey, - vpdrdr = — cn div(ppu, )dxdr = cn(O0rpn — eApy)dxdr
33 \Y% dxd di dxd 0 Apy)dxd
0 Ja 0 Ja 0 Jo
T=t t t
:/pncndx —/ /pn(?TcndxdT—e/ /anpndxdT.
Q =0 0 Jo 0 Jo

The second term on the right-hand side is rewritten by inserting the equation for ¢, in

(24):
t t
—/ /,onaTcndxdT = —/ /(@cn — Acy, + ¢,)0-cpdzdr
0 JQ 0 JQ

¢ 1
—/ /(&cn)Qdde— 5/(|Vcn|2+ci)dxd7

Using this expression, the last term on the right-hand side of (33) becomes

—5/ /anpndxdT— —5/ /pnAcndxdT— —5/ /pn (OrCp + Cn — pp)dzdr
= —8/ /(8Tcn)2dxd7— —/(|Vcn]2+ci)dxd7' —5/ /pncndxdT
0 Jo 2 Jo =0 0 Jo
t
+8/ /pidxdr
0 Ja

We neglect the nonpositive terms to arrive at

(35) —5/ /anpndxdT < - /(|V 012 ¢ (O)Q)dx+e/0t[2pidxdr.

Then, together with (34), we infer from (33) that

//ancn vndxd7'</ PnCn)( d:p—/ / (0rcn)*dadr

T=t

=0

1
~ 5 Ve OF + o)+ 5= [ (VP + (o + g/ | piaaar
Inserting (32) and the previous inequality into (31) finishes the proof. O

[t remains to estimate the last two terms in (30). For this, we apply Lemma 3:

(36) /(pncn)( ydx < C(k /|V\/pn t)Pdx + ~ /|Vcn( )|*d,
0
t

(37) 8/ /pidxdT < O&T—l——K&‘i/ /\V\‘yp_n|4dxdr.
0 Jo 2 0 Jo
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The terms on the right-hand side of (36) can be absorbed by the energy Ef on the left-
hand side of (30). The integral on the right-hand side of (37) can be absorbed by the
dissipation term Djy,. Taking into account that ¢ < 1, we have proved the following result.

Lemma 5 (Modified energy inequality). Let (pn, ¢y, v,) be the local solution to (24) and
(27). Then, for 0 <t <T,,

t
E((pn7 Un, Cn)(t>> + / (DK(pm Un, Cn) + Dho(ﬂm Un, Cn))dT
0
< C('Lia T) + QEK(pO’ UO> CO) + Eho(p0)>

where

1 K 1
E(pn, Un, cn) = / <§pn|vn|2 + h(pn) + Elv\/ pn|2 + Z(|Vcn|2 + Ci)
Q

N _3 0 2 2
- —|VA d

~ 4e C
Dho(prs Uns Cn) = / <7|sz/2|2 + 2K5"{(|AV pn|2 + [V Pn|4)
Q
4
e+ ST ol

The estimates of the previous lemma allow us to extend the local solution to a global
one.

3.2. Limit n — oco. The limit n — oo can be performed as in [22, Sec. 2] except for the
new chemotaxis terms. Lemma 5 yields the following bounds uniform in n:

Iv/Prvall202) + | /Pnvall cagaey + 1I8v/PaD@a)ll z2(0r) + VOl pull oo omsm5()) < C-

Moreover, we deduce from the uniform bounds for \/p, in L>(0,T; H'(Q?)) C L>(0,T;
L%(2)) and L*(0,T; H*(2)) as well as the Gagliardo-Nirenberg inequality that (\/p,) is
bounded in L'°(7). This bound does not arise from the higher-order approximation
terms. Consequently,

Oupn = —(AVY0m) - (YBata)\/ P — v/ (/P cliv v,)
+20/EPn (VEAVR) + 8VE(VEIV 7alP)

is uniformly bounded in L*3(Q7). We deduce from the Aubin-Lions lemma that there
exists a subsequence (not relabeled) such that, as n — oo,

pn — p strongly in LY(Qr) for all ¢ < 10.

The bounds for (d;c,) in L*(7) and (c,) in L*(0,T; H*(Q2)) yield the existence of a sub-
sequence such that

cn — Cp  strongly in L?(Qr), Ve, — Ve weakly in L?(Qr).
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We conclude that
pnVe, — pVe  weakly in L'(Qr).

Together with the convergence results in [22, Sec. 2|, this allows us to perform the limit
n — oo in equations (1) for the mass and concentration as well as in the momentum
equation (27).

[t remains to perform the limit n — oo in the approximate energy inequality (30),
which is done by exploiting the weak lower semicontinuity of convex functions except for
the integral [, pn(t)c,(t)dz. Since (p,) is bounded in L>*(0,T; H?(12)), (¢,) is bounded
in L>=(0,T; H'(Q)), and the embeddings H>(Q) < L>(Q), H'(Q2) — L*(Q) are compact,
the Aubin—Lions lemma implies that (up to a subsequence)

pn = pn strongly in C°([0,T]; L=(Q)),
cn — ¢ strongly in C°([0, T); L*(12)).

This shows that
/pn cn(t da:—)/ t)de for0<t<T.

We summarize our results.

Proposition 6. Let T' > 0 and let the initial data satisfy (21). Then there exists a solution
(VP /PU,€) to (24)—(25) such that equations (24) are satisfied a.e. and (25) is satisfied in

the sense

(38) - / 000, )z — / / pv - Oyfdudt

< ®@v:Vl+pp )div@—mwdiv(p]D(Q))—1-ch~9—%-H)dxdt

//(

- / / (5(7} ®@Vp): VO + Av- A+ vp? divl + SA%pA? div(p@)) dxdt
0o Jao

le (p0) + rov - 0 4 71p|v]*V - H)d:vdt

for all 0 € L>(0,T; HY(S;R3)) N L2(0,T; H(Q; R3)) satisfying 0(T,-) = 0. Furthermore,
the approzimate energy inequality (30) holds with (p,, v, c,) replaced by (p,v,c).

The weak formulation (27) and consequently (38) first hold for test functions 6 €
CY([0,T); X,,) for all n € N. A standard density argument extends the validity of (38)
to the broader set of test functions specified in Proposition 6.

3.3. BD entropy inequality. We derive the BD entropy inequality for the approximate
system (24)—(25) yielding estimates uniform in (,¢,n, u) — 0.

Lemma 7 (BD entropy inequality). Let (\/p,\/pv,c) be the solution to (24)-(25) on [0,T
constructed in Proposition 6. Then there exist constants M = M(v,r) > 2, C1(5,n, K, ro,
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r1,T) >0, Cy(k,T) >0, and C3 > 0 (independent of all approzimation parameters) such
that

M —2

(39) Ex((p,v,0)(1)) + MEBro(pl0)) + % / V)P + vy / (log p(t))_dz

M t 2
+—/ / (p|v\ +T0|v|2+r1p|v|4)dxdr

2 Jo Ja\ ¢

t
M—l)/ /(I/p|D(U)|2+|6TC|2)d:L‘dT
Q
4
//< p|Vv — VUT|2—|——V|Vp7/2|2+CKV/-@(|V\‘7ﬁ|4+|A\/ﬁ|2))dmd7
//<V5|A3p|2 | Vp 322 4+ uM|Av|? 4 ev? 2|Ap p| )dxdT

S (6+ \/ﬁ—f- ﬁ)01(5,77, K,To,Tl,T) + CQ(K/,T) + CgV’I“l

for 0 <t < T, where the energies Ex and Ey, are defined in (28) and (29), respectively.
If v > 4/3, the constant Coy = Co(T') does not depend on k.

Observe that the right-hand side of (39) becomes independent of (k, 7, 1) after having
passed to the limit (e, p,e/,/) — 0 in the case v > 4/3.

Proof. The proof is a lengthy computation split into several steps.
Step 1: Intermediate BD entropy inequality. Similarly as in [25, Lemma 12], we compute
the derivatives

// ( p|V log p| )d.ﬁEdT //8 pv - Vlog p)dxdr

and sum the resulting expressions. After some calculations, we obtain

2 T=t t A
/ <%p\Vlog p|* +vpv - Viog p) dx = y/ / (p[]D(v)]? +kVp- V(—\/ﬁ)
Q 7=0 \/:5

1 4
+Vp-Ve— 2p|Vo— Vo' = ;|Vp7/2|2 V’; “)me

(v [Ap?
+ 5u/ / (iAp\Vlogpl2 + (Vp®Vlogp): Vo —Apdive — v ; )d{BdT
0o Ja

t 4
—y/ / (uVIogp-AQU—i—ronogp-U+7"1Vp-v]v|2+?U|Vp_3/2]2+(5|A3p\2)da:dT.
0o Ja

We add the energy inequality (30) (with (p,, v, ¢,) replaced by (p, v, ¢)), multiplied by M,
to the previous equation, which leads to

(40) %/Qp\v + vV log pf*(t)dw + (M — 1) Ex((p, v, ¢)(t)) + M Epo(p(t))
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—l—M/ /( +r0\v|2+r1p|v|4>dxdT+M/ /|8 c|*dxdr

1
+ v/ / (ZPIW TP ;!Vp“!? +Cr(|AVpl* + |V\%‘4)>dxdT
0 Q

t t 4
V<M—1)/ /prn)(v>|2dxd7+/ /Q(%|Vp_3/2|2+V5\A3p|2>dxdr
0 0

t
4
+5/ / <;M|Vp7/2|2+CK’€M(|A\/ﬁ’2+|v\4/ﬁ|4>+MAU|2

4
77 il v _3/2|2+5M|A3,0|2—|—V2’ P‘ )dxdT
p

§10+J1+"'+J5+K1+"'+K5,

where
2
o= MO+ BP0 ) 4 MBSO + [ (9108 + 00 Vo ) o
Q

as well as

V2 t t
Jy = —5/ /Ap\Vlogp\zdxdT, Jy = —l/u/ /VA log p - Avdxdr,

2 Jo Ja 0o Ja

t t
J3 = €V/ /(V,O ® Vlogp) : Vudzdr, Jy = —sy/ / Apdiv vdzdr,
0o Ja 0 Jo

t t
J5:5M/ /p2dxd7', Klzy/ /Vp~VcdxdT,
//V'O Ydx dr, ng—wo/ /Vlogp vdxdr,
:—VT’l/ /Vp vlv|*dzdr, K5 = M/

Observe that J; depends on the parameters (e, u), which will tend to zero first, while K3
and K depend on (rg,r1), which are fixed at this point.

Step 2: Positivity of p. We claim that p is positive a.e. We know from the modified
energy inequality in Lemma 5 that

(41) 7 Lo rns@) + Volpll e o.rims@y < Cx).
Inequality (26) then yields
42) o emen) < CA+Cn PP A+ Co2)?2 < C(L 401 +671) =: Csy,

Thus, p~! is bounded a.e. in O, which proves the claim.
Step 3: Estimation of J;. We start with the term J; and use (41):

1] < evllp™ I 1Pl 20,7320 [V ol s,y < Ced™2671CF,
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It holds that
| Jo| < vul|AVIog pl 2@ | AV ]| 2(2r) -

We calculate VAlog p. Let 0; = 0/0x;. Then
0:i0%p  07pdip 5 0:0p0ip _ ,0ip(0p)?

2 2 3

p p p

The denominators are bounded in L*(§2r) because of (41), so it remains to estimate the
nominators in the L?(Q7) norm. We deduce from (41) that

1803 pll 122y < ol 2030y < C(R)2,
10:0;00ipl| 207y < HP||L°°(0,T;W2’4(Q))||PHL2(0,T;W174(Q))
< Cllpll =3 @llpll 202 00)) < C(K)6,
10:0(030)° | 200y < IPlIZs0 w100y < Cllol T 0,512y < Cr)S 2.
Together with the bound /|| Av| 2o, < C(k) from Lemma 5, we obtain

[ Jo| < C(r)(1+ G5, ) (L + 67222,
It follows from Lemma 5 (modified energy inequality) that
| J3] < 1651// / |Vo(V/p @V /p) : D(v)|dadr
< CellVpD(0)l 20 IV VoI5, < Cli)e - 72 = C(r)e.

Integrating by parts in J, several times,

0 p Ov; d 8,0 0%,
. J J .
/QAp divvdzr = /Q g 8$2 8x]d /Q g 83:] o2 dx /Q Vp - Avdz,
1,]= )=

we find that

2 _
0;0; log p =

[Jal < Cellpllzzormm @l Av]|2r) < C(r)e(dp) 2.

Finally, because of Lemma 3,
t
|J5| < C’eMT+€C’K/<aM/ / |V\4/ﬁ|4d:vd7',
0o Jo

and the integral can be absorbed by the left-hand side of (40). Summarizing, we find that

¢
(43) |Ji| 4+ -+ | 5] < C(6,n, k) (\/g—i- N{TE: %) +€CKRM/ / |V ¢/p| dzdr.
0o Jo

Step 4: Estimation of K;. We conclude from (35) that

¢ ¢
K, = —I// / Apcdzdr < z/(|VCO|2 + (")?)dx + V/ /dexdT.
0 Jo 2 Ja 0 Ja
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We use Lemma 3 to estimate the last integral on the right-hand side. Here, we distinguish
between the cases v > 1 and v > 4/3. If v > 1, we have for any o > 0,

t
Ky < (@0, T) + Clo) + 0 / / v /5| dudr,
0 Q

and the integral on the right-hand side can be absorbed by the left-hand side of (40) after
choosing 0 < Ckvrk/2. Here, the constant C(o) depends on k. This dependency can be
avoided by choosing v > 4/3. Indeed, we find that

2 t
K, <o vT)+ —V/ / IV /%2 dxdr,
7 Jo Ja

and the last integral can be absorbed by the left-hand side of (40) without any dependency
on K.
Next, it follows from Young’s inequality that

KQ—QC//\/_’U V\/_dxd7<é//|\/_v\dxd7+ //|V\/_|dxd7

The first term on the right-hand side can be absorbed by the left-hand side of (40), while
the second term will be estimated later.

The estimate of K3 is more involved. We deduce from the mass equation that Vp v =
eAp — dyp — pdivv and therefore, using [, divodz = 0,

K3 = —1/7"0/ Vp Y dedr = 7/7”0/ / (pdive + Oip — eAp)dxdr

= WO/ / (&t log p — 8—) dzxdr

< Wo/ (log p(t) —log p°)dx + evrollpll z20,r:m2 @ |0~ | oo ()
Q

It follows from log p(t) = (log p(t))+ — (log p(t))— < p(t)—(log p(t))— and mass conservation
that

K; < 1/7"0/ p(t)dx — W‘O/(logp(t))_dx - VTO/longdl‘
Q Q Q
+evrollpll 2o e = er

< C(p°) —vrg / (log p(t))_dx + C(k)Cs, 0~/ ¢
Q

< C(p°) + C(8,m, k)e — vrg / (log p(t))_dx,

Q
where we used (42) in the next-to-last step. By Young’s inequality,

t t
K, = 1/7"1/ / div(|v|*v) pdxdr = V7’1/ / (2pv - Vv - v + plv]? divv)dadr
0 Ja 0 Jo
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t d
= / / <2p Z D(v)v0; + plo? div v) dxdr
0 Jo

ij=1

t d t
< V?“l/ / p Z (Jvil?|v;]* + |D(v)i; ) dwdT + grl/ / p(|v]* + | div v|?)dzdr.
0o Ja 0o Ja

ig=1
Then, since |divv]? < 3|D(v)]?,

t
Ky < 1/7“1/ / (;,0|v|4 + gp\D(v)F) dxdr.
0 Jo

The right-hand side can be absorbed by the left-hand side of (40) choosing M sufficiently
large (and depending on v and r;). Finally, by Lemma 3, for oy = v/(2M) and oy = 1/4,
2

M
Ko < Co )+ % [ 1VV/p0Pde+ 5 [ Velt)Pde.
Q Q

The last term can be absorbed by the left-hand side of (40). We summarize:

t
() Kitee+ Ko < Kok Cle ) + COmme+ 7 / / plof2didr
0

t t
—i—z/ /|V\/ﬁ|2dxd7'—|-l/r1/ / <§plv|4+§p|ﬂ)(v)\2>da:d7'
¢Jo Ja o Ja \2 2

+ V;/Q|V\/m12da:+%/Q]Vc(twdx—wo/Q(logp(t))dx_

Step 5: End of the proof. The last integral of (43) as well as the first, third, and fifth
integral of (44) can be absorbed by the corresponding terms on the left-hand side of (40) by
choosing M sufficiently large. For the fourth integral on the right-hand side, we compute

1 1 1
VIV/pl? = ;ﬁp!Vlogp!Q < gplv+vv log p|* + §plv\2,
which yields

2 1 1
V—/ \V/pPdx < —/p|v+l/V log p|*dx + —/p|v|2dx.
2 Ja 4 Ja 4 Ja

The right-hand side can be absorbed by the left-hand side of (40). Finally, the second
integral on the right-hand side of (44) can be controlled by applying Gronwall’s inequality
after inserting estimates (43) and (44) into (40). This finishes the proof. O

3.4. Limit (d,e,7n, 1) — 0. In view of the estimates obtained from the BD entropy inequal-
ity of Lemma 7, we can pass to the limit (J,e,7, u) — 0 similarly as in [22, Sec. 3.2-3.3].
More precisely, we pass to the limit (¢, ) — 0 such that ¢/\/ — 0. By Lemma 7, this
eliminates the dependence of the right-hand side on (d,17). Hence, we obtain estimates
uniform in these parameters and we can perform the limit (§,7) — 0. These limits are
treated exactly as in [22, Sec. 3.2-3.3]. The chemotaxis term does not introduce additional
complications and can be handled by the arguments used in the limit n — oo (see Section
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3.2). The limit (d,e,m, u) — 0 in the BD entropy inequality yields (39) with the first term
on the right-hand side removed and with (d,&,n, u) = 0.

Our arguments are valid for smooth initial data. The final step to complete the proof is to
extend the result to less regular initial data. This is done in the usual way by constructing
a sequence of smooth functions approximating the initial conditions; see, e.g., [14, p. 1041].
This ends the proof of Theorem 1.

4. PROOF OF THEOREM 2

We wish to pass to the limit (k,79,71) — 0 in (12)—(13). To this end, we proceed as in
[15]. First, we prove that the weak solution constructed in Theorem 1 is also a renormalized
solution in the sense specified in Definition 1. Then we show that any renormalized solution
is in fact a weak solution. Finally, we perform the limit (k,rg,r1) — 0.

4.1. From weak to renormalized solutions. The task is to reformulate the momentum
equation (13) for renormalized solutions. Let (1/p,/pv, ¢) be a weak solution to (12)—(13).
The idea of renormalized solutions is to multiply the momentum equation by ¢'(v), where
 is some smooth function. As indicated in [15, Sec. 3], the regularity of the weak solution
is not sufficient for this procedure and we need to regularize. For this, let 7. be a standard
space-time mollifier on (0,7) x T3, periodic in the spatial variables. (Since we passed to
the limit (¢,7) — 0 in the previous section, these letters are reused here without causing
any notation conflict.) The mollification of a function g is denoted by

ga(tax) = (772 * g)(t7$)v (tax) S (O,T) x T?.

Next, we define the continuous cutoff function

(0 for 0 <y < 1/(2m),

2my —1 for 1/(2m) <y < 1/m,
Om(y) =<1 for 1/m <y <m,

2—y/m form <y <2m,

L0 for y > 2m,

which vanishes close to zero and for large values of y and equals one in the interval [1/m, m].
It holds that ¢,,(y) — 1 as m — oo for any fixed y > 0. The cutoff function is used to
define the approximate velocity v, := ¢n(p)v. We summarize the regularity obtained
for the weak solution. Recall the notation (14) for /pS, and (15) for /pT, as well as
S, = 3(T, + TY).

Lemma 8. Let (\/p, \/pv, ¢) be a weak solution to (12)~(13) constructed in Section 4. Then

p € L°(Qr), Vo' € L4 (Qp; R?), Vom(p) € L (Qp; R?),
Didm(p) € L*(Qr), v € L2(Qr; R?), pv € L2(Qp; R3),
plofPv € L4(Qr; R?), plv* € L (Qr), VoISs| € P (Qr),

VoISl € LP3(Qr), Ve e L (Qp; R?), pVe e LT (Qr RY).
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Proof. The proof can be found in [15, Lemma 3.3|. Tt is based on the modified energy and
the BD entropy inequalities, except for the chemotaxis term: It follows from p € L(Qr)
and Ve € L(Q7;R?) that pVe € LY7(Qp; R?). O

We wish to derive the momentum equation satisfied by v,, = ¢ (p)v. Asin [15, Sec. 3.1],

the idea is to use the mollified test function 1é,(p) in the momentum equation (18), where
P € C°(Qr; R?) is a vector-valued function. Performing the limit € — 0 in the resulting
equation and using the commutator estimates of DiPerna and Lions [15, Lemma 3.2] leads
to the following equation:

(45) 0= / / [P6m(0)0 - O + pbm(P)(0 ® ) - Vib — 6a(p)Vip(p) - ¥

= om(P)(VVPSy + VEESK) : VI = (VVPSy + V/EpSk) : (Vom(p) © 1)

+ poum(p)Ve - b — %(p)% A+ pOhdm(p)v - ¥+ pv ® ) : (Vin(p) @ )

— Todm(p)V - b — T1pdm(p)|v]*v - ¥ }ddt.
We want to replace the term p0i¢n,(p)v - ¥ + p(v ® v) : (Vén(p) ® 1) in the third line

with the help of the mass equation. For this, we use [15, Lemma 3.1] to treat the mollified
quantities, in particular

(46) / / g hdzdt = / / gh'dzdt, 1limV(gh) = lim V(gh")
0 Q 0 Q e—0 e—0

for suitable functions g and h, where the limit holds in the sense of L9(€7) for any ¢ < oc.
It follows from the test function ¢’m(,55)pwivj€ in (17) (with 7,7 = 1,2,3) and integration
by parts that

T —_— _—
(47) 0= [ | (oG + o VI o

/ / 00" &, (7°) prbiv; + div(pu) L, (7°) ptbiv;) davdlt.
Taking into account definition (15) of T,, we have

Vvptr T, = vdiv(pv) — 2vy/pv - V4/p,

such that (47) becomes

(48) 0= / / {atpqu ) pbiv; + (\@tﬂry —1—2\/51)-V\/ﬁa)¢%@(ﬁ€)P¢in}d$dt-

The BD entropy inequality in Lemma 7 shows that ,/pv - V\/_ ¢ (p) € LY3(Qr) and
& (p)pv; € L (Qr). Therefore, we can pass to the limit ¢ — 0 in (48) to conclude that

0—/ /{&pgb p)piv; + <\/7tr']l‘ +2./pv - V\/’) (P )p@/}ivj}dxdt
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T
_ /0 /Q (&ebm(p)p%vj+U.V¢m(p)p¢wj+\/g tr T, ¢ (p)mg)ivj)dxdt‘

Thus, replacing the term pd;idn,(p)v - + p(v @ v) : (Vo (p) @ ¥) in (45) and using the
definition v, = ¢,,(p)v, we obtain

T
0= [ [ {00+ o095 90— 0n)V0l0) 6 4 po() e v
(49) — om(P)(VYPSy + V/EPS) : VU — (VvpSy + /6pSk) - (Vém(p) @ ¢)
R \@ 60T, 0 (p)p - ¥ — ol - ¥ — 1|0 2T - w}d:cdt.
We choose the test function ¢ = ¢y’ (’ﬁs)E for some ¢ € C§°(€2r) and ¢ as in Definition

3 in (49) and pass to the limit ¢ — 0. Proceeding as in [15, Sec. 3.3|, in particular using
(46) and integration by parts, the first two terms in (49) become after a computation

lim /O ' /Q {pa;m.at(d)gp/(ﬁg)s) + p(v @ V) v(qﬁgpf(ﬁa)a)}dxdt

e—0

:/OTLP(¢(Em)8t¢+¢(§m)U-V¢)dwdt.

We wish to pass to the limit ¢ — 0 in the fourth and fifth terms of (49). To this end, we

observe that
p P

- _¢mp(p) (\/g’]l‘,, +2/pv ® V\/ﬁ) € L*(Qr; R*?).
This implies that V' (0,,) = ¢ (0) VU, € L?(Qr; R¥*3) and the limit ¢ — 0 in the fourth
term of (49) becomes

e—0

b [ [ o+ i) ST
- /0 /Q Sm(p) (VVDSy + V5pSk) + (V6 @ & (Un) + 6V (Un)) dadt.

The limit ¢ — 0 in the remaining terms of (49) can be performed as well, and we end up
with

o) o= [ ] (pgo@m)ampso@m)v-v¢—¢m<p>vp<p>w'@mw

— 6P () (TS, + /RTSK) = Vi
— (VIBS, + VRES.) : (¢ (Bn) © Vo (p))d
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- ﬁ T (P - ) — T - & ()b — raplol i - go'@mw) drd,

The next step is the limit m — oo. We deduce from ¢,,(y) — 1, ¢/,(y) — 0 for a.e.
y > 0 and from p > 0 a.e. in Qp (which is a consequence of rologp € L>(2r)) that

bm(p) = 1, ,03/4¢'m(p) — 0 a.e. in Qp.

) ‘Pl(am)gb

We infer that 0, = ¢n(p)v — v a.e. and g(v,,) — g(v) a.e. for any g € Wh°(R3). We
pass to the limit m — oo in (50), arguing by dominated convergence. This requires the
pointwise a.e. convergence of the integrand, which is straightforward for all terms except
for \/pV,,, appearing in the fourth term on the right-hand side of (50). We reformulate
this expression:

VPV = APV (6m(p)0) = /59 (0)Vp ® v + \/5bm(p) V0
= 4961, (0)Vp/* @ (/pv) + dum(p)p™*(V(pv) = Vp @ v)
= 4048, ()V "t © (/70) + () 7T,
Then, with the previous convergence results,
VPV, — v AT, ae. in Q.

Because of ¢,,(p) < 1 and |p*¢/ (p)| < 2, the integrand is dominated by an integrable
function. Therefore, by dominated convergence, we conclude from (50) in the limit m — oo
that

o- [ (pw)a@ T po(0)0 - V6 — Vp(o)g ()
(TS + VRS ¢ (¢ (0) ® V) + pVe- ()

2 (0)6 = oo (016 — rplofe sO’(v)fb) dvdt — (R, 0),

where

Rpi0) = —= / / &(\/TPS, + \/FpSy) : T, dxdt.

It remains to verify formula (20) for T,. We multiply the (j, k)th component of (15) by
Om(p)d(0p/0v;)(v) and pass to the limit e — O:

//\/_ i)

o [ [ (2 omom() 52016~ 20 5L b S 010 ) o

( Yodwdt
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v [ [ (pvmm( 1520))0 - pig (9ul0) 52 0) o

- 2oy f <p)ai< )¢}dwdt

/ / (pvmm SE ) g~ AV F e g (00

—Z\/ﬁvk(bm(p) 0% ()\/_S_Z¢ Qﬁvkaaf¢m(p>§_i(v)¢)dxdt7

where in the last step, we integrated by parts in the first term on the right-hand side and
computed the partial derivative d/0z; in the second term. The expression ,/pdv,/0x; is

understood symbolically as v~Y/2(T,);,; see [15, p. 205]. Finally, since p*4¢/, (p) — 0 a.e.,
the limit m — oo leads to

//\/_ ikn(r) S

o f (0 s A )

( Yobdzdt

where

QI ) = / / avzaw \[ (T, edadt.

4.2. From renormalized to weak solutions. To show that any renormalized solution
is in fact a weak solution, we follow the approach in [15, Sec. 3.2], since the chemotaxis
term does not introduce any additional difficulties. For the convenience of the reader, we
explain the main idea. Let ® € C*°(R) be a nonnegative test function satisfying O(z) =1
for z € [-1,1], ®(z) = 0 for z € (—00,—2] U [2,00) and set WU(z) = [ ®(s)ds. Let
i € {1,2,3} and define

on(y) = n¥(yi/n) H ®(y;/n) for y € R

j=1

This function is an element of W3 (R3) and fulfills condition (19) because it is com-
pactly supported. We fix i = 1. Then ¢(y) — vi1, ¢'(y) — (1,0,0) a.e. as n — oo and
|¢" (y)||Loe 3y < C'/n. This bound implies that (R, ,¢) — 0 and (Q,,,#) — 0. The mass
and chemotaxis equations coincide in both (weak or renormalized) formulations. The limit
in the momentum equation is obtained by an application of the dominated convergence
theorem.
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4.3. Limit (k,7,71) — 0. We consider a sequence of positive numbers (ky, 70, 71,,) such
that (Kn,70n,71,n) — 0 as n — o0o. Let (y/pn,/Pnn, cn) be the renormalized solution to
(12)—(13) just constructed. The BD entropy inequality yields estimates that are indepen-
dent of n and, as shown in [15, Lemma 5.1], up to subsequences, as n — oo,

pn — p strongly in L>(0,T; LY(2)) for ¢ < max{3,~},
PnUn — pv  strongly in L*(0,T; L"(Q2)) for r < 3/2,
(51) poH(v,) — p*H(v) strongly in L*(Qr) for s < 5v/(3a)

for any bounded continuous function H and 0 < a < 5v/3. Furthermore, our uniform
bounds and the Aubin—Lions lemma imply that (again up to a subsequence)

cn — ¢ strongly in L>(0,T; L*(2)).

The limit n — oo in the mass and chemotaxis equations is now straightforward. We
examine the momentum equation term by term:

e By (19), the mappings y — ¢(y) and y — yp(y) are bounded and continuous. Hence,
we deduce from (51) that, for any v > 1,

prp (V) = pp(v),  Patnp(va) — pup(v)  strongly in L*(Qr).

A subsequence of Vp;/? converges weakly to Vp?/2 in L*(Q) and p/*o(v,) converges
strongly to p?/2p(v) in L*(Qr) for s < 10/3 (choosing a = /2 in (51)). This shows that

Vo - @' () = 2V - (072 (va)) = Vp7 - ¢/ (v)  weakly in L'(Qr).

e The weak convergence of the sequences (\/p.S,¢'(v,)) and (p,Ve, - ¢’ (v,)) follows im-
mediately from the previous results.

e The sequence (y/pnSx.n) is bounded in L2(0,T; L3/%(€2)), implying that
VEnPnSwn@ (v,) = 0 strongly in L*(0, T L32(Q)).

e The sequence (,/To,v, - ¢ (v,)) is bounded in L*(Qr), and (ngpn|vn|20n) is bounded in
L*3(Qg). This shows that, for a subsequence,

TontUn - @' (v,) = 0 strongly in L*(Qr),
1P| Vn U0 - @' (vp) = 0 strongly in L*3(Qy).
e We conclude from the bound
IR ol mery < CUITvanllz@r), 1Sunllr2@zr, ISknllzzi@m ) 197 | e gy < Cllg” |1 ms)

that R, — R, weakly™ in M(Qr) for some measure R,,.

It remains to show identity (20) for T,. We know that T, converges weakly in L?(Q7)
and that

dp dyp
(52) \/p_"a_w(””) — /P B,

(v) strongly in LY(Qr) for ¢ < 10~/3.
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Therefore, the left-hand side of (20) converges. In a similar way, the first term on the
right-hand side converges thanks to (51) (and using (19)). For the last term, we use the
strong convergence (52) and the weak convergence V,/p, — V,/p in L*(Qr). Finally,
the convergence of the measure (), follows by the same arguments as in the momentum
equation. This completes the proof.
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