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Iterative solution of large systems of equations – Exercise 2

Topic: Krylov methods (CG)

Model problem

Let Ω = (0, 1). Consider the 1D-Poisson problem with homogeneous Dirichlet boundary
conditions

−u′′ = 1 in Ω,

u(0) = u(1) = 0.
(1)

Let n ∈ N, h = 1/(n+1), and xj = jh for j = 0, . . . , n+1. We approximate the exact solution
uj ≈ u(xj) via finite differences

−uj−1 − 2uj + uj+1

h2
= 1 for j = 1, . . . , n,

u0 = un+1 = 0.

This can be reformulated as a linear system: Find u = (u1, . . . , un)
T ∈ Rn such that

Au = b,

where
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...
1

 ∈ Rn. (2)

We will use this model problem for the entire exercise.

Exercise 1 (conjugate gradient):
Implement the conjugate gradient method (CG). Write a function

val = ConjugateGradient(A,b,x0,tau)

that takes the matrix A, the right-hand side b, an initial guess x0, a tolerance τ , and returns the
first iterate xk generated by CG that satisfies the stopping criterion

∥rk∥2 < τ.
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Here, rk = b−Axk is the residual after k iterations. Consider the problem sizes n = 100, 500, 1000
for the model problem (2), set τ = 10−5, and for each case plot the error ∥x− xk∥A in the A-norm
as well as the residual ∥rk∥2 versus the iteration number in a semilogarithmic plot. What do you
observe? You may use a direct solver to compute the exact solution and to thus evaluate the errors.

Exercise 2 (preconditioned conjugate gradient):
Implement the preconditioned conjugate gradient method (PCG). Write a function

val = PreconditionedConjugateGradient(A,b,x0,tau,P)

that takes the matrix A, the right-hand side b, an initial guess x0, a tolerance τ , a preconditioner
P (can be a matrix or a function), and returns the first iterate xk generated by PCG that satisfies
the stopping criterion

∥rk∥2 < τ.

Consider the Jacobi preconditioner P = D−1, where D is the diagonal of A and implement a function
val = JacobiPreconditioner(A,y) for general SPD matrices A that applies this preconditioner
to y and returns Py. Test your code for PCG with Jacobi preconditioner for the model problem (2)
with the problem sizes n = 100, 500, 1000, set τ = 10−5, and for each case plot the error ∥x− xk∥A
in the A-norm as well as the residual ∥rk∥2 versus the iteration number in a semilogarithmic plot.
Compare the results to Exercise 1. You may use a direct solver to compute the exact solution and
to thus evaluate the errors.

Exercise 3 (SSOR preconditioner):
Consider the SSOR preconditioner P = ω (2−ω) (D+ ωU)−1D (D+ωL)−1, where D is the diagonal
of A, L is the strictly lower triangular part of A, U is the strictly upper triangular part of A, and
0 < ω < 2 is the weight. Implement a function val = SSORPreconditioner(A,y) for general SPD
matrices A that applies this preconditioner to y and returns Py. Use the SSOR preconditioner
for PCG from Exercise 2 and test your code for the model problem (2) with the problem sizes
n = 100, 500, 1000, set τ = 10−5, and for each case plot the error ∥x− xk∥A in the A-norm as well
as the residual ∥rk∥2 versus the iteration number in a semilogarithmic plot. Compare the results to
Exercise 1 and Exercise 2. You may use a direct solver to compute the exact solution and to thus
evaluate the errors.

Exercise 4 (Jacobi preconditioner):
Show that in the case D = µI for some µ ∈ R PCG with the Jacobi preconditioner P = D−1

computes the same iterates as CG without preconditioning.

Exercise 5 (linesearch in CG):
Show that the parameter

αk =
⟨rk, rk⟩

⟨dk,Adk⟩
in the CG algorithm minimizes the functional

α 7→ φ(α) = ∥xk + αdk − x∥2A,

where rk = b−Axk and dk is the search direction.
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Exercise 6 (characterization of the orthogonal projection):
Let X be a vector space with scalar product ⟨ · , · ⟩X , and let Y ≤ X be a finite-dimensional subspace
with n := dimY. Let P : X → X be linear. Show that the following assertions are equivalent:

(i) P is the orthogonal projection onto Y, i.e., for every orthonormal basis {y1, . . . , yn} of Y

Px =
n∑

j=1

⟨yj , x⟩X yj for all x ∈ X .

(ii) The operator P satisfies P(X ) = Y, P2 = P, and

⟨Px, z⟩X = ⟨x,Pz⟩X for all x, z ∈ X .
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