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Iterative solution of large systems of equations — Exercise 1

Topic: Basic iterative methods

Model problem

Let @ = (0,1). Consider the 1D-Poisson problem with homogeneous Dirichlet boundary
conditions

—u"=1 in Q,

u(0) = u(l) =0. 1)

Let n € N,h=1/(n+1),and x; = jh for j = 0,...,n+1. We approximate the exact solution
uj ~ u(z;) via finite differences

_Uj_l — 2u]~ i Uj+1
h2
Uy = Up41 = 0.

=1 forj=1,...,n,

This can be reformulated as a linear system: Find u = (ug,...,u,)" € R” such that
Au = Db,
where
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We will use this model problem for the entire exercise.

Exercise 1 (Damped Richardson):

First, implement a function [A,b] = assemble(n) that assembles the matrix A and right-hand side
b from (2) for dimension n € N. Implement the damped Richardson method. Write a function val
= Richardson(A,b,x0,w,k) that takes the matrix A, the right-hand side b, an initial guess xg, the
number of iterations k, and the weight w as input, and returns the iterate x; as an approximation
to the exact solution x of the linear system Ax = b. Compare different values of w for the model
problem, where one of them is w = h?/2. Consider the problem sizes n = 8,32,128, set k& = 500,



and for each case plot the error versus the iteration number in a semilogarithmic plot. What do you
observe? You may use a direct solver to compute the exact solution and to thus evaluate the errors.

Exercise 2 (Jacobi and Gauss—Seidel):

Implement the Jacobi and Gauss—Seidel methods. Write functions val = Jacobi(A,b,x0,k) and
val = GaussSeidel(A,b,x0,k) that take the matrix A, the right-hand side b, an initial guess xg,
and the number of iterations k as input, and return the iterate x; as an approximation to the exact
solution x of the linear system Ax = b. Compare the three methods for the model problem. Consider
the problem sizes n = §8,32,128, set £k = 500 and for each case plot the error versus the iteration
number in a semilogarithmic plot. You may use a direct solver to compute the exact solution and
thus evaluate the errors.

Exercise 3 (Stopping criterium):
In practice, one does not terminate an iterative solver after a fixed number of steps, but rather when
the error drops below a prescribed tolerance 7 > 0, that is, ||x — xx||2 < 7. Since the exact solution
x is typically unknown, use the results from the lecture to derive a computable a-posteriori error
estimator n that satisfies

[x — x| < Ce

for some constant C' > 0. Use the error estimator 7 instead of the exact error to stop your algorithm.
Modify your implementations accordingly, and for several choices of 7 = 1072,107°, 107 and problem
sizes n = §, 32,128 return the number of iteration until your algorithm stopped as well as the final
exact error (which may again be computed using a direct solver).

Exercise 4 (Contraction factor):
Use your functions from Exercise 2. For the problem sizes n = 8,32, 128 and the number of iterations
k = 150, compute and plot the experimental contraction factors

Ix — xg 112
% = xkll2

keN,
for the Jacobi and Gauss—Seidel methods. What do you observe?

Exercise 5 (Convergence of Jacobi):
Verify that the eigenvalues and eigenvectors of the matrix A from (2) without the prefactor 1/h?

(sin (255 ) sin(2 ) ()
v; = (sin sin ..., sin }
J n+1/’ n+1/"""" n+1

Determine whether the Jacobi iterations converge for this matrix. If it does, compute the spectral
radius py = p(M(J)), where M(Y) is the iteration matrices for the Jacobi iteration. How do these
theoretical results relate to your observations from Exercise 47

Aj :2—2005(
n

Exercise 6 (Optimal damping):
Consider the Richardson iteration from the lecture for symmetric and positive definite matrices



A € R™". Determine the value of w for which the spectral radius popt = p(I — wA) of the iteration
matrix I — wA is minimal. Show that the optimal damping parameter is

2
Wopt = )\min (A) + /\max(A)’

and that the spectral radius is
o )\maX(A) - )‘mIH(A)
Popt = .
)\maX(A) + )\mln(A)
Determine for which values of w the Richardson iteration converges for the matrix A from (2), and

compute the optimal damping parameter as well as the corresponding convergence factor. How do
these theoretical results relate to your observations from Exercise 17

Exercise 7 (Smoothing property of damped Jacobi):
Consider the damped Jacobi iteration

X1 =X +wD (b — Axy),

for the 1D Poisson matrix A from (2) and its diagonal part D is defined by Dj; = Aj;d;1. Let

e’ := x — x;, denote the error after k iterations. Using the eigenvectors from Exercise 5, write the

error in the form
n
k_ ko
e" = E ajvj,
i=1

where the term aé?vj is called the j-th error mode, and the scalar p1;(w) satisfying

k+1 k
aj+ = pj(w) aj

is called its amplification factor. Show that one damped Jacobi step satisfies

pi(w) =1 —w+wcos<n7:‘_71>.

Define the high-frequency modes by j > (n + 1)/2. Prove that in the case of w = 2/3 for all such
modes one has

ns(2/3)| < 3.



