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Abstract. The existence of global weak solutions to the compressible Navier–Stokes
equations for the density of endothelial cells and their velocity, coupled to a reaction–
diffusion equation for the concentration of the chemoattractant, is established in a three-
dimensional torus for energy-finite initial data. The coupling of the equations arises
through the chemotaxis force, which contributes to the momentum balance equation, and
the signal production due to the cells in the chemotaxis equation. The equations model
the self-assembly of endothelial cells during the early stages of blood vessel formation. The
existence result holds for adiabatic pressure exponents γ > 4/3, matching the exponent
found in the existence analysis for the degenerate Keller–Segel equations. The proof
leverages an approximation via Korteweg and drag terms, the BD entropy inequality, and
a construction of weak solutions that are renormalized in the velocity variable.

1. Introduction

In vasculogenesis, endothelial cells move through the extracellular matrix and intersti-
tial fluid, guided by gradients of chemoattractants. The cells may self-assemble into a
vascular network. Exhibiting fluid-type behavior and interface effects, the collective cell
dynamics is described by mass transport, momentum balance, and chemotaxis forces. The
mathematical model consists of the compressible Navier–Stokes equations for the cell den-
sity and velocity, coupled with a reaction–diffusion equations for the concentration of the
chemoattractant. The existence of global weak solutions to this system for pressures with
an adiabatic exponent γ ≥ 4 was proved in [1] and later extended to the range γ > 8/5 in
[12]. The motivation of this paper is to investigate to what extent the admissible range of γ
can be extended by allowing for model variations. When density-dependent viscosities are
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assumed, we prove that we can choose γ > 4/3. On the level of a Korteweg approximation,
the full range γ > 1 turns out to be admissible.

1.1. Model equations. The equations for the density ρ(x, t) of the endothelial cells, their
velocity v(x, t), and the concentration c(x, t) of the chemoattractant are given by

∂tρ+ div(ρv) = 0,(1)

∂t(ρv) + div(ρv ⊗ v) +∇p(ρ) = ν div(ρD(v)) + ρ∇c− ρv

ζ
,(2)

∂tc = ∆c− c+ ρ in Ω, t > 0,(3)

where D(v) = 1
2
(∇v + ∇vT ) is the symmetric part of the velocity gradient, p(ρ) = ργ is

the pressure with the adiabatic exponent γ > 1, ν > 0 is the viscosity constant, and ζ > 0
is the relaxation time. We assume that the domain equals the three-dimensional torus,
Ω = T3, and we impose the initial conditions

√
ρ(0, ·) =

√
ρ0, (

√
ρv)(0, ·) =

√
ρ0v0, c(0, ·) = c0 in Ω.(4)

Equations (1)–(2) are the compressible Navier–Stokes equations with a density-depen-
dent viscosity and the chemotaxis force ρ∇c. Equation (3) is the chemical signal model
including degradation of the signal and production due to the cells. Model (1)–(3) was
suggested in [2, p. 1862] with constant viscosity. When the movement of the endothelial
cells is modeled as a non-Newtonian fluid, the results of [9] suggest a degenerate viscosity
that vanishes in vacuum to account for the nonstandard fluid behavior.

In the zero-inertia and zero-viscosity limit, equations (1)–(3) reduce to the degenerate
Keller–Segel equations ∂tρ+ ζ div(∇p(ρ)− ρ∇c) = 0 and ∂tc = ∆c− c+ ρ. The existence
of global classical solutions to this system was proved for functions p(ρ) = ργ with γ > 4/3
[21], while there exist smooth solutions in case γ ≥ 4/3 that blow up [24]. This indicates
that the range γ > 4/3 is optimal to obtain a global existence result for (1)–(4), and this
result is our main contribution.

Without chemotaxis force, global weak solutions to the compressible Navier–Stokes equa-
tions with density-dependent viscosity were shown to exist for all γ > 1 [5, 6]. This natu-
rally raises the question of whether this range of γ is possible in our model with chemotaxis
force, allowing for a modification of the model. We demonstrate that this is achievable by
introducing a Korteweg term of the form divK, where the Korteweg tensor K is specifically
given by K = (κ/2)ρ∇2 log ρ with the capillarity constant κ > 0. Then the Korteweg term
becomes

divK = κρ∇
(
∆
√
ρ

√
ρ

)
.(5)

This expression can also be interpreted as a quantum force with the so-called Bohm po-
tential ∆

√
ρ/
√
ρ, used in quantum fluid modeling [14]. Although the presence of Korteweg

terms may be motivated in the modeling of multiphase cellular fluids, we consider it as part
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of the approximation scheme for (1)–(2), introduced to establish the existence of weak so-
lutions for κ = 0. The existence of solutions to the compressible Navier–Stokes–Korteweg
model with chemotaxis force for all γ > 1 is a by-product of our analysis.

1.2. Mathematical tools. We explain now the mathematical difficulties associated with
the chemotaxis force. The idea of [12], where the viscosity was assumed to be constant, is
to derive a priori estimates from the free energy

E0(ρ, v, c) =

∫
Ω

(
1

2
ρ|v|2 + h(ρ) +

1

2
(|∇c|2 + c2)− ρc

)
dx,(6)

where h(ρ) = ργ/(γ−1) is the internal energy density, 1
2
ρ|v|2 is the kinetic energy, and the

remaining terms are associated to the chemotaxis energy. To prove that E0 has a lower
bound, we need an upper bound for ρc. This was achieved by the inequality of Sugiyama
[20] ∫

Ω

ρcdx ≤ 1

2
∥h(ρ)∥L1(Ω) +

1

4
∥∇c∥2L2(Ω) + C1(γ)∥c∥C2(γ)

L1(Ω),

which requires the condition γ > 8/5. The first two terms on the right-hand side can be
absorbed by the energy and the L1(Ω) of c can be bounded in terms of the initial data
(ρ0, c0). We believe that the bound γ > 8/5 cannot be easily improved.

When the viscosity depends on the density as in (2), Bresch and Desjardins discovered
a new mathematical entropy that provides some additional regularity for the density. The
so-called BD entropy

EBD(ρ, v) =
1

2

∫
Ω

ρ|v + ν∇ log ρ|2dx(7)

yields an a priori bound for ∇√
ρ in L2(Ω) uniformly in time. It can be interpreted as the

kinetic energy associated to the effective velocity, which is the sum of the fluid velocity v
and the osmotic velocity ν∇ log ρ. By the Gagliardo–Nirenberg inequality (see Lemma 3),
we can control the critical term ρc according to∫

Ω

ρcdx ≤ C(δ) + δ

∫
Ω

(|∇√
ρ|2 + |∇c|2)dx(8)

for any δ > 0, and the right-hand side can be controlled by the BD entropy.
Unfortunately, our situation is more involved. Indeed, we also need to estimate the term

K1 = ν

∫ t

0

∫
Ω

∇ρ · ∇cdxdτ

arising from the chemotaxis force. We prove below (see the proof of (35)) that

K1 ≤ C(c0) +

∫ t

0

∫
Ω

ρ2dxdτ,

such that it is sufficient to estimate ρ2. If γ ≥ 2, the right-hand side can be estimated by
the internal energy component of E0. For γ < 2, we need additional bounds derived from
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a combination of the free energy E0 and the BD entropy EBD. The associated dissipation
contains, up to some factor, the dissipation

D1 =
4

γ
ν

∫ t

0

∫
Ω

|∇ργ/2|2dxdτ.

Then, if 4/3 < γ < 2, we use the inequality∫ t

0

∫
Ω

ρ2dxdτ ≤ C(δ) + δ

∫ t

0

∫
Ω

|∇ργ/2|2dxdτ(9)

for arbitrary δ > 0 (see Lemma 3), and the integral on the right-hand side can be absorbed
byD1. We already mentioned that the range γ > 4/3 matches the bound for the degenerate
Keller–Segel model [21], which can be seen as a limiting case of our model.

To cover the full range γ > 1, a stronger inequality is required:∫ t

0

∫
Ω

ρ2dxdτ ≤ C(δ) + δ

∫ t

0

∫
Ω

|∇ 4
√
ρ|4dxdτ.(10)

It is necessary to regularize our equations to control the right-hand side of (10). This is
achieved by adding the Korteweg term (5). Then a combination of E0 and EBD yields the
additional dissipation

D2 = κ

∫ t

0

∫
Ω

ρ|∇2 log ρ|2dxdτ,

which can be estimated from below by

D2 ≥ 2CKκ

∫
Ω

(
|∆√

ρ|2 + |∇ 4
√
ρ|4

)
dx with CK =

1

16
,(11)

proved in [14, Appendix] and [22, Lemma 2.1]. This allows us to derive additional a priori
estimates. In fact, for sufficiently large M > 0, we show below that

d

dt
(E0 + E1 +MEBD) +D ≤ C(κ) for 0 < t < T,

where E1 = κ
∫
Ω
|∇√

ρ|2dx is the Korteweg energy, D is the dissipation containing gradient
bounds, and the constant C(κ) > 0 depends on κ and the initial data. If γ > 4/3, the
constant can be chosen independently of κ, allowing for the limit κ→ 0.
We detail now our approximation scheme. It is well known that the solution to the

compressible Navier–Stokes equations requires a careful regularization strategy. We con-
sider two regularization levels to solve (1)–(3). First, we add the Korteweg term (5) and
some drag terms with parameters (r0, r1), leading to the following chemotaxis compressible
Navier–Stokes–Korteweg system:

∂tρ+ div(ρv) = 0, ∂tc = ∆c− c+ ρ in Ω, t > 0,(12)

∂t(ρv) + div(ρv ⊗ v) +∇p(ρ) = ν div(ρD(v)) + ρ∇c− ρv

ζ
(13)

+ κ∇
(
∆
√
ρ

√
ρ

)
− r0v − r1ρ|v|2v.
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Second, we add the diffusion ε∆ρ and some higher-order regularization with parameters
(δ, η, µ) as in [22, Sec. 2]; see Section 3.1 below.

The strategy of the proof is as follows. We first prove the existence of solutions to the
regularized Navier–Stokes–Korteweg system with parameters (κ, r0, r1; δ, ε, η, µ) by means
of a Faedo–Galerkin approximation with dimension n ∈ N. A modified energy inequality
yields estimates uniform in n such that we can pass to the limit n→ ∞. Then we prove the
BD entropy inequality, which provides additional uniform bounds allowing us to perform
the limit (δ, ε, η, µ) → 0. This gives a weak solution to the compressible Navier–Stokes–
Korteweg system (12)–(13) for all γ > 1. Following [15], we show that this solution is in
fact a renormalized solution (and vice versa). The final step is the limit (κ, r0, r1) → 0
leading to a weak solution to system (1)–(4) for γ > 4/3, recalling that the restriction of
the range of γ originates from inequality (9).

1.3. State of the art. The first result of the existence of global weak solutions to the three-
dimensional compressible Navier–Stokes equations with constant viscosity and nonnegative
initial data was proved by Lions [17, Theorem 7.2] for γ > 9/5. This result was extended
by Feireisl and co-workers [11] to the range γ > 3/2. The full range γ > 1 seems to
be admissible only under additional assumptions like symmetric initial data [13]. These
results rely on the condition that the viscosity coefficient is bounded from below by a
positive constant to achieve uniform bounds on the gradient of the velocity.

When density-dependent viscosities are considered, the velocity cannot be defined when
the density vanishes. This difficulty was first overcome by Bresch et al. [7] by proving the
stability of a variant of the compressible Navier–Stokes–Korteweg equations, later improved
by Bresch and Desjardins [5] by removing the Korteweg term. This was possible thanks
to a new mathematical entropy inequality, derived from the BD entropy (7). With this
information, the existence of global weak solutions in the presence of appropriate drag
terms or singular pressure close to vacuum was obtained. These additional terms could be
removed by Mellet and Vasseur [18] thanks to a new Mellet–Vasseur inequality, giving a
uniform estimate for

∫
Ω
ρ|v|2 log(1+|v|2)dx for smooth solutions. An approximation scheme

was provided in [16], and the Mellet–Vasseur inequality for weak solutions was proved in
[23]. When the Korteweg term (5) is present, such an estimate cannot be expected, except
for κ < ν [4, Theorem 2.2].

Another approach was introduced by Lacroix-Violet and Vasseur [15]. The authors prove
an existence result for the compressible Navier–Stokes equations with Korteweg term (5)
and then perform the limit κ → 0. The method is based on the construction of weak
solutions that are renormalized in the velocity variable, first used in [23] for the case κ = 0.
More general nonlinear density-dependent viscosities have been studied too, see, e.g., the
work [8] without Korteweg term and [3] with Korteweg term.

As already mentioned, we will follow the approach of [15] to prove the existence of weak
solutions to (1)–(4). The novelty of this paper lies in the treatment of the chemotaxis term,
which poses significant challenges for small values of γ > 1 due to its quadratic structure.
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1.4. Definitions. We give the definitions of weak and renormalized solutions. To this end,
we introduce the following tensors:

√
κρSκ = κ

√
ρ
(
∇2√ρ− 4∇ 4

√
ρ⊗∇ 4

√
ρ
)
,(14)

√
νρTν = ν∇(ρv)− 2ν

√
ρv ⊗∇√

ρ.(15)

The Korteweg tensor
√
κρSκ satisfies

div(
√
κρSκ) = κρ∇

∆
√
ρ

√
ρ

and accounts for the Korteweg regularization, while the tensor Tν equals
√
νρ∇v, both for

positive smooth functions ρ. The tensors are needed, since expressions like 1/
√
ρ and ∇v

may be not defined. We also introduce the symmetric part of Tν , Sν = 1
2
(Tν +TT

ν ) and we
set ΩT := (0, T )× Ω.

Our a priori estimates, stated below, yield the following regularity for κ ≥ 0:

(16)

ρ ∈ L∞(0, T ;Lγ(Ω)), ργ/2 ∈ L2(0, T ;H1(Ω)), ∇√
ρ,

√
ρv ∈ L∞(0, T ;L2(Ω;R3))

Tν ∈ L2(ΩT ;R3×3), c ∈ L∞(0, T ;H1(Ω)) ∩H1(0, T ;L2(Ω)),
√
r0v ∈ L2(ΩT ),

√
κ∆

√
ρ ∈ L2(ΩT ), ∇ 4

√
κρ, 4

√
r1ρv ∈ L4(ΩT ;R3).

Definition 1 (Weak solution to the chemotaxis Navier–Stokes–Korteweg system). The
triple (

√
ρ,
√
ρv, c) is called a weak solution to (12)–(13) on [0, T ] with initial conditions

(4) if ∫ T

0

∫
Ω

(
ρ∂tϕ+ ρv · ∇ϕ

)
dxdt = 0,(17) ∫ T

0

∫
Ω

(
ρv · ∂tψ + (ρv ⊗ v) : ∇ψ −∇p(ρ) · ψ + ρ∇c · ψ

)
dxdt(18)

=

∫ T

0

∫
Ω

(
ρv

ζ
· ψ +

(√
νρSν +

√
κρSκ

)
: ∇ψ + r0ρv · ψ + r1ρ|v|2v · ψ

)
dxdt,∫ T

0

∫
Ω

(
c∂tϕ−∇c · ∇ϕ− cϕ+ ρϕ

)
dxdt = 0.

for all ϕ ∈ C∞
0 (ΩT ), ψ ∈ C∞

0 (ΩT ;R3), Sκ is defined in (14), Sν = 1
2
(Tν + TT

ν ), Tν is given
by (15), the regularity (16) is satisfied, and the initial data (4) is fulfilled in the sense of
distributions.

Definition 2 (Weak solution to the chemotaxis Navier–Stokes system). The triple (
√
ρ,√

ρv, c) is called a weak solution to (1)–(3) on [0, T ] with initial conditions (4) if it is a
weak solution to (4), (12)–(13) with (κ, r0, r1) = 0.

Definition 3 (Renormalized solution to the chemotaxis Navier–Stokes–Korteweg system).
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The triple (
√
ρ,
√
ρv, c) is called a weak solution to (12)–(13) on (0, T ) with initial condi-

tions (4) if for any φ ∈ W 3,∞(R3), there exists C1 > 0 such that

|yjφ(y)|+
∣∣∣∣yj ∂φ∂yk (y)

∣∣∣∣ ≤ C1 for all y ∈ R3, j, k = 1, 2, 3;(19)

there exist C2 > 0, depending on the L2(ΩT ) norm of Sκ and Tν, and measures Rφ,
Qijk

φ ∈ M(ΩT ) such that

∥Rφ∥M(ΩT ) +
3∑

i,j,k=1

∥Qijk
φ ∥M(ΩT ) ≤ C2∥φ′′∥L∞(R3);

the equations are satisfied in the sense∫ T

0

∫
Ω

(
ρ∂tϕ+ ρv · ∇ϕ

)
dxdt = 0,

⟨Rφ, ϕ⟩ =
∫ T

0

∫
Ω

(ρφ(v)∂tϕ+ ρφ(v)v · ∇ϕ−∇p(ρ) · φ′(v)ϕ+ ρ∇c · φ′(v)ϕ)dxdt

−
∫ T

0

∫
Ω

(
ρv

ζ
· φ′(v)ϕ+

(√
νρSν +

√
κρSκ

)
: (φ′(v)⊗∇ϕ)

)
dxdt

−
∫ T

0

∫
Ω

(
r0v · φ′(v)ϕ+ r1ρ|v|2v · φ′(v)ϕ

)
dxdt,∫ T

0

∫
Ω

(
c∂tϕ+ c∆ϕ− cϕ+ ρϕ

)
dxdt = 0

for all ϕ ∈ C∞
0 (ΩT ); Sκ is defined in (14), Sν = 1

2
(Tν + TT

ν ), Tν is given by∫ T

0

∫
Ω

√
νρ
∂φ

∂vi
(v)(Tν)jkψdxdt = −ν

∫ T

0

∫
Ω

(
ρ
∂ψ

∂xj
+ 2

√
ρ
∂
√
ρ

∂xj

)
∂φ

∂vi
(v)vkdxdt(20)

+ ⟨Qijk
φ , ψ⟩

for i, j, k = 1, 2, 3 and ψ ∈ C∞
0 (ΩT ); the regularity (16) is satisfied; and the initial data is

fulfilled in the sense of distributions.

1.5. Main results. Let ν > 0 and ζ > 0. We impose the following conditions on the
initial conditions:

ρ0 ∈ Lγ(Ω),
√
ρ0, c0 ∈ H1(Ω),

√
ρ0v0 ∈ L2(Ω;R3), r0 log ρ

0 ∈ L1(Ω).(21)

We first show the existence of global weak solutions to the chemotaxis compressible Navier–
Stokes–Korteweg system.

Theorem 1 (Existence for the chemotaxis Navier–Stokes–Korteweg system). Let κ, r0,
r1 > 0, T > 0, γ > 1, and let (21) hold. Then there exists a weak solution to (4), (12)–(13)
on [0, T ]. If γ > 4/3, the regularity results (16) are independent of (κ, r0, r1).
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If γ > 4/3, we can pass to the limit (κ, r0, r1) → 0 and obtain a weak solution to the
chemotaxis compressible Navier–Stokes system.

Theorem 2 (Existence for the chemotaxis Navier–Stokes system). Let T > 0, γ > 4/3,
and let (21) hold. Then there exists a weak solution to (1)–(4) on [0, T ].

The paper is organized as follows. Inequalities (8)–(10) are shown in Section 2. Theorems
1 and 2 are proved in Sections 3 and 4, respectively.

2. An auxiliary lemma

We show the following result which is needed to estimate the terms arising from the
chemotaxis interaction.

Lemma 3. For arbitrary σ1, σ2 > 0, there exists C > 0, depending on σi and the L1(Ω)
norms of ρ and c, such that for all smooth functions ρ, c, defined on Ω,

∫
Ω

ρcdx ≤


C + σ1

∫
Ω

ργdx+ σ2

∫
Ω

|∇c|2dx if γ > 8/5,

C + σ1

∫
Ω

|∇√
ρ|2dx+ σ2

∫
Ω

|∇c|2dx.
(22)

Furthermore, for any σ > 0, there exists C > 0, depending on σ and the L1(Ω) norm of ρ,
such that for all smooth functions ρ, defined on (0, t)× Ω,

∫ t

0

∫
Ω

ρ2dxdτ ≤



Ct+

∫ t

0

∫
Ω

ργdxdτ if γ ≥ 2,

Ct+ σ

∫ t

0

∫
Ω

|∇ργ/2|2dxdτ if 4/3 < γ < 2,

Ct+ σ

∫ t

0

∫
Ω

|∇ 4
√
ρ|4dxdτ.

(23)

Proof. The proof of (22) relies on the inequality∫
Ω

ρcdx ≤ σ1∥ρ∥mLm(Ω) + σ2∥∇c∥2L2(Ω) + C1(σ1, σ2)∥c∥C2(m)

L1(Ω)

for functions ρ ∈ Lm(Ω), c ∈ H1(Ω), where σ1, σ2 > 0 are arbitrary, C1(σ1, σ2), C2(m) > 0,
and m > 8/5 [20, Appendix B]. We need to control the first term on the right-hand side.
If γ > 8/5, we choose m = γ. In the general case, we choose m = 5/3 and apply the
Gagliardo–Nirenberg inequality with θ = 3/5:

∥ρ∥mLm(Ω) = ∥√ρ∥2mL2m(Ω) ≤ C∥∇√
ρ∥2mθ

L2(Ω)∥
√
ρ∥2m(1−θ)

L2(Ω) + C∥√ρ∥2mL2(Ω)

≤ C + C∥∇√
ρ∥2L2(Ω),

where we used mθ = 1, and C > 0 depends on the L1(Ω) norm of ρ. This shows (22).
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We turn to the proof of (23). The inequality is clear if γ = 2. If γ > 2, there exists
C > 0 such that ρ2 ≤ C + ργ, which proves the second case. Let 4/3 < γ < 2. Then, by
the Gagliardo–Nirenberg inequality with θ = 3γ/(6γ − 2) < 1 (since γ > 1),∫

Ω

ρ2dx = ∥ργ/2∥4/γ
L4/γ(Ω)

≤ C∥∇ργ/2∥4θ/γL2(Ω)∥ρ
γ/2∥4(1−θ)/γ

L2/γ(Ω)
+ C∥ργ/2∥4/γ

L2/γ(Ω)

≤ C + C∥∇ργ/2∥4θ/γL2(Ω) ≤ C(σ) + σ∥∇ργ/2∥2L2(Ω),

where the last step follows from Young’s inequality using 4θ/γ < 2 (at this point, we need
γ > 4/3). Finally, for any γ > 1, applying the Gagliardo–Nirenberg inequality again (with
θ = 3/8), ∫

Ω

ρ2dx = ∥ 4
√
ρ∥8L8(Ω) ≤ C∥∇ 4

√
ρ∥8θL4(Ω)∥ 4

√
ρ∥8(1−θ)

L4(Ω) + C∥ 4
√
ρ∥8L4(Ω)

≤ C(σ) + σ∥∇ 4
√
ρ∥4L4(Ω)

for an arbitrary σ > 0, which is possible since 8θ = 3 < 4. □

3. Proof of Theorem 1

We formulate an approximate system by adding, similarly as in [22, Sec. 2], higher-
order terms in the density and velocity. This system is approximated by a Faedo–Galerkin
scheme. Estimates uniform in the Faedo–Galerkin dimension follow from an approximate
energy inequality. To pass to the limit in the higher-order terms, we formulate a BD entropy
inequality, which yields additional estimates uniform in the regularization parameters. The
de-regularization limit is then performed by following the compactness arguments of [22].

3.1. Solution of an approximate system. We prove the existence of a weak solution to
the chemotaxis compressible Navier–Stokes–Korteweg equations (12)–(13). We solve first
the approximate system

∂tρ+ div(ρv) = ε∆ρ, ∂tc = ∆c− c+ ρ in Ω, t > 0,(24)

∂t(ρv) + div(ρv ⊗ v) +∇p(ρ) = ν div(ρD(v)) + ρ∇c− ρv

ζ
+QK +Qho(25)

where the Korteweg/drag regularization QK = QK(κ, r0, r1) and the higher-order regular-
ization Qho = Qho(δ, ε, η, µ) are defined by, respectively,

QK(κ, r0, r1) = κρ∇
(
∆
√
ρ

√
ρ

)
− r0v − r1ρ|v|2v,

Qho(δ, ε, η, µ) = ε div(v ⊗∇ρ)− µ∆2v + η∇ρ−3 + δρ∇∆5ρ,

and we impose smooth initial conditions (4) such that ρ0 is strictly positive. The regular-
ization parameters (ε, r0, r1, µ, η, δ) are positive; we suppose additionally that ε ≤ 1.
The higher-order regularization is similar to [22, (2.6)]. The diffusion term ε∆ρ in the

mass equation implies strict lower and upper bounds for the density via the maximum
principle, while the term ε div(v ⊗ ∇ρ) is added to preserve the energy structure. The
higher-order term µ∆2v yields more regularity for the velocity, which is needed to derive
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the BD entropy inequality. The remaining expressions η∇ρ−3 and δρ∇∆5ρ yield the strict
positivity of the density by means of the inequality

∥ρ−1∥L∞(Ω) ≤ C
(
1 + ∥ρ−1∥L3(Ω)

)3(
1 + ∥ρ∥Hk(Ω)

)2
,(26)

which holds for all ρ ∈ Hk(Ω) with k > 7/2 such that ρ−1 ∈ L3(Ω) [6, (13)]. This allows
us to use later the test function ∇ log ρ to derive the BD entropy inequality.

System (24)–(25) is solved by a Faedo–Galerkin approximation as in [10, Chap. 7] or [19,
Sec. 7.7]. The idea is to choose a basis (ek) of eigenfunctions of −∆ with domain Ω and
the finite-dimensional space Xn = span{e1, . . . , en}3 ⊂ L2(Ω;R3). A fixed-point argument
shows the existence of a time Tn > 0 and a solution (ρn, cn, vn) ∈ C1([0, Tn];C

∞(Ω))2 ×
C1([0, Tn];Xn) to (24) and∫

Ω

(
ρnvn · θ(Tn)− ρ0v0 · θ(0)

)
dx =

∫ Tn

0

∫
Ω

(
ρnvn · ∂τθ + ρn(vn ⊗ vn) : ∇θ(27)

+ p(ρn) div θ − νvn · div(ρnD(θ)) + ρn∇cn · θ −
ρnvn
ζ

· θ
)
dxdτ

+

∫ Tn

0

∫
Ω

(
κρn∇

(
∆
√
ρn√
ρn

)
· θ − r0vn · θ − r1ρn|vn|2vn · θ

)
dxdτ

−
∫ Tn

0

∫
Ω

(
ε(vn ⊗∇ρn) : ∇θ + µvn ·∆2θ + ηρ−3

n div θ − δρn∇∆5ρn · θ
)
dxdτ

for all θ ∈ C1([0, Tn];Xn). The initial conditions are ρn(0, ·) = ρ0, vn(0, ·) = Pnv
0, cn(0, ·) =

c0 in Ω, where Pn the projection on Xn. Let the initial data satisfy 0 < ρ0− ≤ ρ0n(x) ≤ ρ0+,
0 < c0− ≤ c0n(x) ≤ c0+ for a.e. x ∈ Ω. The maximum principle implies the bounds

ρ−(t) ≤ ρn(t, x) ≤ ρ+(t), min{c0−, ρ0−} ≤ cn(t, x) ≤ max{c0+, ρ0+}

for (t, x) ∈ ΩTn , where

ρ±(t) := ρ0± exp

(
±
∫ Tn

0

∥ div vn∥L∞(Ω)dτ

)
> 0.

To prove that the local solution (ρn, cn, vn) exists on the whole time interval [0, T ], we
need a uniform estimate for vn(t) in Xn on [0, Tn]. This is achieved by the following
approximate energy inequality. Recall that h(ρ) = ργ/(γ − 1) and let the modified energy
be given by

EK(ρ, v, c) =

∫
Ω

(
1

2
ρ|v|2 + h(ρ) + κ|∇√

ρ|2 + 1

2
(|∇c|2 + c2)

)
dx,(28)

and introduce the higher-order energy

Eho(ρ) =

∫
Ω

(
η

4
ρ−3 +

δ

2
|∇∆2ρ|2

)
dx.(29)

Notice that we have not added the chemotaxis part −ρc as in (6) such that this expression
will appear on the right-hand side of the energy inequality.
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Lemma 4 (Approximate energy inequality). Let (ρn, cn, vn) be the local solution to (24)
and (27). Then, for 0 < t ≤ Tn,

EK((ρn, vn, cn)(t)) + Eho(ρ(t)) +

∫ t

0

(
DK(ρn, vn, cn) +Dho(ρn, vn, cn)

)
dτ(30)

≤ (1 + ε)EK(ρ
0, v0, c0) + Eho(ρ

0) +

∫
Ω

(ρncn)(t)dx+ ε

∫ t

0

∫
Ω

ρ2ndxdτ.

where the dissipation terms are given by

DK(ρnvn, cn) =

∫
Ω

(
ρn|vn|2

ζ
+ r0|vn|2 + r1ρn|vn|4 + νρn|Dvn|2 + |∂τcn|2

)
dx,

Dho(ρn, vn, cn) =

∫
Ω

(
4ε

γ
|∇ργ/2n |2 + CKεκ

(
|∇ 4

√
ρn|4 + |∆√

ρn|2
)

+ µ|∆vn|2 +
4εη

3
|∇ρ−3/2|2 + εδ|∆3ρn|2

)
dx,

and the constant CK = 1/16 comes from inequality (11).

Proof. The proof is similar to that one of [12, Lemma 3]. However, this proof only holds for
γ > 8/5. Therefore, we need to estimate partially in a different way. We use the test func-
tion vn in the momentum equation (27), the test function 1

2
|vn|2 +h′(ρn)−κ∆

√
ρn/

√
ρn −

δ∆5ρn − 3
4
ηρ−4

n in the weak formulation of the mass equation in (24), and sum both ex-
pressions. A computation yields∫

Ω

(
1

2
ρn|vn|2 + h(ρn) + κ|∇√

ρn|2 +
η

4
ρ−3
n +

δ

2
|∇∆2ρn|2

)
dx

∣∣∣∣τ=t

τ=0

(31)

+

∫ t

0

∫
Ω

(
ρnvn
ζ

+ r0|vn|2 + r1ρn|vn|4 + νρn|Dvn|2
)
dxdτ

+

∫ t

0

∫
Ω

(
4ε

γ
|∇ργ/2n |2 + µ|∆vn|2 +

4εη

3
|∇ρ−3/2|2 + εδ|∆3ρn|2

)
dxdτ

= εκ

∫ t

0

∫
Ω

∇ρn · ∇
(
∆
√
ρn√
ρ
n

)
dxdτ +

∫ t

0

∫
Ω

ρn∇cn · vndxdτ.

It remains to control the terms on the right-hand side. The identity 2ρn∇(∆
√
ρn/

√
ρn) =

div(ρn∇2 log ρn) and inequality (11) show that

εκ

∫ t

0

∫
Ω

∇ρn · ∇
(
∆
√
ρn√
ρn

)
dxdτ = εκ

∫ t

0

∫
Ω

ρn∇
(
∆
√
ρn√
ρn

)
· ∇ log ρndxdτ(32)

= −εκ
2

∫ t

0

∫
Ω

ρn|∇2 log ρn|2dxdτ ≤ −CKεκ

∫ t

0

∫
Ω

(
|∆√

ρn|2 + |∇ 4
√
ρn|4

)
dxdτ.
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The chemotaxis force term is reformulated as in the proof of Lemma 3 of [12], inserting
the mass equation in (24),∫ t

0

∫
Ω

ρn∇cn · vndxdτ = −
∫ t

0

∫
Ω

cn div(ρnvn)dxdτ =

∫ t

0

∫
Ω

cn(∂τρn − ε∆ρn)dxdτ(33)

=

∫
Ω

ρncndx

∣∣∣∣τ=t

τ=0

−
∫ t

0

∫
Ω

ρn∂τcndxdτ − ε

∫ t

0

∫
Ω

cn∆ρndxdτ.

The second term on the right-hand side is rewritten by inserting the equation for cn in
(24):

−
∫ t

0

∫
Ω

ρn∂τcndxdτ = −
∫ t

0

∫
Ω

(∂τcn −∆cn + cn)∂τcndxdτ(34)

= −
∫ t

0

∫
Ω

(∂τcn)
2dxdτ − 1

2

∫
Ω

(|∇cn|2 + c2n)dxdτ

∣∣∣∣τ=t

τ=0

Using this expression, the last term on the right-hand side of (33) becomes

−ε
∫ t

0

∫
Ω

cn∆ρndxdτ = −ε
∫ t

0

∫
Ω

ρn∆cndxdτ = −ε
∫ t

0

∫
Ω

ρn(∂τcn + cn − ρn)dxdτ

= −ε
∫ t

0

∫
Ω

(∂τcn)
2dxdτ − ε

2

∫
Ω

(|∇cn|2 + c2n)dxdτ

∣∣∣∣τ=t

τ=0

− ε

∫ t

0

∫
Ω

ρncndxdτ

+ ε

∫ t

0

∫
Ω

ρ2ndxdτ.

We neglect the nonpositive terms to arrive at

−ε
∫ t

0

∫
Ω

cn∆ρndxdτ ≤ ε

2

∫
Ω

(|∇c0|2 + (c0)2)dx+ ε

∫ t

0

∫
Ω

ρ2ndxdτ.(35)

Then, together with (34), we infer from (33) that∫ t

0

∫
Ω

ρn∇cn · vndxdτ ≤
∫
Ω

(ρncn)(t)dx−
∫ t

0

∫
Ω

(∂τcn)
2dxdτ

− 1

2

∫
Ω

(|∇cn(t)|2 + cn(t)
2)dx+

1 + ε

2

∫
Ω

(|∇c0|2 + (c0)2)dx+ ε

∫ t

0

∫
Ω

ρ2ndxdτ.

Inserting (32) and the previous inequality into (31) finishes the proof. □

It remains to estimate the last two terms in (30). For this, we apply Lemma 3:∫
Ω

(ρncn)(t)dx ≤ C(κ) +
κ

2

∫
Ω

|∇
√
ρn(t)|2dx+

1

4

∫
Ω

|∇cn(t)|2dx,(36)

ε

∫ t

0

∫
Ω

ρ2ndxdτ ≤ CεT +
CK

2
εκ

∫ t

0

∫
Ω

|∇ 4
√
ρn|4dxdτ.(37)
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The terms on the right-hand side of (36) can be absorbed by the energy EK on the left-
hand side of (30). The integral on the right-hand side of (37) can be absorbed by the
dissipation term Dho. Taking into account that ε ≤ 1, we have proved the following result.

Lemma 5 (Modified energy inequality). Let (ρn, cn, vn) be the local solution to (24) and
(27). Then, for 0 < t ≤ Tn,

Ẽ((ρn, vn, cn)(t)) +

∫ t

0

(
DK(ρn, vn, cn) + D̃ho(ρn, vn, cn)

)
dτ

≤ C(κ, T ) + 2EK(ρ
0, v0, c0) + Eho(ρ

0),

where

Ẽ(ρn, vn, cn) =

∫
Ω

(
1

2
ρn|vn|2 + h(ρn) +

κ

2
|∇√

ρn|2 +
1

4
(|∇cn|2 + c2n)

+
η

4
ρ−3
n +

δ

2
|∇∆2ρn|2

)
dx,

D̃ho(ρn, vn, cn) =

∫
Ω

(
4ε

γ
|∇ργ/2n |2 + CK

2
εκ

(
|∆√

ρn|2 + |∇ 4
√
ρn|4

)
+ µ|∆vn|2 +

4εη

3
|∇ρ−3/2|2 + εδ|∆3ρn|2

)
dx.

The estimates of the previous lemma allow us to extend the local solution to a global
one.

3.2. Limit n → ∞. The limit n → ∞ can be performed as in [22, Sec. 2] except for the
new chemotaxis terms. Lemma 5 yields the following bounds uniform in n:

∥√ρnvn∥L2(ΩT ) + ∥ 4
√
ρnvn∥L4(ΩT ) + ∥√ρnD(vn)∥L2(ΩT ) +

√
δ∥ρn∥L∞(0,T ;H5(Ω)) ≤ C.

Moreover, we deduce from the uniform bounds for
√
ρn in L∞(0, T ;H1(Ω)) ⊂ L∞(0, T ;

L6(Ω)) and L2(0, T ;H2(Ω)) as well as the Gagliardo–Nirenberg inequality that (
√
ρn) is

bounded in L10(ΩT ). This bound does not arise from the higher-order approximation
terms. Consequently,

∂tρn = −(4∇ 4
√
ρn) · ( 4

√
ρnvn)

√
ρn −

√
ρn(

√
ρn div vn)

+ 2
√
ερn(

√
ε∆

√
ρn) + 8

√
ερn(

√
ε|∇ 4

√
ρn|2)

is uniformly bounded in L5/3(ΩT ). We deduce from the Aubin–Lions lemma that there
exists a subsequence (not relabeled) such that, as n→ ∞,

ρn → ρ strongly in Lq(ΩT ) for all q < 10.

The bounds for (∂tcn) in L
2(ΩT ) and (cn) in L

2(0, T ;H1(Ω)) yield the existence of a sub-
sequence such that

cn → cn strongly in L2(ΩT ), ∇cn ⇀ ∇c weakly in L2(ΩT ).



14 A. JÜNGEL AND F. PHILIPP

We conclude that

ρn∇cn ⇀ ρ∇c weakly in L1(ΩT ).

Together with the convergence results in [22, Sec. 2], this allows us to perform the limit
n → ∞ in equations (1) for the mass and concentration as well as in the momentum
equation (27).

It remains to perform the limit n → ∞ in the approximate energy inequality (30),
which is done by exploiting the weak lower semicontinuity of convex functions except for
the integral

∫
Ω
ρn(t)cn(t)dx. Since (ρn) is bounded in L∞(0, T ;H5(Ω)), (cn) is bounded

in L∞(0, T ;H1(Ω)), and the embeddings H5(Ω) ↪→ L∞(Ω), H1(Ω) ↪→ L2(Ω) are compact,
the Aubin–Lions lemma implies that (up to a subsequence)

ρn → ρn strongly in C0([0, T ];L∞(Ω)),

cn → c strongly in C0([0, T ];L2(Ω)).

This shows that ∫
Ω

ρn(t)cn(t)dx→
∫
Ω

ρ(t)c(t)dx for 0 ≤ t ≤ T.

We summarize our results.

Proposition 6. Let T > 0 and let the initial data satisfy (21). Then there exists a solution
(
√
ρ,
√
ρv, c) to (24)–(25) such that equations (24) are satisfied a.e. and (25) is satisfied in

the sense

−
∫
Ω

ρ0v0 · θ(0, ·)dx−
∫ T

0

∫
Ω

ρv · ∂tθdxdt(38)

=

∫ T

0

∫
Ω

(
ρv ⊗ v : ∇θ + p(ρ) div θ − νv · div(ρD(θ)) + ρ∇c · θ − ρv

ζ
· θ
)
dxdt

−
∫ T

0

∫
Ω

(
κ
∆
√
ρ

√
ρ

div(ρθ) + r0v · θ + r1ρ|v|2v · θ
)
dxdt

−
∫ T

0

∫
Ω

(
ε(v ⊗∇ρ) : ∇θ +∆v ·∆θ + νρ−3 div θ + δ∆3ρ∆2 div(ρθ)

)
dxdt

for all θ ∈ L∞(0, T ;H4(Ω;R3)) ∩ L2(0, T ;H5(Ω;R3)) satisfying θ(T, ·) = 0. Furthermore,
the approximate energy inequality (30) holds with (ρn, vn, cn) replaced by (ρ, v, c).

The weak formulation (27) and consequently (38) first hold for test functions θ ∈
C1([0, T );Xn) for all n ∈ N. A standard density argument extends the validity of (38)
to the broader set of test functions specified in Proposition 6.

3.3. BD entropy inequality. We derive the BD entropy inequality for the approximate
system (24)–(25) yielding estimates uniform in (δ, ε, η, µ) → 0.

Lemma 7 (BD entropy inequality). Let (
√
ρ,
√
ρv, c) be the solution to (24)–(25) on [0, T ]

constructed in Proposition 6. Then there exist constants M = M(ν, r1) > 2, C1(δ, η, κ, r0,
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r1, T ) > 0, C2(κ, T ) > 0, and C3 > 0 (independent of all approximation parameters) such
that

M − 2

2
EK((ρ, v, c)(t)) +MEho(ρ(t)) +

ν2

2

∫
Ω

|∇
√
ρ(t)|2dx+ νr0

∫
Ω

(log ρ(t))−dx(39)

+
M

2

∫ t

0

∫
Ω

(
ρ|v|2

ζ
+ r0|v|2 + r1ρ|v|4

)
dxdτ

+ (M − 1)

∫ t

0

∫
Ω

(
νρ|D(v)|2 + |∂τc|2

)
dxdτ

+

∫ t

0

∫
Ω

(
ν

4
ρ|∇v −∇vT |2 + 4ν

γ
|∇ργ/2|2 + CKνκ

(
|∇ 4

√
ρ|4 + |∆√

ρ|2
))
dxdτ

+

∫ t

0

∫
Ω

(
νδ|∆3ρ|2 + 4ην

3
|∇ρ−3/2|2 + µM |∆v|2 + εν2

|∆ρ|2

ρ

)
dxdτ

≤
(
ε+

√
µ+

ε
√
µ

)
C1(δ, η, κ, r0, r1, T ) + C2(κ, T ) + C3νr1

for 0 < t < T , where the energies EK and Eho are defined in (28) and (29), respectively.
If γ > 4/3, the constant C2 = C2(T ) does not depend on κ.

Observe that the right-hand side of (39) becomes independent of (κ, r0, r1) after having
passed to the limit (ε, µ, ε/

√
µ) → 0 in the case γ > 4/3.

Proof. The proof is a lengthy computation split into several steps.
Step 1: Intermediate BD entropy inequality. Similarly as in [25, Lemma 12], we compute

the derivatives∫ t

0

∫
Ω

∂τ

(
ν2

2
ρ|∇ log ρ|2

)
dxdτ, ν

∫ t

0

∫
Ω

∂τ (ρv · ∇ log ρ)dxdτ

and sum the resulting expressions. After some calculations, we obtain∫
Ω

(
ν2

2
ρ|∇ log ρ|2 + νρv · ∇ log ρ

)
dx

∣∣∣∣τ=t

τ=0

= ν

∫ t

0

∫
Ω

(
ρ|D(v)|2 + κ∇ρ · ∇

(
∆
√
ρ

√
ρ

)
+∇ρ · ∇c− 1

4
ρ|∇v −∇vT |2 − 4

γ
|∇ργ/2|2 − ∇ρ · v

ζ

)
dxdτ

+ εν

∫ t

0

∫
Ω

(
ν

2
∆ρ|∇ log ρ|2 + (∇ρ⊗∇ log ρ) : ∇v −∆ρ div v − ν

|∆ρ|2

ρ

)
dxdτ

− ν

∫ t

0

∫
Ω

(
µ∇ log ρ ·∆2v + r0∇ log ρ · v + r1∇ρ · v|v|2 +

4η

3
|∇ρ−3/2|2 + δ|∆3ρ|2

)
dxdτ.

We add the energy inequality (30) (with (ρn, vn, cn) replaced by (ρ, v, c)), multiplied byM ,
to the previous equation, which leads to

1

2

∫
Ω

ρ|v + ν∇ log ρ|2(t)dx+ (M − 1)EK((ρ, v, c)(t)) +MEho(ρ(t))(40)
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+M

∫ t

0

∫
Ω

(
ρ|v|2

ζ
+ r0|v|2 + r1ρ|v|4

)
dxdτ +M

∫ t

0

∫
Ω

|∂τc|2dxdτ

+ ν

∫ t

0

∫
Ω

(
1

4
ρ|∇v −∇vT |2 + 4

γ
|∇ργ/2|2 + CKκ

(
|∆√

ρ|2 + |∇ 4
√
ρ|4

))
dxdτ

+ ν(M − 1)

∫ t

0

∫
Ω

ρ|D(v)|2dxdτ +
∫ t

0

∫
Ω

(
4ην

3
|∇ρ−3/2|2 + νδ|∆3ρ|2

)
dxdτ

+ ε

∫ t

0

∫
Ω

(
4

γ
M |∇ργ/2|2 + CKκM

(
|∆√

ρ|2 + |∇ 4
√
ρ|4

)
+ µ|∆v|2

+
4ηM

3
|∇ρ−3/2|2 + δM |∆3ρ|2 + ν2

|∆ρ|2

ρ

)
dxdτ

≤ I0 + J1 + · · ·+ J5 +K1 + · · ·+K5,

where

I0 =M(1 + ε)EK(ρ
0, v0, c0) +MEho(ρ

0) +

∫
Ω

(
ν2

2
ρ0|∇ log ρ0|2 + νρ0v0 · ∇ log ρ0

)
dx

as well as

J1 =
ν2

2
ε

∫ t

0

∫
Ω

∆ρ|∇ log ρ|2dxdτ, J2 = −νµ
∫ t

0

∫
Ω

∇∆ log ρ ·∆vdxdτ,

J3 = εν

∫ t

0

∫
Ω

(∇ρ⊗∇ log ρ) : ∇vdxdτ, J4 = −εν
∫ t

0

∫
Ω

∆ρ div vdxdτ,

J5 = εM

∫ t

0

∫
Ω

ρ2dxdτ, K1 = ν

∫ t

0

∫
Ω

∇ρ · ∇cdxdτ,

K2 = −ν
∫ t

0

∫
Ω

∇ρ · v
ζ

dxdτ, K3 = −νr0
∫ t

0

∫
Ω

∇ log ρ · vdxdτ,

K4 = −νr1
∫ t

0

∫
Ω

∇ρ · v|v|2dxdτ, K5 =M

∫
Ω

ρ(t)c(t)dx.

Observe that Ji depends on the parameters (ε, µ), which will tend to zero first, while K3

and K4 depend on (r0, r1), which are fixed at this point.
Step 2: Positivity of ρ. We claim that ρ is positive a.e. We know from the modified

energy inequality in Lemma 5 that

η1/3∥ρ−1∥L∞(0,T ;L3(Ω)) +
√
δ∥ρ∥L∞(0,T ;H5(Ω)) ≤ C(κ).(41)

Inequality (26) then yields

∥ρ−1∥L∞(ΩT ) ≤ C(1 + Cη−1/3)3(1 + Cδ−1/2)2 ≤ C(1 + η−1)(1 + δ−1) =: Cδ,η.(42)

Thus, ρ−1 is bounded a.e. in ΩT , which proves the claim.
Step 3: Estimation of Ji. We start with the term J1 and use (41):

|J1| ≤ εν2∥ρ−1∥2L∞(ΩT )∥ρ∥L2(0,T ;H2(Ω))∥∇ρ∥2L4(ΩT ) ≤ Cεδ−1/2δ−1C2
δ,η.
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It holds that

|J2| ≤ νµ∥∆∇ log ρ∥L2(ΩT )∥∆v∥L2(ΩT ).

We calculate ∇∆ log ρ. Let ∂i = ∂/∂xi. Then

∂i∂
2
j log ρ =

∂i∂
2
j ρ

ρ
−
∂2j ρ∂iρ

ρ2
− 2

∂i∂jρ∂jρ

ρ2
+ 2

∂iρ(∂jρ)
2

ρ3
.

The denominators are bounded in L∞(ΩT ) because of (41), so it remains to estimate the
nominators in the L2(ΩT ) norm. We deduce from (41) that

∥∂i∂2j ρ∥L2(ΩT ) ≤ ∥ρ∥L2(0,T ;H3(Ω)) ≤ C(κ)δ−1/2,

∥∂i∂jρ∂iρ∥L2(ΩT ) ≤ ∥ρ∥L∞(0,T ;W 2,4(Ω))∥ρ∥L2(0,T ;W 1,4(Ω))

≤ C∥ρ∥L∞(0,T ;H3(Ω))∥ρ∥L2(0,T ;H2(Ω)) ≤ C(κ)δ−1,

∥∂iρ(∂jρ)2∥L2(ΩT ) ≤ ∥ρ∥3L6(0,T ;W 1,6(Ω)) ≤ C∥ρ∥3L∞(0,T ;H2(Ω)) ≤ C(κ)δ−3/2.

Together with the bound
√
µ∥∆v∥L2(Ω)

≤ C(κ) from Lemma 5, we obtain

|J2| ≤ C(κ)(1 + C3
δ,η)(1 + δ−3/2)µ1/2.

It follows from Lemma 5 (modified energy inequality) that

|J3| ≤ 16εν

∫ t

0

∫
Ω

∣∣√ρ(∇ 4
√
ρ⊗∇ 4

√
ρ) : D(v)

∣∣dxdτ
≤ Cε∥√ρD(v)∥L2(ΩT )∥∇ 4

√
ρ∥2L4(ΩT ) ≤ C(κ)ε · ε−1/2 = C(κ)ε1/2.

Integrating by parts in J4 several times,∫
Ω

∆ρ div vdx =

∫
Ω

d∑
i,j=1

∂2ρ

∂x2i

∂vj
∂xj

dx = −
∫
Ω

d∑
i,j=1

∂ρ

∂xj

∂2vj
∂x2i

dx = −
∫
Ω

∇ρ ·∆vdx,

we find that

|J4| ≤ Cε∥ρ∥L2(0,T ;H1(Ω))∥∆v∥L2(ΩT ) ≤ C(κ)ε(δµ)−1/2.

Finally, because of Lemma 3,

|J5| ≤ CεMT + εCKκM

∫ t

0

∫
Ω

|∇ 4
√
ρ|4dxdτ,

and the integral can be absorbed by the left-hand side of (40). Summarizing, we find that

|J1|+ · · ·+ |J5| ≤ C(δ, η, κ)

(√
ε+

√
µ+

ε
√
µ

)
+ εCKκM

∫ t

0

∫
Ω

|∇ 4
√
ρ|4dxdτ.(43)

Step 4: Estimation of Ki. We conclude from (35) that

K1 = −ν
∫ t

0

∫
Ω

∆ρcdxdτ ≤ ν

2

∫
Ω

(|∇c0|2 + (c0)2)dx+ ν

∫ t

0

∫
Ω

ρ2dxdτ.
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We use Lemma 3 to estimate the last integral on the right-hand side. Here, we distinguish
between the cases γ > 1 and γ > 4/3. If γ > 1, we have for any σ > 0,

K1 ≤ C(c0, ν, T ) + C(σ) + σ

∫ t

0

∫
Ω

|∇ 4
√
ρ|4dxdτ,

and the integral on the right-hand side can be absorbed by the left-hand side of (40) after
choosing σ < CKνκ/2. Here, the constant C(σ) depends on κ. This dependency can be
avoided by choosing γ > 4/3. Indeed, we find that

K1 ≤ C(c0, ν, T ) +
2ν

γ

∫ t

0

∫
Ω

|∇ργ/2|2dxdτ,

and the last integral can be absorbed by the left-hand side of (40) without any dependency
on κ.
Next, it follows from Young’s inequality that

K2 = 2
ν

ζ

∫ t

0

∫
Ω

√
ρv · ∇√

ρdxdτ ≤ ν

ζ

∫ t

0

∫
Ω

|√ρv|2dxdτ + ν

ζ

∫ t

0

∫
Ω

|∇√
ρ|2dxdτ.

The first term on the right-hand side can be absorbed by the left-hand side of (40), while
the second term will be estimated later.

The estimate of K3 is more involved. We deduce from the mass equation that ∇ρ · v =
ε∆ρ− ∂tρ− ρ div v and therefore, using

∫
Ω
div vdx = 0,

K3 = −νr0
∫ t

0

∫
Ω

∇ρ · v
ρ

dxdτ = νr0

∫ t

0

∫
Ω

1

ρ
(ρ div v + ∂tρ− ε∆ρ)dxdτ

= νr0

∫ t

0

∫
Ω

(
∂t log ρ− ε

∆ρ

ρ

)
dxdτ

≤ νr0

∫
Ω

(
log ρ(t)− log ρ0

)
dx+ ενr0∥ρ∥L2(0,T ;H2(Ω))∥ρ−1∥L∞(ΩT ).

It follows from log ρ(t) = (log ρ(t))+−(log ρ(t))− ≤ ρ(t)−(log ρ(t))− and mass conservation
that

K3 ≤ νr0

∫
Ω

ρ(t)dx− νr0

∫
Ω

(log ρ(t))−dx− νr0

∫
Ω

log ρ0dx

+ ενr0∥ρ∥L2(0,T ;H2(Ω))∥ρ−1∥L∞(ΩT )

≤ C(ρ0)− νr0

∫
Ω

(log ρ(t))−dx+ C(κ)Cδ,ηδ
−1/2ε

≤ C(ρ0) + C(δ, η, κ)ε− νr0

∫
Ω

(log ρ(t))−dx,

where we used (42) in the next-to-last step. By Young’s inequality,

K4 = νr1

∫ t

0

∫
Ω

div(|v|2v)ρdxdτ = νr1

∫ t

0

∫
Ω

(
2ρv · ∇v · v + ρ|v|2 div v

)
dxdτ
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= νr1

∫ t

0

∫
Ω

(
2ρ

d∑
i,j=1

D(v)ijvivj + ρ|v|2 div v
)
dxdτ

≤ νr1

∫ t

0

∫
Ω

ρ
d∑

i,j=1

(|vi|2|vj|2 + |D(v)ij|2)dxdτ +
ν

2
r1

∫ t

0

∫
Ω

ρ(|v|4 + | div v|2)dxdτ.

Then, since | div v|2 ≤ 3|D(v)|2,

K4 ≤ νr1

∫ t

0

∫
Ω

(
3

2
ρ|v|4 + 5

2
ρ|D(v)|2

)
dxdτ.

The right-hand side can be absorbed by the left-hand side of (40) choosing M sufficiently
large (and depending on ν and r1). Finally, by Lemma 3, for σ1 = ν/(2M) and σ2 = 1/4,

K5 ≤ C(ν,M) +
ν2

2

∫
Ω

|∇
√
ρ(t)|2dx+ M

4

∫
Ω

|∇c(t)|2dx.

The last term can be absorbed by the left-hand side of (40). We summarize:

K1 + · · ·+K5 ≤ K1 + C(κ, ν, ρ0) + C(δ, η, κ)ε+
ν

ζ

∫ t

0

∫
Ω

ρ|v|2dxdτ(44)

+
ν

ζ

∫ t

0

∫
Ω

|∇√
ρ|2dxdτ + νr1

∫ t

0

∫
Ω

(
3

2
ρ|v|4 + 5

2
ρ|D(v)|2

)
dxdτ

+
ν2

2

∫
Ω

|∇
√
ρ(t)|2dx+ M

4

∫
Ω

|∇c(t)|2dx− νr0

∫
Ω

(log ρ(t))−dx.

Step 5: End of the proof. The last integral of (43) as well as the first, third, and fifth
integral of (44) can be absorbed by the corresponding terms on the left-hand side of (40) by
choosing M sufficiently large. For the fourth integral on the right-hand side, we compute

ν2|∇√
ρ|2 = 1

4
ν2ρ|∇ log ρ|2 ≤ 1

2
ρ|v + ν∇ log ρ|2 + 1

2
ρ|v|2,

which yields

ν2

2

∫
Ω

|∇√
ρ|2dx ≤ 1

4

∫
Ω

ρ|v + ν∇ log ρ|2dx+ 1

4

∫
Ω

ρ|v|2dx.

The right-hand side can be absorbed by the left-hand side of (40). Finally, the second
integral on the right-hand side of (44) can be controlled by applying Gronwall’s inequality
after inserting estimates (43) and (44) into (40). This finishes the proof. □

3.4. Limit (δ, ε, η, µ) → 0. In view of the estimates obtained from the BD entropy inequal-
ity of Lemma 7, we can pass to the limit (δ, ε, η, µ) → 0 similarly as in [22, Sec. 3.2–3.3].
More precisely, we pass to the limit (ε, µ) → 0 such that ε/

√
µ → 0. By Lemma 7, this

eliminates the dependence of the right-hand side on (δ, η). Hence, we obtain estimates
uniform in these parameters and we can perform the limit (δ, η) → 0. These limits are
treated exactly as in [22, Sec. 3.2–3.3]. The chemotaxis term does not introduce additional
complications and can be handled by the arguments used in the limit n→ ∞ (see Section
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3.2). The limit (δ, ε, η, µ) → 0 in the BD entropy inequality yields (39) with the first term
on the right-hand side removed and with (δ, ε, η, µ) = 0.

Our arguments are valid for smooth initial data. The final step to complete the proof is to
extend the result to less regular initial data. This is done in the usual way by constructing
a sequence of smooth functions approximating the initial conditions; see, e.g., [14, p. 1041].
This ends the proof of Theorem 1.

4. Proof of Theorem 2

We wish to pass to the limit (κ, r0, r1) → 0 in (12)–(13). To this end, we proceed as in
[15]. First, we prove that the weak solution constructed in Theorem 1 is also a renormalized
solution in the sense specified in Definition 1. Then we show that any renormalized solution
is in fact a weak solution. Finally, we perform the limit (κ, r0, r1) → 0.

4.1. From weak to renormalized solutions. The task is to reformulate the momentum
equation (13) for renormalized solutions. Let (

√
ρ,
√
ρv, c) be a weak solution to (12)–(13).

The idea of renormalized solutions is to multiply the momentum equation by φ′(v), where
φ is some smooth function. As indicated in [15, Sec. 3], the regularity of the weak solution
is not sufficient for this procedure and we need to regularize. For this, let ηε be a standard
space-time mollifier on (0, T ) × T3, periodic in the spatial variables. (Since we passed to
the limit (ε, η) → 0 in the previous section, these letters are reused here without causing
any notation conflict.) The mollification of a function g is denoted by

gε(t, x) = (ηε ∗ g)(t, x), (t, x) ∈ (0, T )× T3.

Next, we define the continuous cutoff function

ϕm(y) =



0 for 0 ≤ y ≤ 1/(2m),

2my − 1 for 1/(2m) ≤ y ≤ 1/m,

1 for 1/m ≤ y ≤ m,

2− y/m for m ≤ y ≤ 2m,

0 for y ≥ 2m,

which vanishes close to zero and for large values of y and equals one in the interval [1/m,m].
It holds that ϕm(y) → 1 as m → ∞ for any fixed y > 0. The cutoff function is used to
define the approximate velocity ṽm := ϕm(ρ)v. We summarize the regularity obtained
for the weak solution. Recall the notation (14) for

√
ρSκ and (15) for

√
ρTν as well as

Sν = 1
2
(Tν + TT

ν ).

Lemma 8. Let (
√
ρ,
√
ρv, c) be a weak solution to (12)–(13) constructed in Section 4. Then

ρ ∈ L5(ΩT ), ∇ργ ∈ L5/4(ΩT ;R3), ∇ϕm(ρ) ∈ L4(ΩT ;R3),

∂tϕm(ρ) ∈ L2(ΩT ), v ∈ L2(ΩT ;R3), ρv ∈ L5/2(ΩT ;R3),

ρ|v|2v ∈ L5/4(ΩT ;R3), ρ|v|2 ∈ L5/3(ΩT ),
√
ρ|Sκ| ∈ L5/3(ΩT ),

√
ρ|Sν | ∈ L5/3(ΩT ), ∇c ∈ L2(ΩT ;R3), ρ∇c ∈ L10/7(ΩT ;R3).
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Proof. The proof can be found in [15, Lemma 3.3]. It is based on the modified energy and
the BD entropy inequalities, except for the chemotaxis term: It follows from ρ ∈ L5(ΩT )
and ∇c ∈ L2(ΩT ;R3) that ρ∇c ∈ L10/7(ΩT ;R3). □

We wish to derive the momentum equation satisfied by ṽm = ϕm(ρ)v. As in [15, Sec. 3.1],

the idea is to use the mollified test function ψϕm(ρ)
ε
in the momentum equation (18), where

ψ ∈ C∞
0 (ΩT ;R3) is a vector-valued function. Performing the limit ε → 0 in the resulting

equation and using the commutator estimates of DiPerna and Lions [15, Lemma 3.2] leads
to the following equation:

0 =

∫ T

0

∫
Ω

{
ρϕm(ρ)v · ∂tψ + ρϕm(ρ)(v ⊗ v) : ∇ψ − ϕm(ρ)∇p(ρ) · ψ(45)

− ϕm(ρ)(
√
νρSν +

√
κρSκ) : ∇ψ − (

√
νρSν +

√
κρSκ) : (∇ϕm(ρ)⊗ ψ)

+ ρϕm(ρ)∇c · ψ − ϕm(ρ)
ρv

ζ
· ψ + ρ∂tϕm(ρ)v · ψ + ρ(v ⊗ v) : (∇ϕm(ρ)⊗ ψ)

− r0ϕm(ρ)v · ψ − r1ρϕm(ρ)|v|2v · ψ
}
dxdt.

We want to replace the term ρ∂tϕm(ρ)v · ψ + ρ(v ⊗ v) : (∇ϕm(ρ) ⊗ ψ) in the third line
with the help of the mass equation. For this, we use [15, Lemma 3.1] to treat the mollified
quantities, in particular∫ ∞

0

∫
Ω

gεhdxdt =

∫ ∞

0

∫
Ω

gh
ε
dxdt, lim

ε→0
∇(gh)

ε
= lim

ε→0
∇(gh

ε
)(46)

for suitable functions g and h, where the limit holds in the sense of Lq(ΩT ) for any q <∞.

It follows from the test function ϕ′
m(ρ

ε)ρψivj
ε
in (17) (with i, j = 1, 2, 3) and integration

by parts that

0 = −
∫ T

0

∫
Ω

(
ρ∂tϕ′

m(ρ
ε)ρψivj

ε
+ ρv · ∇ϕ′

m(ρ
ε)ρψivj

ε)
dxdt(47)

=

∫ T

0

∫
Ω

(
∂tρ

εϕ′
m(ρ

ε)ρψivj + div(ρv)
ε
ϕ′
m(ρ

ε)ρψivj
)
dxdt.

Taking into account definition (15) of Tν , we have
√
νρ trTν = ν div(ρv)− 2ν

√
ρv · ∇√

ρ,

such that (47) becomes

0 =

∫ T

0

∫
Ω

{
∂tρ

εϕ′
m(ρ

ε)ρψivj +

(√
ρ

ν
trTν

ε

+ 2
√
ρv · ∇√

ρ
ε
)
ϕ′
m(ρ

ε)ρψivj

}
dxdt.(48)

The BD entropy inequality in Lemma 7 shows that
√
ρv · ∇√

ρϕ′
m(ρ) ∈ L4/3(ΩT ) and

ϕ′
m(ρ)ρvj ∈ L4(ΩT ). Therefore, we can pass to the limit ε→ 0 in (48) to conclude that

0 =

∫ T

0

∫
Ω

{
∂tρϕ

′
m(ρ)ρψivj +

(√
ρ

ν
trTν + 2

√
ρv · ∇√

ρ

)
ϕ′
m(ρ)ρψivj

}
dxdt
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=

∫ T

0

∫
Ω

(
∂tϕm(ρ)ρψivj + v · ∇ϕm(ρ)ρψivj +

√
ρ

ν
trTνϕ

′
m(ρ)ρψivj

)
dxdt.

Thus, replacing the term ρ∂tϕm(ρ)v · ψ + ρ(v ⊗ v) : (∇ϕm(ρ) ⊗ ψ) in (45) and using the
definition ṽm = ϕm(ρ)v, we obtain

0 =

∫ T

0

∫
Ω

{
ρṽm · ∂tψ + ρ(v ⊗ ṽm) : ∇ψ − ϕm(ρ)∇p(ρ) · ψ + ρϕm(ρ)∇c · ψ

− ϕm(ρ)(
√
νρSν +

√
κρSκ) : ∇ψ − (

√
νρSν +

√
κρSκ) : (∇ϕm(ρ)⊗ ψ)(49)

− ρṽm
ζ

· ψ −
√
ρ

ν
trTνϕ

′
m(ρ)ρv · ψ − r0ṽm · ψ − r1ρ|v|2ṽm · ψ

}
dxdt.

We choose the test function ψ = ϕφ′(ṽm
ε
)
ε

for some ϕ ∈ C∞
0 (ΩT ) and φ as in Definition

3 in (49) and pass to the limit ε → 0. Proceeding as in [15, Sec. 3.3], in particular using
(46) and integration by parts, the first two terms in (49) become after a computation

lim
ε→0

∫ T

0

∫
Ω

{
ρṽm · ∂t

(
ϕφ′(ṽm

ε
)
ε)

+ ρ(v ⊗ ṽm) : ∇
(
ϕφ′(ṽm

ε
)
ε)}

dxdt

=

∫ T

0

∫
Ω

ρ
(
φ(ṽm)∂tϕ+ φ(ṽm)v · ∇ϕ

)
dxdt.

We wish to pass to the limit ε → 0 in the fourth and fifth terms of (49). To this end, we
observe that

∇ṽm = ∇
(
ϕm(ρ)

ρ
ρv

)
= ∇

(
ϕm(ρ)

ρ

)
ρv

+
ϕm(ρ)

ρ

(√
ρ

ν
Tν + 2

√
ρv ⊗∇√

ρ

)
∈ L2(ΩT ;R3×3).

This implies that ∇φ′(ṽm) = φ′′(ṽm)∇ṽm ∈ L2(ΩT ;R3×3) and the limit ε→ 0 in the fourth
term of (49) becomes

− lim
ε→0

∫ T

0

∫
Ω

ϕm(ρ)
(√

νρSν +
√
κρSκ

)
: ∇

(
ϕφ′(ṽm

ε
)
ε)
dxdt

= −
∫ T

0

∫
Ω

ϕm(ρ)
(√

νρSν +
√
κρSκ

)
:
(
∇ϕ⊗ φ′(ṽm) + ϕ∇φ′(ṽm)

)
dxdt.

The limit ε → 0 in the remaining terms of (49) can be performed as well, and we end up
with

0 =

∫ T

0

∫
Ω

(
ρφ(ṽm)∂tϕ+ ρφ(ṽm)v · ∇ϕ− ϕm(ρ)∇p(ρ) · φ′(ṽm)ϕ(50)

− ϕm(ρ)φ
′′(ṽm)(

√
νρSν +

√
κρSκ) : ∇ṽmϕ

− (
√
νρSν +

√
κρSκ) : (φ

′(ṽm)⊗∇ϕm(ρ))ϕ
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− (
√
νρSν +

√
κρSκ) : (φ

′(ṽm)⊗∇ϕ) + ρϕm(ρ)∇c · φ′(ṽm)−
ρṽm
ζ

· φ′(ṽm)ϕ

−
√
ρ

ν
trTνρϕ

′
m(ρ)v · φ′(ṽm)ϕ− r0ṽm · φ′(ṽm)ϕ− r1ρ|v|2ṽm · φ′(ṽm)ϕ

)
dxdt.

The next step is the limit m → ∞. We deduce from ϕm(y) → 1, ϕ′
m(y) → 0 for a.e.

y > 0 and from ρ > 0 a.e. in ΩT (which is a consequence of r0 log ρ ∈ L∞(ΩT )) that

ϕm(ρ) → 1, ρ3/4ϕ′
m(ρ) → 0 a.e. in ΩT .

We infer that ṽm = ϕm(ρ)v → v a.e. and g(ṽm) → g(v) a.e. for any g ∈ W 1,∞(R3). We
pass to the limit m → ∞ in (50), arguing by dominated convergence. This requires the
pointwise a.e. convergence of the integrand, which is straightforward for all terms except
for

√
ρ∇ṽm, appearing in the fourth term on the right-hand side of (50). We reformulate

this expression:
√
ρ∇ṽm =

√
ρ∇(ϕm(ρ)v) =

√
ρϕ′

m(ρ)∇ρ⊗ v +
√
ρϕm(ρ)∇v

= 4ρ3/4ϕ′
m(ρ)∇ρ1/4 ⊗ (

√
ρv) + ϕm(ρ)ρ

−1/2(∇(ρv)−∇ρ⊗ v)

= 4ρ3/4ϕ′
m(ρ)∇ρ1/4 ⊗ (

√
ρv) + ϕm(ρ)ν

−1/2Tν .

Then, with the previous convergence results,
√
ρ∇ṽm → ν−1/2Tν a.e. in ΩT .

Because of ϕm(ρ) ≤ 1 and |ρ3/4ϕ′
m(ρ)| ≤ 2, the integrand is dominated by an integrable

function. Therefore, by dominated convergence, we conclude from (50) in the limitm→ ∞
that

0 =

∫ T

0

∫
Ω

(
ρφ(v)∂tϕ+ ρφ(v)v · ∇ϕ−∇p(ρ)φ′(v)ϕ

− (
√
νρSν +

√
κρSκ) : (φ

′(v)⊗∇ϕ) + ρ∇c · φ′(v)ϕ

− ρv

ζ
· φ′(v)ϕ− r0v · φ′(v)ϕ− r1ρ|v|2v · φ′(v)ϕ

)
dxdt− ⟨Rφ, ϕ⟩,

where

⟨Rφ, ϕ⟩ =
1√
ν

∫ T

0

∫
Ω

φ′′(v)ϕ(
√
νρSν +

√
κρSκ) : Tνdxdt.

It remains to verify formula (20) for Tν . We multiply the (j, k)th component of (15) by

ϕm(ρ)ϕ(∂φ/∂vi)(v)
ε
and pass to the limit ε→ 0:∫ T

0

∫
Ω

√
νρ(Tν)jkϕm(ρ)

∂φ

∂vi
(v)ϕdxdt

= ν

∫ T

0

∫
Ω

(
∂

∂xj
(ρvk)ϕm(ρ)

∂φ

∂vi
(v)ϕ− 2

√
ρvk

∂
√
ρ

∂xj
ϕm(ρ)

∂φ

∂vi
(v)ϕ

)
dxdt
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= ν

∫ T

0

∫
Ω

{
∂

∂xj

(
ρvkϕm(ρ)

∂φ

∂vi
(v)

)
ϕ− ρvk

∂

∂xj

(
ϕm(ρ)

∂φ

∂vi
(v)

)
ϕ

− 2
√
ρvk

∂
√
ρ

∂xj
ϕm(ρ)

∂φ

∂vi
(v)ϕ

}
dxdt

= −ν
∫ T

0

∫
Ω

(
ρvkϕm(v)

∂φ

∂vi
(v)

∂ϕ

∂xj
− 4ρϕ′

m(ρ)
√
ρvk 4

√
ρ
∂ 4
√
ρ

∂xj

∂φ

∂vi
(v)ϕ

−
3∑

ℓ=1

√
ρvkϕm(ρ)

∂2φ

∂vi∂vℓ
(v)

√
ρ
∂vℓ
∂xj

ϕ− 2
√
ρvk

∂
√
ρ

∂xj
ϕm(ρ)

∂φ

∂vi
(v)ϕ

)
dxdt,

where in the last step, we integrated by parts in the first term on the right-hand side and
computed the partial derivative ∂/∂xj in the second term. The expression

√
ρ∂vℓ/∂xj is

understood symbolically as ν−1/2(Tν)jℓ; see [15, p. 205]. Finally, since ρ3/4ϕ′
m(ρ) → 0 a.e.,

the limit m→ ∞ leads to∫ T

0

∫
Ω

√
νρ(Tν)jkϕm(ρ)

∂φ

∂vi
(v)ϕdxdt

= −ν
∫ T

0

∫
Ω

(
ρvk

∂φ

∂vi
(v)

∂ϕ

∂xj
− 2

√
ρvk

∂
√
ρ

∂xj

∂φ

∂vi
(v)ϕ

)
dxdt+ ⟨Qijk

ϕ , ϕ⟩,

where

⟨Qijk
ϕ , ϕ⟩ = −ν

3∑
ℓ=1

∫ T

0

∫
Ω

vk
∂2φ

∂vi∂vℓ
(v)

√
ρ

ν
(Tν)jℓϕdxdt.

4.2. From renormalized to weak solutions. To show that any renormalized solution
is in fact a weak solution, we follow the approach in [15, Sec. 3.2], since the chemotaxis
term does not introduce any additional difficulties. For the convenience of the reader, we
explain the main idea. Let Φ ∈ C∞(R) be a nonnegative test function satisfying Φ(z) = 1
for z ∈ [−1, 1], Φ(z) = 0 for z ∈ (−∞,−2] ∪ [2,∞) and set Ψ(z) =

∫ z

0
Φ(s)ds. Let

i ∈ {1, 2, 3} and define

φn(y) = nΨ(yi/n)
3∏

j=1

Φ(yj/n) for y ∈ R3.

This function is an element of W 3,∞(R3) and fulfills condition (19) because it is com-
pactly supported. We fix i = 1. Then φ(y) → y1, φ

′(y) → (1, 0, 0) a.e. as n → ∞ and
∥φ′′(y)∥L∞(R3) ≤ C/n. This bound implies that ⟨Rφn , ϕ⟩ → 0 and ⟨Qφn , ϕ⟩ → 0. The mass
and chemotaxis equations coincide in both (weak or renormalized) formulations. The limit
in the momentum equation is obtained by an application of the dominated convergence
theorem.
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4.3. Limit (κ, r0, r1) → 0. We consider a sequence of positive numbers (κn, r0,n, r1,n) such
that (κn, r0,n, r1,n) → 0 as n → ∞. Let (

√
ρn,

√
ρnvn, cn) be the renormalized solution to

(12)–(13) just constructed. The BD entropy inequality yields estimates that are indepen-
dent of n and, as shown in [15, Lemma 5.1], up to subsequences, as n→ ∞,

ρn → ρ strongly in L∞(0, T ;Lq(Ω)) for q < max{3, γ},
ρnvn → ρv strongly in L2(0, T ;Lr(Ω)) for r < 3/2,

ραnH(vn) → ραH(v) strongly in Ls(ΩT ) for s < 5γ/(3α)(51)

for any bounded continuous function H and 0 < α < 5γ/3. Furthermore, our uniform
bounds and the Aubin–Lions lemma imply that (again up to a subsequence)

cn → c strongly in L∞(0, T ;L2(Ω)).

The limit n → ∞ in the mass and chemotaxis equations is now straightforward. We
examine the momentum equation term by term:

• By (19), the mappings y 7→ φ(y) and y 7→ yφ(y) are bounded and continuous. Hence,
we deduce from (51) that, for any γ > 1,

ρnφ(vn) → ρφ(v), ρnvnφ(vn) → ρvφ(v) strongly in L2(ΩT ).

• A subsequence of ∇ργ/2n converges weakly to ∇ργ/2 in L2(ΩT ) and ρ
γ/2
n φ(vn) converges

strongly to ργ/2φ(v) in Ls(ΩT ) for s < 10/3 (choosing α = γ/2 in (51)). This shows that

∇ργn · φ′(vn) = 2∇ργ/2n · (ργ/2φ′(vn))⇀ ∇ργ · φ′(v) weakly in L1(ΩT ).

• The weak convergence of the sequences (
√
ρnSνφ

′(vn)) and (ρn∇cn · φ′(vn)) follows im-
mediately from the previous results.

• The sequence (
√
ρnSκ,n) is bounded in L2(0, T ;L3/2(Ω)), implying that
√
κnρnSκ,nφ

′(vn) → 0 strongly in L2(0, T ;L3/2(Ω)).

• The sequence (
√
r0,nvn ·φ′(vn)) is bounded in L2(ΩT ), and (r

3/4
1,nρn|vn|2vn) is bounded in

L4/3(ΩT ). This shows that, for a subsequence,

r0,nvn · φ′(vn) → 0 strongly in L2(ΩT ),

r1,nρn|vn|2vn · φ′(vn) → 0 strongly in L4/3(ΩT ).

• We conclude from the bound

∥Rφ,n∥M(ΩT ) ≤ C
(
∥Tν,n∥L2(ΩT ), ∥Sν,n∥L2(ΩT ), ∥Sκ,n∥L2(ΩT )

)
∥φ′′∥L∞(R3) ≤ C∥φ′′∥L∞(R3)

that Rφ,n ⇀ Rφ weakly* in M(ΩT ) for some measure Rφ.

It remains to show identity (20) for Tν . We know that Tν converges weakly in L2(ΩT )
and that

√
ρn
∂φ

∂vi
(vn) →

√
ρ
∂φ

∂vi
(v) strongly in Lq(ΩT ) for q < 10γ/3.(52)
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Therefore, the left-hand side of (20) converges. In a similar way, the first term on the
right-hand side converges thanks to (51) (and using (19)). For the last term, we use the
strong convergence (52) and the weak convergence ∇√

ρn ⇀ ∇√
ρ in L2(ΩT ). Finally,

the convergence of the measure Qφ follows by the same arguments as in the momentum
equation. This completes the proof.
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