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Motivation

∠AFEM resolves singularities of a PDE solution
∠ goal: target quantity derived from solution
∠GOAFEM: balance singularities of PDE and
goal

∠multiGOAFEM: goals {Gj}N
j=1 with 2 ≤ N ∈ N

∠ new algorithm for 2 ≤ N goals
∠ aim: solve only 2 FE problems per level

Setting

∠Ω ⊂ Rd Lipschitz, H1
0(Ω) equipped with

|||v|||2 := a(v, v) := ⟨Av, v⟩L2(Ω)

∠A SPD, f , gj ∈ L2(Ω), f , gj ∈ [L2(Ω)]d

∠primal problem: find u⋆ ∈ H1
0(Ω) such that

a(u⋆, v) = ⟨f, v⟩L2(Ω)+⟨f , ∇v⟩L2(Ω) ∀v ∈ H1
0(Ω)

∠dual problems: find z⋆
j ∈ H1

0(Ω) such that
a(v, z⋆

j ) = Gj(v) := ⟨gj, v⟩L2(Ω) + ⟨gj, ∇v⟩L2(Ω)

∠ solvability is passed on to FE space Xℓ ⊂ H1
0(Ω)

∠Galerkin solutions u⋆
ℓ, z⋆

j,ℓ ∈ Xℓ on mesh Tℓ

∠ residual-based a-posteriori estimators ηℓ, ζj,ℓ:
ηℓ(T ; vℓ) := h2

T∥f + div(Avℓ − f )∥2
L2(T )

+ hT∥[[(A∇vℓ − f )⊤n]]∥2
L2(∂T∩Ω) ∀T ∈ Tℓ

∠multigoal-estimator product ∆ℓ satisfies
N∑

j=1
|Gj(u⋆)−Gj(u⋆

ℓ)| ≲ ηℓ(u⋆
ℓ)

N∑
j=1

ζj,ℓ(z⋆
j,ℓ) =: ∆ℓ

NGO-AFEM algorithm

Multigoal-oriented AFEM

Input: initial mesh T0, goals {Gj}N
j=1,

Dörfler parameter 0 < θ ≤ 1,
contraction 0 < ϱ < (N − 1)−1,
initialize ζi := 0 for i ≤ 0
for ℓ = 0, 1, . . . repeat
∠ SOLVE & ESTIMATE (primal problem)
compute u⋆

ℓ and ηℓ(u⋆
ℓ)

∠ SOLVE & ESTIMATE (one dual problem)
compute z⋆

j,ℓ, ζℓ := ζj,ℓ(z⋆
j,ℓ), j =mod(ℓ, N)+1

∠ MARK determine marked elements Mu
ℓ ,Mz

ℓ

via θ-Dörfler marking for ηℓ, ζj,ℓ

(1) let Muz
ℓ ⊆ Mu

ℓ ∪ Mz
ℓ contain smaller set

and min{#Mu
ℓ , #Mz

ℓ } additional elements
(2) if active goal has largest estimator, i.e,

ϱ max
i=1,...,N−1

ζℓ−i ≤ ζℓ

then regular marking:
Mℓ := Muz

ℓ

else irregular marking: choose
Mℓ ⊆ Muz

ℓ with #Mℓ ≤ #Mℓ−1

∠ REFINE Tℓ+1 by NVB of marked elements Mℓ

Output: goal values G1(u⋆
ℓ), . . . , GN(u⋆

ℓ)

∠ cycles through goals j = 1, . . . , N as ℓ increases

Variants of NGO-AFEM

irregular marking:
∠ natural strategy: select #Mℓ−1 elements of Mℓ

∠Mℓ = ∅ is also admissible and entails Tℓ+1 = Tℓ

initialization:
∠ solve all dual problems on T0, renumber so that

ζN,0 ≤ ζN−1,0 ≤ · · · ≤ ζ1,0

Main results

R-linear convergence:
∠ for all 0 < θ ≤ 1
∠ for sufficiently small 0 < ρ < (N − 1)−1

∠ exist 0 < Clin and 0 < qlin < 1 such that
∆ℓ+n ≤ Clin qn

lin ∆ℓ for all ℓ, n ∈ N0

optimal rates:
∠ suppose u⋆ is approximable with rate 0 < s

∠ suppose all z⋆
j are approximable with rate 0 < t

∠ for sufficiently small 0 < θ ≪ 1
∠ for sufficiently small 0 < ρ < (N − 1)−1

∠ there holds
∆ℓ ≤ Copt (dim Xℓ)−(s+t) for all ℓ ∈ N

∠ no irregular marking:
optimal rates only for min

j=1,...,N
ηℓ ζj,ℓ

Analytical tools

perturbed contraction:
∠ for sufficiently small 0 < ρ < (N − 1)−1

∠ exist 0 < q < 1 and Csum such that

∆ℓ+2N−1 ≤ q ∆ℓ + Rℓ with
∞∑

k=ℓ

R2
k ≤ Csum∆2

ℓ

∠ let j = mod(ℓ, N) + 1 be the active goal
∠ regular marking ⇒ ηℓζj,ℓ contracts via θ

∠ irregular marking ⇒ ηℓζj,ℓ contracts via ϱ

∠ combine this for ℓ+N −1, . . , ℓ+2(N −1) with
stability ⇒ contraction of ∆ℓ every 2N −1 levels

control of #Mℓ:
∠Dörfler marking: control #Muz

ℓ with ηℓζj,ℓ

∠ regular marking: ϱ max
i=1,...,N−1

ζℓ−i ≤ ζℓ gives

∆ℓ =
N∑

i=1
ηℓ ζi,ℓ ≲ ηℓζj,ℓ

∠ irregular marking: go back to the last level
with regular marking via #Mℓ ≤ #Mℓ−1

Conclusions

Ë optimal convergence rates for the multigoal error
N∑

j=1
|Gj(u⋆) − Gj(u⋆

ℓ)| ≲ (dim Xℓ)−(s+t)

Ë NGO-AFEM algorithm computes only 2 FE
solutions per level

Ë remove strong saturation assumption

Numerical experiments

∠Ω = (0, 1)2, A = 1, f = 0, f = (−1, 0)⊤χΩ1

∠ g1 = g2 = g3 = 0, g1 = (1, 0)⊤χΩ2,
g2 = (1, 0)⊤χΩ3, g3 = (0, 1.5)⊤χΩ4

∠ conforming finite elements of degree p = 2
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Ë optimal rates −p/2 for ηℓ and ζj,ℓ wrt. dim Xℓ

Ë optimal rates −p for ∆ℓ wrt. dim Xℓ

é suboptimal rates if not all goals are considered
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