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Chapter 1

Introduction

A huge variety of processes occuring in natural sciences and even economics can be described
using partial differential equations (PDE). In realistic modelling these differential equations
are in general nonlinear. In contrast to linear partial differential equations, we can not
classify nonlinear PDEs in a simple way. Therefore, various specific techniques are necessary
to study the well-posedness of boundary value problems and initial boundary value problems
and the qualitative behaviour of their solutions. In this lecture we introduce typical strategies
for semilinear equations and quasilinear equations. We start with presenting some famous
nonlinear equations.

1.1 Examples

Liquid in a porous medium We want to derive an equation that describes the evolution
of a liquid in a porous medium. Examples that occur in nature are the penetration of water
into a dike or the movement of groundwater in a rock layer. We are looking for an equation
for the fluid density n(z,t). Assuming conservation of mass, the fluid density n satisfies the
conservation equation

ny + div(nv) =0,

where v denotes the average velocity of the fluid. In the following we are always looking at
dimensionfree and scaled equations. The above equation is called a conservation equation,
since it implies that the mass fRS ndx is constant in time and hence conserved. Secondly, we
assume that the velocity v is proportional to the gradient of the pressure p. This is known
as Darcy’s law:

v=—kVp,

where the constant &£ > 0 depends on the viscosity of the fluid and the permeability of the
medium. Thirdly, we assume that the pressure p satisfies the following equation:

p=n’, v>0.

Combining all three equations, we obtain the porous medium equation

ng — div(k—’yVn"”l) =0.
v+1
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Rewriting the equation
ny — div(D(n)Vn) =0 with D(n) = kyn”,

we observe directly that it belongs to the class of quasilinear parabolic equations. In general,
the equation holds on a domain 2 € R™ and its description is completed by boundary and
initial conditions, e.g.

n=>0 on 092, t >0, n(-,0) = ng in .

The function D(n) is the pressure dependent diffusion coefficient. Note that the diffusiv-
ity gets larger for larger pressure density. The differential operator L(n) = —div(D(n)Vn) is
not uniformly elliptic, since the diffusivity vanishes for n = 0. Therefore, the porous medium
equation belongs to the class of degenerate parabolic differential equations. If the diffusivity
is constant, we obtain the heat equation n;, — DyAn = 0. In contrast to this equation, the
porous medium equation (y > 0) has a finite speed of propagation. Physically, this means
that areas saturated by the liquid spread with finite speed in the medium.

Incompressible liquids and gases Consider a liquid or a gas with particle density n(x,t)
and medium speed v(x,t). The equation

ny + div(nv) =0, (1.1)

describes the conservation of the particle density. The particle flow is described by the flow
density nv satisfying the following equation

(nv)¢ +div(nv ® v) + Vp = F(v) , (1.2)

where v ® v is a matrix with components v;v; and p is the pressure of the fluid. If it holds
F(v) = 0, the two previous equations are Euler equations, which describe thin gases such
as air. In this case, the differential equations are of first order and belong to the class of
hyperbolic conservation equations (both total particle density and total flow density are
constant in time), which will not be of covered in this lecture. We rather focus on the
equations with describe fluids like water and oil which are viscous and where we expect
diffusive terms in the equations of the particle flows. One can show that in this case

F(v) = (A + p)V(dive) + pAv ,

where A and 1 > 0 are specific constants for the fluid and the Laplace operator is considered
componentwise for the vector-valued function v (i.e., Av is a vector). Then, and
are the Navier-Stokes equations. The mathematical analysis is very challenging and we only
consider here the special case of a stationary homogeneous fluid. Thanks to the stationarity
the time derivatives vanish. Homogenity means that the particle density is constant in space.
Both assumptions imply that n(z,t) = ng is constant. For simplicity we assume that ng = 1

and p = 1. Then, ((1.1)) and (1.2) simplify to
div(v ® v) + Vp = Av, dive = 0.

Since div(v ® v) = (divv)v + (v - V)v = (v - V)v, we obtain the stationary Navier-Stokes
equations

(v-V)v+ Vp = Av, dive =0,
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where the components of the vector (v - V)v are given by ). v;0,v; with 9; = 9/0x;. The
term Aw is called the diffusive term and (v - V)v is the convective term. Because of the
convective term the Navier-Stokes equations are nonlinear. The equations are solved in a
domain €. Typical boundary conditions are v = 0 on 9f2 (the fluid rests on the boundary)
or v-v =0 on J (the bounary is isolating, no fluid can pass the boundary), where v is the
unit normal vector on 0f). Fluids satisfying dive = 0 are called incompressible.

Chemical reactions The concentration of a chemical on a domain €2 can be described
via the equation

u —Au=R, — R_.

Here, we assumed the diffusivity to be constant. The function R, describes the source term,
and R_ the sink in a domain. We assume that the chemical is produced with constant rate
R, = Ry > 0 and the sink term depends quadratically on the density of the chemical, i.e.,
R_ = —u? < 0. This parameter choice models for instance binary reactions, where the
chemical is transformed. If the chemical can not pass the boundary of the domain, we use
homogeneous Neumann boundary conditions:

0
Ty ondf), t >0, u(+,0) = ug in Q.
ov
At time ¢t = 0 the chemical has density ug. This initial boundary value problem belongs to
the class of semilinear parabolic equation. Equations of the form

w — Au = f(x,u)

are called reaction diffusion equations.
Question: What happens for t — co? We expect that the concentration does not change
for large times, i.e., u; = 0. Then the problem becomes solving the equation

(9u_

—Au = Ry — u? in €2, 8__0 on 0f).
v

The solution is given by u.,, = v/ Ry. In chemistry, one is interested in the speed of conver-
gence of u(-,t) to the stationary solution. In particular, one is interested whether and in
which sense the inequality

(1) = ool < fJuofle™
holds and how large the convergence rate A > 0 is.
Electrons in a semiconductor I The movement of charged particles such as electrons in
a semiconductor material can classically be described by a diffusion term and a drift term.

The diffusion is caused by changes in the particle concentration n, and the drift is generated
by the electric field. The total particle flow density can be described by

J=Vn—-—nVo,

where ¢ denotes the electric potential and —V¢ is the electric field. The evolution of the
density of electrons can be described by the equation for mass conservation

nt—leJIO
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In the following we set n, = 0, since we are interested in stationary solutions. Then we want
to find J solving

divJ =0.
The electric potential is the solution to the Poisson equation

where f(x) are given charges in the semiconductor and n — f is the total charge density.
Hence, the pair (n, ¢) is the solution to the system of equations

div(Vn —nVe¢) =0, Ap=n— f(x)

on the domain €2 of the semiconductor. These equations form a system of nonlinear elliptic
equations which is called stationary drift diffusion model. We assume that the density of the
electrons and the electric potential are known at the boundary of the domain:

n=g, ¢=1v on 0f).

In electrical engineering, the function ¢ — |[ x J - vds is of particular interest. A voltage
is therefore applied and one asks for the current flow through the contact K C 0€). This
results in the so-called current-voltage characteristic, which characterises the semiconductor
device.

Electrons in a semiconductor II Electrons are actually objects from quantum mechan-
ics and they are described by so-called complex-valued wave functions ¢ (x,t). The integral

JACCRIEE

is considered in quantum mechanics as the probability that the ensemble of electrons is at
time ¢ in the domain €2. It is postulated that the wave function satisfies the Schrodinger
equation

iy + Ay — V(z, ) =0 in R"| P(-,0) =1y .

Here, V (z,t) is a given real-valued potential. For instance the potential could be the one of
the atoms in a semiconductor or the voltage applied to the semiconductor. The Schrodinger
equation is neither elliptic nor parabolic nor hyperbolic. We will observe that it has on the
one side the properties of a wave equation (electrons are described by a wave in a certain
way) and on the other side regularising effects which we know from elliptic and parabolic
equations.

There is a simple connection to the fluid-dynamical equations by differentiating the term
4| in time. We obtain

O|* = 0 (U)) = Op - ) + 9 - B = (=AY + V) + P(iAY — iV )
= —idiv(Vepy) — V) = —2divim(¢ V) ,

since z — z = 2ilm(z) for z € C. By setting J = —2Im(x)V4), we obtain

oY) —divJ =0,



1.1. EXAMPLES 7

which is the conservation equation for the particle density n = |¢]2.
The above introduced Schrodinger equation is linear. In some applications (e.g. in optics)
nonlinear equations occur of the form

iy + Ap £ ||% =0,

where o > depends on the model. A typical example is the cubic Schrodinger equation with
a = 2. The above equation is semilinear due to the term [¢)|*1). Depending on the sign and

on « there exists a solution for all time or the solution is unbounded for finite times. This
will studied in Chapter [4.2]

Minimal surfaces Let an area in R? be described by the function u(z1, z3), i.e., the area
is equal to the set F' = {(z1, o, u(x1,x2)) : (1, 22) € Q}. By differential geometry it is well
known that the surface of F' given is by

S(u) = /Q V14 |Vul?dz.

We want to find the surface with minimal volume satisfying the boundary conditions u = g
on 0f). A typical example of this surfaces are soap skins. By using variational calculus one
can show that the function wu satisfies the following minimal surface equation:

div<L>:O in 2, u=gq on 0f2.

V1+|Vul?

This equation is quasi-linear (since the diffusion coefficient depends on u) and elliptic, since
we can rewrite the equation to (with = := 21 and y = x9)

(1+ ui)um — 2upUyUyy + (1 + ui)uyy =0.
The coefficient matrix
1+ uz — Uy Uy
—ugu, 14+ u?
has positive eigenvalues, and thus the equation is elliptic. Therefore, the equation belongs
to the class of quasilinear elliptic equations of type
div(a(Vu)) =0.

In differential geometry the expression (1/2)div(Vu/+/1 4 |Vul?) correponds to the mean
curvature of the surface F'. Minimal surfaces have a vanishing mean curvature.

More nonlinear equations The above presented differential equations are all of second
order, i.e., the highest derivative is of second order. Equations of first order are for instance
hyperbolic conservation equations of the form

up + div(F(u)) =0
or the Hamilton-Jacobi equations

u + F(Vu) =0.
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Equations of third order are for instance the Korteweg-de-Vries equation
Up + UUg + Uggs 207

for which special techniques are required and which are not considered here. In general,
this type of equations differs heavily form second order equations and therefore different
analytical tools are needed since the second order equations have some diffusive effects leading
to more regularisation of the solution. (An exclusion forms the Schrédinger equation, which
regularises only weakly.) However, the diffusive effects are not restricted to equations of
second order. For instance, we will consider the Derrida-Lebowitz-Speer-Spohn equation
which is a fourth order nonlinear equation with a logarithmic nonlinearity,

w + (u(Inw)pg)ee = 0.

This equation describes the particle density of electrons in a specific semiconductor or the
limit of a random variable, which models a particle system with spin.

Goal For the above presented equations and their generalisations we study the following
problems:

e Do we have existence and uniquness of a solution to these problems?

e Does the solution depends continuously on the given data (coefficients, boundary val-
ues, initial values)?

e [s the solution regular, if the given data are regular?

e How does the solution behave for large times?

1.2 Sobolev spaces

In this section we give an overview on Sobolev spaces. In the following, let Q2 C R™ (n > 1)
be an open domain.

Definition 1.1. Let m € Ny and 1 < p < oo. The Sobolev space W™P(Q) is the set of all
functions u € LP(QY) such that

Dwe LP  forall |a] <m,

where « is a multi index and D®u is the corresponding partial derivative of u in the sense
of distributions.

To be precise, W™P(Q) is a set of equivalence class of functions, which coincide up to a

null set.
On W™P(Q) we define the norm by

lallfymniy = D 1Dl forp < oo,
laj<m

lullwosioy = max D%l o for p=oo.

lal<
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The space W™P(Q)) is a Banach space with respect to this norm. For m = 0, it holds
WOoP(Q) = LP(Q). For p = 2 we write H™(Q2) = W™2?(Q). This space endowed with the
scalar product

(u,v)gm = Z (D%, D) 2
o] <m
is a Hilbert space.
Definition 1.2. Let m € Ny and 1 < p < oco. The Sobolev space WP (Q) is the closure of
C5(Q2) in the norm || - [[wm.rq)-

The space W"P(Q) is also a Banach space. Analogously, H*(Q) = W;*(Q) endowed
with the scalar product defined above is a Hilbert space.
Next, we present some properties of W™?(Q) and W;""(Q).

Theorem 1.3 (Dense sets). Let 1 < p < oo and m € Ny. Then, C*(Q) N W™P(Q) is
dense in W™P(Q) and Cg°(2) is dense in Wi (Q). If @ C R" is a bounded domain
with O € Ct (actually C™' is sufficient), then C>(Q) is dense in W™P(2).

Proof. For the proof we refer to Evans [10], Section 5.3.2 and Section 5.3.3.]. O

Theorem 1.4 (Sobolev embedding). Let Q C R™ be a bounded domain with 09 € C*
(actually C™' is sufficient) and let 1 < p,q < oo, k,m € Ny with m > k.

(i) The embedding W™P(Q2) — Wk4(Q) is continuous if m —n/p > k —n/q. Further,
the embedding is compact if m —n/p >k —n/q.

(i) The embedding W™P(Q) — C*(Q) is compact, if m —n/p > k.

For arbitrary bounded domains 2, both results hold for WP () instead of WP ().

ity
Proof. A proof can be found in e.g. Alt [2] Theorem 8.9] and Gilbarg-Trudinger [11, Theorem
7.26]. 0

The number m—n/p can be seen as a characterization of the regularity of W™ P-functions.
To give a meaning to a compact embedding of the form H'(Q)) — LP(Q), we introduce the
following notation. Consider the intervals

[1,-22] :n>3, [nz—&,oo) in >3,
N =<{[1l,00) :n=2, and N, = ¢ (1,00) n=2, (1.3)
[1,00] :n=1, [1,00) n=1.

Then the embedding H'(Q)) < LP(f2) is continuous for all p € N*. We say that (p,q) is an
admissible pair, if p € N* and 1/p+ 1/q = 1. Then, ¢ € N, by construction. With this
notation, for admissible pairs (p, ¢) the product fg of functions f € LP({2) and g € L9() is
integrable by the Holder inequality: fg € LY(Q).

Similarly as for H' functions we can define the trace u|sy for u € WP(Q), see e.g. Alt
[2, Theorem A 6.6.].
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Theorem 1.5 (Trace of Sobolev functions). Let Q@ C R™ be a bounded domain with
00 € C' (actually C™ is sufficient) and 1 < p < oo. Then, there exists exactly one
continuous linear map, called trace, v : WHP(Q) — LP(OR) satisfying

v(u) = uloq for allu e WP(Q)NC°(Q).

. 1 . .. .
Now, we can characterize W, ”-functions similarly as Hg-functions.

Theorem 1.6 (Characterization of Wol’p—functions). Let 2 C R"™ be a bounded domain
with 0Q € C (actually C™' is sufficient), 1 < p < oo and u € W'?(Q). Then,

w e WP (Q) if and only if y(u) =0.

The Poincaré inequality holds in general for W, functions (see Evans [I0, Section 5.8.1]).

Theorem 1.7 (Poincaré inequality). Let Q € R™ be a bounded domain with Q) € C*
(actually C° is sufficient) and 1 < p < oco. Then there exists a constant C, > 0, such
that for all u € W, 7 (Q)

[ullze) < Cpl|Vul o) -

1.3 Convergence and compactness

In finite dimensional spaces bounded sequences have convergent subsequences. In infinite
dimensional spaces this result does not hold in general. The lack of compactness often causes
problems in the theory of nonlinear partial differential equations. To overcome this issue,
one can use the concept of weak convergence. In the following we state several results from
functional analysis without proving them. Proofs can be found in Zeidler |24, Kapitel 21].

Let B be a Banach space with norm || - ||. Its dual space is defined by B" = {f : B —
R : f is linear and continuous}. The norm of B’ is given by
1flls = sup [f(u)].
flull<1

We often write (f,u)p instead of f(u). For instance the dual space of LF(Q) is given by
Li(Q), where 1 <p < oo and 1/p+1/q = 1. Later, we use the following result.

Proposition 1.8. Let B and X be Banach spaces with continuous and dense embedding
B < X. Then the embedding X' — B’ is continuous. If X is reflexive, then X' is dense
in B'. (X is reflexive < the canonical embedding of X in its bidual (X')" is a continuous
isomorphism.)

Proof. The proof is given in Zeidler [24, Problem 18.6.]. H
Applying the Proposition to X = LP(Q) and B = Hj(Q2) with p € N*, we obtain
L) c HYQ) = (H)(Q), qg€N,, 1/p+1/g=1. (1.4)

For n = 3, we can choose ¢ > 6/5, whereas for n =2, ¢ > 1 and forn =1, ¢ > 1.
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Definition 1.9. A sequence (uy)r C B is called weakly convergent tou € B, if for all F € B’
(Fougyp — (Fou)p, fork — oco.
In this case, we write
up —u, fork—o0.

Example 1.10. We claim that the sequence (ug)x, defined by ug(x) = sin(kz)/m, converges
weakly in L*(0,27) to zero. Let f € (L*(0,27)) = L*(0,27). Then, the Fourier coefficients
are given by

2
(f,ur) 2027 = %/0 sin(kzx) f(z)dx.

By the Riemann-Lebesque theorem it holds that the coefficients converge to zero for k — oo.
Hence, uj, — 0 in L*(0,27). But, u;, does not converge strongly in L*(0,2), since

1 [ 1
2 _ 2 —
[k = Ol|Z2(0.2m) = 2 /O sin”(kx)dr = p #0.

Hence, weak convergence does not imply strong convergence. Note that the sequence (uy)
does neither converge pointwise nor almost everywhere in (0, 27).

The concept of weak convergence is very useful. In particular, the following result holds
which is a special case of the theorem by Alaoglu (for the proof see Zeidler |24, Theorem 21.
DJ).

Theorem 1.11 (Eberlein—Smuljan). FEvery bounded sequence in a reflexive Banach space
has a weakly convergent subsequence.

We remark that reflexive Banach spaces satisfy B” = B. The Lebesque space LP(2) is
reflexive if and only if 1 < p < oco. The space LP(€)) is separable (i.e., it has an atmost
countable dense subset) if and only if 1 < p < oo. So, L'(f2) is separable, but not reflexive;
it holds (L'(€Q)) = L>*(2). The space L>(2) neither separable nor reflexive. The dual
(L>(€2)) is given by the set of bounded, o-additive, signed measures that are absolutely
continuous with respect to the Lebesque measure. It contains the set L'(Q), i.e., L}(Q) C
(L>(£2))’, and the inclusion is strict.

Weakly convergent sequences have the following properties (see Zeidler [24, Proposition
21.23], Emmrich [9, Theorem A.2.17]):

Proposition 1.12 (Properties of weak convergence). Let B be a Banach space.
(i) Strong convergence implies weak convergence.
(i) If dim(B) < oo, then weak convergence implies strong convergence.

(iii) Theorem of Banach-Steinhaus: If up — u (k — 00) for a sequence (uy)r C B, then
(ug) is bounded and

|lu|| < liminf [Jugl| .
k—ro00
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(iv) Let B be reflexive. If all weakly convergent subsequences of a bounded sequence (uy)r C
B have the same limit u € B, then the whole sequence (uy)r converges weakly to w.

Remark 1.13. For part (iv) an even stronger statement holds: Let B be a topological space.
Then (uy)g converges to u € B if and only if every subsequecence of (ux)r has a subsubse-
quence which converges to the same limit uw € B.

Remark 1.14. Let (uy)r be a weakly convergent sequence, ux, — w in B, and f : B — B be
a continuous function. If (f(ug))k is (weakly) convergent, is f(ug) — f(u) in B? In general
the answer is negative. For instance let ug(x) = sin(kx), © € (0,27) and f(x) = |z|. Then
by Example ur — 0 in L*(0,27). But, |ug| does not converge weakly to 0 in L*(0,2m)
since for ¢(x) =1,

2T 1 27k 2T
/ |sin(kx)| - 1dx = E/ |siny|dy = / |siny|dy = 4.
0 0 0

Hence, the integral does not converge to zero.

In non-reflexive (but separable) Banach spaces (e.g. L'(2)) a similar result as the theo-
rem by Eberlein-Smuljan can be proven using the weak* convergence. This is in particular
applicable if boundedness in L>(2) holds.

Definition 1.15. A sequence (Fy)r C B’ is called weakly* convergent to F' € B, if for all
u € B it holds

<Fk,U>B/—)<F,U>B/ fOT’k?—>OO.
In this case, we write

F, —~"F for k — oo

Theorem 1.16. Let B be a separable Banach space. Every bounded sequence in B’ has
a weakly® convergent subsequence.

Proof. For a proof we refer to Zeidler [24, Section 21.8]. O
Let (ug)r be a bounded sequence in L>®(Q2) and B = L'(Q). Since, (L'(Q)) = L>(Q),

there exists a subsequence (ug, ),, such that ug, —* u in L>*(Q), i.e.,

/ uy, vdr — / uvdz  for all v € L*(Q).
Q Q

Proposition 1.17 (Properties of weak* convergence). Let B be a separable Banach space.
(i) Strong convergence implies weak® convergence.
(ii) For reflexive Banach spaces weak convergence and weak® convergence are equivalent.

(#ii) Theorem by Banach-Steinhaus: If it holds uy, —* u (k — 00) for a sequence (ug), C B’,
then (ug)y is bounded and

|u||pr < liminf ||ug| g -
k—ro00
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() If upy —* uw in B and vy — v in B or if uy — u in B’ and v, — v in B, then

(Ug, ve)gr — (U, V) pr for k — oo

Remark 1.18. If (ux)x is a bounded sequence in L'(Q2) neither Theorem nor Theo-
rem (1.17 are applicable. In general it does not hold that a weakly convergent subsequence
exists. It holds under additional assumptions. By the theorem of Dunford-Pettis (see. Eke-
land/Temam [8, Chapter VII, Theorem 1.5]:

If the function ¢ : [0,00) — [0,00) is a continuous function with im,_, ¢(x)/z = co and
sup Jo @(Juk|)de < oo, then there exists a weakly convergent subsequence of (ug)y, in L'(£2).
If we choose ¢(x) = |z|* with o > 1, then boundedness of ||uk||L=(2) implies ezistence of a
subsequence (ug, )n with ug, — u in L'(Q).

Finally, we recall the Dominated Convergence Theorem and its 'reverse’:

Theorem 1.19 (Dominated Convergence Theorem). Let 2 € R™ (n > 1) be an open
domain and (fi.)r C L*(Q) be a sequence.

(1) If fr — [ almost everywhere in Q for k — oo and if there ezists a function
g € LY(Q) with |fy| < g for all k, then f € L*(Q) and fr — f in L}(Q).

(ii) If fr, — f in LY(Q), then there exists a subsequence (fy,,) with fy, — [ almost
everywhere in Q0 and it exists a function g € L*(Q) such that |fy,,| < g for all m.

This theorem also holds if we replace L'(Q2) by LP(Q) with 1 < p < oo in part (i) and
with 1 < p < oo in part (ii). A proof is given in Brézis [4, Théoreme IV.9)].



Chapter 2

Nonlinear elliptic equations

In this chapter we want to find solutions for nonlinear elliptic differential equations given by
—Au = f(x,u) and —div a(Vu) = f(z).

The first equation is a semilinear equation (since the highest derivative is linear in u), and
the second equation is a quasi-linear equation since

div a(Vu) Za’maz oy U Z gz; (Vu) &Bﬁ%u

1,5=1

To prove existence and uniqueness of solutions to these equations, we will use two principal
techniques:

e fixed point theorems: The differential equation is formulated as a fixed point equation
S(u) = u and the existence of a fixed point u is proven. For this reason, we typically
use some compactness results which we get by so-called a-priori estimates.

e a-priori estimates: These are inequalities for S(u), where the right hand side is inde-
pendent of u. We obtain these estimates for example by the maximum principle or
monotonicity of the nonlinearities.

2.1 Semilinear equations

We consider the differential equation
L(u) = f(xz,u) in €, u=g on 0f). (2.1)
In the following subsections we suppose the following assumptions.

Assumption 1. The subset @ C R™ is a bounded domain with 09 € C!, the differential
operator L(u) is defined by

L(u) = —div(AVu) + cu,

where A(x) = (a;;(x)) is an (n X n) matriz and c(zx) is some function. Further, A is
symmetric and elliptic (resp. positive definit uniformly in x), i.e., there exists a > 0 such
that E8 A(x)€ > af€]? for all € € R™ and x € Q. Furthermore, a;; € L=(Q) and ¢ € L>=(2)
with ¢ > 0 in 2. The boundary function g can be extended to ) such that it holds g € H'(Q).
Finally, let f be a Carathéodory function (see definition below).

14
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Definition 2.1. We call f : Q@ x R — R a Carathéordory function, if for all u € R the
function x — f(x,u) is measurable and for almost every x € § the function u +— f(x,u) is
continuous.

Goal: Prove existence (and unigeness) of solutions to ({2.1)).
Idea of the proof: We define the so-called fized point operator. Let v be some function
and u be a solution to

L(u) = f(z,v) in Q2 u=g on 0f). (2.2)

This equation forms a linear differential equation for given v. By the lemma of Lax-Milgram
there exists a unique solution u under appropriate assumptions. Equation defines a
map S(v) = u. If we can prove that the map has a fixed point u*, i.e.; S(u*) = u*, then we
showed existence of a solution to , since the differential equation to the fixed point is
given by

L(u*) = f(z,u").

Next, we state some already known fixed point theorems and study in particular the
conditions under which existence of a fixed point holds.

Theorem 2.2 (Fixed point theorem by Banach). Let B be a Banach space, M C B be
a closed set and S : M — M be a contraction, i.e., there exists k € (0,1) such that for
all x,y € M:

15(x) =Sl < Ellz =yl

Then, S has a unique fixed point.

Under which conditions can we expect that the above defined operator is contractive?
Let v; and vy be two functions and u; and us be two solutions of

L(ul) :f(m7vl) L(UQ) :f(l',l)g).
To obtain contraction, we would have to prove
[y — ua|| < Kllvy — el

for some k& < 1. One can argue that this is only true if the right hand side of is 'small’
in a certain sense which does not fit to our setup. Therefore, we will use another fixed point
theorem. (the Banach fixed point theorem will play a crucial role for semilinear parabolic
equation, see Section .

Theorem 2.3 (Fixed point theorem by Schauder). Let B be a Banach space, K C B a
compact and convex set and S : K — K a continuous map. Then S has a fixed point.

Definition. A set K is compact if every sequence in K has a convergent subsequence in K.
A set K is convex if for all u,v € K and X € [0,1], A\u+ (1 — A\)v € K.

Note that the fixed point theorem of Schauder only gives existence of a fixed point but
no uniqueness.

Proof. We only state the idea of the proof. The complete proof is given in Gilbarg-Trudinger
[T, Section 11.1]. The proof is based on the following fixed point theorem:
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Theorem 2.4 (Fixed point theorem by Brouwer). Let S : B1(0) — B1(0) be a continu-
ous function, where By(0) is a closed unit ball in R™. Then S has a fixed point.

A proof of the fixed point theorem by Brouwer is given for instance in Evans [10, Section
8.1.4].

Since K is compact, there exists for every j € N points xy,...,zy; such that the balls
Byj(xi), i=1,...,Nj cover the set K. Let K; C K be the convex hull of {zy,...,2y,} and
F}; be an approximation of the identity with values in K. Then by construction the function
Fj o S|k, is a continuous map from Kj; to Kj;. By the fixed point theorem of Brouwer the
map has a fixed point u;, since K is finite dimensional. Since K is compact, a subsequence
(uj, )k of (uj); converges to some u € K. Since F; is an approximation of the identity, it
holds

[ = S(ujp) | = 1 F5, 0 S (uy) = S(uz )| =0 for ji — o0.
Since S is continuous, we obtain u = S(u), which concludes the proof. [

Next, we give the first existence result:

Theorem 2.5 (Existence for semilinear equations). Suppose Assumption (1| holds. Fur-
ther, let f be a Carathéodory function with

|f(z,u)| < h(x) forx € Q, u e R, where h € LY(Q), q € Ny,

where N, is defined in (1.3)). Then there exists a weak solution uw € H*(Q) to (2.1) and
a constant C' > 0, which depends only on A,c and Q such that

ull 1) < C(llgllar @) + [|hllLae) - (2.3)

The weak formulation of ({2.1)) is given by
/(VuTAVv + cuv)dx = / f(z,u)vde  for all v € HY(Q).
Q Q

The integral on the right hand side is well-defined. By the embedding Hj(Q) — L?(Q)
for p € N* it follows v € LP(Q) and the Holder inequality (since 1/p + 1/q = 1) implies
f(',U,)U S L1<Q)

Proof. The proof is divided in four steps.

Step 1: Definition of the fized point operator. Let v e K = {v € L*(Q) : ||[v||gr ) < M}
where M > 0 will be defined later. The set K is compact in L*(Q), since if we take
a sequence (ug)r C K, then by the compact embedding H'(Q2) < L?(2) there exists a
subsequence (ug, ), of (ug)y wWith uy, — uwin L*(Q) and uy, — u in H(Q) for n — oo. The
limit function u lies in K, since by Proposition [1.12]

[ul| 1) < lirllgicgf g, || 1) < M.

Hence, K is compact.
Let u € H'(Q) be the uniquely determined solution of the linear boundary value problem

L(u) = f(x,v) in Q, u=g on ). (2.4)
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The problem is solveable (e.g. by the Lemma of Lax-Milgram), if the right hand side is
in H~'(€Q). This is the case since by assumption and it holds |f(z,v(z))| < h(z) €
L4(Q)) — H~Y(). This defines the operator S : K — L*(2), S(v) = u. It remains to show
that S is a self-map (i.e., S: K — K) and it is continuous.

Step 2: S is a self-map. We prove S(K) C K, which is the key part of the proof. Let
u=S(v) € S(K). We use the test function u — g € H}(Q) in the weak formulation of ([2.4):

/(VUTAV(U —g)+cu(u—g))dr = / fz,v)(u— g)dx.
Q 0

Using the ellipticity of A and Young’s inequality, we bound the left hand side by:
/(VUTAV(u —g)+cu(u— g))dz
Q

- / (V(u— g)"AV(u— g) + Vg" AV (u— g) + c(u — 9)* + cglu — g))dz

C

> N2 @ N2 |AJ? 2 o2 ¢
2 [ (@ V(u—g)l" = 5IV(u=g)I" = 5 ~Vgl" +c(u—g)
Q (0%

C
5 (U= 9)° — 5\9\2)6136

« 1 1
> SV =97 — 5= 1All=@IVgll72 @) — 5 lelz=@lglliz @) -
2 2a 2
(2.5)
For bounding the right hand side we use the assumption on f and the Hélder inequality:

[t = g)do < [ blu= gldo < e~ glinco
Q Q
€
< 5”“ - 9”%?(9) + Q_EHhH%q(Q) )

with 1/p + 1/¢ = 1. Then, it holds p € N*, and we deduce H'(Q2) < LP(Q2). By the
embedding and the Poincaré inequality, it follows

lu = gllzr) < Cillu — gllm1e) < CaollV (v — g) |2 @)

with some constants Cl, Cy. Fore >0 sufﬁciently small (e.g., € = a/2C%), we can bound the
term $|lu — g||7, o < V(- )HLQ(Q) in . Hence, the estimates of both sides become

« 1 1
IV =950 < 5 1A= Valliz@ + 5llele@lglza@) + HhHLq(Q : Mg
Applying the Poincaré inequality once more, we obtain
lullm@) < llu—=gllm@) + lgllm@) < (CsMo + ||gllm ) = M (2.6)

and hence u € K. Hence, we proved that S is a self-map and the a-priori bound holds
provided the existence of a fixed point is shown.

Step 3: S is continuous. Let (vg)r C K be a sequence with vy — v in L?(Q) for k — oo.
We have to show that S(vy) — S(v) in L?(Q). To show this, we take a subsequence of (vy)
which for simplicity we denote again (vy)x. Let ur = S(vg). Then wy satisfies the weak
formulation

/(VUZAVw + cupw)de = / [z, vp)wdx for w € Hy(Q)
Q Q
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and the estimate (2.6)), i.e., u;, is bounded in H'(€2). Therefore, there exists a subsequence
(ug, )n such that for n — oo

ug, —u  in HY(Q), ug, —u  in L*(Q).

The weak convergence in H'(£2) holds by Theorem of Eberlein-Smuljan. The conver-
gence in L?(Q) holds, since H*(Q) is compactly embedded in L?*(2). We obtain

/(VuanVw + cuy, wdr — /(VUTAVUJ + cuw)dx  for n — 0.
Q 0

Further, by the continuity of the trace operator v : H'(Q) — L?*(0Q) and v(ux,) = g,
ug, — uw in H'(Q) implies y(ug,) — ~v(u) in L?(09Q), and hence y(u) = g. (Recall: The
property that for a weakly convergent sequence also weak convergence of the image sequence
holds, is called weak sequential continuity and it holds for all linear continuous maps between
Banach spaces.)

For the limit k, — oo in fQ f(z,vx)wdx we use the following result for Carathéodory
functions:

Lemma 2.6. Let Q CR" (n > 1) and f be a Carathéodory function with
(o) < Cluf +h(z), 1<qar<oo, C>0, he Li(Q), h>0,

forallz € Q andu € R. We define F(u) = f(-,u(:)) foru € L7 (Q) Then, F is a continuous
map from L7 () — L9(£2).

The proof of the lemma is given after the proof of Theorem . The map v — f(-,v) is
by Lemma [2.6] continuous from L2(Q) to L4(Q) (choose: C = 0 and r = 2/q). Since vy, — v
in L*(Q), it follows f(-,vg,) — f(+,v) in L9(£2). Hence,

/f($»vkn)wdx—>/f(x,v)wdm.
Q Q

Hence, u satisfies
/(VuTAVw + cuw)dxr = / f(z,v)wde, w € Hy(Q),
Q Q

and thus w is a solution of the problem L(u) = f(z,v) in Q and v = g on 9. Due to
the unique solveability of the linear problem, it holds w = S(v). We have proved that
S(vg,) = ug, — u = S(v) in L*(2) and the limit v is unique. In particular, we proved that
the arbitrary choosen subsequences (vy); contains a subsequence (vg, )g, which converges to
a uniquely determined limit u. By Proposition [I.12] (iv) the whole sequence (uy);, converges
to u, and continuity of S holds.

Step 4: Fuxistence of a fized point. The assumptions for the fixed point theorem by
Schauder are satisfied. Hence, there exists u € K, such that S(u) = u, ie., u € H'(Q) is a

solution to (2.1)).
[l

Proof of Lemma[2.6. Let (ug)r C L7 () be a sequence with uj, — w in L7 (). We have to
show that F'(ux) — F(u) in L9(2). By the reversal of the dominated convergence (Theo-
rem there exists a subsequence (uy, ), such that ug, — u almost everywhere in 2 for
m — oo and it holds the uniform bound |uy,,| < u* € L9 () for all m. In particular, it holds
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F(uy,,) — F(u) almost everywhere in Q. Since |F(uy, )7 < C(|u*|?" + h?) € LY(Q), F(us,,)
is dominated by an L!-function and we can apply the theorem of dominated convergence.
We get F(ug,,) — F(u) in LY(Q) for m — oo. Similarly to the argument at the end of the
previous proof, convergence holds for the whole sequence (if we have chosen previously a
subsequence). This concludes the proof of the Lemma. O

Remark 2.7. The above calculations simplify enormously provided u satisfies homogeneous
boundary conditions. In general, we can deduce the proofs for exvistence results of nonlinear
problems to problems with homogeneous boundary conditions by using the transformation
v=u—g. Ifuis a solution to L(u) = f(x,u) in Q, u = g on 0N, then v solves the
homogeneous problem

L(v) = L(u) — L(g) = f(x,v+g(z)) — L(g) =: F(z,v) inQ, v=0 ondQ.

However, F' does not satisfy the assumption of Theorem since L(g) € H~Y(Q). The
proof changes only slightly if we relax the conditions for the nonlinearity in the following
way: Let F(-,v) = Fi(-,v) + Fy, where Fy € H=Y(Q) and Fy is a Carathéodory-function with
|Fi(-,v)] < h € LYQ), g € N,. In Chapter|[d, we assume mainly homogeneous boundary
conditions to simplify the proofs.

The weak solution of ([2.1)) is indeed twice weakly differentiable. To show the statement,
we use the following regularity result (see Gilbarg-Trudinger [11, Theorem 9.15] or Troianiello
[22] Theorem 3.17(ii)]).

Theorem 2.8 (WW*"-regularity of linear elliptic eq_uations). Suppose Assumption holds
for L and Q. Further, let 0Q € C?, a;; € C*(Q), g € W (Q) and f € L"(Q), with
1 <r < oco. Then, there exists a unique solution u € W"() of

Lu)=f, nQ, u=g ond,
and the a-priori estimate

lullwar @ < Clglhwr + 1)

holds where the constant C > 0 is independent of u.

Corollary 2.9. Assume the conditions of Theorem[2.5 and Theorem[2.8 Then there exists
a solution uw € W4(Q) to (2.1)).

Proof. By Theorem [2.5] we know that there exists a weak solution u to L(u) = f(z,u) in
with u— g € H} (). The right hand side can be interpreted as a function f(z) = f(z, u(z)).
Then u solves the linear equation L(u) = f. Since |f| < h € L9(Q), Theorem can be
applied which concludes the proof. O

Discussion: How can we extend the existence result (Theorem [2.5)? In particular:
Qul: Is the solution unique?
Qu2: Does a solution exist for more general non-linearities of the form |f(x,u)| < C|ul® +
h(z)?
In general, the answer is negative for both questions.
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Example 2.10 (Counter example for Qul). Consider the boundary value problem
—u" =cu in(0,1), wu(0)=u(l)=0,

with ¢ > 0. (The case ¢ <0 is contained in Theorem[2.5) The null function is for all ¢ > 0
a solution. By the theory of ordinary differential equations, we know that this problem has
only a non-vanishing solution u # 0, if ¢ = (27k)? with k € N. If ¢ = (27k)?, then there
exist two solutions uy = 0 and us = sin(2wkx). Hence, in general the above boundary value
problem does not have a unique solution.

Under certain additional assumptions, the questions Qul and Qu2 have a positive ans-
wer. If the non-linearity f is Lipschitz continuous in the sense

Flaw) = f(a,0)| < folu—v] forzeQ, uveR

and if the Lipschitz constant f, > 0 is ’sufficiently small’; then uniqueness of the solution
can be shown (see exercises). More general non-linearities can be considered, if they are
sublinear, i.e., if for 0 < f <1, C >0, and h € LI(Q),

|f(z,u)| < Clul® + h(z) forz e, ueR. (2.7)

The critical step in the proof of existence are the uniform estimates (to show that the fixed
point operator is a self-map). To simplify the calculations, we assume that u = 0 on 0f2
and use the solution u € H}(Q) of L(u) = f(z,v) for given v as test function in the weak
formulation. This leads to

/(a]Vu|2+cu2)dx§/f(x,v)udng/ |v|5|u|dx+/h|u\dx.
Q Q 0 Q

We apply Holder inequality and Young’s inequality in both integrals on the right side:
[ @IVuP + cayde < Clolfg lullsan + ool

€ C 2 1
< Sl + o1y + S

with ¢/p +1/¢ =1 and ¢ € N,. Then, p € N* and H'(Q) < LP(Q2). Using the Poincaré
inequality we conclude that for sufficiently small € > 0

lullzr@) < Crlllollsag) + I1llzae) < C2(MP + [|h] o)

since [|v||zso) < Csl|v]|ar) < CsM for v € K. To ensure H'(Q2) — L9(Q), we choose for
example (for n > 3) p = 2n/(n — 2) and ¢ = 2n/(n + 2). Then H'(Q) — LP(Q) holds, if
—n/(Bg) <1—n/2o0r < 2n/((n—2)q) = (n+2)/(n — 2) which holds since 5 < 1. If one
can find a constant M > 0 such that

Co(MP +[|hl| L) < M,
then v € K. But, this is the case if and only if 8 < 1. This proves S : K — K.

Semilinear equations describe for example stationary states of chemical reactions. In this
case, it is possible that the nonlinearity grows superlinear, i.e., holds with g > 1. Is it
possible to prove existence results for this kind of nonlinearities? In the case f is not growing
too fast, existence of solutions can be proven. The result stated in the next theorem can
not be proven with the techniques presented here. We refer to Evans [10, Section 8.5.2] for
a proof.
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Theorem 2.11 (Existence for semilinear equations I1). Let Q C R™ be a bounded domain
with 9Q € Ct and 1 <p< (n+2)/(n—2) (p < oo, ifn <2). Then there exists a weak
solution u € HY(Q), u # 0 of

~Au=|uf'u inQ, u=0 ond.

Under the assumptions of the above theorem there exists at least two solutions, since
u = 0 is always a solution. If p > (n+2)/(n—2), then u = 0 is the only (classical) solution of
the above equation, if € is a star-shaped domain with respect to zero (see Evans [10] Section
9.4.2]). We call uw = 0 the trivial solution and the number p = (n + 2)/(n — 2) the critical
exponent.

We expect in the case of a monotone decreasing (and possibly superlinear) function
f(z,u) that the solution u is bounded and existence of solutions can be proven. In the next
section, we will show this result.

2.2 Monotone semilinear equations

As in the Section [2.1] we consider the semilinear equation of the form
L(u) = f(z,u) inQ, uw=g ondf. (2.8)

Here, we assume that the function u — f(z,u) is monotonically decreasing. In this case the
following existence result holds:

Theorem 2.12 (Existence and uniqueness for monotone semilinear equations I). We
suppose Assumption [l In addition, let f be a Carathéodory function and for almost all
x € Q, let u— f(x,u) be monotonically decreasing. Further, it holds

f(,u)] < Cluf™ +h(z) forzeQ, ueR,

where C > 0, h € LIQ), g € N,, 1 < p < 2n/(n—2) (p < oo, if n < 2) and
1/p+1/q=1. Then, there exists a unique weak solution of (2.8)) and a constant C' > 0,
which depends only on A, ¢ and ), such that

[ull @) < Cllgllar @ + 1Pl o) - (2.9)

The constants p and ¢ are chosen such that the embedding H*(Q2) < LP(f2) is compact
and f(-,u) € LY(2). This holds by

[ w)l? < C(lu®D7+ ht) = C(|ul” + h?) € LY(9).

The idea of the proof relies again on a fixed point argument. But, we can not apply
the fixed point Theorem by Schauder which can be seen by the following argument.
Set for simplicity ¢ = 0. Let v be given and u be the solution of the linearized equation
L(u) = f(x,v). This defines the fixed point operator S(v) = u. Applying the test function
u in the linearized function, we obtain similarly as in the proof of Theorem

oz/Q|Vu\ dx§/9|f(x,v)u]dx. (2.10)
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Hence, it remains to bound the right hand side. We note that by monotonicity of f it follows

[z, w)u— f(z,0)u = (f(z,u) — f(x,0))(u—0) <0 (2.11)
and hence

€

flz,v)u < fz,0)u < >

u® + if(yc,O)2 :

2€
The summand f(z,0)? is independent of u. By applying the Poincaré inequality, the re-
maining term u? can be absorbed by the left hand side of (2.10). Unfortunately, we have
only the term f(z,v)u and not f(z,u)u. This fixed point argument does not work with the
monotone structure. To solve this problem, we apply a different fixed point theorem.

Theorem 2.13 (Fixed point theorem of Leray-Schauder). Let B be a Banach space,
S : B x1[0,1] = B be a continuous and compact map with S(v,0) =0 for allv € B and
let there exist a constant C' > 0 such that for all w € B and o € [0,1] with S(u,0) = u
it holds

Jul| < C.

Then v — S(v,1) has a fized point.

In contrast to the fixed point theorem of Schauder it is no needed to construct a compact
and convex set. But, the fixed point operator has to be compact and all fixed points have to
satisfy a uniform estimate. The theorem of Leray-Schauder is a consequence of the theorem
of Schauder. See Gilbarg-Trudinger [11, Theorem 11.6] for a proof.

The theorem of Leray-Schauder has the advantage that the estimate has to be satisfied
only for all fixed points. In particular, this means that we can take the solution u as test
function for our problem ([2.8]) with g = 0. By the calculation above we obtain

€ 1
04/ [Vul?dz < / [z, u)udz < / f(@,0)udz < Sllull7zq) + 5= 1F (01720 -
Q Q Q 2 2¢

By applying the Poincaré inequality and taking € > 0 sufficiently small, the first term of the
right hand side can be absorbed by the left hand side. Hence, it follows

(0%
§||vu||2L2(Q) < C(@)If(,0)[ 720

which provides a uniform estimate for u.

Proof of Theorem[2.19. The structure of the proof is similiar to the one of Theorem [2.5] and
is divided in four steps.

Step 1: Definition of the fized point operator. First, we define the fixed point operator.
Let v € LP(Q) and o € [0,1]. Let u € H(Q2) — LP(Q) be the unique solution to

L(u) =ocf(z,v) inQ, u=o0g onJf. (2.12)

This defines the operator S : LP(Q) x [0, 1] — LP(Q),u = S(v,0). If 0 = 0, then the solution
of (2.12)) is given by u = 0, i.e., it holds S(v,0) = 0 for all v € L*(Q).
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Step 2: S is continuous and compact. The proof of continuity of S works similarly as in
the proof of Theorem . Let vy — v in LP(§2) and o, — o for k — 0o. Define uy, = S(vg, o)
and apply uy — org als test function in (2.12]):

/(VUZAV(uk — ok9) + cug(uy, — org))dx = ak/ [z, vp) (ug — org)de .
Q Q

Similarly as in the proof of Theorem the left hand side can be bounded by using the
ellipticity of A by

2 / Ve < / (@ 00) (e — 009)|de + C(A, ¢, g) (2.13)
Q Q
€ 1
< Sl = 010 gy + 706 o) + CA, c,6),

where 1/p+ 1/¢ = 1. The constant C(A, ¢, g) depends on the L*-Normen of A and ¢ and
on the H'-Norm of g. For the last inequality we applied Holder inequality and Young’s

inequality. Using the Sobolev and the Poincaré inequality, we obtain for the first integal on
the left hand side

€ € (0%
§||U1c - 0k9||%p(9) < §Cl||uk - 0k9||§11(s2) < Z“VUlﬂH%Q(Q) + C(O-)HQH%P(Q) :

The first term on the right hand side can be absorbed by the left hand side in (2.13)). We
bound the second integral in (2.13)) by

/]f(x,vk)|qu§ CQ(/ ]vk\(pl)qu—F/ |h|qdm).
Q Q Q

By (p—1)q = p and the continuous embedding H'(Q) < LP(Q) the left hand side is bounded.
It follows

k] ) < Cs. (2.14)

The sequence uy = S(vi,04) is also bounded in H'(Q2) and compact in LP(2). Therefore,
there exists a subsequence (k,,), such that

ug, —u in H'(Q) and u,, —u in LP(Q),

for n — co. Since vy, — v in LP(Q), f(z, vk, ) converges to f(z,v) in LI(Q) (see Lemma [2.6).
For k,, — oo the limit of the weak formulation

/(VuanVw + cug,w)dz = oy, / flz, v )wdr,  w e Hy ()
Q 0
yields
/(VUTAVw + cuw)dr = a/ flz,v)wdr, w e Hy(Q).
Q 0

Further the limit function u satisfies the boundary value. Hence u solves (2.12), i.e., u =
S(v,0) and S(vk, ,0k,) = uk, — ux = S(v,0) in LP(2). The convergence holds because of
the uniqueness of the limit for the entire sequence. Hence S is continuous.
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The compactness of S is a consequence of the uniform estimate (2.14]). If (vx) is a
bounded sequence in LP(Q2), then (uy) = (S(vg, 0%)) is bounded in H'(€) and has therefore
a convergent subsequence in LP(£2).

Step 3: A-priori-estimate It remains to prove a uniform estimate for all fixed points. Let
o € 10,1 and u € H(Q) a fixed point of S(-,0). We use u — og € H}() as test function
and obtain a similar expression as above,

§/Q|Vu|2dx§a/ﬂf(x,u)(u—ag)dx—i—C(A,c,g) (2.15)
:a/Q(f(x,u) —f(a:,ag))(u—ag)d:z:—l—a/Qf(as,ag)(u—ag)d:z:—l—C(A,c,g).

By the monotonicity of f(z,-) and o < 1, it follows

o € 1
5/ ’VU,de < §HUHQLP(Q) + 2—Hf(‘»<79)“%q(9) +C(A, ¢, 9).
Q €

We apply again the triangle, the Sobolev and the Poincaré inequality to the first term on
the right hand side and obtain for the sufficiently small € > 0 that

€ (0%
5”“”%:7(9) < ZHVUH%%Q) + Cllgllin -

The first term on the right hand side can be absorbed by the left hand side of (2.15)). The
second term in (2.15)) we bound such that it holds

(6% 2(p—1
T [ 19ude < Cullal g + Il +C(A.c.0)

which is bounded since (p — 1)g = p. We conclude the uniform estimate
[ullzo @) < Csllullm@) < Cs,

and the constant Cy depends on g and h. We can now apply the fixed point theorem by
Leray-Schauder and obtain existence of a fixed point, i.e., a solution to .

Step 4: Uniqueness of the solution Let u; and ug be two weak solutions of ([2.8]). Then,
up — ug € Hg(Q) is a valid test function and we obtain

/(Vu;prV(ul — uy) + cu;(ug — ug))der = / [z, u;)(ug — ug)de 1=1,2.
Q Q
If we substract both equations and use monotonicity of f, we obtain

/(V(u1 —up)TAV (uy — up) + c(ug — ug)?)da = /(f(:zc, uy) — f(x,u2))(uy — ug)de <0,
Q Q

and hence u; — uy = 0 in .
O

We can avoid the growth condition on f if we are looking for L*> solutions. Under the
condition on the monotonicity this is possible provided the boundary values are in L>(€2).
To prove the (essential) boundedness of the solutions, we apply a variant of the maximum
principle. For this reason we extend the classical maximum principle to a maximum principle
for weak solutions. To this end, we first prove an auxiliary result:
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Theorem 2.14 (Stampacchia). Let Q@ C R™ (n > 1) be a bounded domain, 1 < p < oo
and v € WIP(Q). Then, ut = max(u,0) € WP(Q) and

Vu' = Xu=0Vu,

where Xyu=o denotes the characteristic function on {u > 0} = {u € Q : u(z) > 0}.
Further, Vu = 0 almost everywhere in {u =0} = {x € Q : u(x) = 0}.

The proof of this theorem is based on the following lemma which will be proven in the
exercise class.

Lemma 2.15. Let F' € C*(R) with F' € L*(R) and u € W'P(Q), 1 < p < oo. Then,
FoueW(Q) and

V(Fou) = F'(u)Vu.

Proof of Theorem[2.1). Since F(z) = z" is not a C''-function, we need to consider a reg-
ularisation (see Troianiello [22] Theorem 1.56]). Let F.(z) = v22+ € — ¢ for z > 0 and
F.(z) = 0 otherwise. Then F. € C*(R) and F.(2) — 2T for ¢ — 0 and for all z € R. Further,
by Lemma 2.15] F, o u € W1r(2). By partial integration for v € C5°(f2)

uVu
F.ou Vvdx:—/FeluVuvda::—/ ———vdzx
/Q( ) Q (v) {u>0} VUu? + €2

In the limit we obtain

/u+Vvdx = —/ Vuvdz.
Q {u>0}

This means vt € W?(Q) and Vut = xqu=0y Vu. To prove the second statement we observe
that u = u™ — (—u)™ and therefore

Vu = Xqus0y VU + X{—u>0y Vu = 0 almost everywhere in {u = 0},
which concludes the proof. O

Next we can formulate the weak maximum principle for weak solutions.

Theorem 2.16 (Weak maximum principle). Suppose Assumption (1| holds. Let u €
HY(Q) with

Liu)<0 inQ, u<0 onodd

Then, u < 0 almost everywhere in €2.

Proof. Since u < 0 on 0N it holds u™ = 0 on 9. Further by the theorem of Stampacchia
(Theorem [2.14) u™ € H}(2). We can use u™ as test function in the weak formulation and
obtain

0> /(VuTAVu+ + cuu™t)dz = / (Vul AVu + cu?)dx > 0.
Q {u>0}

Hence ut = const in €. The function u™ satisfies the elliptic problem Aut = 0 in Q and
ut = 0 on 9. Therefore, by the uniqueness of the solution v+ =0 and u < 0 in . O]
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Next, we can state the existence result for elliptic equations without a condition on the
global growth of the nonlinearity.

Theorem 2.17 (Existence and uniqueness for monotone elliptic equations IT). Supppose
Assumptz’on holds. Further, let g € L>®(Q). The function [ satisfies the following
conditions

o f is a Carathéodory-function,
e u— f(x,u) is monotone decreasing for almost every x € €,

e there exists a constant My > 0 such that f(x,My) < 0 and f(x,—My) > 0 for
almost all x € QQ,

o it holds |f(x,u)| < h(x) € LUQ) for almost all x € Q and all |u| < M, where
q € N, and M = max(Mo, ||g||L=(0))-

Then, there exists a unique weak solution uw € H'(Q) N L>(Q) of (2.8)) and it holds

]| 2o () < max{ Mo, ||gllz=@}, lullzre) < CUlglla @) + 17llzaw)),

and the constant C depends on A, ¢ and ).

Note that the condition above on f is only a local condition. It holds for example for
f(x,u) = —u® and f(z,u) =1—e*.

Proof. We define
f(z,v) if —M<v<M,

fu(z,v)=q f(z, M) ifv> M,

Then v — fy(z,v) is monotone decreasing, fa(x, M) < fuy(x,My) < 0, fy(x,—M) >
faul(x, —My) > 0 for M > My and |fa(z,v)| < max{|f(x, M)|, f(x,—M)} for all v € R. By
Theorem it follows existence of a weak solution u € H*() of

L(u) = fy(z,u) inQ, uw=g on 0. (2.16)

We claim that u solves the original problem. To this end, we prove that |u| < M and
therefore fy/(z,u) = f(z,u) holds.

By definition of M, (u — M) = 0 on 9€2. We apply this function as test function in the
weak formulation of annd obtain

/Q(VuTAV(u — M)t + cu(u— M)")dz = /QfM(:U, u)(u— M)Tdx
= [t = M) = Mo+ [ o M) M) <0,
Q Q

since fjr monotone decreasing and f(z, M) < 0. By Theorem of Stampacchia, it follows
V(u—M)" = xusmV(u— M) = xyus>rpVu. Therefore, we obtain

/Q((V(u _ M)AV (u— M) + e((u — M)H)2dz < — /Q M (u— My*dz < 0
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and hence (u— M)t = 0, which implies u < M. The inequality u > —M holds analogously, if
we consider the test function (u+ M)~ = —(—u— M)™. This shows the claim and concludes
the proof. n

2.3 Quasilinear equations

In this section, we want to find solutions to elliptic equations of the form
—div a(Vu) = f in Q, u=0, on oS (2.17)

We follow Evans [10, Section 9.1]. Inhomogeneous boundary problems u = g can also be
considered by homogenize the problem, i.e., define v = u — ¢g and consider the problem

—divb(z, Vv) = f with b(z, Vv) = a(Vv + Vg(z)) (see Remark [2.7)).

In this section we impose the following assumption:

Assumption 2. The domain Q@ C R™ (n > 1) is a bounded domain with 9Q € C', a =
(ai,...,a,): R" = R" is a continuous vector field and f € L*(Q). Further, the nonlinearity
a 18 monotone.

The last condition is motivated by the previous section and it is defined in the following

way.

Definition 2.18. Let a : R" — R™ be a vector field. We call a to be monotone if

(a(p) —a(q)) - (p—q) >0 forallp,q € R".

The vector field is called stongly monotone, if there exists a constant v > 0 such that

(alp) —a(q)) - (p—q) > ~lp—ql* forallp,q € R".

Example 2.19. Let ¢ : R® — R be a convex, twice continuously differentiable function. We
clavm that a = V¢ is monotone. This holds, since by the theorem of Taylor for all p,q € R"
it holds

n

(a(p) —alq)) - (p—q) = Z( 0i¢(p) — 9i9(a)) (pi — i)

—Z/ ¢(p+6(q — p))db(p; — 4:)(p; — q5) > 0
2,7=1
with 0; = 0/0p; and @ﬁj/(apiﬁpj), since the Hessian D?*¢ of ¢ is positive definite by the the
convexity. If in addition we assume that ¢ is uniform convez, i.e. p* D*¢p > ~|p|* for all
p € RY and v > 0, then a is strongly monotone.

The function ¢(p) = /1 + |p|? is a convex function and a(p) = p/+/1 + |p|?. This is the

equation for minimal surfaces.

We show the existence of a solution to (2.17). The weak formulation is given of the form:
Find u € H}(Q) with a(Vu) € L*(2) such that

/ a(Vu) - Vodr = / fodz for all v € Hy ().
0 Q
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Theorem 2.20 (Existence for quasilinear equations). Suppose Assumption holds. Fur-
ther, we assume that a grows at most linear and is coercive, i.e., there exist constants
C>0,a>0and S >0 such that

la(p)] < C(1+p|) and a(p)-p>alp|> =B forallp € R

Then, there exists a solution u € H} () of (2.17).

The growth condition ensures that a(Vu) € L*(2). The second condition corresponds to
a generalized coercivity condition, since for a(Vu) = Vu (in case of the Laplace operator in
([2.17)) it holds a(p) - p = |p|?, and the inequality holds for & = 1 and 3 = 0.

The idea of the proof relies again on applying a fixed point theorem. Here, we proceed
differently compared to the previous sections by defining first approximated solutions via the
Galerkin method. The advantage of these solutions is that they are defined only in a finite
dimensional space. Hence, we can apply the fixed point Theorem by Brouwer. In this
case no kinds of compactness is needed. We show that approximated solutions are uniformly
bounded. Then, using compactness arguments we can turn over to the limit in infinitely
many dimensions. First, we prove a technical result (see Figure .

Figure 2.1: Ilustration of Lemma[2.21] The vector field v(x) satisfies the condition v(z)-x >
0 for all z on the circle.

Lemma 2.21. Let v : R™ — R" be continuous. Further, it holds

v(x) x>0 foralll|z|=r

for some r > 0. Then, there exists xo € B,.(0), such that v(xy) = 0.

Proof. Assume that for all z € B,.(0) it holds v(xz) # 0. Define the continuous map w :

B,.(0) — 9B,(0) by
r
jo(2)]
We can interpret w also as a function from B,(0) to B,(0). By the fixed point theorem

of Brouwer, there exists xy € B,(0) such that w(zg) = 9. By construction of w it holds
zo € 0B,(0) and

v(x), x € B,(0).

w(z) =

r? = |wo|* = w(wg) - 19 = — v(xg) - o < 0.
|v(0)]

Since zy # 0, we get a contradiction. m
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Proof of Theorem [2.20. We split the proof in three steps.

Step 1: Solution to the finite dimensional problem. Let (wy)r be an orthonormal basis
of Hg(€2) with respect to the inner product (u,v)y1(q) = J, Vu- Vuda. The sequence (wy)x
can be for example equal to the normalized eigen functions of —A in Hj(2). We want to
find solutions w,, of

/ a(Vuy,) - Vupdr = / fwpdx forall k=1,...,m, (2.18)
Q Q

which are linear combinations of wy, ..., w,,. We can present u,, by

m
Um = E dkwk7
k=1

i.e., we have to determine the coefficient dj. For this we use Lemma [2.21]

We define v = (vq,...,0,) : R™ — R™ by
vk(d):/ (a(Zdijj) -Vwk—fwk>dx, k=1,...m, d=(di,....dy) € R™.
Q =

If d* is a zero of v, then u = Y ;" | diwy is a solution of (2.18). By the coercivity of a it
follows

v(d) - d = / (a( i 4 V) - i &y Vwy, — f Zm: gy ) de
Q j=1 k=1 k=1
> / (a‘ idijj ’ — B — fidkwk>dx
& j=1 k=1

= ald|* — fmeas() — de /Q fwrdz,
k=1

since (wj;); is orthonormal with respect to (-,-) Hi()- By Young’s inequality,
v(d)-d > g|d|2—5meaus —ii (f,w
=2 20 £ Kz

Hence, it remains to bound the last term. Let ¢ € HJ () be the weak solution of —A¢ = f
in €. Then,

(¢, wr) 12 /ng Vwkdx—/fwkdx
and hence,

Z frwe)l Z ¢, W) mie) < ||¢||H1(Q) < Cill 72y »
k=1 k=1

since wy, is normalized with respect to H}(Q). In the last step the Sobolev embedding is
used. Hence, we obtain

« C
ofd) > 2Jd? ~ Bmeas() — 1) f[2aqo
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If we choose r > 0 sufficiently large, then we can obtain v(d) -d > 0 for |d| = r. By
Lemma existence of d* with v(d*) = 0 follows. Then u,, =, djw; solves [2-13).

Step 2: A-priori estimates. The theorem is proven if we can show that the limit
lim,,, o u,, exists in an appropriate sense and it solve the boundary value problem. Before
taking the limit m — oo we show some uniform estimates in m. Multiplying the Galerkin
equation ([2.18)) with dj and summing over k£ = 1,...,m we obtain

/a(Vum) -Vuy,dr = / fupdz. (2.19)
Q Q

The coercivity of a implies

1
/(04|Vum|2 — p)dz < / a(Vuy,) - Vu,dr = / fu,dr < E/ |ty |2 dar + —/ | f|?da.
Q Q Q 2 Jg 2e Jq

We choose € > 0 sufficiently small and use the Poincaré inequality to bound the first term
on the right hand side by the integral on the left hand side. We obtain

[l ) < CA+ 1 Fll2 @) (2.20)

Step 3: Limit m — oco. By Theorem of Eberlein-Smuljan there exists a subsequence
(tm, )& such that w,, — uin H'(Q) for k — oo. In particular, it holds

Vi, — Vu in L*(Q)".

Unfortunately weak convergence of Vu is not sufficient to deduce convergence a(Vi,, ) —
a(Vu) (in any sense). We have actually shown in Remark that in general for weakly
convergent sequences (u,,) and continuous functions f the sequence f(u,,) is not (weakly)
convergent. We need an additional information about the nonlinearity to carry out con-
vergence. We claim that monotonicity will be sufficient. The following procedure is called
method of Browder and Minty.

Since the embedding H*(Q) — L*(Q) is compact, by (2.20) it follows the existence of a
subsequence of (u,,) with

Uy, — U in L*(Q).
If we choose a common subsequence, then it holds further
Vi, = Vu  in L*(Q)" (2.21)
We claim that
a(Vty, ) = a(Vu) in L*(Q)".
By the growth condition for a and it follows that (a(Vu,)) is bounded in L*(Q):
Ja(Fun)l0) < OO+ [Vtnllzz@) < C.
Therefore there exists a subsequence of (u,,, ) which we denote again by (u,, ) such that

a(Vi,, ) —b  in L*(Q)"

We remains to show that b = a(Vu).
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Taking the limit m; — oo in the Galerkin equations (2.18)), we obtain
/b~Vwkd:c = / fwgdx, k€ N.
Q 0
Since (wy) is a basis in H}(Q), this relation holds for all v € H}(Q):
/ b-Vudr = / fuodx. (2.22)
Q Q
We apply the monotonnicity of a and (2.19):
0< /(a(Vum) —a(Vv)) - (Vu,, — Vv)dz
Q
= /(fum — a(Vup,) - Vv —a(Vv) - (Vu, — Vv))dz,
Q
with v € H} (). The above convergence results allow to take the limit my — oo:
0< /(fu —b-Vv—a(Vv) - (Vu—Vo))dz.
Q

Note that the trick is given by the fact that we replaced the expression a(Vu,,) - Vu,, by
fum, using (2.19) since we do not know directly the limit, since a(Vu,,) and Vu, converge
only weakly. If we choose v = u in (2.22), we can replace fu by b- Vu and obtain

0< /Q (b— a(Vo)) - (Vi — Vo)da.
Let w € H}(Q) and v = u &+ Aw for A > 0. Then,
0<F /Q(b —a(Vu £ AVw)) - Vwdz.
The limit A — 0 yields
0<F /Q(b —a(Vu)) - Vwdz,
and hence equality
0= /Q(b —a(Vu))-Vwdz  for all w € Hy(Q).

We conclude b = a(Vu) which ends the proof.

We can prove uniqueness of the solution to (2.17)), if a is strongly monotone.

Theorem 2.22 (Uniqueness for quasilinear equations). Suppose the assumption of The-
orem [2.20. Further let a be strongly monotone. Then, there exists a unique solution

we HY(Q) of @T7).
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|
Proof. Let u; and uy be weak solutions of (2.17). Then it holds for all v € HJ () that

/ a(Vu;) - Vode = / fodz i=1,2.
Q 0

Wir substract the two equations for ¢ = 1 and 7 = 2 and consider v = u; —uy as test function.
By strong monotonicity of a, we obtain

0= /(a(Vul) —a(Vug)) - (Vuy; — Vug)dz > 7/ |Vu, — Vuy|*dz.
0 Q

This implies that V(u; — ug) = 0 in Q and since u; — ug = 0 on 912, it holds u; —us = 0 in
Q. O

By the proof on uniqueness, one can guess that it is possible to also proof a comparison
principle. This is indeed the case.

Proposition 2.23 (Comparison principle for quasilinear equations). Suppose the assumption
of Theorem [2.20, Further let a be strongly monotone. We set L(u) = —diva(Vu). If
u,v € HY(Q) are two functions satisfying

L(u) < L(w) nQ, u<wv ondf,
then u < v in Q.

Proof of Proposition[2.23. The inequality L(u) < L(v) translates in the weak formulation
to

/ a(Vu) - Vwdz < / a(Vv) - Vwdz for all w € Hy () with w > 0.
0 Q

This can be rewritten to

/(a(VU) —a(Vv)) - Vwdz <0 for all w € H}(Q) with w > 0.
Q

The function w = (u—v)" = max(0, u—v) satisfies w = 0 on 99, since we imposed u—v < 0
on d€2. By Theorem of Stampacchia, w € H} () is a valid test function. By the strong
monotonicity it follows,

0> / (a(Va) — a(V) - (Vu — Vo)de
{u>v}

> ’y/ |Vu — Vol2dr = 7/ IV (u —v)"|*dz.
{u>v} Q
We conclude that V(u — v)* = 0. Then, (u — v)* = const in Q. Since (u — v)™ = 0 on 99,
(u—wv)T =0. Hence, u < v in Q. O

Remark 2.24. The previous theorem on existence can not be applied to the minimal surface
equation

.V< Vu
V14 |Vul?

since a(p) = p/+/ 1+ |p|? is not coercive. However, uniqueness of the solution can be proven
(see exercises).

)zf mQ, u=0 on 0,
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2.4 Drift-diffusion equations
In this section, we consider the stationary drift-diffusion equation for semiconductors:
div(Vu —uVe) =0, Ap=u— f(x) inQ (2.23)
with the boundary conditions
u=g, ¢=1 on . (2.24)

In physics, u corresponds to the particle density (therefore, we expect u > 0) and ¢ corre-
sponds to the electrical potential. The equations form a system of nonlinear elliptic equa-
tions, since the expression uV¢ is nonlinear. We can show the existence of solutions to this
system by applying a fixed point theorem. The key result is given next:

Theorem 2.25 (Existence for the drift-diffusion equations). Let @ C R™ (n > 1) be
a bounded domain with 0 € Ct, f € L>®(Q) with 0 < f, < f(x) < f* for v € Q,
g, € HY(Q)NL®(Q) with 0 < g. < g(z) < g* for x € 9. Then there exists a solution

(u, ) € (HY(Q) N L>*(Q))* of (2.23)-(2:24) with

MngugMeK, —K<¢<K inQ,

where
M = elVle=© max(g*,1/g,),

My = max(In(M f*),In(M/ f.))
K = max (Mo, [|¢[|=(o))-

The weak formulation of (2.23)-(12.24)) is given of the following form: Search for (u, ¢) €
H'(Q)? with u = g and ¢ = ¢ on 9N such that for all w € H}(Q) it holds:

/QVu -Vwdr = /QUV<Z> - Vwdz, /Qqu -Vwdr = — /Q(u — f(z))wdz. (2.25)

All integrals are well-defined except one. To ensure that the drift term fQ uV¢ - Vwdzx is
well-defined for test functions w € H}(2), we require u € L(1).

The drift term leads to some mathematical difficulties. Therefore, we introduce a vari-
able transformation which transforms the equation in a more systematic form. More
precisely, we define the so called Slotboom-variable v = e~%u. Then,

Vv =e?Vu—uVe) and 0= div(Vu—uVe) = div(e?Vuv).
Then, we solve the system
div(e?Vo) =0, A¢=e’v— f(z) inQ (2.26)
with the boundary conditions

v=wvp:=e Vg, $=1 on . (2.27)
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Every solution of this system (v, ¢) € (H'(2) N L>®(2))? defines via u = e®v a weak solution
of the original problem —. The advantage of is that the first equation
defines a symmetric differential operator. This fact allows to deduce estimates in H'()
and L>(€2). Typically, these estimates depend on ¢ (because of the diffusion coefficient e?).
Further, ¢ depends on v. Via a cut-off technique we obtain estimates which do not depend
on v and ¢.

Proof of Theorem [2.25. To obtain appropriate L*°-estimates, we apply the cut-off method
of Stampacchia, i.e., we first solve the system

div(e?Vv) =0, A¢ = e®vy — f(r) in Q, (2.28)
with
/M v<1/M
Uy =1 I/M<v< M
M v > M.

This definition ensures that vy, € L>®(€2). We divide the proof in four steps:
Step 1: Construction of the fized point operator. Let © € L?(£2). Solve

~A¢p = —e’Tpr(x) + f(xr) inQ, ¢=1 ondQ. (2.29)

We write F(x,¢) = —e®Dy(x) + f(x). Then, we observe that the differential equation is
semilinear. We claim that the existence theorem is applicable. Hence, we have to show:

e F is a Carathéodory function, since ¢ ~ e? is continuous and both ¥y; and f are
integrable.

e The function ¢ — —e®vy; + f(z) are monotone decreasing

e By construction of vy; and the definition of M, it follows

1
F(x, My) < —eMOM + <0 and F(z,—My) > —e—MyM + f, > 0.

e For all |¢| < My it holds: |F(z,¢)| < MM + f* € L=(Q).

The assumptions of Theorem [2.17] are satisfied and we deduce the existence and uniqueness

of a solution ¢ € H'(Q) of with the a-priori estimates
[l oo < K = max(Mo, || 1@),  9llm1@) < Ci(f, 9, M). (2.30)
Next, we solve for given o € [0,1]
div(e?Vv) =0 inQ, v=ovp on .

This corresponds to an elliptic problem with diffusion coefficient A(z) = e?@. Since A(z) >
e % > 0, the problem is uniformly elliptic and we obtain a unique solution v € H'(2) with

[0l @) < Co(K)[[vpla0)- (2.31)
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This defines a fixed point operator S : L*(Q) x [0, 1] — L*(Q2), S(v,0) = v. It follows directly,
S(3,0) = 0.

Step 2: Continuity of S. Let 0 — 0 in L*(Q) and oy, — o for k — oo be two convergent
sequences. Define v, = S(Ux, 0x) Further, let ¢, be the solution to the Poisson problem

([2.29) with (0)as. By the previous estimates, (v;) and (¢y) are bounded in H*(f2). Further,
(¢r) is bounded in L>*(2). Therefore, there are subsequences (k,), with

vg, v in H(Q), v, —v in L*(Q)
G, = ¢ i H'(Q), ¢p, — ¢ in L*(Q).

Hence, we have the following lemma, whose proof will be done in the exercises.

Lemma 2.26. Let 2 C R" be a bounded domain, 1 < p < o0, (ug)r be a sequence with
up — u in LP(Q) for k — oo and f € C°(R). Let (ug) be bounded in L>=(2) or let f be
bounded in R. Then, it holds f(ug) — f(u) in LP(2).

We deduce, e®*n — e? in L*()). Further, (O, )y — Oa in L2(Q2). Then, the product
converges in L'(€), i.e., e (T, )ar — €®¥py in L1(2). Thus, we can take the limit k, — oo
in the weak formulation

[ Von, - ude == [ (@ (@) - f@)uds, we CRE@),
Q Q
and we obtain
/ V¢ - Vwdr = —/(e%M — f(z))wdz, w e CF(Q).
Q Q

The same limit in
/ e?n VW, - Vwdr =0, w e C°(Q),
Q
yields

/ e®Vo - Vwdr =0, w e C(Q),
Q

since e®n converges strongly in L*(Q) and Vuy, converges weakly in L?(f2), hence the
product converges weakly in L'(Q). The weak formulation holds only for w € C§°(2). By
a density argument we can show that the weak formulation holds indeed for all w € Hg ().
Hence, we have shown that v = S(9,0) and S(04,,0%,) — i, — v = S(,0) in L*(Q).
By uniqueness of the limit, the whole seqence converges. Hence S is continuous. The
compactness of the embedding H'(Q2) — L*(2) and imply compactness of S.

Step 3: A-priori-estimates. Let v € H'(Q) be a fixed point of S(-, o). By the definition of
M, we obtain M > e~¥g = vp and therefore (v—M)* = 0 on Q. Hence, (v—M)* € H}(Q)
is a valid test function for the first equation in :

0= / e’Vo - V(v — M) de = / e?|V(v — M)t 2dz.
Q Q

Hence, (v — M)* is constant. Since (v — M)t =0 on 9Q, (v — M)* =0 and v < M in
Q. Similarly, by 1/M < e g and by using the test function (v — 1/M)~ we can deduce
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(v—1/M)~ =0 and v > 1/M in €. Hence, vy, = v. Further, we obtain a uniform L*>
estimate and therefore a L? estimate for all fixed points of S(-, o).

Step 4: End of the proof. By the fixed point theorem of Leray-Schauder we obtain
existence of a fixed point v of S(-,1). Then, (v, ¢) solves the boundary value problem
and , where ¢ defines the Poisson equation. Since 1/M < v < M, (v, ¢) solves already
[2:26)-2-27).

O

If the boundary conditions and the boundary of the domain are more regular, we can
show the following regularity result:

Proposition 2.27. Suppose the conditions of Theorem [2.29 holds. Let 02 € C*, f,g,v €
C>®(Q2). Then, every bounded weak solution to (2.23))-(2.24)) is a classical solution.

Proof. The proof illustrates the so-called boot strapping technique. A weak solution of ([2.23])-
(2.24)) satisfies

Ap=u— f(x) € L*(Q), Au=div(uVe) = Vu-Vo+ ulg.

By Theorem [2.8, we obtain ¢ € W2P(1) for every p < co. This implies |V¢| € L>®(£2) and
hence Au € L?(Q). Further, Theorem [2.8 yields u € H*(f2). Further, for alli =1,...,n

and Theorem implies 9;¢ € H?. Hence ¢ € H?(Q). Further, for sufficiently large p < oo

€L2(Q) eL>(Q) €EHY Q) err() eHY Q) eLr(Q) EL™Q) er2(q)

with the boundary conditions d;u = 9;g on 952. Hence, Qju € H*(Q) and u € H3(Q). We
can iterate this argument and obtain u,¢ € H ™(Q)), for m is sufficiently large such that it
holds u, ¢ € C%*(Q2) by the embedding of Sobolev.

m

Finally, we can ask whether the system - is uniquely solveable. In general, this
is not the case. This is not surprisingly since there exist semiconductor devices (thyristors)
whose function is based on the fact that there are several states. For sufficiently small applied
voltage (i.e., |[V#| is ‘small’) uniqueness of a solution can be proven. In particular, the case
1 = 0 is easy and will be considered in the exercises.



Chapter 3

Nonlinear parabolic equations

In this chapter, we present techniques to analyse semilinear equations of the form
up — Au = f(x,u)
and quasilinear equations of the form
ur — div(a(u)Vu) = f(x,t).

Due to the nonlinearities, we will use fixed point theorems of Schauder and Leray-Schauder
as in the previous chapter. By a-priori estimates we deduce compactness which is required
in these theorems. For certain frameworks of these time-dependent equations we can also
use fixed point theorems by Banach which do not require compactness. Further, Banach
fixed point theorems provide uniqueness of the solutions.

To define weak solutions of parabolic equations, we need to introduce Sobolev spaces in
time and space. For this reason, we start with reviewing some statements for these spaces.

3.1 Sobolev spaces in space and time

Solutions of parabolic equations are functions in space and time. Since the regularity of
the solution in space can differ from the one in time (and in general it will differ), we need
Sobolev spaces, which are different in the space variable and time variable. We interpret a
solution u(z,t) for almost all ¢ > 0 as a function wu(t) : 2 — R which lies in a Banach space
B. This leads for example to the definition of spaces of the form C*([0,T]; B), L*(0,T; B)
and W™P(0,T; B), respectively. These notations mean that u(t) € B and t — wu(t) are
continuously differentiable, integrable and weakly differentiable, respectively. More precisely,
we define the following function spaces with values in a Banach space.

Definition 3.1. Let B be a Banach space and T > 0. We define:

(i) The space C*([0,T); B) is the set of all functions u : [0,T] — B which are k-times
continuously differentiable. The norm is given by

k

_ (i)
sy = 32 s [w0)

37
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(ii) The space LP(0,T; B) is the set of all (equivalence classes of ) measurable functions
u:(0,T) — B which satisfy

T 1/p

fulloam = (| Tute) " <0 for 1< p< o0 and
0

[l oo (0,7,8) = ess supg;or||u(t)]| 5 < oo

The above defined spaces are all Banach spaces. If H is a Hilbert space, then L?(0,T’; H)
is a Hilbert space with the scalar product

T
(ua U)LQ(O’T;H) = / (u(t>? U<t))Hdt7 u,v € LQ(Oa T H)
0

For the dual space of L?(0,T; B) the following result holds (for the proof see [24, Prop 23.7
and exercise 23.12d]):

Proposition 3.2. Let B be a reflexive and separable Banach space, 1 < p < oo and 1/p +
1/q = 1. Then, the dual space of LP(0,T; B) can be identified with L1(0,T; B'):

(LP(0,T; B)) = LY(0,T; B').

If B=LP(Q) with 1 < p < oo, then LP(0,T"; LP(£2)) can be identified with LP(€2x (0,7)).
This does not hold for p = co (see Roubicek [17, Example 1.42]). The space L>(0,T; L>=(Q2))
is smaller than L>°(Q x (0,7')). Namely, a function v € L*>(0,T; L*>(£2)) has the property
that u : (0,7) — L*°(Q) is measurable with respect to L>*(2), whereas the function u €
L>(2x (0,7)) is only Lebesque-measurable on € x (0,7"). If u € L>(2 x (0,77)) is L>(9)-
measurable, then u € L>*(0,7T; L>(Q)).

Next, we recall that we can define weak solutions for parabolic equations. Let u be a
classical solution to

u—Au= f(x,t) inQ t>0, wu=0 ondQ, u(-,0)=1wuy in £,

where f is a regular function. Multiply the differential equation with a test function w €
Ce (2 x (0,7)), integrate over 2 x (0,7") and integrate by parts:

T T T
/ (ug, w) p2(0)dt + / / Vu - Vwdzdt = / / fwdxdt.
0 o Ja o Ja

A weak solution should be weakly differentiable with respect to x, i.e., u(t) € H}(Q) for
almost all ¢. The function ¢ — Vu(t) should be square integrable, i.e., u € L*(0,T; Hy(Q2)).
The time derivative satisfies the equation u(t) = Au(t) + f(t) € H7*(2). On the other side,
t — uy(t) should be square integrable for almost all ¢ to ensure that the integral over ¢t makes
sense. Therefore we impose u; € L*(0,T; H '(Q)). Hence, u(t) and u(t) are in different
Banach spaces. The generalization of this concepts leads to the so called evolution triple.
Let H be a separable Hilbert space and V' be a reflexive separable Banach space with
a continuous and dense embedding V — H. (A typical example would be H = L*()) and
V = H}(Q).) By Proposition the embedding H' — V" is continuous and dense. By the
Riesz mapping we can identify the space H and its dual space H’'. In particular it holds,

(u,v)yr = (u,v)y forue H, veV.
Then we obtain the following inclusion:
Ve H~H < V.
We call such a triple (V, H, V') an evolution triple. We sum up:
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Definition 3.3. Let H be a separable Hilbert space and V' be a reflexive separable Banach
space with continuous and dense embedding V' — H. Then, the triple V. — H — V' is
called a Gelfand triple or an evolution triple.

An example of an evolution triple is given by
H(Q) — L*(Q) — H Q).

Hence in general we look for weak solutions of parabolic equations with u € L*(0,7; V) and
u; € L*(0,T;V"). Therefore, we define for 1 < p < oo:

1 1
WY(0,T;V, H) = {u € LP(0,T:V) 1 u, € L0, T; V')}, =+ - =1.
p q

This space has the following properties:
Proposition 3.4. Let V < H — V' be an evolution triple and 1 < p < oo.

1. The space W = WhHP(0,T;V, H) endowed with the norm

lullw = llullzeorv) + llullLaomvy, weW,
1$ a Banach space.
2. The space C*([0,T); V) is dense in W'P(0,T;V, H).

3. The embedding W'P(0,T;V, H) < C°([0,T]; H) is continuous (if required after choos-
ing appropriate representatives).

4. Let w € WHP(0,T;V,H). Then, the map t — |[u(t)||x is absolutely continuous (in
particular also almost everywhere differentiable), und it holds

—u(t) |7 = 2(ue(t), u(t))v:  for almost all 0 <t < T.

Proof. 1. See Evans [10, page 287], and Zeidler [24, Proposition 23.23(iv)].
2. See Emmrich [9, Theorem 8.1.9].

3. We show that there exists a constant C' > 0 such that for all w € W'?(0,T;V, H) it
holds

lull oo o,y < C(lJullLoo,rivy + [wel|Lao,ziv7))-

First, let w € C'([0,T]; V). Then it holds for all ¢, ¢* € [0, T]:
t
lu®)I = lu)7 + 2/ (ur(s), u(s))nds. (3.1)
"

There exists t* € [0, 7] such that

) = 7 [ s (32)
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Since uy(s) € V.C H C V', we can write
(ue(s), u(s))u = (ui(s), uls))v < flurls)|lv-luls)llv.

Inserting this inequality and (3.2)) in (3.1]), we obtain using the Holder inequality and
the Young inequality

s < 7 [ Tl +2 [ ol lalvas

1
< fHUH%%o,T;H) + HUH%P(O,T;V) + HutH%q(O,T;V’)'

If p > 2, then the embedding LP(0,T;V) — L?(0,T;V) — L?(0,T; H) implies the
conjecture. Otherwise, we apply the interpolation inequality (which follows by the
Hoélder inequality):

T

T T 2/p
[ el < s @) [ el < el + 0 ([ ulipar) ™

te(0,T)

which implies

lu@)E < ellullZoeo,rm + Col)lulToo zavy + el Loz

Taking the supremum over ¢ € (0,7) and choosing € < 1, the left hand side absorbes
the first term on the right hand side. The statement follows, since C'([0,T];V) is
dense in W(0,T;V, H) by 2.

4. Follows by (3.1)) after taking the limit t* — ¢ and by a density argument.
O

The property 3. of the previous theorem means that a weak solution of a parabolic
equation, which is an element of W?(0,T;V, H), satisfies the initial value u(0) = g in the
sense of H.

If (ug) is a sequence such that (ug) is bounded in LP(0,7; V) and (Osuy) is bounded in
L9(0,7; V") with 1/p+1/q = 1, then there exists a subsequence (k,,) satisfying the properties

up, —u in LP(0,T;V), Oy, — dw in LY0,T;V"), fork, — oc.

In the previous chapter we observed that for nonlinear equations weak convergence is in
general not sufficient to take the limit in the nonlinearities. But, under the above conditions
the sequence (uy) is compact in LP(0,7; H) if V < H is compact.

Lemma 3.5 (Lemma of Aubin). Let V — H < V' be an evolution triple and 1 < p < oo.
Let the embedding V — H be compact. Then the embedding W(0,T;V, H) — LP(0,T; H)

18 compact.

The proof is given e.g. in Showalter [20, page 106 f.]. Note that the embedding
LP(0,T;V) — LP(0,T;H) is in general not compact, even if V < H is compact. An
additional information on the time derivative is necessary. The Lemma of Aubin states that
if (uy) is bounded in LP(0,7; V') and (O,uy) is bounded in L(0,T; V') with 1 < p < oo, then
there exists a subsequence with

u, —u in LP(0,T;H) for k, — oo.

In many cases, strong convergence will be sufficient to take the limit in the nonlinearities.
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Remark 3.6. The lemma of Aubin holds also in the following more general version: Let
X, B,Y be Banach spaces with compact embedding X — B and continuous embedding B —
Y. Further, let U C LP(0,T;X) and {Ou/0t : w e U} C L"(0,T;Y) be bounded with either
1<p<oo,r=1o0rp=o0, r>1. Then, U is relatively compact in LP(0,T; B).

3.2 Semilinear equations

In this section we are interested in solutions of the semilinear equation of the form
ur+ L(u) = f(x,t,u) inQ, t>0, u=0 ondf, u(0)=wuy in Q. (3.3)
We impose the following assumptions:

Assumption 3. The set Q C R" is a bounded domain with 0Q € C'. The differential
operator L(u) is defined by

L(u) = —div(AVu) + cu,

where A(x) = (a;;(z)) is a (n x n)-matriz and c(z) is some function. Further, let A be
symmetric and elliptic with a;; € L>(Q). Assume ¢ € L®(Q) with ¢ > 0 and ug € L*(Q).
Finally, let f be a Carathéodory function (i.e., measurable in (x,t) and continuous in u) and
(x,t) — f(x,t,u) be integrable for all u € R.

The following results hold also for time-continuous functions A and ¢ and inhomogeneous
Dirichlet boundary conditions under suitable assumptions. We will not state these more
general results here to not overload the presentation with the variety of assumptions. First,
we give the definition of a weak solution for (3.3):

Definition 3.7. Let V = H}(Q), H = L*(Q), V — H < V' be an evolution triple and
T > 0. We call u a weak solution to (3.3)) if

(i) w € WH2(0,T:V, H) and f(-,-,u) € L*(Q x (0,T));
(i) for allv € L*(0,T;V) it holds

T T T
/ (ut,v>H—1dt+/ /(VuTAV'U + cuv)dadt = / /f(:c,t,u)'udxdt;
0 o Ja o Jo

(7i) u(-,0) = uy almost everywhere in €.

For linear parabolic equations we recall the following existence result:

Theorem 3.8 (Existence for linear equations). Suppose Assumption @ holds. Further,
let T >0 and f € L*(Q2x(0,T)). Then, there exists a uniquely determined weak solution
uwe W20, TV, H) of

ur+ L(u) = f(x,t) inQ, t>0, u=0 ondQ, u(0)=uy inf

(in the sense of Definition [3.7).

If the nonlinearity f(z,t,u) is Lipschitz continuous in w, we can show the existence of

solutions to (3.3)).
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Theorem 3.9 (Global existence and uniqueness for semilinear equations). Suppose As-
sumption[5 holds. Further, let T > 0, f(-,-,0) € L*(0,T; L*(Q)) and f be Lipschitz con-
tinuous in u uniform in (x,t), i.e., there exists L > 0 such that for all x € Q,t € (0,T)
and u,v € R it holds

|f(z,t,u) — f(z,t,v)| < Lz —v|.

Then, there exists a uniquely determined weak solution of (3.3)) (in the sense of Defini-

tion .

Proof. The proof uses the fixed point theorem of Banach (see Section with the space
X = C°[0,T*]; L*(£2)). Tt turns out that the fixed point operator is only a contraction for
sufficiently small 7" > 0. Then, existence and uniqueness of a solution holds in the time
interval [0,7™]. Since T is chosen independently of u, we can extend the solution on [0, 7.

Step 1: Definition of the fixed point operator. Let v € X. Lipschitz continuity of f
implies |f(z,t,v)] < C(1 + |[v]|) € L*(0,T; L*(Q?)). By Theorem there exists a unique
weak solution u € W12(0,T;V, H) of

u+ L(u) = f(x, t,v(z,t)) inQ, t>0, u(0)=1wuy in Q.

By Proposition 3.4, u € X. This defines the fixed point operator S : X — X, S(v) = u. We
need to show that S is a contraction.

Step 2: S is a contraction. Let vi,vs € X and u; = S(vy1), ug = S(ve). The function
U1 — Us solves the equation

(ur —u2)e + L(wr —uz) = f(z,t,01) — f(2,t,09) in 2 >0, (u1—up)(0)=0 inQ.

If we apply the test function u; — uy € L?(0,T; H}(2)) in the weak formulation of this
equation and the ellipticity of A, it follows for ¢t € (0,7*)

/Ot<(u1 — Ug)¢, Uy — Ug)yrds + /Ot/Q(QW(Ul — )2 + c(uy — up)?)dads
< [ [[sm) = 5,00 — waydods

By Proposition [3.4] (4.) and since (u; — u3)(0) = 0 we can write the first integral on the left
hand side as | (u; — u2)||%2(m. The Lipschitz continuity of f and the Poincaré inequality
yield

t
=) +a [ [ 90— w)Pdaas
t
< / 1FCos,0n) = FCos,00) ey i — usllayds
0 t
< L/ Hv1 — UQHLQ(Q)”ul — u2HL2(Q)d8
0 t
<c / lor — vall 2y IV 2 — )] 2yl

a ! 2 ct o[ 2
<5 [ IV = w) s + 5 [ o el
0 @ Jo
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We take the maximum over ¢ € [0, 7*] and deduce

CiT*
1S(w1) = S [0 vy = Il = v2llie 001y € = llvr = VallZoe 0.1

The constant C depends on the Lipschitz constant L and the Poincaré constant. We choose
T* > 0 such that C3T*/a < 1 holds. Then, the above inequality shows that S on X is a
contraction (since the norm in L>(0,7*; H) is the same as the norm in C°([0,T*]; H)), and
the fixed point theorem deduces the existence of a uniquely determined solution u on [0, T*].

Step 3: Extension of the local solution. By Proposition [3.4)(3), it holds by u(t) € L*(Q)
for all ¢t € [0, 7*]. In particular, it holds u(T*) € L*(2). We can take this function as initial
value and repeat the above argument. This gives a solution which is defined on [T, 27™],
since T™ is independent of u. After finitely many steps we construct a solution on [0, 7']. This
global solution is unique, since if there are two solutions u; and wusy, then by the estimates of
the second step we can deduce directly u; = us.

[]

Semilinear parabolic equations play an important role in chemical reactions. The Lip-
schitz continuity of f is a strong condition. In Section [I.1] we considered for example
f(u) = Ry — u?; this function is not Lipschitz continuous in R. We claim that the problem
is also solveable for this kind of functions, at least it is solveable local in time.

Theorem 3.10 (Local existence and uniqueness for semilinear equations). Suppose that
Assumption@ holds. Let ug € L®(S). Further, let f be locally Lipschitz continuous in
u uniformly in (x,t), i.e., for all R > 0, there exists L(R) > 0 such that

|f(z,t,u) — f(z,t,v)] < L(R)|lu—v| forall|lul <R, [v|] <R, x€Q, t>0,

and let f grow at most polynomially, i.e. there exist constants K > 0 and r > 0 such
that

(2, t,u)] < K(1+ |u|")  for all u € R.

Then, there exists T* > 0 such that on the interval [0, T*] (3.3|) has a uniquely determined
solution uw € WYH2(0,T*;V, H) in the sense of Definition |3.7. Further, u satisfies the
estimate

(s D)llze@) < luollze@e™, 0<t<T7,

where A > 0 is independent of u.

The proof of Theorem [3.10] is based on the fixed point theorem of Banach and the weak
maximum principle. We will apply a test function of type (u — Me*)*. Then, to calculate
the integral of the form

T
/ <Ut, ('LL — MeAt)+>H71dt
0

we formulate the following lemma. The proof is part of the exercises.
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Lemma 3.11. Let the function z : [0,T] — [0,00) be continuously differentiable and u €
Wh2(0,T; H3 (), L3(2)). Then, it holds for 0 <7 < T':

T 1 T
/ (ug, (u — 2)" Y gdt = —/((u — )T (1) = (u— 2)T(0)*)dz +/ / z(u — 2) T dadt.
0 2 Jo 0 Jo
Proof of Theorem[3.10, Let M = |Jug||poo(), T* > 0 and XA > 0. We define the set

B = {ve OO0, T L2(9) : [o(t) 1w < MeM,0 <t < T},
Further, let v € B and u € W12(0,T*;V, H) be the unique solution of the linear problem
u + L(u) = f(x,t,v(x,t)) inQ, t>0, u=0 ond, u(0)=wuy in Q.
The solution exists by Theorem [3.8] since
|f(z,t,0)| < K(1+ v]") < K(1+ M"e™) € L*(Q x (0,T)). (3.4)

We claim that the solution u is an element of the set B. To show this claim, we observe that
(u — MerM)T € L2(0,T*;V) is a test function and (u — Mer)*(0) = (ug — M) = 0 holds.
We obtain

/ (ug, (u = MeM)") yadt + / / Me”) YT AV U+ cu(u — M) T)dzdt
=Xoo 1 o VT AV >0 >0

:/T/f(x,t,v)(u—MeAt)erxdt.
0o Ja

We apply Lemma the ellipticity of A and the estimate (3.4)):

1
5/( — MMt de—I—/ / (Me)y(u — MeM)Tdaxdt

/ /f z,t,v)(u — M) T dadt
and therefore

1
5/( — MMt (7)3dx </ / r,t,v) — AMe)(u — MeM) T dadt
Q

< / /(K(l + M"e™) — AMeM) (u — MeM)Tdadt.
We choose A = K(2M" + 1)/M and if r > 1, T* < (In2)/(A(r — 1)). Then, it follows

(=DM < o(r=DAT" < 9 for 0 < t < T*. If r < 1, we obtain e"~"Y* < 1 independent of the
choice of T*. Then,

1
3 / (u — MeM)T(7)2dx < / / (1+ M"e™) — K(2M" + 1)eM)(u — MeM) T dadt
Q

< / / KM (eDA — 2)(y — MeM)Tdadt < 0.
N——

This implies directly u(-,t) < MeM in Q, t € [0,7*]. Applying the test function (—u —
Me*)*, we obtain by a similar calculation —u(-,t) — Me* < 0. Thus, we obtain |u(-, )] <
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Me* and hence v € B. This defines the fixed point operator S : B — B, S(v) = u. It
remains to show that S is a contraction.

Let v1,v9 € B and u; = S(vy), ug = S(vg). Using the test function u; — uy in the
difference of the weak formulation for u; and ws, it follows

/T<(u1—u2)t,u1—u2>H 1dt+/ / (w1 — u)T AV (w1 — uz) + c(ur — up)?)dadt
/ / 5t 00) — Ftv))(ur — up)dadt.

We apply the ellipticity of A and the Poincaré inequality and the Young inequality:

%/Q(ul — ug)(7)*dx + a/OT /Q IV (uy — us)|*dadt

< / 1 (et 00) — £ vn) oyl — wall ot
0
< / 1,1, 00) — Fls by 02l 2y IV (i — 9) 2ot
0

02 T a T
< 2—1/ | f(x, t,v1) — f(m,tav2)||%2(9)dt + 5/ IV (uy — u2)||2L2(Q)dt‘
(0% 0 0

By the local Lipschitz continuity of f it follows

1
Sl = w) () B / 190 = o) Pt
MeAt)

< THUl U2||L°<> 0,T7%;L2(Q)"

We take the supremum over 7 € [0, 7*]:
2L T

|1 — g| Loo (0,7 02(0)) < o1 — V2| oo 0,7+ 2 (02))

where L* := supe(o -y L(MeM). If C}L*T*/a < 1, then we obtain contraction. Hence, we
have to choose T* > 0 such that T* < T and C?L*T* < . O

Theorem does not exclude the possible global existence of a solution. The following
result shows that in general this is not the case. To this end, we consider as in Evans [10,
Section 9.4.1] the specific equation

w—Au=u?> inQ, t>0, u=0 ondQ, u0)=uy in Q. (3.5)

Since the mapping u — u? is locally Lipschitz, there exists a solution local in time. We claim
that for sufficiently large 7" > 0 and wug > 0 there can not exist a solution of . This
result can be interpreted in the following way. If diffusive forces are negligible, we obtain
the differential equation

w=u?, t>0, ,u0)=uy>0.

The solution is given by
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and exists only for ¢ < 1/ug. The diffusion term —Awu has a smoothing effect such that
the reaction term u? and the diffusion term Aw are acting in contrast to each other. Since
u — u? grows super-linear, we expect that the reactions appear more rapidly than the
diffusions smooth out. This means that the solution ‘explodes’ after finite time.

Proposition 3.12 (Non-existence of global solutions). Let u be a weak solution of
with ug > 0 and let w; > 0 be the eigen function of —A on Hg(Q) corresponding to the
smallest eigen value \y > 0 with fQ widx = 1. If the initial values are chosen such that
fQ upwidr > A1, then there exists a t* > 0 such that

tll)rg i u(z, t)wy (z)dz = oo.

Hence, we say that the equation (3.5)) has not a weak solution which ezists globally in time.
Proof of Proposition[3.19. The eigenvalue equation

—Aw=X v inQ, w=0 ondf),

has the eigen value \; > 0 with eigen function w; € H?(Q2). By the maximum principle it
is possible to choose w; such that w; > 0 in 2 and fQ wydz = 1. Let v be a weak solution
of (.. Since uy — Au > 0, u(0) > 0 and u = 0 on 98, it follows by the weak maximal
principle that « > 0 in Q, £ > 0. (Choose v~ = min(0, u) as test function and calculate as
in the proof of Theorem . We define

2(t) = /Qu(t)wlda:, t>0.

Since u € C°([0,T]; L*(Q2)), z is defined for all ¢ > 0. It follows (similarly as in Proposi-
tion
dz d

E(t) = E<U,U)1>H—1 = (ug, w) g1 = (Au+ v, w)) g1 = /(qul + w*w; )dx.
Q

In the last step we applied twice integration by parts. Since w; is a eigen function, we obtain

dz

—(t :—)\z—l—/uzwda:.
dt() ! 0

In the proof we show next that the second integral can be bounded from below by z?. By
the Holder inequality,

y = /Qu\/w_l\/w_ldx < </Qu2w1dx)1/2(/ﬂw1dx>l/2 = (/Qu2w1dx) 1/2,

since [, wydz = 1. Therefore, 2* < [, u*w;dz and

d
d—jz—Alerz?, t>0.

This differential inequality is solveable. The function y(t) = e*?z(t) solves

@ — Alt%

5 -°¢ 5 + ety > ettt = e Mly2,
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Therefore,
i<_ 1) — l% > oMt
dt Y y2dt —
Integrating from 0 to ¢ yields
1 1 1
> (ef)qt 1)

Solving the inequality for y(t), we obtain

y(OM
ylt) 2 A —y(0)(1 — e Mt)’

provided the denominator is not zero. Next, we choose ug such that z(0) = y(0) =
fQ upwidr > A;. Then, there exists t* > 0 such that the above denominator is zero, i.e.,
y(t) — oo and z(t) = e My(t) — oo for t — t*. This shows the claim.

[

The result of Proposition [3.12] makes sense for chemical reactions. The right hand side
of the equation

u — Au = u?

models a binary reaction in which molecules are generated. Indeed a chain reaction is
described and the number of molecules is growing across the board. A solution can not
exists for all times. By the reaction equation

u — Au = Ry — u?

a binary reaction with a constant source term is described in which molecules are deleted. If
molecules can not flow through the boundary of the domain, it is plausible that the particle
density converges to the value u = /Ry (since Ry — u? = 0) and a global solution exists.
However, this case is not covered in Theorem [3.10} Similarly as for the elliptic equations
the monotionicity of u — Ry — u? is important for the global existence. The following result
holds for monotone semilinear equations.

Theorem 3.13 (Global existence and uniqueness for monotone semilinear equations).
Suppose Assumption [ holds. Let ug € L>(2) and T > 0. Further, let f: Q x (0,T) x
R — R be a function with the following properties

e f is a Carathéodory function
o u— f(x,t,u) is monotone decreasing for almost all x € 2, t > 0,

e there ezists a constant My > 0 such that f(z,t, My) <0 and f(z,t,—My) > 0 for
almost all x € Q, t > 0,

o for all M > 0 it holds | f(x,t,u)| < hy(z,t) € L2(Q2 x (0,T)) for almost all x € Q,
t >0 forall |ul < M.

Then, there exists a unique weak solution w € W12(0,T;V, H) of (3.3) (in sense of
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Definition . Further, u fulfils the estimate

lu| < max(Mo, ||uo| o)) in Qx (0,T).

The condition hy; € L*(Q2) can be weakened (see Theorem [2.17)). This condition simplifies
the proof of the theorem. We use the following auxiliary result which can be proven similarly
as Lemma [2.26

Lemma 3.14. Let Q C R" be a bounded domain, 1 < p < 0o, (ug)r a sequence with ux — u
in LP(Q) for k — oo and f a Carathéodory function with |f(-,u)| < h € LP(Q) for allu € R.
Then, it follows f(-,ux) — f(-,u) in LP(2).

Proof. By the reverse of the theorem of the dominated convergence there exists a subsequence
(ug, )n With ug, — w almost everywhere in 2 for k, — oo. Since f is continuous in u, we
obtain f(z,uy, ) — f(z,u) almost everywhere. Further, |f(-,uz, )P < h? € L*(Q2). By the
theorem of the dominated convergence it follows that f(-,ug,) — f(-,u) in LP(Q2). Since u
is uniquely determined, the whole sequence converges. O

Proof of Theorem |[53.15 To use the monotonicity of f, we apply the fixed point theorem of
Leray-Schauder. Since f is only locally bounded with respect to u, we use additionally the
cut-off method of Stampacchia. Let v € L?(Q x (0,T)), o € [0,1] and u € W"2(0,T;V, H)
be the unique solution of the linear problem

w + L(u) =of(x, t,on(z,t)) inQ, t>0, u=0 ondQ, u0)=o0u in€, (3.6)

with vy, = max(—M,min(M,v)) and M = max(My, ||ug||L=(a)). The solution exists, since
[z, t,vp(x,t)) is an L?*-function in (z,t). This defines the fixed point operator S : L*(Q x
(0,7)) x [0,1] = L*Q x (0,T)), S(v,0) = u. It holds S(v,0) = 0 for all v. Further, S is
continuous, since if vy — v in L*(Q x (0,7)), ox — o and uy = S(vy,0y), it follows by the
conditions on f and Lemma that

fz,t, (ve)ar) — f(x,t,var) € LA(Q x (0,7)).

Since the right hand side of the linear equation is bounded in L? for all k, it follows by
a-priori estimates that (uy)x is bounded in W2(0,T;V, H) and - by the Lemma of Aubin
(Lemma [3.5)- uy,, — w in L2(Q2 x (0,7)) for a subsequence (k,),. Note that this lemma is
applicable since V' is compactly embedded in H. We can take the limit k,, — oo in the weak
formulation of uy, and conclude that u is a weak solution of (3.6). Thus, we have shown
u = S(v,0) and continuity of S.

To show compactness of S, we take u as a test function in (3.6):

1 1 i ’
—/u(7’)2dx — —/ugdx—i—a/ / |Vul*dzdt < U/ /f(ac,t,vM)udxdt
2 Q 2 [¢) 0 Q 0 Q

T 1 1
s/o /QhMIUId:L'dtS 5||hM||%2(QX(O,T))+§||u||§2(QX(O,T)).

By the Gronwall’s lemma we conclude that ||| 27y < Cy. Then, also u; is bounded,
since

el L2010y < IAVUl|2(0.152200)) + | = cu + o f(z, 8, var) | L2 0,1:02(0)) < Co
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Then by the lemma of Aubin it follows that u = S(v,0) lies in a compact subset of
L*(0,T; L*(Q)), i.e., S is compact.

The important steps of the proof are the uniform estimates for all fixed points of S(-, o).
Let u € Wh2(0,T;V,H) be such a fixed point. We use the test function (u — M)*, the
ellipticity of L and Lemma 3

%/( dx+// u(u — M +dxdt<//fxtuM Y(u — M)Tdadt.

The second term on the left hand side can be written as

/OT /Q et — M)(u — M)*dadt + M/OT /Q e — MY*dadt > 0.

By the conditions on f the right hand side can be bounded from above by

/ / [, t, M)(u— M)tdzdt < / / flx,t, Mo)(u — M)*dadt <0,
0 J{u>M} 0 {u>M}

since f(x,t, My) < 0. We conclude that (u — M)*(7) =0, hence u < M in Q x (0,T).
The test function (u+ M)~ yields

1
2/(u+M //cuu+M dxdt</ /fxtuM (u+ M) dzdt.
Q

Then, we bound:

/OTLCU(U+M)dxdt:/OT/gz c((u+ M)~ M// (u+ M)~dedt > 0.

Further, since f(x,t,—My) > 0

/T/f(x,t,uM)(u+M)_dxdt§/T/ flz,t,—M)(u+ M) dxdt
0 JQ 0 J{u<-M}

< / / flx,t,—Mp)(u+ M)~ dzdt < 0.
0 J{u<—M}

This yields (v + M)~ = 0 and hence v > —M. Thus, we obtain a uniform bound for
u € L>®(R2) x (0,T)) and by the boundedness of Q in L*(Q2 x (0,7)). In particular, we have
shown f(z,t,up) = f(z,t,u), since |u| < M. The conditions for the fixed point theorem of
Leray-Schauder are satisfied. There exists a solution to .

It remains to show uniqueness of solutions. Let u; and us be two weak solutions of
. We use the test function u; — uy in the difference of the weak solutions for u; and wuo,
respectively. Because of the ellipticity of L and the non-negativity of ¢ we obtain

%/Q(ul — ) (7)*dz < /OT/Q(f(:c,t,ul) — flz,t,u2))(ur — ug)dzdt <0,

where we used the monotonicity of f. Therefore u; = us and uniqueness follows.
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3.3 Positivity and long-time behaviour

Theorem [3.13] provides existence and uniqueness of solutions to the reaction diffusion equa-
tion

uy — Au=Ry—u® inQ, t>0, u0)=uyy in (3.7)

with boundary conditions u = 0 on 02, with Ry > 0. It is more realistic for chemical
applications to assume homogeneous Neumann boundary conditions

%:O on 0f).

For positive initial conditions we expect that the concentration u(t) is positive and converges
to the stationary state /Ry for t — co. We will prove this conjecture in this section.
We study the more general monotone semilinear equations of the form

u + L(u) = f(u) in 2, t >0, % =0 ond, u(0)=uy in Q. (3.8)

The conditions for 2 and L(u) are the same as at the beginning of Section (see As-
sumption [3). The function f : R — R is continuous and monotone decreasing. The weak
formulation is given in the following: Let V = H'(Q) and H = L*(Q). Then V — H < V"
is an evolution triple. We search for u € W2(0,T;V, H), such that for all v € L?(0,T; V)

T T T
/ <ut,v>vrdt+/ /(VUTAVU + cuv)dxdt :/ /f(u)vdxdt.
0 o Jo 0o Ja

The existence results of Section are not directly applicable since here we impose
Neumann boundary conditions. However, the weak formulation is the same as the one for
the Dirichlet problem except for the definition of the space V. The proof of the theorems of
the previous subsection work analogously for the above weak formulation except when we
use the properties of the space V. In the case we consider here this is only the case when
the Poincaré inequality is applied. If V = H}(), then by the uniform bound for Vu in L?
it follows a bound for w in H'. This argument does not hold if V' = H'(Q2). However, the
standard estimates in the previous section provide besides the uniform estimate for Vu in L?
also estimates for w in L>=(0,T; H'(Q2)) and in particular in L*(0,T; L*(€2)). This yields an
estimate for u in L?(0,T; H'(2)) without applying the Poincaré inequality. We can directly
carry over the proof of Theorem to the above Neumann boundary value problem. We
obtain the following existence result:

Theorem 3.15 (Global existence and uniqueness for semilinear equations with Neu-
mann boundary). Suppose Assumption @ holds. Further, let T > 0 and uy € L>®().
Let the function f : R — R be continuous and monotone decreasing and let there exist
My > 0 such that f(My) < 0 and f(—My) > 0. Then there exists a unique solution
uwe W0, T;V,H) of with |u| < max{Mo, ||uo||z=(} in Q x (0,T).

We claim that the solution to (3.8)) is positive if ug > 0.

Proposition 3.16. Let ug € L>(2) with uy > u, > 0 in Q. There exists a constant my > 0
such that f(mg) > 0. Further let w € W2(0,T;V, H) be a weak solution to (3.8)). Then,

u(-,t) > min(mg, u,)e ™ in Q, t >0,

with A = supg, c.
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The function f(u) = Ry — u? satisfies the conditions of the proposition with my = v/Rj.
Thus, the solution of the reaction-diffusion equation (3.7 satisfies u > min(v/Ro, ).

Proof. The proof illustrates a variant of the minimum principle. In the first approach the
test function (u—m)~ with 0 < m = min(mg, u.) is applied in the weak formulation of (3.8).
Using the ellipticity of L and f(u) > f(m) > f(mo) > 0 we obtain for u < m:

1d

2dt Q((u—m)_)de—i—/(c(u—m)(u_m)—_'_Cm(u_m)_)dx

Q

< /{u<m} fu)(u—m) dx <0.

Since ¢ > 0 it follows

1d

5T Q((u_m)—fdxg —/c(u—m)_daj.

Q
We observe the problem that the integral on the right hand side is non-negative and can
not be bounded without any additional requirements. Therefore, the test function (v —m)~
does not give the right result. This lies on the fact that inf u is positive for finite times but
becomes smaller for larger times. Therefore the constant m > 0 might be not below the
lower threshold for arbitrary 7" > 0.

Therefore, we take the test function (u —me=*)~ with a constant A\ > 0 which has to be
determined (see the proof of Theorem [3.10). By Lemma and ellipticity of L, we obtain

1d

2dt Q((u —me)) e + / c(((w—me ™)) + me M (u—me™)")dz

9)
w)(u —me M) "dr — (me™™M t u—me M) "dz.
< [ st ) = (me ), [ yd

The first integral on the right hand side is non-positive, since f(u) > f(m) > 0 for u <
me~ < m. Therefore,

1d

—— [ ((u—meM)")dz < / m(A — c)e M (u —me )" du.

2dt Jq Q

If we choose A = supg ¢, then the integral on the right hand side is non-positive and we
obtain (u —me~*)~ = 0 which concludes the proof.

]

Finally, we show that for ¢ — oo the solution to (3.8]) converges to the weak solution of
the stationary problem

L(us) = f(uso) in €, ag—;o =0, on 9. (3.9)
The problem is solveable if ¢ is strictly positive, since in this case an estimate for u., in
L? can be obtained. The diffusion term div(AVu.,) yields a bound for Vus, in L?, hence
a bound for u., in H! holds. This bound guarantees the compactness of the fixed point
operator. By the maximum principle it even holds u., € L>(£2). The detailed proof works
similar to the proof of Theorem [2.17] and is not carried out here.
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Theorem 3.17. Let — f be (strongly) monotone function, i.e., there existsy >0 (v >0)
such that

—(f(u) = f(0))(u—v) =~(u—0)* forallu,veR.
Further, let w € WY2(0,T;V,H) be a weak solution to (3.8). Then,

[u(t) = usoll L) < luo — tocl|L=@e™, >0,

with A = infg c 4 7.

Proof of Theorem |3.17. The proof uses a variant of the Moser iteration technique. We show
the estimates for u — uy in LP and take then the limit p — oo. Let p be an odd number.
The difference solves the equation

(U = Uoo)t — L(u — too) = f(u) — f(Uoo)-

Since both u and uy, are in L*(€2), we can take the test function (u — ue)? in the weak
formulation of the above equation and obtain

(U — Uoo ), (U — Uso)P )y + p/Q(u — U )PV (U — Use ) AV (U — o )d

+/Qc(u — s )Pde = /Q(f(u) ~ ) (1 — u)Pda,

The first integral on the left hand side can be written as

1 d

— _ PN, = _ P+l
(= oc)es (u = e}y = = | (= sz

This connection holds for regular function and by a density argument also for functions in
Wh2(0,T;V,H). A detailed proof works similarly as the one for Lemma m The second
integral can be bounded in the following way:

p/Q(U — Uoo )PV (U — Us)” AV (U — Uy )d

— o | VU= )R AT (= )

4pa / V(1 = ta) /%) Pde,
By the strong monotonlclty of —f it follows

/Q (f () — Fluoe)) (1 — )P = / () — (o)) (1 — 1) (1 — 1Pl

Q
< —7/(u — U )P dr < 0.
Q

Note that we used that (u — u)?~! > 0, since p — 1 is even. Hence, we obtain
d

4dpa
el _ p+1 B el _ (p+1)/2y|2
% Q(u Uso)P T dx + 1_HD/QW((U Uso) )|“dx

+(p+1) /Q(c + ) (1 — use )P < 0. (3.10)
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Writing F(t) = [Ju(t) — uso|2h Lp+1 (0)» We obtain the differential equation

F/(t) + (p+1)AF(t) <0

with A = fQ ¢+ 7. Next, we apply the following version of Grénwall’s Lemma

Lemma 3.18. Let \g € R and F : [0,T] — [0,00) be a absolute continuous function (hence
almost everywhere differentiable function) with

F'(t) + X F(t) <0 for almost all t € [0,T].

Then, F(t) < F(0)e=! fort € [0,T).
We obtain with Ay = (p + 1)\ after taking the (p + 1)-th root:

||u(t) - UOOHLPH(Q) < ||u0 - uoo||LP+1(Q)e_>\t.

Since ||v]|zr@) = |||z for p — oo and for all v € L>(Q) (see exercises), we conclude
the proof.
[

Remark 3.19 (Neumann vs Dirichlet boundary conditions). We have not used the integral

4pa
0 [ 19— ) P

in (3.10), since for the Neumann problem the Poincaré inequality is not applicable. In the
case of the Dirichlet problem we can bound this integral from below by

4 4
P0G [ N = ) PV = SRR [ (0= ) i,

where C, > 0 is the Poincaré constant. In this case the differential equation becomes

F)+ (o + DA+ cp) (t) <0

and Gronwall’s Lemma yields

2
Ju(t) = ol o1y < o =t [ orrcoy exp (= (A + ot 1)20p)t>.
In the limit p — oo we obtain the same estimate as in Theorem |3.17. For finite values of p

the rate is in this case larger than in the case with Neumann boundary conditions.

Remark 3.20 (Reaction diffusion equation). We observe that Theorem[3.17 is not directly
applicable for the reaction diffusion equation (3.7)), since f(u) = Ry — u? is not strongly
monotone:

—(f(w) = f())(u—v) = (u* —v*)(u—v) = (u+v)(u—v)"

Under the assumptions of Proposition[3.16], the solution u is positive. To be more precisely,
u > m = min(v/ Ry, u.). Hence

—(f(u) — f())(u—v) =2m(u —v)?*,  for all u,v > 0.
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Hence the function —f is strongly monotone on the interval [m,oc0) and Theorem is
applicable. The solution to the boundary value problem
Ol
—Auoo:Ro—ugo mQ, —— =0 ondf2
v
i1s constant and is given by us = +/Rog. The monotonicity on the right hand side implies
directly the unique solveability, i.e., us = v/ Ry is the unique solution. By Theorem it
holds

|u(t) — v/ Rolleo) = 0 fort — oo.

Hence, we have shown that the concentration converges to the constant stationary concen-
tration.

3.4 Quasilinear equations
In this section we want to analyse the quasi-linear equation of the form
ur — div(a(u)Vu) = 0.

This type of equations describes for example the evolution of a concentration u with a density
dependent diffusion coefficient a(u). In this section, we impose that a(u) is strictly positive.
The case a(u) > 0 is treated for the case a(u) = u™ in Section Indeed we can handle
more general equations by formulating the initial boundary value problem in an abstract
way. In the following we follow mainly Showalter [20, Section I11.4].

Let V < H < V' be an evolution triple, i.e., V is a separable reflexive Banach space
and H is a separable Hilbert space with a continuous and dense embedding V' — H (see
Definition . Further, let A : V' — V' be an operator. We search for a solution u €
WP (0, T;V, H) of the abstract Cauchy-problem

u(t) + A(u(t)) = f(t), t>0, u(0)=uy, (3.11)

with 1 < p < co. The function f € X’ is given with X = LP(0,7;V) and X' = L(0,T; V"),
1/p+1/q = 1. By Proposition , the space WHP(0,T;V, H) is embedded continuously in
C°([0,T); H), such that the initial value u(0) = ug holds in the sense of H. Note that the
boundary conditions are formulated in the space V.

Example 3.21. 1. A typical example is given by V = H}(Q), H = L*(Q) and A = —A.
The Cauchy problem is then

u—Au=f(t) mnQ, t>0, u0)=u, (3.12)

and u satisfies homogeneous Dirichlet boundary conditions, u = 0 on 0S). This example
can be generalized: The operator A, defined by u +— —div(a(u)Vu), maps V = H}(Q)
to V' = H Y(Q), since if 0 < a(u) < a* for allu € R,

|A(uw) ||y = sup [{(A(u),v)y/| = sup | | a(u)Vu-Vodz| < a* sup ||ullv]|v]v
lv][<1 lv][<1 JQ lv][<1

< a*jullv-
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2. Another example is the operator A :' V. — V' with V = Wol’p(Q), defined by A(u) =
—div(|Vu[P~2Vu), p > 2. This leads to th so-called p-Laplace equation

uy — div(|VulP~2Vu) = 0,

which is another generalization of the heat equation (3.12). We obtain (3.12) if we
take p = 2. We show that A is well-defined. Let u,v € V. By the Hélder inequality
and 1/p+1/q =1 it follows

1/ 1/
(A(w), v)y = / IVuP~2Vu - Vodz < ( / |vu|<p—1>de> q( / |W|de> g
Q Q Q

= IVullf ) Vol r@):
The supremum over all v € Wy (Q) with |jv||y < 1 yields
IA@)Ilvr < [IVullfogy < llullf
Hence, A:V — V',

We can interpret the abstract Cauchy problem in two different ways. The weak formula-
tion is given by

(ug(t), v)yr + (A(u(t)),v)v = (f(t),v)y, forveV, t>0, u(0)= u.

Note that the formulation makes only sense, if f(t) € V'. In this formulation the time
dependence is explicitely written. If f € X' = L%(0,7;V’) holds, then we can formulate

(3.11) as operator equation
W+ A =f in X, u(0) = up.

Here, we interpret A as an operator A : X — X', i.e., the time dependence is hidden in the
definition of the spaces X and X’. Hence, we distinguish the operators A : V" — V' and
A X = X,

In the following we introduce some notation, which we use for the existence of the solution
to the abstract Cauchy-Problem. We recall that the operator A : V' — V' is bounded, if
bounded sets in V' are mapped to bounded sets in V’. Note that the operators defined in
Example |3.21| are bounded.

Definition 3.22. Let V' be a reflexive Banach space and A :V — V' be an operator.

(i) A is called demi-continuous if for all (uy)r C V with up — w in V it follows that
A(ug) = A(u) for k — oc.

(i1) A is called hemi-continuous if for all u,v,w € V the real-valued function t — (A(u +
tv),w)ys, t € [0,1] is continuous.

(1ii) A is called of type M if for all (uy)r C V' satisfying

up, —~uinV, A(ug) = fin V' and  limsup(A(ug), up)v < (f, uvr

k—o0

it follows that A(u) = f.



56 CHAPTER 3. NONLINEAR PARABOLIC EQUATIONS

(iv) A is called coercive if for all w € V' it holds

(A(w), u)v:

Tulv — 00, if ||ully — oo.

(v) A is called monotone if for all u,v € V it holds
((A(u) — A(v),u —v)y > 0.

The type-M property is used to identify the limit f = A(u) in nonlinear problems for
only weakly convergent sequences uy, — u and A(uy) — f.

Example 3.23. We consider the operators of Example|3.21,.

1. Let V = H}(Q) and A(u) = —div(a(u)Vu) where a € C*(R) N L=(R) with a(u) >
a, > 0. We claim that A is hemi-continuous and coercive. The coercivity can be proven
easily: By the Poincaré inequality it follows for u € V

(A(w),u)y: 1
[[ullv [[ullv

To prove hemi-continuity we consider for given u,v,w € V the map

/ a(w)|Vul|?*dz > a,Cllully — oo for |jully — oo.
Q

F(t) = (A(u+ tv),w)y, = / a(u + tv)Vu - Vwdz + t/ a(u +tv)Vou - Vwdz.
Q Q

Let tg € [0,1]. By the dominated convergence theorem it holds
lim [ a(u+tv)Vu- Vwdr = / a(u + tov)Vu - Vwdz.
t—to Q Q
This implies F(t) — F(to) fort — to. Hence A is hemi-continuous.
The operator A is in general not monotone (but of type M).

2. Let V.= WP (Q) with p > 2 and A(u) = —div(|Vu[P~2Vu). Then A is coercive,
monotone and demi-continuous. Let u,v € V. The coercz'm'ty 1S a consequence of

(Aw), wpyy

lully v

/\Vu|p *Vu - Vudr = —— HVuH q) = Cllully "

To show monotonicity we note that the function x — %|x|p, x € R" is convex. Thus
by Example the map v — V|x[P = [x[P~2x is monontone:

(|22 = |yl?y) - (x —y) 20 for all z,y € R".
Therefore, we obtain
(A() — A(), 1 — vy = / Va2V — [VoP2V0) - (Vu — Vo)dz > 0.
Q
Hence, A is monotone. Next, let u, — u in'V. Then
VP2V — |[VulP~2Vu i LP/P~D(Q).
By Vv € LP(Q)) this implies

(A(ug,),v)yr = / |Vu P2V, - Vodz — / |Vu[P~2Vu - Vodz.
Q Q

Hence, A(ug) — A(u) in V' and A is demi-continuous.
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Zeidler, Prop 26.4

continuous I linear monotone

h 4 | Zeidler, Prop 26.4 h 4
4

‘ demi-continuous € I hemi-continuous monotone ‘

Lemma (iii) Lemma (i)

v

of type M

v

> > | + monotone
‘ hemi-continuous |

b

Lemma (i)

Figure 3.1: Relations between the properties: (demi-/hemi-)continuous, linear monotone,
and of type M

The following relations hold between the above notations:
Lemma 3.24. Let A:V — V' be an operator. Then:
(i) If A is hemi-continuous and monotone, then A is of type M.
(ii) If A is bounded and of type M, then A is demi-continuous.

(iii) If A is demi-continuous, then A is also hemi-continuous.

The proof of this lemma is an exercise. The different relations are illustrated in Figure 3.1],
where each arrow stands for a implication. The proof that linear, monotone operators
are continuous and hemi-continuous, monotone operators are demi-continuous is given in
Zeidler [24, Prop. 26.4]. Continuous operators are obviously demi-continuous, since strong
convergence implies weak convergence by Proposition m (i). The main result is stated in
the next theorem:

Theorem 3.25 (Existence for the abstract Cauchy problem). Let V. — H < V' be
an evolution triple, 1 < p < oo, X = LP(0,T,V) and A : X — X' a bounded coercive
operator of type M with

¢ ¢
/ (A(u), u)yds > a/ |ull{;ds forallue X,0<t<T (3.13)
0 0

for some o > 0. Further, let ug € H and f € X'. Then, there exists a weak solution

ue WH(0,T;V, H) of (3.11).

Proof of Theorem|[3.25. To construct a solution we apply the Galerkin method.

Step 1: Solution to a finite dimensional problem Since V is a separable Banach space there
exists by Zeidler [24, Prop 21.49, p. 272] a basis (vx); of V in the sense that (vy, ..., v,,) are
linear independent and the closure of U,,span{vy,...,v,} is equal to V. Define the finite
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dimensional space V;,, = span{vy,...,v,}. We consider the following Galerkin equation:
Find w,,(t) € V such that
(U (), ) vr + (Aum(t)s vi)vr = (f(E),ve)vrs k=1,....m, (3.14)

with the initia value u,,(0) = u2, where u?, is the orthogonal projection in V,, of uy. Then,

ud — wug in H for m — oo. The above equation form a nonlinear system of ordinary
differential equations. By a variant of the theorem of Peano this system is solveable, if

F(u,t) = (f(t) — A(u),vy)y satisfies the following conditions:
(i) |f(u,t)| < g(t) for all ||ul]| <¢, t €[0,T] and

(ii) F is a Carathéodory function, i.e., t — F(u,t) is measurable for all ||u|| < ¢ and
u — F(u,t) is continuous for all ¢ € [0, 7]

(see Evans [10, Problem 30.2-30.3]).

We only have to show that the restriction A : V,,, — V!, is continuous. By Lemma [3.24](ii)
A : X — X' is demi-continuous. We claim the then also A : V' — V' is demi-continuous.
Choose (wy)r C V with wy, — w in V. Since (wg )y is constant in time it even holds wy, — w
in X = LP(0,7;V). Thus, A(wy) — A(w) in X’. Since wy, does not depend on the time, we
obtain directly A(wy) — A(w) in V', ie., A:V — V' is demi-continuous. It follows that
the restriction A : V,,, — V! is continuous, since

lim [|A(wg) — A(w)lv;, = lim sup [(A(wi) — A(w), v)|

m
k—o0 k—o0 lvllvs, <1

= sup lim [{(A(wy) — A(w),v)| =0.

[0]lv;,, <1 R0

Note that we can change limit and supremum since the space V! is finite dimensional.
Hence, there exists a solution w,, : [0,7,,] — Vp, of (3.14]), which we can write of the form

(1) = S, A (£

Theoretically, it could be that T}, — 0 for m — oo. Then, in the limit m — oo we do not
get a useful solution. We claim, that we can choose T, = T, i.e., we can maximally extend
the interval on which existence holds. To show this claim, we deduce the following a-priori
estimates. We multiply by d;* and sum over all k =1,...,m

() ) v + (Aum), m)ve = (f, ) v (3.15)

By Proposition [3.4] the first term can be written as time derivative, and the term on the
right hand side can be bounded using the norm of f in V’:

1d
5 gl + (Alum) um)ve < A lvellwmllv, 0 <t < T,

Integrating over (0,t), applying the coercivity inequatlity (3.13) and Proposition (iv)
yields

1
@1+ 5 [ s < S+ [ 1 lvds = 5 [ amlis
< glloll+ [ 1 ($)veds = Sy (310
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Since p > 1 the right hand side is bounded with respect to m and we obtain
[tm ()| < Cluo, T, f), 0 <t < T (3.17)

Hence, we can continue the solution w,,(t) up to ¢t = 7". This implies T,,, = T'.

Step 2: A-priori estimates and limit m — oo The estimate (3.16) shows that (u,,)
is bounded in L>*(0,7;H) and X = LP(0,7;V). Hence, we can deduce existence of a
subsequence (y,, )r with

Uy, = U 0 X, Uy, (T)—u" in H. (3.18)

We recall that W'P(0,T; V, H) is continuously embedded in C°([0,T]; H), hence u,,(T) € H
is defined. Since A is bounded, the sequence (A(u,,)) is bounded in X’ and there exists a
subsequence with

A(up,) = b in H, (3.19)

where wlog the two subsequences in (3.18]) and (3.19)) are identical (otherwise we first take
a subsequence for (3.18]) and take then a subsequence of this subsequence for (3.19))).
We multiply the Galerkin equation (3.14) by ¢ € C'([0,T7]), integrate over (0,7') and
integrate by parts with respect to t:
T T
[ () s + [ (Al (s)) = 7). ()}
0 0
= (um(0),0(0)ve) g — (um(T), §(T)0k)H, k=1,...,m.

By (3.18) and (3.19)), we can take the limit m, — oo in this equation and obtain

T T
~ [ () s + [ 006)  £(5), ols)oneds
0 0
= (U(O), ¢(O)vk)H - (u*a (b(T)Uk)Hv k € N.
Since (v ) forms a basis of V and C'([0,T]) is dense in LP(0,T), the set of all functions of
the form ¢uvy, (or their linear combinations) with ¢ € C'([0,7]) dense in X = LP(0,T;V).
This implies
T T
= [ s onds + [0 = 5 (e
0 0
= (u0,v(0))ar — (u”, 0(T)) u,
for all v € WP(0,T;V, H). This is the weak formulation of the operator equation
uw+b=f inX u0)=uy, u(T)=u" (3.20)

It remains to show b = A(u).
Step 3: Identification of the limit To identify b = A(u) we use the type M property of A.
We integrate the special Galerkin equation (3.15)) over (0,7") and use Proposition

1
2

[ At s = [ s = Slun O = 5 lunT
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Note that the expression fOT<-, Jyrds equals (-, ) x,. Thus,

1 1
(Alum), wm)xr = (frum) o+ 5 lwm(O) 5 = 5 (D)1
Applying lim sup,,,/_,,, on both sides we obtain
: : 1 1
lim sup (A (), Upy ) x» = lim sup ((f, Ut ) x7 + §||u?n,||§{ — §||um/(T)||§{> (3.21)
m’—o0 m/—o0

Since (u,) converges in X to u, the first term on the right hand side becomes

lim sup(f, um)x = (f,u) x.

m/—00
The sequence (u?,) converges strongly in H to ug such that

lim sup HUSMH%{ = HUOHJZLI
m/—o0

The sequence (u,,(T)) converges weakly in H to u* = u(T) (see (3.18])). In general, the
norm ||u,,(T)|| 7 does not converge, but it holds

(D) < timind o ()
or after multiplying with (—1)

lim sup(— [ (T)1[3) < —[lu(T)II%,

m/—o0

respectively. Hence, by (3.21))

L, (3.22)

. 1
lim sup(A(tpy ), um) xr = (f, u)x + 5““0”?{ 3

m/—o00

By [3.4] (iv) and (3.20)) it follows

1 1 T T
DI = el = [t = [ (7 = buvde = (f = by,
0 0
Inserting this in (3.22)), we obtain

lim sup(A(um ), umr) xr < (f,u)xr — (f = b u)xr = (b, u)x.

m/—o0

Hence, we proved

Uy —u 0 X, Altyy)—0 in X and limsup(A(tm), um)x < (b,u)x:.
m/—o0
Since A is of type M, we obtain A(u) = b. This proves that u solves the operator equation
ur + A(u) = f in X’ with w(0) = up in H. O

The assumptions of Theorem [3.25] are imposed for the space-time operator A : X — X'
In general, only the space operator A : V. — V' is available (see e.g. Example [3.21)).
Therefore, we have to find out which assumptions the operator A : V' — V' has to fulfil to
apply the existence theorem [3.25]
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Lemma 3.26. Let A : V. — V' be a hemi-continuous and monotone operator which is
bounded and coercive in the following sense:

A v < Cllulli, (A(w), w2 allullf, - for allu eV,

where 1 < p < co. Then, the space-time operator A : X — X' is monotone, of type M and
coercive with

1AW lx < Cllullk ' (Alw),u)x > allully  for allu € X,
(where C' > 0 is the same constant as above).

Proof of Lemma[3.26 By Holder inequality, X’ = L(0,7; V") and ¢(p — 1) = p, the bound-
edness of A : X — X’ follows by

T 1/q T _ 1/q _
e = ([ 1a@igan) ™ < ([ cuean) " = el

The monotonicity and coercivity of A : V' — V' carry directly over to A : X — X’. We show
next, that A : X — X’ is hemi-continuous. In this case, by Lemma (i), A is of type M.
Let t, — t and u,v,w € X. Then, it holds

(A + 1), w) = /O (A + t0), w)yrds. (3.23)

Since A : V. — V' hemi-continuous, it holds (A(u + txv),w)y: — (A(u + tv),w)y,. The
boundedness yields

1ACu + to)llvr < Cllu+ o ll57" < C'(lulli + [l ol

By the dominated convergence theorem, we can take the limit ¢, — ¢ in (3.23)) and obtain
hemi-continuity of A : X — X'
O

Theorem yields only existence but no uniqueness of a solution. The solution is
unique if the operator is additionally monotone.

Theorem 3.27 (Uniquenss of an abstract Cauchy problem). Suppose that the same
assumptions as in Theorem hold. Further, assume that the operator A:V — V' is
monotone. Then, there exists a unique weak solution v € WHP(0,T;V, H) of (3.11]).

Proof of Theorem . Let u; and uy be two weak solutions. Take u; —uy as a test function
in the weak formulation of the difference of the equations for u; and wus. Then,

1d ,
5 il =) Ol = ((wr = u2)e(t), (w1 = u2) ()

= —(A(us(t)) — Aus(t)), ur () — us(t))yr < 0.

Since (u; —u2)(0) = 0 it holds (u; —u2)(t) = 0 for all t > 0. Hence, we obtain uniqueness. [
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Example 3.28. We consider the p-Laplace equation
uy — div(|[VulP2Vu) =0 inQ, t>0, u=0 ondQ, u0)=uy in, (3.24)

with p > 2. We have already shown in Example that the operator A -V — V' defined
by A(u) = —div(|Vu[P~2Vu) and V = Wy P (Q) is monotone, demi-continuous and coercive
with

(Alu), wpvr = Cllully.

By Lemma |3.24\(iii) demi-continuity implies hemi-continuity of A : V. — V'. Further, A is
bounded, since by the Holder inequality we obtain

[{(A(u), v))v| = /Q VulP"2Vu - Voda < Va0 Vol e < llullt 0]y,

hence, ||A(u)|lv: < ||lul[5". Hence the assumptions of Lemma are satisfied and the
operator A : X — X' is bounded, coercive and of type M. By Theorem there exists a
unique weak solution w € W'(0,T;V, H) (mit H = L*(Q))of (3.24).

The Theorem [3.27] on existence and uniqueness is unfortunately not applicable to the
second example

uy — div(a(u)Vu) = 0,

since the operator A(u) = —div(a(u)Vu), u € V = H}(Q) is only bounded and coercive
but in general not of type M (except if a(u) is monotone or bounded). The techniques in
the proof of Theorem [3.25 can be modified to adapt the proof to the above quasi-linear
equation. This situation is typical for nonlinear equations: There is no general existence
theorem which covers all nonlinear equations and often the existence of solutions needs to
be proven explicitly for a given nonlinear problem. To do this, the previously presented
techniques (i.e., maximum principle, fixed point theorems, monotonicity properites, ...) can
be used.

Theorem 3.29 (Existence and uniqueness for quasi-linear diffusion equations). Let
a € COR) with 0 < a, < a(u) < a* for allu € R and ug € L*(Q). Then there exists a
unique solution u € W42(0,T;V, H) of

u —div(a(u)Vu) =0 nQ, t>0, u=0 ondQ, u(-,0)=uy nQ, (3.25)

with V = H}(Q) and H = L*(Q).

Proof of Theorem [3.29. The proof is a modification of the proof of Theorem [3.25]

Step 1: Solution of the Galerkin equation Let (v) be the orthonormal basis of H, which
is orthogonal with respect to the scalar product (u,v)y = fQ Vu - Vodz. Such a basis
can be constructed from the eigen functions of —A in H}(Q). The eigen functions form a
orthonormal basis of L?(Q2) and satisfy

(vj, v8)y = / Vv; - Vupde = —/ Avjupdr = A / vjupde = A;dj.
Q Q Q
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We consider the Galerkin equations

(ul (1), ve)m + (A(um(t)), o)y =0, k=1,...,m,

with A(u) = —div(a(u)Vu). We look for wu,(t) = >/, dP*(t)vx in the space V,, =
span{vy,...,m}. The initial values are given by u,,(0) = u%, with u®, — wuo in H. The

Galerkin equations form a system of nonlinear ordinary differential equations with coeffi-
cients d}*. Since the operator A is continuous, existence of a local solution in [0, 7},,] follows.

Step 2: A-priori estimates If we multiply the Galerkin equations by d}' and sum over
k=1,...,m, it follows

0 = (tp, (1), () 11 + (At (1)), (1)) v
1

= 5l Ol + [ () Ve (®) - V(1)
1d
> -

> Uy (T 2+a*/ Vo, () [2dz.
57Ol +a. [ 1V, (0)

We integrate this inequality over (0,¢) and obtain

e ()7 + 20sl[umlx < Nlum(0)IZ < lluollz, (3.26)

with X = L*(0,T; H}(Q2)). By this estimate we can deduce the weak convergence of a
subsequence of (u,,) to u. To take the limit m — oo in the Galerkin equations, we have to
show that a(u,,) converges to a(u). Since (u,,) converges only weakly, we can not deduce
this directly. In the proof of Theorem |3.25] we had a similiar problem which we overcame
by assuming that A is of type M. This allowed us to identify the limit of the nonlinearity.

Here, we have to argue differently. First, we show that also (0yu,,) = (u/,) is bounded.

Let v € V with v = vy + v+ and vy € V,,. Then v+ = v — vy is orthogonal to v, with
respect to H. By

(U (1), V)vr = (g (8), V)1 = (g (), v0) 1 = —(A(um (1)), vo)v,

it follows

1Ot (B) v = sup [(uy, (), v)ve| < sup ([ A(um (D)) [[vllvollv < [|ACum (E)[lv,  (3.27)

[oflv<t [oflv<1

since ||v|ly < 1 implies ||vg|ly < 1. Further, we obtain
(Alum (), v)vr = / (U () Vum(t) - Vodz < a*|[um(8)[[v][0]lv
Q
Hence, || A(un(t))]v: < a*||uy,(t)||v. Therefore, integrating (3.27) over (0,7") yields
T T
ol = [ T It < (@) [ fun(®fdt = (@ Pl <€ 329
0 0

where we applied (3.26]) in the last step. The above uniform estimates show that there exists
a subsequence with

Uy —u in L2(0,T;V),  Optyy — Opu in L*(0,T; V). (3.29)
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Step 3: Limit m’ — oo We want to take the limit m’ — oo in the Galerkin equation

T T
/ (Optim, vYy dt +/ / a(Up) Vi, - Vodedt =0 for all v € V,,. (3.30)
0 0 Ja

To be able to take the limit we have to show that a(u,, ) converges. We show this by appling
the Lemma of Aubin (Lemma which says that bounded sequences in W2(0,T;V, H)
have a strongly convergent subsequence in L?(0,T; H). By , existence of a subsquence
follows, which we denote again by (u,, ), such that

Uy —u i L*(0,T; H).
Since the function a is bounded in R, we obtain by Lemma
a(Upy) — a(u) in L*(0,T; H).

Hence, we can take the limit m’ — oo in (3.30) and obtain
T T
/ (Opu, v)ydt +/ / a(u)Vu - Vodzdt =0 for all v € C5°(Q2 x (0,7)).
0 o Ja

This equation holds also for all v € X = L?(0,T;V) due to density arguments. This proves
the existence of a weak solution of (3.27)), if we can show that u(0) = uo holds. By the
uniform estimate it follows that (u,,) is bounded in H'(0,T;V"). Since in one spatial
dimension the space H' is continuously embedded in C°; (u,,) is bounded in C°([0,77], V")
and in particular (u,,(0)) is bounded in V’. Therefore there exists a subsequence u,,/(0) — w
in V' for some w € V. It remains to show that w = u(0). This proof is a bit technically; see
proof of Theorem 6.26, Step 4, in the lecture notes 'Partielle Differentialgleichungen’. The
idea of the proof is to integrate by parts in time: (u,v) = —(u,vy)r2 + (w(0),v(0))z2 for
some test function v with v(7") = 0.

Step 4: Uniqueness of a solution Let uy,uy € W12(0,T;V, H) be two weak solutions of
. Then, the difference satisfies the weak formulation

/Ot<(u1 — Uy, v)yrds + /Ot /Q(a(ul)Vul — a(ug) V) - Vodads = 0.

Applying the test function u; — uy, we obtain since (u; — ug)(0) = 0

%/Q(ul — up)(6)2de + /Ot /Q(a(ul)Vul — a(us)Vus) - V(g — up)dads = 0.

We can not easily bound the second integral. We apply here the so-called dual method or
H~'-method.

We define b(u) = [ a(s)ds, u € R. Then, Vb(u) = a(u)Vu and the differential equation
(3.25) can be written as

ur — Ab(u) =0 (3.31)
For given t € [0, 7] let w(t) € H}(Q) be the unique solution of

Aw(t) = (ug —up)(t) € L*(Q), w(t) =0 on O
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Since the right hand side is an L*(0,7') function, w is an L*(0,T; H}(Q)) function. Further,
Aw; = (up — ug)y € L*(0,T;V’). We can apply w as test function in the difference of the

equations (3.31)) for u; and us:

/Ot<Awt,w)V/ds + /Ot /Q V(b(u1) — b(ug)) - Vwdzds = 0.

We integrate by parts in both integrals:

/ot(th’vw)f{d”/otfg(b(ul)—b(uz))Awdxdszo

The boundary terms vanish, since b(0) = 0 and u; — uy = 0 on 92 imply b(u1) — b(uz) =0
on 0L). By Proposition [3.4], it holds

t 1 1 1
/O (Vwy, Vw)ds = S[Vw@) | = 5 IVwO) = 51V,

since (u; — ug)(0) = 0 and hence w(0) = 0. Thus,

IVl == [ [ ) = b)) o = s < o

since the function b is monotone increasing. Hence, Vw(t) = 0 and (u; — ug)(t) = 0 for
almost all ¢t € (0,7). O

Remark 3.30. In the above proof of uniquenss the dual method is mentioned, since the
boundary value problem Aw = u; —us in Q, w =0 on 02 is the dual problem to . The
name H™' comes from the fact that the norm ||Vwl|| gy can be interpreted as the H™' norm
of u1 — ug. On one hand side the elliptic estimate yields

IVwl|rz@) < [lur — usllm-1(0),
if we take the expression ||V(-)||r2@) as the Hy norm. On the other

lur — uallg-10) = |Aw||g-10) =  sup  [(Aw,v)y1]

HUHH‘%(Q)Sl

= sup |(Vw,Vv)r2| < [|[Vw||r2q).

HUHHol(Q)Sl

Putting both inequalities together yields
IVwl|r2@) = llur — uall -1,

which explains the notion.

3.5 Porous media equation
In this section, we analyse the quasilinear parabolic equation

u—AU™) =0 inQ, t>0, «"=0 ond, u(0)=uy inQ, (3.32)
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where 2 C R" is a bounded domain with 99 € C*, and m > 1. Then, by the maximum
principle we expect that w(t) > 0 for all ¢ > 0. The above equation is similar to (3.25)), if we
rewrite it to

uy — div(mu™ V) = 0.

However, the theory of Section is not applicable sine the function a(u) = mu™"! is not
bounded from below by a positive constant, but only a(u) > 0 holds. We call a
degenerate parabolic equation. But, we can still show existence and uniqueness of solutions
to . The degeneracy at u = 0 causes that we have to weaken the notation of a solution.
We can not expect u(t) € H'(Q) but only u(t)™ € H'(2). Therefore, we define

Definition 3.31. We call a function u > 0 a weak solution of (3.32)), if
u™ e L*(0,T; Hy(Q)), u, € L*(0,T; H'(2)),
and for all v € L*(0,T; H}(Q))

T T
/ (ug, v) g-1dt +/ / V(u™) - Vodzdt =0
0 0o Jo
and u(0) = ug in the sense of H1(Q).

Theorem 3.32. Let T > 0, m > 1 and uy € L™ (Q) with ug > 0 in Q. Then there
exists a unique weak solution of (3.32) in the sense of Definition m

Proof of Theorem[3.33 Step 1: Uniqueness of solutions Uniqueness is shown as in Theo-
rem by setting b(u) = u™.

Step 2: Solution of an approzimated problem To circumvent the degeneracy of the qua-
tion, we regularise the problem, i.e., we introduce the parameter ¢ > 0 such that the regular-
ized differential equation becomes elliptic. We obtain a solution of the original problem by
taking the limit ¢ — 0. This approach is typical for nonlinear differential equations which
can not be proven by standard techniques.

We regularize twice. We assume that the initial data are bounded. Further, we add a
constant € € (0, 1) to the diffusion coefficient such that it is strictly positive. Let uy € L>(€2)
with ug > 0 and € € (0,1). We consider the regularized problem

Opue — div(ac(uc)Vue) =0 inQ, t>0, u.=0 ondQ, wu(0)=uy inQ, (3.33)

with ac(u) = muyy b + € and uy = max{0, min{u, M}}. Then a. satisfies the inequality
0 < e < afu) <mM™!+e By Theorem there exists a unique solution u. €
Wh2(0,T;V, H).

We prove in the following some estimates for u., which are uniform in e. If we use
(ue — M)* € L*0,T; H}(Q)) as test function with M = supg, ug in the weak formulation of

(3.33)), it follows

%/ﬂ(ue — M)H(6)2da + /Ot/ﬂae(ue)|V(uE — M)*[?dzds = 0.

Therefore u, < M. Similarly using the test function u_ we can prove u. > 0. To get this
result we need the property uy > 0, to ensure u.(0)~ = 0. Hence, the function u, is bounded.
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Therefore V(u™) = mu™ 'Vu, is a function in L% Further v, = 0 and ™ = 0 holds on
09 in the weak sense. Therefore, we can apply u™ € L*(0,T; H}(€)) as test function and
obtain

t t
/ (Optie, uly r—1ds +/ /(qu:”|2 + meu” | Vu,|*)dzds = 0
0 0 Jo

Similarly as in Lemma the first integral can be reformulated such that

1

t
— /(ue(t)"”rl —u (0)" ) dx + / /(|Vu2”|2 + meu™ | Vu|*)drds = 0
m+1 Jo 0 Jo

Taking the test function u. we obtain analogously

t
%/(ue(t)2 —uc(0)*)dz +/ /(muTHVuJ2 + €|Vu[*)dads = 0.
Q 0 Jo

We obtain the uniform estimates

HueuLoo(QT;Ln’H—l(Q)) =+ "u£m+l)/2”LQ(O,T;Hl(Q)) + \/EHUGHL2(O,T;H1(Q)) S CHuoHLmH(Q). (334)

The bound for y/eu. becomes useless in the limit € — 0, but is used in taking the limit. By
boundedness of u. we obtain

T 4m2 T
/ / Vu!"Pdedt = ——— / / u™ Va2 2dgdt
o Ja (m+1)%Jo Jo Xl

T
< C(M) / / |Vaul™D22dzdt < C.
0 Q

Hence by Poincaré inequality

ud || 20,101 () < O
For the time derivative we can deduce the following estimate:
10sue || L2011 () = [|div((mu" + €)Vue) |20 1-1 ()

< ||muln_lvue||L2(0,T;L2(Q)) + €||Vue||L2(0,T;L2(Q))

= Ue || L2(0,T;L2()) T €|| VUe||L2(0,T;L2(2)) > U || Lm+1(Q)-
V| + €[ Vuel| < Clluol]
Step 3: Limit e — 0 By (3.34)), there exists a subsequence such that for ¢ — 0,

ue —*u in L=(0,T; L™H(Q)),  wl =z in L*(0,T; H'(Q)).

€

The embedding HJ(Q2) < L*(Q) is compact. Therefore, the embedding of the dual spaces
L*(Q) — H Q) is compact (see Zeidler [24, Prop. 21.35]). By the lemma of Aubin,
the boundedness of (u.) in L*(0,T; L*(Q)) and of (dyu.) in L*(0,T; H1(Q)) imply (u.) is
compact in L?(0,T; H~1(Q)). Hence for a subsequence (¢') it holds

ue —u in L*(0,T; HH(Q)).

We have to show that z = «™. This holds, if we can show that (u.) converges pointwise
almost everywhere to u. However, we can not deduce pointwise concergence from neither
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weak convergence in L? nor strong convergence in H~!. But, we can show the identification
z = u™ by using the monotonicity of the map x — 2™. To do this we use again the trick by
Browder and Minty. Since the product (ue,u/’) -1 converges to (u,z)y-1 = [, uzdz, the
estimate

T T
0< / /(uﬁ/ —v)(ul} —v™)dzdt = / (g —v,uly — ™) grde
o Jo 0

for all v € L?(0,T; C5°(Q2)) implies in the limit ¢ — 0

0§/0T<u—v,z—um>H1dt—/0T/Q(u—v)(z—vm)dxdt.

By density arguments the inequality also holds for v € L*(0,7; L>(2)). Choosing v =
u £ Aw with A > 0 and w € L*°(0,T; L*)), we obtain as in the previous sections z = u™.
We can now take the limit ¢ — 0 in the weak formulation

T T
/ (Opuer, v) gt +/ / V(@ + ug) - Vodadt =0, v € L*(0,T; Hy(2)).
0 o Jao
Since by (3.34) \/eVu, is bounded in L?(Q2 x (0,7)), it holds
T
’ / / G/VUE/ . Vvdxdt’ S \/QH\/gvuﬁlHLQ(QX(QT))HV/UHLQ(QX(O’T)) — 0.
0o Jo
We obtain
T T
/ (ug, vy g—1dt +/ / V(u™) - Vodzdt =0, v e L*0,T; Hy(Q)).
0 0o Ja

The boundary condition «™ = 0 holds in the weak sense on 99, since z(t) = u(t)™ € Hg ().
Since u. € HY(0,T; H *(Q)) — C°([0,T]; H*(Q)), the initial condition holds in the sense
of H71(9).

Step 4: General initial data We assumed uy € L*(€2). We consider now general initial
data up € L™(Q). If (ugx) C L>(Q) is a sequence with ug — ug in L™(Q) for k — oo,
then there exists a solution sequence (ug), which solves with u,(0) = wupy. The
sequence (ug) is not bounded from above, since the bound depends on supg, ug . But we do
not need the bound to take the limit £ — oco. The bounds are sufficient to take the
limit £ — oo in the weak formulation

T T
/ (Opug, v) g—1dt +/ / V(u) - Vodadt =0, v e L*0,T; Hy()).
0 o Ja

O

Remark 3.33. The theorem on existence for the porous media equation can be generalized
i several ways.

(i) The condition ug € L™ (Q) is due to the energy estimate (3.34). This condition can
be weakened. By Vazquez [23], ug € LY(Q) is sufficient. In this case there exists exactly
one solution u of with u € C°([0,00); LY(Y)). It is possible to show that u is indeed
infinitely many times continuously differentiable on the set {(x,t) € Qx(0,00) : u(x,t) > 0}.
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Close to the set {u = 0} the reqularity decreases. Further, it is possible to show existence
and uniqueness of weak solutions for the more general equation

u — Af(u) =0

with corresponding boundary and initial conditions provided f is strictly monotonically in-
creasing, satisfies some growth condition and f(0) = 0. The proof is nearly identically to the
proof of Theorem [3.33

(ii) The porous media equation on the whole space has an explicit solution, namely the
Barenblatt function

-1 2\ 1/(m-1)
u(m,t):t’o‘<0— m2—m|th|B>+ , Tr€e€R" t>0,

where z, = max(z,0) is the positive part of z,

n 1
a=——— f=——-——
nim—1) 42 nim—1) 42
and the constant C' is given by the total mass which is determined by the mass conservation
Jn u(z, t)de = [, u(z, to)dx, if the mass M =[5, u(z, to)dx is known at ty. The Barenblatt
solution has the shape of an "upside down paraboloid’ which is cut off when it crosses zero.
Fort — 0 the Barenblatt solution converges to a multiple of the Delta distribution, i.e., Mdy.
As time t increases, the paraboloid flattens and expands. The solution has for allt > 0 a
compact support which means that there exists a free boundary {u = 0} and the positive part
of the solution {u > 0} extends with finite speed. This is in contradiction to the infinite
speed of spreading for solutions of uniform parabolic equations and comes from the fact that
the diffusion coefficient mu™=! is so small for small u that it prevents spreading.
(111) Instead of the regularizing of the differential operator, one can choose another regu-
larization. To this end the porous media equation is solved first with positive initial data and
boundary data

ue=¢€ ondQ, u(0)=ug+e inQQ.

One can show that the regularized probem satisfies a comparison principle for smooth solu-
tions, i.e., if u; and us are two solutions of with u; < ugy on 9 and uq(0) < uz(0) in
Q, then uy < wug in Q x (0,7). Ife <€, the solution u. in the second step of the above proof
satisfies ue = € < € = ug on 9 and u(0) = ug + € < ug + € = u(0) and we can conclude
ue < ue. The sequence (ue) is pointwise monotonically decreasing and bounded from below
(since non-negative). By the dominated convergence theorem there exists a pointwise limit
u = lim_,gu.. Then, u™ — z in L? implies by the uniqueness of the limit, z = u™. The
complete proof is given in Schweizer [19, Section 11].

Remark 3.34. [t is possible to show strong convergence of the sequence (ue) in L*. This
provides an alternative proof of the identity z = u™. The idea of this proof is to show that
(ue) is mot in H' but in a space with less regqularity which is compactly embedded in L*. To
show this we need some parts of the theory of Sobolev spaces with real index. Let s > 0 and
1 <p<oo. We define the space

WeP(Q)={ue WH(Q):s=k+0, k€ Ny, 0€[0,1), |lul|wsrq) < oo},
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where

LECES. 10
[y = Nl + 2 [ P daay,

la| <k

These spaces are reflevive Banach spaces. We write H*()) = W*2(Q). For s = 1, the space
W*P(Q) equals the Sobolev space W'P(Q) defined in Section see Adams [1, p. 204). If
00 € C, then the embedding

W*P(Q) — L"(Q)

is continuous if p < r < np/(n—sp) (ifn>sp), p<r<oo (ifn=sp) andp <r < oo (if
n < sp), see Adams [1, Theorem 7.57]. Further, the embedding

WP(Q) — W*P(Q)

is compact, if Q0 is bounded with 0Q € C' and s > s > 0 (see Grisvard [12, Theorem

1.4.3.2)).
We apply the following lemma by Chavent-Jaffre. The proof of the lemma is an exercise.

Lemma 3.35 (Chavent-Jaffre). Let Q C R™ be an open domain, 0 < s <1 and 1 < p < oc.
Further, let f: R — R with f(0) =0 be a Hélder-continuous function, i.e., |f(x) — f(y)| <
culr —yl® for all z,y € R with cy > 0 and 0 € (0,1) and u € W?P(Q). Then,

I1f (u) llwos.pro )y < CHH“H?/VS’P(Q)'

We apply the lemma to f(x) = 2™ with = 1/m and p = 2. Then it holds

L

HUEHWS/W%"( ) < cullu Ws2(Q) < Collu" ”Wl 2(Q)"

By (3.34)), we obtain the bound

T T
A ——— A!mﬁ%mmwﬂéﬁml|wﬂ%@&§Cr (3.35)

The above embeddings imply that for s’ < s the embedding
Ws/m,Qm(Q) N Ws’/m,?m(Q) SN LZm(Q)

is compact. Hence, we can apply the Lemma of Aubin and conclude that (u.) is relatively
compact in L*(2 x (0,T)):

ug — u in L*(Q x (0,7)).

The subsequence converges pointwise almost everwhere tow. This implies ul} — u™ converges
pointwise almost everywhere, hence, z = u'™.



Chapter 4

Further nonlinear equations

In this chapter we illustrate the variety of possible nonlinearities and present further non-
linear equations. We restrict us to a few examples which are important in applications or
whose analysis relies on the use of specific techniques. Due to the complexity of the problems
we will not prove all presented results.

4.1 Stationary Navier-Stokes equation

In this section we analyse the stationary incompressible Navier-Stokes equation
—Au+(u-Vu+Vp=f, divu=0 inQ, u=0 onodf) (4.1)

where 2 C R? is a bounded domain with 9 € C'. The vector valued function u describes
the velocity of a fluid, p describes the pressure and f is an external force. We will deduce
the weak formulation of this problem and present some existence result. We follow Ruzicka
[18, Section 3.2.3].

The difficulty of a solution to (4.1)) is given by the fact that in both differential equations
the corresponding term with the highest derivative is applied to u. If we solve the first
equation of for given p, then the solution does not necessarily have to solve the second
equation. If we solve the second equation of u and the first for p, it is difficult to show
compactness, since the divergence operator increases the order of differentiation only by one
whereas the Laplace operator decreases the order by two. The idea to solve the equation
is to eliminate the pressure in the first equation. If we multiply the first equation in (4.1))
with a vector valued test function v (in the sense of a scalar product) with v = 0 on 99 and
integrate by parts, we obtain

/Vu:Vvdx—i—/(u'V)u-de—/pdivvdx—/f'vdx.
Q Q Q Q

Here, Vu is the derivative matrix of u and

3
ou; Ov;
Vu: Vv = Z axjaxj.

i,j=1

The expression (u - V)u - v reads as the sum

3

O
Z uia—ZZ?}j.

2,j=1

71



72 CHAPTER 4. FURTHER NONLINEAR EQUATIONS

If dive = 0, the integral containing the pressure vanishes and it remains to solve the equation
for u. Hence, we define the space having exactly this property

X ={v € H}(Q)*: divu = 0 in Q}.
It is equipped with the norm

3
ov;
2 _ 2 o 7
ol = 1V0liayes = 32 |5,

L2

Hence, X equipped with this norm is a reflexive, separable Banach space (see exercises).
Now we deduce the weak formulation. Let u be a classical solution of (4.1]). We multiply
(4.1) with v € X, integrate over €2, use divv = 0 and integrate by parts:

/Vu:Vvdx—i—/(wV)umdx:/f‘vd:c, veX. (4.2)
Q Q Q
To formulate the boundary value problem we define the following operators
A X - X' (A, v)x = / Vu : Vudz,
Q
Ay X = X' (Au,v)x = /(u -V)u - vdz,
Q
be X', (b,v)X/:/f-vdx.
Q

Then (4.2) is equivalent to the operator equation
Aju+ Ayu=0b in X" (4.3)
The operators A; and A, satisfy the following properties.

Lemma 4.1. The operator Ay is linear, continuous, coercive and monotone. The operator
Ay is bounded, strongly continuous (i.e., uy — u implies Aguy — Asu). The sum A = A1+ A
1s bounded, coercive and of type M.

We note that strongly continuous operators are also compact. If the operator is linear,
compactness implies strong continuity (this can be calculated directly).

Proof of Lemmal{.1 The properties of A; are easy to prove, since A; is a vector valued
variant of A = —A in H}(Q). First, we show boundedness for A,. Let u,v € X. Then, by
Holder inequality,

|{(Agu, v) x/| S/Q\UHWHUIdx < ull @ Vel 2@ llvll @)

The space H'(Q) embedds continuously in the space L*(Q2), provided the space dimension
n < 4 (which we assumed). Hence, it follows

|(Agu, v)x/| < Cllullip vl o @)

We obtain || Aqul|x < Cllul|%, i-e., Ag is bounded.
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To prove strong continuity, let ux — w in X. By the compact embedding H*(Q2) — L*(Q),
there exists a subsequence uy — u in L*(€2). We have to show that Ayuy, — Asu in X/ ie

| Asup — Asul|xr = sup |(Asup — Asu,v)| = 0 (kK — 00).
vl x <1

Suppose this does not hold. Then, there exist € > 0 and a sequence (v;) C X with [Jvg||x <1
such that for all £ € N it holds

|(Aquy, — Agu, vg)| > €. (4.4)

Since (vg) is bounded in X by construction, there exists a subsequence with vy — v in X
and vy — v in L*(2). We bound in the following way

|<A2uk/ — AQU, Uk/>|

/(((uk/ —u) - Vug v + (u- V) (uy —u) - (v —v) + (u- V) (up —u) - v)de
Q

< lug — ul[zay | Vuw || 2@ llow | o) + ull ooV (urr — w)l|2@)llvwr — vl

—i—‘/g(u-V)(ukr—u)mdx.

The first summand converges to zero, since up — u in L*(£2). The second one converges
to zero, since vy — v in L*()), and the third one, since V(up —u) — 0 in L?(Q2). This
contradicts . Hence A, is strongly continuous.

The boundedness of A follows from the boundedness of the operators A; and A,. For
showing coercivity, let v € X. then divu = 0 and

aul |’U,’2 1 . 2
(Aqu, u) x /Z - uuyde /Z u; &CJ §/Q(dlvu)|u] dx = 0.

3,7=1

By coercivity of A; it holds (Au,u)x = (Aju,u)x > alul|%.

It remains to show that A is of type M. Let up — w in X, Aup — b in X’ and
lim supy,_, oo (Aug, ug) x» < (b,u)x,. Since Ay is strongly continuous, it follows Asu, — Asu
in X’. Hence, Ajuy — b— Asu in X'. Further, we know that (Asuy, ug)x» = 0 which implies

lim sup(Ayug, up) xr < (b, u)xr = (b — Agu, u) xs

k—o00
By Lemma [3.24(i), A; is of type M, which yields Aju = b — Ayu. This implies Au =
(A1 + Ag)u = b. Hence, A is also of type M. H

We can prove an analogous result as Theorem for abstract operator equations for
bounded coercive operators of type M.

Theorem 4.2. Let X be a reflexive, separable Hilbert space, A1 : X — X' a monotone
and hemi-continuous operator and Ay : X — X' a strongly continuous operator. Let the
sum A = A+ Ay be bounded, coercive and of type M. Then, there exists for every b € X'
a solution to the operator equation
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L |

Proof. We apply the Galerkin method. Let (vx) C X be an orthonormal basis. We look for
a solution u,, = > ", dj"v;, of the system of equations

0= (Auy — b, vg) xr = <A<§:d}”vj> — b, Uk>X' = g(d™), k=1,...,m,
j=1

with d™ = (dy",...,d"). First, we have to ensure that the system of equations is solveable.
We note that due to the strong continuity of As and the hemi-continuity and monotonicity of
Ay the sum A = A; + A is demi-continuous by Lemma [3.24] This implies the continuity of
g=1(g1,--,9m) : R™ = R™. Let R = 2||b||x//a. Then, it follows for all ||u,,|x = |d™| = R
by coercivity of A:

m

m m m m 2
g(d™) - d™ = | gr(d™)d! = (At = b um)xr > [ — Bl llumllx = = [bll% >0,
k=1

if b # 0. If b = 0, we obtain g(d™) - d™ = allun|% > 0. Hence, the assumptions of
Lemma [2.21] which is a consequence of the fixed point theorem of Brouwer, are satisfied and
we obtain existence of d” € R™ with ¢g(d™) = 0. Further, the a-priori estimate

[l x < R

holds and there exists a subsequence with u,, — u in X. We claim that u satisfies the
operator equation Au = b.

To show this claim we use the type-M property of A. Since A is bounded, it follows by
|lum||x < R that the inequality || A(un)||x < C(R) holds. Hence there exists a subsequence
with u, — v in X and A(u,) — z in X’. Then, by the Galerkin equations it follows

0= lim (A(un) —bv)x = (2 —b,v)x, for all v € span{vy,vs,...}.

m/—o0

Hence, z = b. If we set v = u,,, in the Galerkin equations, we obtain

0= lim (A(um/) — b, Um’>X’7

m/—o0
and by the weak convergence of (),

lim (A(um/), um/>X/ = lim <b, um/>x/ = <b, u)X/.
m/—o0 m/—o0

We have shown that

Uy —u 0 X, JAWUy)—b in X' lm (A(tun), ) x = (b,u)xr.

m/—o0
Since A is of type M, it follows Au = b. n

We can show the following result on existence.

Theorem 4.3 (Existence for stationary Navier-Stokes equations). Let the assumptions
from the beginning of this section hold. Let f € L*(2)3. Then there exists a weak solution

(u,p) € X x L*(Q) of (A.1).
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L |

Proof of Theorem[{.3 By Lemma [4.1] and Theorem [1.2] it follows existence of a function u
which solves the weak formulation (4.2)). It remains to show that some function p exists such
that for all v € H}(Q)?

/Vu:Vvd:v—i—/(wV)u-vdx—/pdivvdx—/f-vdx.
Q 0 Q 0

This is essentially a consequence of the fact that differentiable vector fields can be be written
as direct sum of a divergence-free vector field and a gradient, i.e., for all v there exists
functions v and p such that

v=u-+ Vp, with divu =0.

In other words: If a vector field F' is orthogonal to the space X, then F'is a gradient, i.e.,
F = —Vp for some function p. This statement is given more precisely in the following
theorem, which we will not prove.

Theorem 4.4 (De Rham). Let F € (H}(Q)?) be such that (F,v) =0 for allv e X (X
as above). Then there exists some p € L*(Q) with [, pdz =0 such that

(F vy = /p div vdz  for all v € H}(Q)>.
Q

We apply this theorem for the functional

<F,v>:/QVU:Vvd:r—l—/Q(u~V)u-vdx—/Qf-vdx,

which satisfies by construction of the space X the assumptions of De Rham’s theorem (The-
orem . This concludes the proof. O

Remark 4.5. The proof of uniqueness of a weak solution of a stationary Navier-Stokes
equation is quite delicate. Uniqueness follows if the norm || f||x: is sufficiently small. Let u
and v be two weak solutions of (4.2)). Taking the difference and using the test function u—wv,
it follows

/Q\V(u—v)]de:—/Q((u-V)u-(u—v)—(U-V)v~(u—v))dx
= —/Q(((u—v)~V)u-(u—v)—i—(U-V)(u—v) (u —v))dz. (4.5)

The second integral vanishes, since by div(v) = 0 it follows

1

24y — iv(v)|u — v|*dz =
/Q(U-V)(u—v)-(u—v))dm:§/§2(U-V)|u—v| dr = 2/ﬂd (v)| |“dz = 0.

For the first integral we bound by Holder, Sobolev and Poincaré inequality

- /Q(((u —0)-Vu- (u—v)dr < |ju— v|\%4(9)|]Vu||L2(Q) < C|V(u— U>||%2(Q)||VU||L2(Q).
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Using the test function u in (4.2)) it follows
/ [Vul*dz = / frude < || fllxllullx = [|f]lx | Vull 2@
Q Q

and hence ||Vul[r2) < || fllx. Then by (4.5)), we obtain
IV (= )72 < CIV(u— )72 VUl ) < CllFLx IV (1= 0)lI720),

and if C||fllx < 1, it holds ||V (u — U)H%Q(Q) < 0 and hence u = v in Q. The uniqueness of
a weak solution for general f is an open problem.

4.2 Schrodinger equation

We consider a quantum mechanical particle in a bounded domain €2, whose probability to
stay at the boundary of the domain vanishes (i.e., the particle can not cross the boundary).
Then, the particle can be described by the Schrodinger equation

g+ Au=0 inQ t>0, u=0 ondQ, u(0)=wuy in Q. (4.6)
This equation is not of parabolic type. Let ug be an eigenfunction of
Av=Xv inQ, v=0,on 0,
with eigenvalue A\. Then
u(z,t) = eMug(z)

is a special solution to (4.6)). In the formula for the solution the space and the time variable
are separated. Due to the expression e the solution shows oscillations with frequency .
For more general initial functions the solution is given as a superposition of oscillations with
several frequencies. In this sense, the Schrodinger equation is made up of several waves.
This behaviour we will analyse later in this section.

First, we will prove the theorem of existence and uniqueness for the linear equation. We
consider a more general problem and follow Dautray and Lions [7, Section 18.7]. Let V —
H — V' be a an evolution triple (with complex valued Hilbert spaces). and a: V x V — C
a continuous sesquilinear form such that

(i) for all u,v € V : a(u,v) = a(v,u) (4.7)
(ii) there exist A € R,a > 0 such that for all v € V : a(v,v) = +A|[v||5 > allv||}. (4.8)

The first property is called skew-symmetry. The second property is a generalization of the
coercivity. An example of an skew-symmetric and coercive sesquilinear form is given by

a(u,v) = / Vu-Vudr, wu,v €V = Hj(Q). (4.9)
Q

With H = L*(Q), it holds a(u, u) + ||u||%, = ||u||¥. We solve the following problem:
(ug(t), v)vr +ia(u(t),v) = (f(-,t),v)u, t>0, u(0)= uo, (4.10)

for all v € L*(0,T; V).
With the above sesquilinear form and f = 0 we obtain the Schrédinger equation (4.6)).
We show next:
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Theorem 4.6 (Existence and uniqueness for a linear abstract Schrodinger problem).
Let f € L*0,T; H) with f; € L*(0,T;V") and ug € V. Then, there exists exactly one
solution w € W'2(0,T;V, H) of ([A.10). The solution satisfies uw € L>(0,T;V) and
u € L0, T3 V).

Proof of Theorem[{.6. The proof of uniqueness is an exercise. We apply the Galerkin method
to show existence of a solution. Let (vg); be a orthonormal basis of V. Define the finite
dimensional space V,,, = span{vy, ..., v,,}. There exists a sequence (u2)) with u®, € V,, such
that u® — ug in V for m — oo and ||u?, ||y < [Juollv- We consider the Galerkin equations

(u;n(t)’ Uk)H + ia(um(t)’ Uk) = (f('7t)’ Uk)Hv t>0, um(o) = u?n

We look for a solution in the space Vi, i.e., un(t) = > o, di*(t)v,. Hence, the system of
Galerkin equations is a system of linear ordinary differential equations for the coefficient
dy*, which is uniquely solveable on (0,7"). Next, we want to deduce appropriate a-priori
estimates and take the limit m — oo.

We show three estimates. First, we multiply the Galerkin equations with dj and sum
over k=1,...,m:

(U (8), i (8)) 1 + 80w (£), 1 (£)) = (f (£), i (£)) 1

Here we used that the scalar product is sesquilinear on H. Adding the complex conjugated
equation to this one, we obtain

1d

>l (Bl = Re(F(2), (1)1

We integrate over ¢t and use Young’s inequality to obtain

e (01177 — [l (0) =2/0 Re(f (), tm(s))nds S/O IIf(S)Ilirder/O 1t (5) [l

Gronwall’s lemma implies

(D1 < € (Jlum(O) 3 + / 1£(s)li3ds), tefo.T]. (4.11)

This yields an estimate for w,, in L>(0,7; H).
In the next step we multiply the Galerkin equations with (d}*)" and sum over k = 1,...,m:

5 (O + it (1), 1, (8)) = (f (1), 20, (8)) -

We substract the complex conjugated equation:

10t (1), 1y, (8)) + da(um (t), up, () = (F(8), 0w, ()5 = (F(E), 0, ()1 = 2i0m(f (), g, (8)) 1,

which due to skew-symmetry of a is equivalent to

d :

33 W (®); um () = alum (t), 0 (8)) + alur, (8), un(t)) = 2m(f(8), w3 (8)) -
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By integrating over (0,t) and integration by parts with respect to ¢, we obtain
(1) 10 (8) = 0), 1, (0) = 2 [ Tn{(5). 1, (5)) s
= 2Im(f(t), um(t))v' — 2Im(f(0), un(0))v — 2/0 Im(f'(s), wm(s))v-ds.

The coercivity of a and the Young’s inequality yield
allun ()]} — a(un(0), wn(0)) < alwn (), wn(t)) + Mum ()7 — a(uwn(0), 1w (0))

< 2||f(t)||V’||um(t)||V+2||f(0)||v’||u9n”V+2/0 L7 ()l [l () v ds + [A] [ (8) 17

o 2 t t
< FlunOIG + =1 @1 + 2070l lluzallv +/0 [ ()[[5-ds +/0 L/ (s)I[3ds
+ | [ ()17

The first term on the right hand side can be absorbed by the left hand side. By assumption
f is an element in the space H'(0,T; V') which is continuously embedded in C°([0, 7], V").
Therefore, the second term ||f(¢)]|y+ on the right hand side is uniformly bounded for ¢ €
(0,T). This is also the case for the third term, since ||ul ||y < |luglly. The fifth term is
bounded, since we assumed f’ € L*(0,T;V’). The estimate shows that the last term
|um(t)]| z is uniformly bounded with respect to ¢ € (0,7") and m € N. Hence, we can apply
Gronwall’s lemma and obtain

lum @I < C@)luolly + 1220200y + 1 220 0), € (0,7), (4.12)

where C(T) is a constant which depends only on o and 7T". Thus, we have shown that (u,,)
is bounded in L>(0,7;V).

By (4.12)) it follows that (u/,) is bounded in L>°(0,7"; V') since by continuity of a it holds
for all v e V,

(i (£), 0) v | < Ja(um (£), )] + [(f(£), )] < Cllum@llvIvllv + [F Ol llvllv.
Similarly as shown above it follows by (4.12)) and u], € V;,, that the estimate

i, || oo o,y = sup  sup  [(ul,, w)y+| = sup sup |(u),,v)n| <C (4.13)
0,7) [lwllv=1 (0,7) [[w|lv=1

holds where we write w = v + v+ with v € V,,, v* € V.l and V,, ® V;} = H and use
(g, )i = (W, V)11

The bounds (4.12) and (4.13]) show that there exists a subsequence with
Uy = u in L2(0,T;V), u,, —*u in L=0,T;V).

m

We can take the limit m — oo in the Galerkin equation

T T T

| xwhvdt i [ atwn ot = [ (o)t e v,
0 0 0
with a piecewise constant function y : (0,7") — C (since a is linear) and we obtain
T T T
/ (u', xv)rydt + Z/ a(u, xv)dt = / (f,v)xdt
0 0 0

for all xy : (0,7) — C and v € V. We can approximate each function in L?(0,T;V) by
Uy = Zjvzl X;v. Therefore we obtain the claim of the theorem by a density argument. [
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We consider the sesquilinear form (4.9)) for the Schrédinger equation (4.6)). Theorem
yields the following corollary.

Corollary 4.7 (Existence and uniqueness for the linear Schrodinger equation). Let f €
L*(Q x (0,7)) with f; € L*(0,T; H *(Q)) and ug € HL(Q). Then, there exists a unique
solution u of (£.10) with u € L*>(0,T; Hy(Q)) and u, € L*>(0,T; H*(Q)).

Remark 4.8. The above theorem on existence for the Schrodinger equation can be general-
12€ed.

(i) The Schrédinger equation is not only solveable on [0, 00), but on whole R. This can be
seen by transforming the time by t — —t and analysing the equation

g — Au = 0.
The abstract formulation s
—(ug, )y + ia(u,v) = 0.

By the proof of Theorem we observe that the sign of (u;,v)y: is irrelevant. We
obtain therefore also a solution on the interval (—oo,0).

(ii) It is sufficient to assume initial data ug € L*(2). Then, there exists a solution u €
CO%(R; L*(Q2)) with uy € C*(R, D) and D = H*() N H (). For a proof see Cazenave
[3, Proposition 3.1.1].

The Schrodinger equation has some remarkable properties. We have already seen that
the solution is defined on whole R. Therefore, the Schrodinger equation is not a diffusion
equation; but behaves similarly to a wave equation. To discuss is it more in detail, we
consider the Schrodinger equation on the space R™:

iug+Au=0 inR" teR, u(0)=up. (4.14)
For smooth initial data we can solve the problem explicitely.

Proposition 4.9. Let ug € C3°(R™). Then, the unique solution of (4.14) is

1

n/2 . .
u(a,t) = <M) Gl () / =/ 20) il /40 (g,

and satisfies the inequality
()| oo my < (drt]) ™ o] 11 (-

Proof. The proposition follows by Fourier-Transformation of (4.14). We recall that the
Fourier transformation of a function f € L*(Q) is defined by

fk)y= [ fl@)e**dz, keR"
Rn

It has the property that ﬂ(k) = zkf(k’) and hence

AJ (k) = Ik F(k).
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The calculation shows that the Fourier transform of the function

1

L ey
(4mit)n/?

Ky(z) =

is given by K,(k) = exp(—i|k[?t).
The Fourier transform of the Schrodinger equation (4.14])

ity — |k[*u =0, u(0) =1y, keR"
can be solved explicitely:
Uk, t) = e "t g, (k), ke R™ (4.15)
This can be written as
ﬁ(t) = f?tao = mm

where K, * ug is the convolution of K; and ug. The inverse of the Fourier transform yields

1 il
u(xat) = (Kt * UO)@) = - Kt(m - y)uo(y)dy = W /Rn ele=vl /(“)m(y)dy,

which shows the first claim. The bound is a consequence of

) € s | o)l

This concludes the proof of the proposition. n

We remark that the solution of the Schrodinger equation (4.14)) is not vanishing in the
L?-norm, but remains preserved:

|w(t)||L2mny = [|uol|L2mny for all t € R.

(Multiply with @ and integrate, see also the proof of Lemma[4.11}) The solution |u]?
satisfies a conservation equation (similarly as the solution of the wave equation), but decays
exponentially fast in the L*-norm (similarly as the solution to the heat equation). The
conservation property is expressed in the formal writting u(t) = e"*®uy where the operator
A= e D(A) — L*(R") is defined via the spectral representation similarly as the operator
e A for parabolic equation.

The solution of the wave equation is in general not more regular than the initial data - in
contrast to the solution to the parabolic equations, which regularize strongly. Theorem (4.6
shows that the solution u(t) € V is as regular as the initial data uo € V. In this sense, the
Schrodinger equation is very similar to the wave equation. But, the Schrodinger equation has
a remarkable regularizing property which is expressed by the so-called Strichartz inequalities.

Theorem 4.10 (Strichartz inequalities). Let ug € L*(R™) and u be a solution to (4.14]).
Then,

Hu||L2+4/"(R;L2+4/n(R")) < CIHUO||L2(R");

[ullor@2e@ny) < Colluollz2@ny,
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where v = 4p/(n(p — 2)), 2 < p < 2n/(n —2) (if n < 2, then p < oo is possible) and
Cl,CQ > 0.

For a proof we refer to Strauss [21], [16, Section X] and Cazenave [5, Theorem 3.2.5]. The
theorem says that the solution satifies for almost all ¢ € R the property u(t) € LP for certain
p > 2, although wg is only in L?(R™). But, this property holds only for almost all ¢ € R;
in general it can not hold for all £ # 0. Indeed the solution has even a better regularity. If
ug € L*(R™), then u(t) € Hl/Q(R”) for almost all t € R (see Cazenave [5, Remark 3.4.7]).

loc
Hence, we gain for almost all ¢ € R ’half’ a derivative local in space.

The existence and uniqueness of solutions can also be proven for the semilinear Schro-
dinger equation under certain conditions on the non-linearity:

iug+Au— f(u)=0 inR" teR, u(0)=up. (4.16)
In physical applications,
f(u) = g(Jul*)u with g : R — R

is mainly of interest. The real valued function g(|u|?) can be seen as some kind of self-
interaction potential. A typical example is the cubic function f(u) = =4|u|*u.
The analysis of (4.16|) is based on so-called energy estimates. We call the functional

Bu) = / (%Wu]? + P(w))dr, where F(u) = %G(!u|2), G =g, G(0) =0,

the energy of the system. The function F is defined such that F'(u) = g(Ju|*)u = f(u). In
the case f(u) = %|u|?u it holds F'(u) = £1|ul*. We show next for smooth solutions that the
energy is constant.

Lemma 4.11. Let u be a classical solution of . Then, it holds
lu(®)l2gaey = lollzoeys  E(u(®)) = Eluo) for allt € R.
Proof. We multiply by @ and the complex conjugated equation with w:
iugth + Auti — g(|u)?)|ul* =0, —itu+ Auu — g(Jul*)|ul* = 0,
and take the difference of these both equation:
i0;[ul* + Aut — Auu = 0.

By integration over R™ and integration by parts it follows
0y lu|*dx = 0,
R’ﬂ

which yields the first equation of the lemma.
To show the second equation we multiply (4.16) with @; and the complex conjugated
equation with wu,:

ity + Autt; — g(|ulP)ui; =0, —itguy + Aty — g(|ul?)uu; = 0.
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Adding both equations and integrating over R™, we obtain:
—/ (Vu - Vu, + Vu - Vg + g(|ul?) (utt; + wuy))de = 0

and since 0,F(u) = £g(|u|?)d;|u|? it follows

o d 9 L dE
0= E< - |Vu| d:zc—l—Q/n F(u)dx) =23 (u).

This yields the claim. [

The energy equation of Lemmam provides an a-priori estimate, if F'(u) is non-negative
or at least can be bounded in a suitable way.

Lemma 4.12. We assume that for all u € C
F(u) > —Ci(Jul* +|ul?), 2<q¢<2+4/n, C;>0. (4.17)
Further, let u is a classical solution of . Then, it holds
V| oo (2 (ry) < Co,
where Cy > 0 depends on |[ug||L2rny and E(uq).

Proof. We use the following special case of the Gagliardo-Nirenberg inequality:

n(r —2)

_— HY(R"
2r v € H(RY),

[0l r @ny < KH”HL?(Rn HVUHLQ R7) 0=1-—

and r > 2 is such that the embedding H'(R") — L"(R") is continuous. (This ensures
0<0<1)
By Lemma |4.11], (4.17)) and the above ineqality, it follows for r = ¢
1
IVl = E(uo) - / F(u(t))dz < E(uo) + Cr(llu(®)llz2@n) + lw(®)|70zm)
9
< E(u) + Ch[[uol2gem) + K'Culluol| % g I V(1) | 5 o)

The condition ¢ < 2 4 4/n implies (1 — 0)g = n(q — 2)/2 < 2. Hence, we can apply the
Young inequality:

la0]1 7% g | V()| oy < el Vau(®) 72 gemy + Cale, lluoll 2gm))-
The first term on the right hand side can be absorbed for sufficiently small ¢ > 0:
IVu()l|Z2@ny < Cale, uollre@n)-
Define the right hand side as Cs we obtain the claim. O

Using the Strichartz inequalities, the Banach fixed point theorem and the semi group
theory, the following theorem can be proven (see Strauss [21]).
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Theorem 4.13 (Existence and uniqueness for semilinear Schrédinger equations). Sup-
pose that the assumptions on F of Lemma holds.  Further, let f € C' with
I (w)] < ColulP for all u € C, where 0 < p < 4/(n —2) (and 0 < p < oo, if
n < 2). Further, let ug € H*(R™) with E(ug) < oo. Then, there exists a unique
solution u € CO(R; H'(R™)) N L>(R; H*(R™)) of (4.16).

Example 4.14. We check for an example under which conditions the assumptions of The-

orem[{.13 are satisfied.

(i) Let f(u) = |ul*u. Then, F(u) = (1/4)|u|*. Since F is non-negative, F satisfies the
inequality (4.17) for all n > 1. Whereas the inequality, p = 2 < 4/(n — 2) is satisfied
forn < 3.

(ii) Let f(u) = —|u|*u. Then, F(u) = —(1/4)|u|* and ¢ = 4 in [A.17)). It holds 4 = q <
2+4/n if and only if n = 1.

The question remains what happens if the conditions of are not satisfied. Consider
the case f(u) = —|u|*"u. Then, ¢ = 2+4/n and hence the condition (4.17) does never hold.
One can show that the function

u(z,t) = U(t*m t> (dmi(t* — 1)) 2eile /A=)y e R 0 <t < t¥,

is a special solution of (4.16]), where ug(z) = v(|z|) and v is a solution of
—Av — (4m) Ho[Y"v =0 in R

Conservation of the solution holds in L? norm, ||u(t)|r2gs) = ||uollr2@n), but w(0,t*) is
unbounded in L and H! norm. Therefore, we expect that there does not exists a solution
for all non-linearities. In fact, the following result holds (see Cazenave [5, Remark 6.5.1]).

Theorem 4.15 (Existence and Non-existence for nonlinear Schrédinger equations). Let
fu) = AMu|*u with A € R and 0 < a <4/(n—2) (and o < 0o if n <2). Then:

(1) If A > 0, then all solutions of (4.16) are global in time.
(11) If X <0 and o < 4/n, then all solutions of (4.16)) are global in time.
(i) If A < 0 and o > 4/n, then all solutions of (4.16|) are only global in time, if

o e mmy is sufficiently small. For large ||uo|| g1 (rny solutions exist only local in
time.

Note that the value 4/n corresponds in (ii) and (iii) of the theorem to the bound ¢ =
2 +4/n for F(u).

4.3 Hamilton-Jacobi equations

To motivate Hamilton-Jacobi equations we consider the Euler equations which were stated
in the first chapter

ny +div(nv) =0, (nv); +div(nv ® v) + Vp = 0.
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We recall that n is the particle density, v the velocity and p the pressure of the liquid. We
assume that the liquid is homogeneous and incompressible, i.e., n = const. = 1, and the
pressure is constant, Vp = 0. Further, we consider laminar flow, i.e., the velocity can be
written als a gradient of a function S, v = VS. Then, we obtain

0 =div(VS) = AS, 0= (VS), +div(VS® VS).

We claim that div(V.S ® VS) = (1/2)V|VS|?. This holds by

div(VS @ VS) =

0 <8S 8S>:Z< %S  9S 85825>

- 8_x] ox; a_SEJ —~ \ 0,0z, 8_% 0x; 8:6?
j j
10 o5\2 0S8 1
20x; Z (8@-) + o0x; S 2(V|VS] )i

J

Hence,
1 2

The velocity potential S is a solution of the equation

1 9 )

St + §|VS\ = const. in .
This equation is a special form of the Hamilton-Jacobi equation
ur+ H(z,Vu) =0, ze€R" t>0, u(0)=uy, (4.18)

where H : R” x R™ — R is continuous. To solve these equations, one could search for weak
solutions, i.e., solutions u € L?(0, T; W'*°(R"™)) of

T T
/ (ug, v)dt + / H(x,Vu)vdaxdt =0
0 o Jre

for all v € C°(R™ x (0,7)) with u(0) = up in R". We use functions of W1 (R") instead of
H'(R") as in the previous chapters, to ensure that H(Vu,z) is defined. For this notion of
solution, there are in general several such solutions. We consider the following example (see
Evans [10, Example in Section 3.3.3]).

Example 4.16. The Hamilton-Jacobi equation
w+ui=0 inR, t>0, u(0)=0,
has the solutions u; = 0 and

0 Dle| >t
ug(z,t) = min{0, |z| —t}=Cax—t :0<ao<t
—r—t —t<zx<0.
Both solutions are Lipschitz continuous and in particular elements in L*(0,T; WH>=(R)).

One can prove that there are infinitely many Lipschitz continuous solutions. Hence, our
concept of solutions is too weak so that we loose uniqueness.
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In the following we introduce a new concept for a solution, the so-called viscosity solution,
which guarantees uniqueness of solutions. We follow Evans [10, Section 10.1]. A possible
idea to show existence of solutions to the Hamilton-Jacobi equation (4.18) is to regularize
the problem

Owue + H(x,Vue) —eAu, =0 inR", t>0, u(0)=up. (4.19)

Hence, we obtain a quasilinear parabolic equation which we can solve under appropriate
conditions on H. If we can deduce appropriate estimates for u, which are independent of
¢, then we can take the limit ¢ — 0 and obtain in the limit the solution of . This
technique is called method of the viscosity limit.

We assume that we can not easily find uniform estimates for Vu, (but at most for \/eVu,).
We hope that we can find uniform estimates for u. in L*>. If the sequence is in addition
uniformly continuous, then we can apply Arzela-Ascoli and deduce the convergence

ue — u uniformly in K x (0,7)

for a subsequence (ue) of (u.) where K C R" is a compact subset. The limit u € CO(R™ x
[0,00)) is a possible canditate for a solution of (4.18). Of course, we have to figure out in
which sense u solves the equation, since Vu may not be defined. To do this, we use mainly
the maximum principle. This leads to the concept of wviscosity solution. In the following we
motivate this concept.

Let u be a smooth solution of and v € C®°(R™ x (0,00)) a test function having
the property that v — v has a strictly local maximum at (zo, ), i.e., in the neighbourhood
of (xg,tg) it holds

(u—v)(xo, to) > (u —v)(z,t) forall (z,t) # (o, to). (4.20)

We assume that we have found a sequence of solutions wu, of such that v, — u
locally uniform in R"™ x (0,00). We claim that there exists an ¢y > 0 such that for all
0 < € < ¢ the difference u, — v has a local maximum at (z.,t.) and (x,t.) — (xo,to) for
e — 0.

To prove this, we note that by there exists a ball B = B,.(xq,ty) such that

— t) < (u— to).
s (u = v)(,) < (1= v)(z0.10)

By the local uniform convergence there exists ¢y > 0 such that for all 0 < € < ¢y with

€ 1) < € »t0)-
Jma (e = v)(z.1) < (e = v)(x0.t)

This means that u. — v takes the local maximum at a point (x,t.) in the interior of B.
Replacing r by a sequence r. — 0 we obtain the claim.
Since u. — v has a local maximum at (z.,t.), the equation

VUE(CL’E, te) = VU(IE, te); 615”6(1‘67 te) = &w(xe, te)
and the inequality

_Aue(xea te) Z —VU(SCE, te)
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have to be satisfied. Hence, we obtain the regularized Hamilton-Jacobi equation (4.19))

O (e, te) + H(ze, V(ze, te)) = Opue(xe, te) + H (e, Vue(ze, te))
= eAuc(z, t.) < eAv(z,, t.).

We take the limit € — 0 and use (z., tc) — (2o, t9):
v (o, to) + H(xo, Vu(zo,t0)) < 0. (4.21)

This inequality is a consequence of the assumption that u — v has a strict local maximum
at (xg,vp). If this maximum is not strict, we consider the function

ws(x,t) = v(x,t) + 6(Jo — zo]* + [t —to]?), &> 0.

Then, the difference u — ws has a strict local maximum at (xg,ts) and we can deduce at
above that dyws(zo,to) + H(xo, Vws(zo, to)) < 0. The limit § — 0 yields again (4.21)).
We have shown:

u — v has a local maximum at (zg,ty) = v(zo,to) + H(xo, Vu(x0,t0)) < 0.
Analogously, we can show

u — v has a local minimum at (xg,ty) = vi(xo,to) + H(zo, Vu(z0,10)) > 0.
This motivates the following definition:

Definition 4.17. A bounded uniformly continuous function u is a viscosity solution of the
Hamilton-Jacobi equation (4.18)), if u(0) = ug in R™ is satisfied and if for all v € C*°(R" x
(0,00)) it holds

(1) If u—v has a local mazimum at (xo,ty) € R™ x (0,00), then
Ut(];[): tO) + H(x’(], VU(QJQ, to)) S 0.

(11) If w —v has a local minimum at (zo,ty) € R™ x (0,00), then
Ut(l’o, tO) + H(xo, VU(QJ[), to)) 2 0.

Remark 4.18. In a similar way we can define viscosity solutions for stationary equations of
the form H(z,u,Vu) = 0. A bounded uniformly continuous function u is a viscosity solution
of this equation if for all v € C*(R™) with u — v having a local mazimum (minimum) at xo
it follows

H(zg,u(xg), Vo(zg)) <0 (> 0).

In the literature often only continuity of w is required, see e.g. Bressan [3]. The Hamilton-
Jacobi equation can also be considered on bounded domains with appropriate boundary con-
ditions; the definition of a viscosity solution is then accordingly. It is even possible to define
the viscosity solutions for equations of the form

H(z,u,Vu, D*u) =0,

see the work by Crandall, Ishii and Lions[6].
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Example 4.19. As an ezample we consider the function H(xz,p) = |p| — 1, and hence the
equation

luz| —1=0, ze€(-1,1), u(-1)=u(l)=0

(see Evans [10, Problem 10.4]). We claim that u(x) = 1 — |z| is a viscosity solution. For
xo # 0 is u continuously differentiable, and the Hamilton-Jacobi equation is exactly solved.
Hence, let xy = 0. We have to show that if u — v has a mazimum (minimum) at xo =0 for
a function v € C*(—1,1), then |v,(0)] —1 <0 (> 0) is satisfied.

If w — v has a local maximum at xo = 0, then it holds for all x in a neighbourhood of
Ty = 0

1 —v(0)=(u—2)0) > (u—v)(x)=1—|z| —v(x).
This is equivalent to

o) = 0(0)
.

For x — 0, x > 0 it follows v,(0) > —1; for v — 0, < 0 we obtain v,(0) < 1. Hence in
total we obtain |v,(0)| < 1.
If u — v has an local minimum at xo = 0, it follows for sufficiently small |z|

1=0(0) = (u—0)(0) < (u—v)(x) =1 - [z] - v(z)

or

In the limit x — 0, x > 0 (resp. © < 0) it holds v,(0) < —1 (resp. v,(0) > 1), hence
|vz(0)| > 1. This proves the claim.

We note u(x) = |z| — 1 is not a viscosity solution of |u,| —1 =0 since v(x) = —a? + 1.
Then, (u—v)(z) = |z|+2%*—2 has a local minimum at xq = 0, but |v,(xo)|—1 = 2|ze|—1 = —1
gives a contradiction. One can show that the function u(x) = |x| — 1 is a viscosity solution
of 1 — |u,| =0, z € (—1,1).

If the solution of the Hamilton-Jacobi equation is obtained via the method of the viscosity
limit, then it is a viscosity solution by the above arguments. But, we can also obtain the
viscosity solution via other techniques. In this case we have to check the property (i) and

(ii) of Definition [4.17]
The above definition raises the following questions:

e Are classical solutions of the Hamilton-Jacobi equation also viscosity solutions?
e [s a viscosity solution unique?
e Does a viscosity solution exist for the Hamilton-Jacobi solution?

Under appropriate assumptions all three question can be confirmed. We prove the state-
ment for the first two questions. The proof of existence is very technical and can be found
in Evans [10, Section 10.3].
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First, we answer the first question. Let u € C'(R" x [0,00)) be a classical solution of
(4.18) which is bounded and uniformly continuous. We claim that u is a viscosity solution
of (4.18). If v is a smooth function and if u — v has a local maximum at (g, ty), then

Vu(zg, to) = Vo(zo, to), u(o,to) = ve(xo, vo).
Then,
vi(zo, to) + H(xo, Vu(zo,t0)) = w (o, o) + H(xo, Vu(zo,t9)) = 0.

A similar argument holds for the local minima. Hence, this proves that classical solutions
are viscosity solutions. For the reversed claim we need the following lemma.

Lemma 4.20. Let u € C°(R") be differentiable at xo € R™. Then, there erists a function
v € CYR™) with the property

u(zg) = v(xg), w—v has a strict local mazimum at .

Proof. The proof is taken from Evans [10, Lemma in Section 10.1.2]. We can assume without
restriction that xy = 0, u(0) = 0 and Vu(0) = 0. Otherwise we consider the function
w(x) = u(r + x9) — u(xo) — Vu(zg) - 2 instead of u, which satisfies @(0) = 0 and Va(0) = 0.
A Taylor expansion of u, u(xz) = u(0) + Vu(0) - z + o(|z|) = o(|z|) for x — 0, shows that
there exists a continuous function f : R™ — R such that

u(z) = |z[f(z), f(0)=0.
The function

F(r) = ma , >0,
(r) = max |f(z)], =
is continuous (since f is continuous), monotonically increasing (since the balls B,.(0) become
larger for increasing for radius r), and it holds F(0) = max,—q | f(z)| = |f(0)| = 0.
Using this function we construct the test function

2|z|
v(x):/ F(r)dr + |2, =€ R
|

x|

We claim that v — v has a strict local maximum at zy = 0. By the monotonicity of F' we
can bound v by |v(z)| < F(2|z|)(2|z] — |z|) + |z|*>. Then, we can deduce v(0) = 0 and by
lv(z)|/|z| < F(2]z|) + |z| also Vo(0) = 0. By V|z| = z/|z| it holds

Vo) = 22 F(2)a)) - %qun +or, @ A0,

|z
Hence v is continously differentiable on R™. The desired property follows for x # 0 by

2|z| 2|x|
QM%W@ZMW@—/ﬂWﬂﬂNS MNM%/}FMM ||

NV
<0, since F' is monotonically increasing

< —|z|* < 0 =u(0) — v(0).
Hence, u — v has a strict local maximum at 0. O

The following theorem shows that differentiable viscosity solutions are solutions in the
classical sense.



4.3. HAMILTON-JACOBI EQUATIONS 89

Theorem 4.21. Let u be a viscosity solution of (4.18) and let u be differentiable at the
point (xg,ty) € R™ x (0,00). Then,

u (o, to) + H(xo, Vu(xg,to)) = 0.

Proof. We apply the above lemma to (zg,ty) € R™™! instead of zy € R™ There exists a
function v € C*(R™*1), such that u(xg,tg) = v(xo,ts) and u — v has a strict local maximum
at (g, tg). Let v be a C™ regularization of v such that v. — v in C*'(R™™) uniformly in a
neighbourhood of (xg, tg). Then, u— v, has a local maximum at (x., t.) and (z.,t.) — (xg, to)
for e — 0. Since u is a viscosity solution, it follows

Ove(xe, t) + H(xe, Vo(xe, te)) < 0.
By the uniform convergence of d;,v. and Vv, it holds in the limit € — 0
vi(o, to) + H(xg, Vu(zo,t0)) < 0. (4.22)

Since u — v has a local maximum at (zg,%y) and u is differentiable at this point, it has to
hold:

VU({E(), to) = VU(IE(), to), Ut(l‘o, t()) = Ut(,Io, to)
Inserting this in (4.22)) it follows
u (o, to) + H(xg, Vu(zo, 1)) < 0.

Finally we apply the above lemma to —u and we obtain existence of a C! function f such
that u — v has a local minimum at (zo,tp). Similarly as above it follows

u (o, to) + H(xo, Vu(zo,t9)) >0
and hence the claim. O

For the uniqueness result we consider the Hamilton-Jacobi equation (4.18) on R™ x (0,7),
i.e., on a finite time interval. In the definition of viscosity solutions we have to replace he
interval (0, 00) by (0,7"). First, we prove the following lemma.

Lemma 4.22. Let u be a viscosity solution of (4.18) on R™ x (0,7T). Let uw — v have a local
mazimum (minimum) at (xg,te) € R™ x (0,T]. Then,

v (o, to) + H(xo, Vu(xo,t0)) <0 (> 0).

Proof. 1f ty < T, there is nothing to prove, since the inequality corresponds to the definition
of the viscosity solution. Let to = 7" and let u — v have a strict local maximum at (xg, 7).
We define

w(z, t) =v(x,t) + reR" 0<t<T.

€
Tt
For sufficiently small € > 0, v — w has a local maximum at (z.,t.) and (z,t.) = (x0,7) for

e — 0, where 0 < t. <T'. Since u is a viscosity solution it follows

w(xe, te) + H(xe, Vw(z,, te)) < 0.
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This means

V(e te) + H(xe, Vo(ze,te)) < vi(ze, te) + 5 + H(ze, Vo(ze, te))

€
(T —t.)
= wy(ze, t) + H(ze, Vw(z,,t.)) < 0.
In the limit € — 0 we obtain
v (o, T) + H(xg, Vo(x9,T)) <0

and hence the claim. The statement with the local minimum implies the reversed inequality.
m

The following theorem is the main statement of our observations.

Theorem 4.23. Let the function H : R® x R® — R be Lipschitz continuous in the
following sense: There exists a constant L > 0 such that for all x,y,p,q € R"

|H(x,p) — H(z,q)| < Llp—gq|, [H(z,p) = H(y,p)| < L(1+ [p|)|z — yl.

Then, there exists at most one viscosity solution of the Hamilton-Jacobi equation (4.18]).

Proof. The proof is based on the method of variable doubling, i.e., instead of (zg,ty) we
consider (zo, Yo, to, So). Let u and w be two different viscosity solutions of (4.18) with the
same initial values. Then,

o= sup  (u—w)(x,t) > 0.
(,t)€R™x[0,T]

(We assume without restriction that o > 0.) We define for €, A € (0, 1)
flay.t.s) =u(z,t) —w(y,s) = Mt +s) — e (o =y + |t — s]*) — e(|2* + [y).

Using Lipschitz continuity of H we want to obtain a contradiction to the assumption A > 0.
We need a couple of technical estimates.

1%t estimate: By definition viscosity solutions are bounded. Therefore there exists
((L’(), Yo, to, SQ) with

t = t,s).
f<x07y0) 0750) R27{E?E)},(T]2 f(xaya 7S>

We can choose €, A € (0, 1) small enough such that

g
t > t,t) > —. 4.23
f(x())y()v 0 80) el Rg?z]},(T] f(wwra ) ) =9 ( )

In particular it holds f(0,0,0,0) < f(xo, Yo, to, So) which is equivalent to

Ato + s0) + € *(|wo — yol? + to — sol?) + (|0l + |v0]?)
< u(xog,to) — w(yo, o) — (1(0,0) —w(0,0)).

The inequality shows (because of boundedness of v and w) that

|20 — yol + [to — s < Ce,  elaol” + |wol*) < C (4.24)
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with a constant C' > 0 which is independent of €. The last inequality implies with the Young
inequality

e(lzol + [yo]) = €1 (Jzo| + [yol) < €2+ /2(Jaol* + [yol?) < Ce'/2. (4.25)

2" estimate: By the defintion of the maximum, we have f(zq, yo, to, S0) > f (0, Zo, to, to)
which is equivalent to

(o, to) — w(yo, o) — Alto + s0) — € *(lzo — yol” + [to — sol*) — e(|zol* + |yol*)
Z u(l’o, to) — w(ZL'(),to) - 2)\t0 — 2€|ZL’0|2.

Equivalently, the inequality can be formulated as

e (|lzo — yol* + to — s0/*)
S w(ZL‘(),to) — ’LU(y(), 80) — )\(t[) + So) + 2)\750 — E(|l’0|2 —f- |y0|2 — 2|l’0|2)
= w(wo, to) — w(yo, So) + A(to — So) + €(xo + yo) - (xo — Yo)-

By the uniform continuity of w it follows

|w(xo,to) — w(yo, so)| < ww(|zo — yo| + |to — S0l),

where w,, is a continuous function with w,,(r) — 0 for r — 0. Because of the bounds (4.24))

and we obtain
(|0 — yol* + [to — s0[*) < wu (|0 — yo| + [to — s0),
and hence
|20 — Yol + [to — s0| < o(e).

This improves the first bound in (4.24]).
37 estimate: Also v is uniformly continuous, i.e.,

|u(xo, to) — w(yo, So)| < wullxo — yo| + |to — Sol),

where w, is a continuous function with w,(r) — 0 for r — 0. By (4.23)) f(z0o, yo, to, S0) > /2,
hence

o
5 < f(xo, Yo, to, So) < u(xo,to) — w(yo, So)

= u(zo, to) — u(xo, 0) + u(wo,0) — w(xo, 0) +w(wo,0) — w(w0,t0) + w(T0,t0) — W(Y0, S0)

i

~~
=0

< wy(to) + wuw(to) + wu(|o — Yol + |t — sol) -

=ww(o(€))

Let € > 0 be sufficiently small such that the above inequality implies w,(to) + w.(to) > /4.
Then, we can show ¢ty > t* > 0 for some t* > 0 and analogously sy > t* > 0 for some ¢* > 0.

4th estimate: By definition f takes it a maximum at (x¢,o,t0,50). Then (z,t) —
f(z,y0,t,50) takes a maximum at (zo,%p) . By the definition of f this means that u — v
has a maximum at (zo,ty) where

v(z,t) = w(yo, s0) + At + 50) + € *(Jx — yol” + [t — s0|*) + e(|z]* + yol*)-
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Since u is a viscosity solution of (4.18]), by applying Lemma it holds

0 > vy(wo, o) + H(zo, Vu(zg,t0)) = X+ 2 2(tg — 50) + H (w0, 26 *(29 — y0) + 2€20).
(4.26)

By a similar argument as above, (y,s) — —f(zo,y,o,s) has a minimum at (yo, So)-
Hence, w — v has a minimum at (yo, o) where

v(y, 8) = u(wo, o) — Ato + 8) — € *(Jwo — yI* + [to — s*) — e(|zo|* + [y[*).
Also w is a viscosity solution of which implies
0 < vs(yo, 50) + H (Yo, Vo(yo, 50)) = =A + 26 >(to — s0) + H (Yo, 2¢ (w0 — yo) — 2€y0)-
Taking the difference of these inequalities and , we obtain
2\ < H (yo, 2€ *(wo — yo) — 2eyo) — H (w0, 2¢ (20 — yo) + 2€0).

By assumption H is Lipschitz continuous (in the sense of the condition of the theorem).
Then we obtain

2\ S H(yo, 2672(.%0 — yo) — 26’!/0) — H(yo, 2672(1’0 — yo) —+ 261’0)
+ H(yo, 26_2(x0 —Yo) + 2exy) — H(xo, 26_2<£L'0 — Yo) + 2€exq)
< 2eL|xo+ yo| + L(1 + |2€_2(x0 — Yo + 2€x0|)|T0 — Yol
< Ce(|zo| + Iyol) + Clwo — yol(1 + € *[wo — yo| + €lzol).
Above we have proven €(|zo| + |yo|) < Ce'/? and |z — yo| + |to — so| = o(€). Then it holds

€ 2|zo—yo|* = o(1) and the limit € — 0 in the above equation yields |z —yo| — 0 (as € — 0)
and

A <0,
which is a contradiction to A > 0. ]

The question regarding the existence of viscosity solutions is more delicate and leads to
control problems since the inequalities in the definition of the viscosity solution are related
to the optimal conditions of the control theory. We cite here only a special existence result
of Evans [10, Section 10.3.4, Theorem 3].

Theorem 4.24 (Hopf-Lax formula as viscosity solution). Let H : R” — R be a convex
Junction with limy o H(p)/|p| = oo and let the initial value uy : R™ — R be Lipschitz
continuous and bounded. Then, there exists a unique viscosity solution to

w4+ H(Vu)=0 mR" t>0, u(-,0)=uy inR"

We note that the viscosity solution is explicitly given by

u(z,t) = min (tL(g) + uo(y)>,

yEeR™

where L is the so-called Legendre-Transformation of H:

L(q) = sup(p-q—H(p)), q€R"

peER™
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4.4 Logarithmic equation of forth order

In this section we present an example for a forth order equation, namely, the Derrida-
Lebowitz-Speer-Spohn equation (DLSS equation)

u+ (u(Inu)pr)ee =0 inQ, >0, u(0) = u, (4.27)
on an interval Q = (0, 1), with the boundary conditions
u(0,t) =u(l,t) =1, wu,(0,t) =u,(1l,t)=0, ¢>0. (4.28)

In a certain sense the equation can be interpreted as a generalization of the heat equation
applied to higher derivatives since the last equation can be written as u; = uz, = (u(Inu),),.
The equation (4.27) is parabolic since it can be formulated as

Uy + Urzzr — (_x) = 07
u / zx
and the main part u; 4+ ;.. is parabolic. The equation describes the limit of a certain
probability density in the context of a particle system with spin or the density of electrons
in a specific material of a semi conductor.

The equation is of particular interest since solutions of non-negative initial values
should also be non-negative due to physical reasons. For differential equations of second order
this property can be shown via the maximum principle. This is for equations of higher order
not possible in general. One can construct a counter example for the equation wu,,,, = f with
appropriate boundary conditions (see exercises). Via a special technique this is possible to
prove non-negativity of solutions to . In general, there exists no comparison principle.

To prove the existence of non-negative solutions to -, we present two tech-
niques: exponential variable transformation and semi-discretization in time. For the frist
technique we write u = e* with a new function w and reformulate (4.27) to

() + (€¥Wyz)ge = 0.

In this formulation u = e® > 0 if w € L*°. The function w satisfies the boundary condition
w =0 and w, = 0 on 9N = {0,1}. We can look for a weak solution w € HZ(2). In the
second technique we solve the semi-continuous equation:

1

—(e"F — e 1) = —(e" (W) gz )zes, k=1,...,N,

-

where 7N = T for a given T" > 0. This is a recursive equation: For given wy_; we look for
a solution wy € HZ(Q). The advantage of this equation is its ellipticity and and that we do
not have to consider the additional time dependence. The weak formulation is given by

1 1 1
—/ (W% — e¥s1)udx = —/ ek (W) paVaedz  for all v € HF(Q). (4.29)
0 0

T

The right hand side defines for given e"* a bilinear form and allows the application of the
Lax-Milgram lemma. We continue as in Jiingel and Pinnau[I5].

Proposition 4.25. Let ug > 0 be measurable and fQ(uo — Inwug)dz be finite. Then, there
exists a weak solution wy, € HZ(Y) of (4.29).
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Proof. In the following we assume that we can write uy = e*° for a function wy € L*(£2).
This is possible if uy € L>®(2) is strictly positive. More general initial values g can be
treated using an approximation argument, which we do not discuss further here.

We use the fixed point theorem of Leray-Schauder. Let e“*-1 € L'(Q). Further let
w e H'Y(Q) and o € [0,1]. Let w € HZ(Q) be the unique solution of the linear problem

T

/ €W,y Vppdr = z/(e“”“1 —e®dz, ve H(Q).
0 Q

The left hand side defines a continuous coercive bilinear form a(w,v). This form is coercive
since by the continuous embedding of H'(Q) to L>(Q) (only in one space dimension!) w is
pointwise essentially bounded and hence

ofw,w) = [ eut,do > exp(—|oll o) [ uhid
Q Q
Applying twice the Poincaré inequality we obtain
lwlifre@) < Cillweellzag) < Ca(@)a(w, w),

i.e., coercivity of a in H3(Q2). This defines the fixed point operator S : H'(Q) x [0,1] —
HY(Q), S(w,0) = w. It holds S(w,0) = 0, since for o = 0 one has to solve the problem

(€"Wez)ez =0 inQ, w=w,=0 on N

and the unique solution is given by w = 0. The continuity of S' can be shown using the meth-
ods of Chapter |2{and Chapter . By the compact embedding HZ(Q2) — H'(Q2) compactness
of S follows. It remains to show uniform estimates for all fixed points of S.

Let w € H2(Q) be a fixed point of S. Then, w solves the equation

/ €Wy Uy dr = _Z /(e“”“—1 —eYvdz, wveE Hg(Q).
Q Q

T

We use the wisely chosen test function v = 1 — €™ € HZ(Q2) and obtain by (1 — e %), =

e (Wyy — wg)

g

g /Q(ew — 1) (1 — e ™)dz + / Wae (Wae — w2)daw = 0. (4.30)

T 9

The inequality e* > x + 1 for all x € R yields

/Q(e“’ — e (1 —e ¥)dx = /(ew — eVl — 1 1T g

Q Zwg, —w+1

> [(en—wpda = [ (e —w e

For the other integral in (4.30) we use the boundary conditions

1 1 )
/ Wy (Wey — wi)dx = / ngdx — = /(wi)xdx = / wixdx — = (1036(1)3 — wx(O)‘s)
Q Q 3 Ja Q 3

_ 2
= / w;,dz,
Q
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since w,(1) = w,(0) = 0. Hence by (4.30))

o w 2 o W —

— [ (¥ —w)dz + [ widx < — [ ("' —wy_q)dz. (4.31)
Q Q

T Q T
We use the inquality e* —x > 1 to deduce that ||wg,||r2) < C(wkg—1). Via the Poincaré
inequality we obtain a uniform estimate for w in H%({2). By the theorem of Leray-Schauder
we obtain the existence of a solution to (4.29).
O

It is indeed possible to show that the solution to (4.29) is unique (see [15]). But, we
will not use this result in the following. By solving the recursive estimate (4.31)), we obtain
directly an estimate which is uniformly in k:

Lemma 4.26. Let wy,...,wy be solutions of the recursively given equation (4.31). Then

forall k=1,..., N it holds:

/Q(e“”“ — wy)dx + T/g)(wk)ixdx < /(ewo — wp)dz.

Q

To obtain the solution to the original equation (4.27)), we have to take the limit 7 — 0.
Since the proof is quite long, we only sketch the most important ideas. Define the piecewise
constant in time function

wN(z,t) = wi(x), z€Q, te((k-1),7kr], k=1,...,N.

Lemma shows that w™)(t) is bounded in H?(f2). Integrating in time ¢ € (0,7") (which

since the function is piecwise constant yields a sum over k =1,..., N), we obtain
N
o™l 202020 = 7D Ikl < O, (4.32)
k=1

and C7 > 0 is independent of N and 7. The main difficulty is to obtain an estimate for the
time derivative of w™), to apply the Lemma of Aubin. Unfortunately, the time-derivative
of w™) does not exists (as an element of a Sobolev space), since the function is piecewise
constant in ¢. Further, we only have accesss to the time-discrete derivative of ew(N), but not
of w™). The first problem can be solved by using a refinement of the Lemma of Aubin.

Theorem 4.27. Let X, B and Y be Banach spaces such that the embedding X — B
15 compact and the embedding B — Y 1is continuous. Futher, let 1 < p < oo and
o, LP(1,T;X) = LP(0,T — 7, X), (o,u)(t) = u(t — 7) be the shift operator. Let (u,)
be a sequence which is piecewise constant in t and bounded in LP(0,T; X) and for which
there exists a constant C' > 0 such that

|ur — ortir|| ey < CT for all T > 0.

Then (u.) is relatively compact in LP(0,T; B).

The second problem can be solved by showing in addition to (4.32]) an estimate for ew™,
To do this we need the following version of the Gagliardo-Nirenberg inequality.
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Lemma 4.28 (Gagliardo-Nirenberg inequality). Let Q@ € R™ be a bounded domain with
N eC n>1),1<pqg<ocoandu € H*(Q)N LIN). Then for a constant C > 0
(independent of u):

IVullzoy < Cllulleoyllull fago):

where 0 € [0, 1] is given by

1—2:0(2—2)—(1—9)2.

p 2 q
We show the following estimate for ew™,

Lemma 4.29. It holds for N which is independent of the constant C' > 0:

e

w®™) w™)
He ”L5/2(0,T;W1 1(Q)) + - —0.€ ”L10/9(7_7T;H72(Q)) < (5. (433)

Proof. 1. First we note that for x > 0 it holds

ZE2 ZEQ
ex—x21+:c+?—:c:1+52x

(the last inequality is equivalent to (z — 1)% + 1 > 0); further for x < 0
e’ —x > —x=|z|

Hence by the estimate of Lemma [4.26)

C(wp) > /(e“”“ — wy)dx 2/ wkdx—i—/ |wg|dz = / |wi|dz
Q {wr >0} {wr <0} Q

for all £ > 0. This implies
HU)(N) ||Loo(0’T;L1(Q)) S C, (434)

where C' > 0 is a generic constant which is independent of N. The same estimate of
Lemma [£.26] shows that
e

| Lo 0,101 () < C. (4.35)

2. We apply the Gagliardo-Nirenberg inequality for p = oo and ¢ = 1:
5/2 172 59 2 5(1-6)/2
ot n;mewm)!Arm 52 dr<c/' W2 ™
where 1 =60(2 —1/2) — (1 —60) =50/2 — 1, hence 0 = 4/5. This yields

T
5/2 1/2
g ||L/5/2(0TLoo Q) S O™ ||L/°°(0TL1 )/0 ”w(N)H%p(Q)dt <C



4.4. LOGARITHMIC EQUATION OF FORTH ORDER 97
by (4.34) and (4.32)). Further, we obtain
w™) wN) /2
RN A / ([ 1o ulae)
wN)
S/ (/6 d) lw§ ||i/o§(9
0 Q
5/2
< sup (/ew(mdx> / [ ||i/oz(9)
te(0,1) \Jo 0

(N) 15/2 5/2
< le*” ”L/oo 0,T:L1(Q |w(N)HL/5/2(OT~L°°(Q)) <C

by (4.35) and the above estimate for w™ . This proves the first claim.

3. We bound the discrete time derivative of e*":

w(N)Hlo/g o H(ew<N) (N))xmul()/g

1y w®™)
7 e B LY0/O(rTsH=2(Q)) rr LYO/9(1,TsH=2(92))

T

w™),(N)(10/9

e sz
T
w®™) (110/9 10/9
< [ I e
0

Applying the Holder inequality with p = 9/4 and p’ = 9/5, it follows

L w™) 110/9 T w™) (15/2 4/9 T 5/9
—[le” —ore ||L1{)/9(7—T'H*2(Q)) < ( le ||L/°°(Q)> ( ||w(N)||§-12(Q)>
T o 0

o (N),14/9-5/2 5/9 1/2
- || v LS/Q(O,T;L‘X’(Q))H ||L2 (0,T;H2(Q S C

<le

by (4.34) and (4.35)). This proves the lemma. O

We can also apply the lemma of Aubin to e with X = W(Q), B = L*(Q) and Y =
H~2(Q2). Note that the embedding Wh(Q) < L?(2) is compact in one space dimension.
We obtain the existence of a subsequence with

™ S in L3%(0,T; L*()) for N’ — oo.
Since N" — oo it holds 7/ = T/N" — 0. By (4.32)) it holds further
w™N) —~w in L*(0,T; H*(Q)).

By (4.33)) it follows

—(ew(N) — aTewW)) —y in LY%0,T; H2(Q)).
-

Then y = u; due to the uniqueness of the limit.

We claim that u = e® holds. Since ™’ — u pointwise almost everywhere it holds
N')

w®™)

w) = Ine — Inwu pointwise almost everywhere. This does not say anything about
the integrability of Inu. But w™) — w in L?*(0,T; H*(Q)), i.e., it holds Inu = 0 €
L*(0,T; H*(Q)). Hence, it holds u = e* almost everywhere in © x (0,7) and we have
ev € L°%(0,T; L*(Q2)). Note that we can not deduce u > 0, since w is not necessary an
element in L>=(2 x (0,T)) (we only know that w € L*(0,T; L>=(f2))).

We can take now the limit 77 — 0 in the weak formulation and obtain a solution to
—. The solution is non-negative since by ™ > 0 we obtain u = lim /s eo ew(N/) >
0. We summarise:
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Theorem 4.30 (Global existence for the DLSS equation). Let ug > 0 is measurable
function with [.,(uo—Inug)dz < 0o and T > 0. Then, there exists a weak solution u > 0

of (EZD)-[ZS) with
= L5/2<O’ T’ Wl’l(Q)), Ut € Llo/g(O,T; HﬁQ(Q))a lnu € L2(07T7 Hg<Q))

If ug > C' > 0 is strictly positive, one could guess that the weak solution is also positive
and not only non-negative. For sufficiently small and sufficiently large ¢ > 0 this can be
proven. The general case is still open. The difficulty is given by the fact that the maximum
principle is not available. We have avoided the problem in the proof of non-negativity by
the tranformation u®™ = e > 0. Unfortunately, we loose the strict inequality in the
limit N’ — 0 and obtain only u = limpy/_ > 0. For further results we refer to the work by

Jiingel and Matthes [14].
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