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Kurzfassung

Partielle DiLerentialgleichungen (PDES) spielen eine zentrale Rolle bei der Modellierung
physikalischer Phanomene. lhre Losungen weisen haufig lokale Singularitaten auf, die die
Genauigkeit numerischer Verfahren einschranken kénnen. Die adaptive Finite-Elemente-
Methode (AFEM) bewaltigt solche Singularitaten e [eKtiv, indem sie das Netz auf der
Grundlage von a posteriori Verfeinerungsindikatoren iterativ verfeinert.

Zur Verbesserung der Rechene [ziehz werden in der AFEM Ublicherweise iterative alge-
braische Loser eingesetzt, um die diskreten Probleme zu lsen. Die von [Mulita, Giani, Heltai:
SIAM J. Sci. Comput. 43, 2021] vorgeschlagene geglattete AFEM (S-AFEM) zielt darauf ab,
den Rechenaufwand weiter zu reduzieren. Diskrete Losungen von hoher Genauigkeit werden
dabei nur auf periodisch wiederkehrenden Ebenen der Netzhierarchie berechnet, wahrend
auf den Zwischenebenen lediglich eine feste Anzahl von Iterationen eines kostengiinstigen
Glattungsverfahrens durchgefiihrt wird. Numerische Experimente in jener Arbeit belegen,
dass dieses Vorgehen Netzfolgen liefert, die mit denen der Standard-AFEM vergleichbar
sind, jedoch bei deutlich geringerem Rechenaufwand.

Diese Arbeit prasentiert die erste Konvergenzanalyse der S-AFEM sowie deren Verallge-
meinerungen. Die Analysis umfasst allgemeine lineare elliptische PDEs zweiter Ordnung und
setzt lediglich voraus, dass die verwendeten Glattungsmethoden die gelockerte Annahme der
gleichmaRigen Stabilitat erfillen. Diese Bedingung wird sowohl von Standardverfahren wie
Richardson-, Gauss-Seidel- und CG-Verfahren als auch von fortgeschritteneren Methoden wie
vorkonditioniertem CG oder Multigrid erfullt. Auf periodisch wiederkehrenden Ebenen wird
ein gleichmaRig kontraktiver iterativer Léser mit dem Abbruchkriterium aus [Gantner, Ha-
berl, Praetorius, Schimanko: Math. Comp. 90, 2021] verwendet. Unter diesen Annahmen wird
gezeigt, dass S-AFEM eine parameterunabhéngige volle R-lineare Konvergenz gewéhrleistet,
d.h. Kontraktion eines geeignet definierten Quasi-Fehlers in jedem Schritt des Algorith-
mus fir beliebige Eingabeparameter. Darlber hinaus wird bewiesen, dass die Methode bei
hinreichend kleinen Adaptivitatsparametern optimale Konvergenzraten in Bezug auf die
kumulativen Rechenkosten und damit auch in Bezug auf die Rechenzeit erzielt. Abschlielend
bestéatigen und veranschaulichen numerische Experimente die theoretischen Ergebnisse und
zeigen die E [Zziehz der Methode unter Variation verschiedener Glattungsverfahren und
Parameter.



Abstract

Partial diLerkntial equations (PDESs) play a central role in modelling physical phenomena.
Their solutions often exhibit local singularities that may spoil the performance and accuracy
of numerical methods. The adaptive finite element method (AFEM) handles such singularities
e [Ledtively by refining the mesh iteratively according to a posteriori refinement indicators.

To improve the practical performance, AFEM usually includes iterative algebraic solvers
for the discrete systems. The smoothed AFEM (S-AFEM) proposed by [Mulita, Giani,
Heltai: SIAM J. Sci. Comput. 43, 2021] aims to additionally reduce the computational
costs. Accurate discrete solutions are computed only on periodically occurring levels of the
mesh hierarchy. On the intermediate levels, a fixed number of steps of a computationally
inexpensive smoother are performed. Numerical experiments in that work showed that the
method achieves results comparable to standard AFEM while significantly reducing the
computational costs.

This thesis presents the first convergence analysis of S-AFEM and generalizations thereof.
The analysis covers general second-order linear elliptic PDEs and only requires the smoothers
to satisfy the relaxed assumption of uniform stability. This property is satisfied by standard
smoothers such as Richardson, Gauss—Seidel, and conjugate gradient (CG) iterations, as
well as by more advanced methods like preconditioned CG and multigrid. At periodically
occurring levels, the analysis employs a uniformly contractive iterative solver with the
stopping criterion from [Gantner, Haberl, Praetorius, Schimanko: Math. Comp. 90, 2021].
Under these assumptions, S-AFEM guarantees parameter-robust full R-linear convergence,
i.e., contraction of a suitably defined quasi-error in each step of the algorithm for any choice
of input parameters. Moreover, for su [ciehtly small adaptivity parameters, the method is
proven to attain optimal convergence rates with respect to the cumulative computational
costs, and thus also with respect to computation time. Finally, numerical experiments
confirm the theoretical results and evaluate the performance of the method for various
smoothers and parameters.
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1 Introduction

Hardly any mathematical concept is more central to modelling phenomena in science and
engineering than partial diLerkntial equations (PDEs). Since most PDEs cannot be solved
analytically, numerical methods are indispensable. Among these, the finite element method
(FEM) has emerged as a powerful and flexible tool. It is capable of handling a wide range of
PDEs, complex geometries, and boundary conditions within a common framework.

The (conforming) FEM is based on the weak (or variational) formulation of the PDE
in an infinite-dimensional function space X, which admits an exact weak solution u’ 2 X.
To obtain a computable approximation, one replaces X by a finite-dimensional subspace
Xy X and solves the variational problem restricted to Xy, yielding the exact discrete
solution u'-’H 2 Xny. Typically, such spaces Xy are constructed by subdividing the domain
of the PDE into a finite mesh Ty of simple geometric elements, defining local polynomial
functions on each element, and coupling them appropriately to form Xy. These are the
so-called finite element spaces.

In standard (uniform) FEM, where the mesh is refined everywhere and all elements globally
have comparable size, optimal convergence rates of u'-’H ¥ u? with respect to the number
of degrees of freedom dim(Xy) can only be guaranteed under su [cieht regularity of the
exact solution u?; see e.g. [EG21]. In many practical problems, however, such regularity is
not present, for instance, near singularities or in regions, where u’ has high curvature. A
natural remedy is to refine the mesh locally in the areas where the solution is less regular.
A finer local mesh improves the approximation properties of the finite element space and
thus increases the accuracy of the computed solution in those areas. Since the location of
such areas is often unknown a priori, the refinement process must be guided automatically.
Adaptive finite element methods (AFEMSs) achieve this by iteratively steering the mesh
refinement based on a posteriori refinement indicators. The general adaptive loop takes the
form shown in Figure 1.1.

SOLVE ESTIMATE MARK REFINE
Figure 1.1: Classic AFEM loop

In more detail, it proceeds as follows: Given a mesh Ty of the PDE domain and the associated
finite element space Xy X, the SOLVE step computes the discrete solution u?H 2 Xy. Inthe
subsequent ESTIMATE step, computable refinement indicators H(T; u,?_,) 0 are evaluated
for each element T 2 Ty to estimate the local contribution to the overall a posteriori
error estimator H(uﬁ'). The latter provides a global upper bound for the discretization
error ju’ u,?_,j, where j j denotes a suitable PDE-related norm. Based on the refinement
indicators, the MARK step selects a subset of elements with comparatively large indicators
for refinement. Finally, in the REFINE step, a new mesh is generated by refining (at least)
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the marked elements ofTy . This loop is repeated iteratively until a prescribed stopping
criterion is met.

Theoretically, plain convergence of the adaptive loop, i.e., convergence of the global
estimator (u?H) I 0 is well-established. The rst proof was given in [BV84] for an
elliptic boundary value problem in 1D. In higher dimensions, convergence was rst shown
in [D6r96; MNSO02] for the two-dimensional Poisson problem and later extended to general
linear boundary value problems in arbitrary space dimension in [MSV08; Siell]. Moreover,
optimal convergence rates with respect to the number of degrees of freedom were shown for
the two-dimensional Poisson problem in [BDDO04] for an adaptive algorithm with coarsening
and in [Ste07] for a standard algorithm as described above. The results were then general-
ized to second-order symmetric linear elliptic PDESs in arbitrary dimensions in [CKNSO08].
For nonsymmetric problems, optimal convergence rates were proven in [CN12] under the
assumption of a su ciently ne initial mesh. This restriction was later removed in [FFP14].
Finally, an axiomatic framework for proving optimal convergence rates with respect to the
number of degrees of freedom was developed in [CFPP14].

In the SOLVEtep of the adaptive loop in Figure 1.1, computing the discrete solution
u?H 2 Xy for a linear PDE requires solving a linear system of algebraic equations. Such
systems may involve millions of unknowns. Since direct solvers such as Gaussian elimination
become impractical for large systems due to their high computational complexity, the discrete
solution u'-’H is usually replaced by an approximationuy 2 Xy obtained by an iterative
algebraic solver This leads to the class of methods known a#\FEM with inexact solvers
Convergence analyses of such algorithms have been carried out, for example, in [Ste07] for
the two-dimensional Poisson problem and in [CG12] for an eigenvalue problem.

In this setting, one must decide which iterative solver to employ and specify a suitable
algebraic stopping criterion. The works [GHPS21; BFM 25] show that balancing the
algebraic error with the discretization error leads to optimal convergence rates not only
with respect to the number of degrees of freedom, but also with respect to the cumulative
computational costs, a property referred to asquasi-optimal complexity In [GHPS21], this
is proven for second-order symmetric linear PDEs, and extended in [BF25] to general
second-order linear problems using the generalized quasi-orthogonality from [Fei22]. The
analysis employs an iterative solver that isuniformly contractive (see De nition 2.18), an
assumption satis ed only by a limited class of computationally demanding solvers.

Independently of the theoretical developments in [GHPS21; BFN 25], the smoothed
adaptive nite element method (S-AFEM) proposed in [MGH21] provides a practice-oriented
variant of AFEM with inexact solvers, aimed at reducing the overall computational costs.
The method follows the classic adaptive structure shown in Figure 1.1, but is carried out

discrete linear system is solved to high accuracySOLVE On all intermediate meshesT
for0< <L , the SOLVEtep is replaced by aSMOOTMiep consisting of a small number of
iterations of a smoother Such smoothers are computationally cheap iterative solvers that
e ciently damp certain error components but do not aim to fully solve the linear system.
Finally, on the last mesh T, the linear system is again solved to high accuracySOLVE
Since this procedure involves only a nite number of iterations, we refer to it as arS-AFEM
step of length L. Its schematic structure is illustrated in Figure 1.2.

Numerical experiments in [MGH21] demonstrate that, despite applying only smoothing
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SOLVE ESTIMATE MARK REFINE SOLVE

SMOOTH

Figure 1.2: S-AFEM step

(instead of an approximate solution) on the intermediate meshes, a single S-AFEM step gen-
erates mesh sequences that closely resemble those produced by classic AFEM. Consequently,
the nal approximation ug attains a high accuracy at a considerably lower computational cost.
Until now, these ndings had only been supported by numerical experiments in [MGH21],
while a rigorous convergence analysis of S-AFEM remained open.

In this thesis, we establish the convergence of theuccessive applicatiorof S-AFEM steps
with xed lengths L 2 N, to which we refer to as theS-AFEM algorithm. This terminology
slightly di ers from that in [MGH21], where the term S-AFEM algorithm refers to the nite
S-AFEM step. Our analysis relies only on the assumption that the smoother employed in the
SMOOTdteps satis es the relaxed assumption ofiniform stability. Let Ty be a mesh with
the associated nite element spaceXy and exact discrete solutionu?H 2 Xy . A smoother,
formally represented by an iteration operator : Xy ! X 4, is called uniformly stable if
there exists a constantCag > 0 independent of Ty, such that

- 0 - - 2 - .
Jug Huu)I  Cagjuj unj foralluy 2 Xy:

The key requirement is that the constant Cyyq is uniform, in particular, independent of the
mesh size offy and the re nement level. For the precise de nition, we refer to De nition 2.18

in Section 2.5 below. We show that standard smoothers such as Richardson, Gauss Seidel,
or conjugate gradient iterations satisfy this property; see Section 2.5.1. Notably, our analysis
imposes no restrictions on the step lengthi. or on the nhumber of smoothing iterations on
the intermediate meshes. Moreover, it applies to general second-order linear elliptic PDEs
of the form

div(Ar U )+ b ru’+cu’=f divf in subjecttou’=0o0on@ ;

see Section 2.1 for the detailed assumptions.

We develop three versions of the S-AFEM algorithm, each with a particular improvement
of the previous one. The most advanced variant, intended for practical use, is presented
in Algorithm C and analysed in Chapter 6. In this formulation, the SOLVEtep employs
a uniformly contractive solver with the stopping criterion from [GHPS21], while the in-
termediate SMOOT$teps merely require a uniformly stable smoother. Under standard
assumptions on theESTIMATEMARKand REFINEsteps, and building on the techniques
developed in [BFM" 25], we prove that Algorithm C ensuresparameter-robust full R-linear
convergencei.e, contraction of a suitably de ned quasi-error in each step of the algorithm
for any choice of input parameters; see Theorem 6.6 below. Furthermore, with a minor
modi cation of the MARIstep and an adaptation of the arguments from [GHPS21], we show
that, for su ciently small adaptivity parameters, Algorithm C also attains quasi-optimal
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complexity; see Theorem 6.17. In particular, this extends the analysis of [GHPS21] to the
setting, where uniform contractive solvers are no longer required in every iteration of the
adaptive loop. Numerical experiments show that this relaxation can lead to a signi cant

reduction in overall computational cost.

The thesis is organized as follows. Chapter 2 introduces the model problem and collects
the notation, assumptions, and auxiliary results required for the convergence analysis. In
particular, in Section 2.5, we introduce the concept of uniform stability; see De nition 2.18,
and show in Section 2.5.1 that standard smoothers satisfy it. Chapter 3 presents the notion
of R-linear convergence and establishes abstract contraction results for quasi-error quantities;
see Theorem 3.14 and Theorem 3.15. In Chapter 4, we introduce the rst S-AFEM algorithm
(Algorithm A), where the discrete linear system in the SOLVEtep is solved exactly. For
this algorithm, we prove parameter-robust full R-linear convergence; see Theorem 4.3 for
uniformly contractive smoothers and Theorem 4.8 for uniformly stable smoothers. Chapter 5
presents a modi ed version (Algorithm B) that adds an additional cardinality control step
in the marking module. With this modi cation, we prove optimal convergence rates with
respect to the number of degrees of freedom; see Theorem 5.9. In Chapter 6, we present
the quasi-optimal complexity variant (Algorithm C). Chapter 7 concludes the main part of
this thesis with numerical experiments that con rm the theoretical results and that analyse
the runtime performance of S-AFEM. Finally, Chapter 8 provides concluding remarks and
summarizes the main contributions.
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This chapter collects the notation, assumptions, and auxiliary results required throughout
this thesis. Section 2.1 introduces the model problem and its weak formulation. Section 2.2
recalls conforming triangulations, summarizes key properties of newest-vertex bisection
re nements, and introduces the associated nite element spaces. In Section 2.3, the residual
error estimator is de ned and the axioms of adaptivity are introduced. Section 2.4 presents
estimator-based approximation classes, which serve to characterize rate-optimality of AFEM
algorithms. Finally, Section 2.5 revisits the well-known notion of uniformly contractive
solvers and, crucially, introduces the weaker concept ainiform stability, which is a central
assumption in the analysis of S-AFEM later in the thesis. It is further shown that standard
smoothers satisfy this property.

2.1 Model problem

On a bounded polyhedral Lipschitz domain RY with d 1, we consider the general
second-order linear elliptic PDE
div(Ar u )+ b ru’+cu’=f divf in
5 (2.1)
u’=0 on@ ;

whereA 2 L1 (; Ry 9);b2 LY (; RY,c2L() ,f2L%) ,andf 2 L2(; RY). The
symmetric coe cient matrix A is assumed to be uniformly positive de nite, i.e., there exists
a constant > 0 such that
LA (x) jj> forall 2 RYand almost everyx 2
We suppose that the PDE ts into the Lax Milgram setting, i.e., the bilinear form
b(viw) = (AT v;rw) 2y +(b rv+cv;wyz, (2.2)

is elliptic and continuous on H(}() , i.e., there exist constantsCgj;; Chng > 0 such that

Cenkvkfsy  b(v;v) and b(v;w)  Cpna kvkyi(y kwkyiy  forall viw 2 Hg() : (2.3)

While the upper bound follows immediately from the Cauchy Schwarz inequality, the
lower bound can, for instance, be guaranteed by imposing thab 2 W (; RY) with
c div(b)=2 0 almost everywhere. In this setting, the weak formulation of(2.1) admits a
unique solutionu? 2 H3() satisfying

b(u”v) = (5 V)ie) +(F 51 V)ey = F(v) forallv2H3() : (2.4)
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The symmetric part a( ; ) of b(; ) can be obtained by symmetrization via
a(v;w) =[b(v;w)+ b(w;v)]=2: (2.5)

It satis es the same ellipticity and continuity bounds in (2.3) with b( ; ) replaced bya( ; )
and identical constantsCg and Cyng. Hence,a( ; ) de nes an elliptic and continuous scalar
product on H3() . In particular, the energy norm

jvi = a(v;v)¥?2 = pv;v)2 (2.6)

is equivalent tok kyiy onHg() .
Given any nite-dimensional subspaceXy H3() , there exists a unique Galerkin
solution u?; 2 Xy that solves the discrete variational formulation

b(uf;vy) = F(vy) forall vy 2 Xy (2.7
or, equivalently, that satis es the Galerkin orthogonality
bu” uf;ve)=0 forall vy 2 Xy (2.8)
This orthogonality, along with the continuity and ellipticity of b( ; ), implies that the Galerkin
solution is quasi-optimal in the sense of the Céa estimate, i.e.,
2

ju’ Ui CCéavrgi{] ju’ vuj with Ccea = Cpna=Cei: (2.9)
H2XH

In the symmetric case whereb =0 in (2.1), the bilinear form coincides with its symmetric
part, i.e., b(v;w) = a(v;w). Hence, the Galerkin orthogonality (2.8) yields the Pythagorean
identity

ju® owvhiZ=ju? o udjt+jud vej? forall vy 2 Xy: (2.10)
As a consequence, the Galerkin solution is optimal with respect to energy norm

ju’ uilj= min ju® wyij:
Vy 2X H
Remark 2.1. In [BHP17, Theorem 20], it is shown that for any sequenc&- X -1 HE()
of nested nite-dimensional subspaces, convergence of the associated Galerkin solutiods
to the exact solutionu?, i.e., ju? u?j! Oas !1 ,implies the existence of constants
1 C- Ccga such that

P ?= s o= D - . .
u’ouw C minju® vj with |Im C =1:

] | Jiin 3 ] o

Hence, even in the general non-symmetric case, the Céa estimdiz9) holds asymptomatically

with constant 1.
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2.2 Meshes, re nement, and nite element spaces

We begin by recalling the notion of conforming (simplicial) triangulations. A setT RY is

that T = convfXxg;:::;Xqg with positive volume jTj> 0. For0 k d 1, any simplex
spanned byk + 1 vertices of T is called ak-dimensional hyperfaceof T. A conforming
triangulation of (or, briey, a mesh) is a nite set T such that

" everyT 2T is a non-degeneratal-dimensional simplex,

- . — S
T covers the closure of ,ie., = 1,1 T,

" and for any pair of distinct T;T°2 T the intersection T\ T%is either empty or a joint
k-dimensional hyperface oflT and TOwith 1 k d 1.

Let Tp be an initial conforming triangulation of . As re nement strategy we employ
newest-vertex bisection (NVB), which generates conforming triangulations by bisecting
marked elements into at least two subsimplices. For an admissible initial mesfiy in
dimensiond 2, we refer to [Ste08]; for arbitrary Ty in two space dimensions to [KPP13];
for arbitrary Tp in general dimensiond 2 to the recent work [DGS25]; and for the
one-dimensional casel = 1 to [AFF * 15].

Given a conforming triangulation Ty and a subsetM 4y T y, de ne refine (Ty;M yx) =:
T, to be the coarsest NVB re nement of Ty in which at least every marked element is
rened, i.e., My T y nT,. Furthermore, denote byrefine (Ty) the set of all conforming
triangulations obtainable from Ty by nitely many NVB re nements. Finally, we set
T = refine (Tp).

The bisection routine of NVB ensures uniform shape-regularity of the re ned meshes, i.e.,

diam(T)

= Ssup max ————< +1: 2.11
TaaT T2 JTjie0 21D

For a proof see, e.g., [Ste08] fod 2 and [AFF* 15] ford=1.

Beyond shape-regularity, the following proposition states three key estimates satis ed
by NVB re nements. These estimates play a central role in the rate-optimality analysis of
AFEM,; see [CFPP14].

Proposition 2.2.  There exist constantsCchiig > 1 and Cpesh > 0 such that the following
properties are satis ed:

(R1) Child estimate: For all meshesTy 2 Tand all; & My T y, the re nement
Th = refine (Ty;M ) satis es

HTh <#Th  Cehig# Th:

(R2) Overlay estimate: For any two meshesTy ; T, 2 T, there exists a smallest common
renement Ty T p 2 refine (Ty)\ refine (Tn) with the property that

#(TH Th) #Th +# T, #To:
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(R3) Mesh-closure estimate:  For any sequencgT-) 2n, Of successively re ned meshes,
i.e., Tx1 = refine (T-;M ) forsomeM - T - and all ~ 2 Ng, it holds that
X 1
# T‘ # TO Cmesh # M 0.

‘0=

O

The validity of the estimates (R1) (R3) in the above proposition is well established
in the literature. While the child estimate (R1) is obvious ford 2 f 1;2g, the general
cased 3 is proved in [GSS14]. The overlay estimatgR2) is proved in [Ste07] for
d = 2, and the proof transfers to anyd 2 as shown in [CKNSO08]. The mesh-closure
estimate (R3) is proved in [AFF* 15] ford = 1, for admissible To for d = 2 in [BDD04],
and for admissibleTp for d 2 in [Ste08]. Ford = 2, the restriction to admissible To was
removed in [KPP13]. More recently, [DGS25] introduced an initialization step forTy that
ensures termination of the recursive NVB algorithm from [Ste08] for any NVB re nement of
To, thereby guaranteeing (R3) for arbitrary initial meshes.

As a direct consequence of the child estimate, we obtain the following cardinality bounds.

Lemma 2.3. Suppose(R1) and let Ty 2 T. Then, all re nements Ty, 2 refine (Ty) satisfy
#T, HTR)ET, #Tq+1) #HTH)E Th): (2.12)

Proof. To prove the rst inequality in (2.12), note that the child estimate (R1) ensures
#Ty  #Th. Using this and the factthat 1 # Ty 0, one obtains

#Th ETRHE TH)=F# Tn)A #Th) HETw)@A #Th):
Rearranging the terms, this yields
#Th #ETH)Q #Tu)+#E T)E Ta)=F# Ta)# Tn #Ty +1);

which establishes the rst inequality. The second inequality in(2.12) follows immediately
from the child estimate (R1) guaranteeing# Ty # To 1. This concludes the proof. [J

Let p 2 N be a xed polynomial degree. With each meshTy 2 T, we associate the
conforming Lagrange nite element space Xy H3() of degreep, de ned by

Xy = fvy 2 H&() jVHjT is a polynomial of total degree pforall T2Thg (2.13)
With this choice, the discrete spaces are nested: For everlyy 2 T and every re nement
Th 2 refine (Ty), we haveXy X .

2.3 Error estimator and axioms of adaptivity

We follow the axiomatic approach to the convergence analysis of adaptive nite element
methods from [CFPP14].
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Suppose that the coe cients A;f of the PDE (2.1) satisfy the additional regularity
Ajr 2 WEL (T;RY,) and f jr 2 WL (T;R?) for all T 2 To. For each meshTy 2 T and
forall T2 Ty and vy 2 Xy, we will consider theresidual-based error estimator

H(Tivi)? = JTi%% div(Ar vy f)+b rvy+cow ki,

o (2.14)
+HTIPKIAT v f) nI 2@y

Here, [ ] denotes the jump across ¢ 1)-dimensional hyperfaces. More precisely, let
E=T"\T bea(d 1)-dimensional hyperface shared by two element$*;T 2Ty, i.e.,
an edge ford = 2 and a triangular face ford = 3. For a piecewiseH ! vector eld w, i.e.,
wjt 2 H3(T; RY) for all T 2 Ty, the jump of the normal component acros<E is de ned by

[w nlie = wjr+ ng+wjr ng;

where n denote the outer unit normal vectors of the elementsT on the facetE , i.e.,
Ng = ng. We abbreviate forall Uy T

X 1=2
H(Uqve) = (T vh)?
T2Uy

To shorten notation, dene y(vy) = H(Ty;VH).
According to [CFPP14, Proposition 6.1], the residual-based error estimator satis es the
axioms of adaptivity, as detailed in the following proposition.

Proposition 2.4 (axioms of adaptivity). There exist constantsCstab;C,enCdre|;C§rel >0
and 0 < greqg < 1 such that, for any meshTy 2 T and any re nement Ty, 2 refine (Ty), the
following properties are satis ed:

(Al) Stability: Forall vp 2 Xh;vy 2 Xy, and Uy T \T 4, it holds that
J h(Uuivh)  H(U4sVH)] CstabiVh  VHI:
(A2) Reduction: For all vy 2 Xy, it holds that
h(ThNTuiVH)  Ged H(TH NThivy):

(A3) Reliability: The exact discrete solutionu'-’H 2 Xy to problem (2.7) and the exact
continuous solutionu? 2 H3() to problem (2.4) satisfy

ju? U;i Crel H(Ula):
(A3 *) Discrete reliability: There exists a seRpyn T y such thatTy nT, R y, and
#Run  Clq#( T nTy), for which the exact discrete solutionyf, 2 Xy and

u? 2 Xp to problem (2.7) satisfy

-2 ? = n? Y-
Jup Uil Carel H(RHRUG):
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The constants Cre; CJ,, depend only on the dimensiord and the uniform shape regular-
ity (2.11) of all meshesTy 2 T, while Cgap and Cqye additionally depend on the polynomial
degreep. The constantgeq =2 729 depends only on the re nement strategy, speci cally
on a bisection-based re nement rule. O

From these axioms, one can immediately infer quasi-monotonicity of the error estimator,
as demonstrated in [CFPP14, Lemma 3.5].

Lemma 2.5 (quasi-monotonicity). Suppose(Al);(A2); and (A3"). Then, there exists a
constantCnon 1 such that, for all meshesly 2 T and all re nements Ty, 2 refine (Ty),
the following property is satis ed:

(QM) Quasi-monotonicity:  The exact discrete solutionsu; 2 Xy and uf 2 X, to (2.7)
satisfy

h(uﬁ) Cmon H (U; ):

The constantl Cpon 1+ CgtapCarel depends only onCgiap and Cgyre -
Proof. From stability (A1) and reduction (A2), it follows that

(A1)
? ? P ? -
Uy, uj)+ C up U
h(Up) h(ug) stab] Up HI (2.15)
(A1) :(A2) , o o
H(UG4) + CstanjUp  US]
Applying discrete reliability (A3 ") gives
- 9 2 - (A3+) ? ?
Jup  uji Carel H(RHnh;UG)  Carel H(Uf): (2.16)
Finally, the combination of (2.15) (2.16) leads to
h(u2) 1+ CstanCarel H(U}):
This concludes the proof of (QM) with Cron = 1+ CgtapCqrel - O

Remark 2.6. Quasi-monotonicity (QM) can also be deduced from stabilitfAl), reduc-
tion (A2), reliability (A3) and the Céa estimate(2.9); see [CFPP14, Lemma 3.6].

Let Ty 2 T beamesh and letvy 2 Xy be a discrete approximation to the exact continuous
solution u? 2 H3() of problem (2.4). To identify elements T 2 Ty with comparatively large
re nement indicator  (T;vy), the D6r er marking strategy [D6r96], for a xed parameter
0< 1, selects a subseM T y of (quasi-)minimal cardinality such that

HOVH)? WM usve)% (2.17)

The re nement T, := refine (M y; Ty) thenyields a ner discrete spaceXy, that (potentially)
allows to approximate u’ more accurately. SinceM y T y nTy, the marking criterion (2.17)
implies
, (2.17) 5 5
H(VH) H(M HiVR) H(Th N Ty vy )< (2.18)

As proven in [CFPP14, Lemma 4.7], Dor er marking in the sense 0f(2.18) along with
stability (A1) and reduction (A2), implies a perturbed contraction of the error estimator.

10
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Lemma 2.7 (estimator reduction). Suppose(Al) and (A2). Let 0< land Ty 2 T.
Suppose thafTy, 2 refine (Ty) and vy 2 Xy satisfy the Dor er marking criterion

HOVH)? W (Ta nThve)2 (2.19)
Then, there existsO < gest < 1 such that, for all v, 2 X4,
h(Vh)  Gest H(VH) + CsabjVh  VHI: (2.20)
The constant0  Gest [1 (1 ¢&4) ]2 < 1 depends only ongeq and
Proof. Stability (A1) and reduction (A2) yield

hVH)?2 = n(ThnTa;ve)2+ p(Th\T H;vh)?

(A1)
= h(TanTa;ve)?+ A(Th\T w;ve)?

»2) 5 2 2
Ged H(ThNTh;ve )+ H(Th\T HvR)“

From the Do6r er marking criterion (2.19), it follows that

Ged H(TnNThsvi)®+ (T \THVH)? = w(VH)® (L Gg) H(Th NThive)?
(2.19) ) ,
1 1 ded) H(VH)S

The combination of the previous two estimates gives

h(VH)  Gest H(VH) With O<gest= 1 (1 cBg) <L

Finally, stability (A1) completes the proof with

(A1) ) ) ) )
h(Vh) h(VH) + CstablVh  VH]  Cest H(VH) + CstablVh  VHI:

O

The Pythagorean identity (2.10) was a key ingredient in the rst convergence proof of
adaptive nite elements methods established in [MNSOO]. However, the validity of the
Pythagorean identity (2.10) relies on the assumption that the bilinear formb( ; ) from (2.2)
is a scalar product, or equivalently, that the underlying PDE is symmetric. To overcome this
limitation, [FFP14] employed a quasi-Pythagoras identityfor general second-order linear
elliptic problems. Specically, let X X -4 HY() be a sequence of nested nite-
dimensional subspaces such that the associated discrete solution$2 X- to problem (2.7)
converge to the exact solutionu” 2 H3() to problem (2.4), i.e.,ju® u?j! Oas™!1

Then, for any 0<" < 1, there exists o(") 2 Ng such that, for all = ("),
1 .o o0 o o o L5 oo 252 1 .2 2. 29
T+ Wt P Ut Wt gut, ugt o o—ut g (2.21)

For details we refer to [FFP14, Proposition 3.6], whergj j is the energy norm induced
by the symmetric part of the PDE operator. This quasi-Pythagoras identity allows to

11
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establish R-linear convergence of the error estimator for adaptive mesh-re nement algorithms;
cf. [FFP14, Theorem 4.1]. In the proof of [FFP14, Theorem 4.1], it is implicitly shown
that the quasi-Pythagoras identity (2.21) implies the following quasi-orthogonality, which
was later formulated axiomatically in [CFPP14]: For all 0 <" < 1, there exists a constant
Corth (") > 0 such that

XN
juiy, u%j? "ju® u%i? Com(Mju? ulj? forall ;N 2 N (2.22)

NV

The analysis in [CFPP14; FFP14] relies, however, on the assumption that the di erential
operator L = A + K can be split into a symmetric elliptic part A and a compact perturbation
K, and the constant Coh (") generally depends on the sequence of meshes.

In the more recent work [Fei22], arelaxed quasi-orthogonalityis introduced, and it is
shown that any uniformly inf-sup-stable conforming method in particular, any problem
within the Lax-Milgram setting satis es this relaxed quasi-orthogonality. Moreover, it
is proven that this relaxed form remains su cient to establish optimal convergence rates
for adaptive mesh-re nement algorithms. We recall this relaxed quasi-orthogonality in the
following proposition; see [Fei22, Section 3.1 and Section 3.5] for further details.

Proposition 2.8 ((relaxed) quasi-orthogonality). Recall the ellipticity and boundedness of
the bilinear form b( ; ) from (2.3), i.e., there exists constantsCg; Cong 0 such that

Cell kvkal() b(v;v) and b(v;w)  Cpng kvky1(y kwky1y  for all viw 2 H3() :

Then, there exist constantsCo, > 0and 0 < 1 such that, for any sequencX: X -4
H3() of nested nite-dimensional subspaces, the following holds:

(A4) Quasi-orthogonality: For all ;N 2 Ng, the exact discrete solutionau? 2 X~ to
problem (2.7) satisfy

%N
- 252 1 5.7 (252
JUwog U] Corth (N +1)° Ju® ufj=

~0=

The constantsCq, and depend only on the boundedness consta@t,,q and the ellipticity
constant Cg; of the bilinear form b( ; ). O

Remark 2.9. Under the assumptions of Proposition 2.8, consider the symmetric case where
b =0 in (2.1). In this setting, the Pythagorean identity (2.10) in combination with a
telescoping sum gives, for all; N 2 Np,

?.

- 2 - 2 2.
julo,  udj R

XN 220 XN
2(210) ju? U

: ? ? 2
iu uhgi
~0=

?

— =7 ?=2 = ? ? =2 = ? ?=2.
= ju’ Ut Ut Wi’ iU uis

Hence, quasi-orthogonality(A4) holds with constantsCoy, =1 and =1, and may thus be
viewed as a generalization of the Pythagorean identity.

12
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2.4 Characterizing rate-optimality via approximation classes

This section aims to formalize the concept of rate-optimality of adaptive nite element
methods. Following [BDDO04; Ste07; CKNSO08; CFPP14], we introduce the notion of
approximation classes, which provide a rigorous framework for measuring the possible
convergence rates achievable by adaptive algorithms. In the spirit of [CFPP14], we de ne
these classes in terms of the error estimator.

De nition 2.10  (approximation class). Given N 2 Np, let T(N) denote the set of all
re nements of Ty that contain not more than N additional elements compared tdly, i.e.,

TIN)=fT2Tj#T #To Ng
For any s > 0, approximability is then de ned by

ku’ka. = sup (N +1)S min ul.) 2[0;+11; 2.23
As NZRO( ) Tot 2T(N) opt (Uopt) [ ] ( )

where ugpt denotes the exact discrete solution to probler®.7) in the subspaceXep:  HE()
associated withTop:. We say that the exact solutionu” 2 H3() of (2.4) belongs to the
approximation classAs if ku’ka, < +1 .

De nition 2.10 formally resembles the concept of approximation classes introduced in the
convergence analysis of adaptive algorithms, for instance, in [BDDP02]. However, we stress
that, in our context, it primarily serves as a convenient notation and is not intended to
de ne a normed function spaceAs in the usual sense.

The following lemma shows thatku’ka, < +1 implies that a decay with algebraic rate
s > 0is possible for optimally chosen meshes.

Lemma 2.11. Supposeku’ka, < +1 . Then, there exists a sequence of possibly non-nested
meshes(T-) 2, such that

Jim ‘(u)=0 and (W)= O(#T) Sas !1

Proof. Given ©~ 2 Ng, chooseT- 2 T(') such that the corresponding estimator meets
(U?)= m=ming, 21¢) opt(Udp)- Then, we have

C+1)° ()= +1)°m k u'ka,; (2.24)

which establishes ~(u?)! 0as>!1 . Moreover, Lemma 2.3 yields

,.(2.12) 5 ,(2.24) »
#T) () FHT)HT #To+1)° (u)) HTo)°(C +1)° -(u))  (# To)°ku'ka,:
This proves -(u?)= O((# T) °) and concludes the proof. O]

Remark 2.12 (connection to total error-based approximation classes)In the literature,
di erent formulations of approximability exist. Notably, [CKNSO08] de ne approximability

13
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in terms of the optimal total error, which incorporates both the energy error and the data
oscillations. Speci cally, for any meshTy 2 T, the optimal total error (Ty; u?) is given by
(Ty;u?) = inf  ju® wvyj +osch(vy) ; (2.25)
VH 2X H
whereu? is the exact solution of (2.4) and 0sg (v ) denotes the data oscillations (de ned
below). The corresponding approximability is then de ned by
ku’k, = sup (N +1)S min Topt:U?) 2[0;+1 1] 2.26
n=SUp (N+D* min - (Topiu”) 2041 (2.26)
We now show that both de nitions are equivalent in the sense th&u’ka, < +1 if and only
if ku?ky < +1 .
To this end, we recall the de nition and elementary properties of the data oscillations. Let

q;P2 No. ForagneshTy 2 T and vy 2 Ty, the data oscillations are de ned element-wise
by 0sGy (V4 )? = 121, 0SC(T; VH )2 with local contributions

osa (T;vi) =T)%9k(@  1)( div(Arve f)+b rvy+ow fkiaqy  (2.27)

+jTj¥ k@ e)I(Arva ) nDkioe); (2.28)
E2E4 E @T

where By denotes the set ofd 1)-dimensional hyperfaces off, and 1 :L2(T)!P 9(T),
e:L%E)!P qo(E) are the L2-orthogonal projections. The data oscillations quantify how
well the problem data can be resolved by piecewise polynomials on the nmigsh Since the
projections satisfy k1 Tk; Kkl ek 1, we immediately obtain the estimateosay (vy)
n (vu). Moreover, the data oscillations satisfy the following two properties:

Stability:  There exists a constantC3>; > 0 such that, for any meshTy 2 T and
Vh;WH 2 Xy, it holds that

josGi (Vi) 0SGi(Wr)i  CE%ive  wi: (2.29)

E ciency: There exists a constantC. > 0 such that, for any meshTy 2 T and
Vh 2 X4, it holds that

H(Vi) Ce Ju’ Vhj +0scy (V) : (2.30)

Stability (2.29) follows from inverse estimates and trace inequalities, similar to the proof
of stability (A1) of the error estimator. E ciency (2.30) can be shown using the bubble
function technique introduced in [Ver94] for the Poisson problem; we refer to [CFPP14,
Proposition 6.1] for the extension to the general elliptic case.
Combining these properties with the Céa estimaté?.9), we can relate the error estimator
n (u?y) with the optimal total error  (u?; Ty). Indeed, for any vy 2 Xy, we have

, (@30 , @29 )
H(ug) . Ju® ugj+oscy(uy) . Ju® uij+jJuly  vhj +oscy(vh)

(2.9)
ju? uii+ju? wvhjtoscy(vy) . ju’  vhj +osch(VH):

14
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This shows that y(u?) . (Tu;u?). For the converse estimate note that reliability(A3)
and osg4 (Uj)  w(u?) imply

(A3)
(Tw;u’) U’ ufi+osen(ul) - w(uf)+osch(uh) . w(ud):

Altogether, we conclude 4 (u7;) ' (Tw;u?), which proves the claimed equivalendeu’ka, <
+1 ifand only if ku?k, < +1.

In conclusion, the approximability ku’ka, is estimator-based and independent of data
oscillations, making it especially suitable to convergence analysis without explicit treatment
of the data oscillations. The approximabilityku?kAS, by contrast, incorporates them. They
both lead to the same approximation classes.

Remark 2.13 (connection to Besov regularity). In the rather exceptional and practically
uninteresting case where the data (including the coe cients of the PDE operator) are
piecewise polynomials on the initial meshlp, the oscillations (2.27) of su ciently high
degreesq; 2 No vanish and may therefore be neglected i(2.26), leading to

ku’k, = sup (N +21)S min inf ju® wvgj 2[0:+1 1]
As NZRO( ) TH2T(N)VH2XHJ Hi 2 ]

This expression extends naturally to arbitrary functionsv 2 H() , so thatk ka, Serves as
a genuine norm on the approximation clas®\s. These approximation classes can be related
to Besov regularity; see [BDDPO02] for further details.

Lemma 2.11 motivates the following de nition of rate-optimality.

De nition 2.14  (rate-optimality) . An adaptive nite element algorithm is called rate-
optimal if it generates a sequence of meshgs-)-,n, such that, for everys > 0,

ku’ka, < +1 =) sup®#T)S -(U) < +1; (2.31)
"2Np
i.e., the estimator sequence - (u?) decays with algebraic rateD((# T-) $) whenever such a
rate s > 0 is theoretically achievable.

Remark 2.15. Given a sequence of meshé&3-)-2n,, Lemma 2.3 ensures that
#To) T #T #To+1 #T:
Consequently, the rate-optimality condition stated in(2.31) can equivalently be formulated as

kuka, < +1 =) sup@# T #To+1)° (U < +1:
"2 Np

Remark 2.16. We emphasize that rate-optimality always refers to achieving the optimal
convergence rate of the error estimator with respect to the number of elements, or equivalently,
with respect to the number of degrees of freedom. Moreover, as outlined in Remark 2.12,
rate-optimality in the sense of De nition 2.14 is equivalent to the optimal algebraic decay of
the optimal total error de ned in (2.25).
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Finally, we recall the following comparison lemma from [CFPP14, Lemma 4.14].

Lemma 2.17. Suppose(R1), (R2), (A1), (A3"), and (QM). Let 0 < O< oy =
(1+ C2,,C3.) 1 Then there exists a constantCcmp > O such that for all s > 0 with

ku'-’kAs < +1 and any meshTy 2 T, there exists a subseRy T y satisfying the bound
#Ry  Cle CHS kUK w(uf) &5 (2.32)

as well as the DOr er marking criterion
Ou(ui)?  H(RusuH)Z (2.33)

The constant Cemp depends only onCstan; Carel, @and Cmon. O

2.5 lterative methods for discrete linear systems

In this section, we introduce the key concepts ofiniform stability and uniform contraction

for iterative methods for solving the discrete variational problem(2.7). These properties
will play a central role in the analysis of the algorithms in the subsequent chapters. We
rst discuss the di erence between solvers and smoothers. For symmetric problems, we
further show that standard smoothers are uniformly stable and give examples for uniformly
contractive solvers. Moreover, we extend these results to the nonsymmetric case by use of
the Zarantonello symmetrization.

An iterative solver or smoother is a method that, starting from an initial guess, generates
a sequence of approximations to the solutiorx of a linear systemAx = y, where each
new approximation is obtained from the previous one. In our case, the linear systems arise
from the discrete problem(2.7) posed on nite element spacesXy associated with a mesh
Ty 2 T.

Formally, for each meshTy 2 T with its corresponding nite element space Xy, an
iterative solver or smoother for(2.7) is described by an iteration operator y: Xy ' X 4,
for which the exact solution uj; 2 X of (2.7) is a xed point. The corresponding iteration
scheme readsi™ = (uk) for k 2 No with some initial guessug, 2 X .

An iterative solver should be viewed as a complete method designed to approximate
the discrete solution. A smoother, in contrast, is usually not intended to solve the system
by itself and and is therefore computationally less expensive. They are used to e ciently
damp certain error components, but may leave others largely una ected. More precisely,
smoothers are very e ective at reducing high-frequency error components, i.e., error patterns
that oscillate rapidly across the mesh. Low-frequency error components, on the other hand,
typically decay only slowly. For a more detailed analysis of the smoothing property in the
context of multigrid methods, we refer to [BHMOO, Chapter 2].

Although mathematically both solvers and smoothers are iteration operators, we distin-
guish the terminology to emphasize their intended use. In particular, the very same scheme
may be regarded as a solver or as a smoother depending on the context of their usage within
a larger algorithm.

We introduce the following two mesh-independent properties of iterative methods.
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De nition 2.18.  For every meshTy 2 T with its associated nite element spaceXy, let
H: Xy ! X 4 denote an iteration operator corresponding to an iterative solver or smoother.
Let u; 2 Xy be the exact solution of(2.7).

(US) We say that y is uniformly stable if there exists a constantCyg > 0, independent
of Ty 2 T, such that

Jui  wv)i Cagiufy  vaj forall Ty 2 T;vh 2 Xy

(UC) We say that 4 is uniformly contractive if there exists a constantO < qag < 1,
independent of Ty, such that

Ui RO Gagdul VAl forall Ty 2 Tovy 2 Xy

We emphasize that both the stability constant C,4 and the contraction constant gyg in
De nition 2.18 must be independent of the meshTy 2 T. Clearly, any uniformly contractive
method (UC) is also uniformly stable (US).

We recall the equivalence between the discrete variational problert2.7) and its algebraic
representation as a system of linear equations.

Lemma 2.19 (algebraic formulation). Let Ty 2 T and setN = dim Xy. Let f' 1;:::;"' nQ
be a basis ofXy . De ne the Galerkin matrix Ay 2 RN N and the load vectory,, 2 RN by
(Ap)ik = 0" «;"j) and (yy); = F( ) forjk =1;:::;N. (2.34)
P
Then, u'-’H = szl Xj'j 2 Xy solves the discrete variational problen{2.7) if and only if the
coe cient vector x'-’H =(xq1;:::;xn)! 2 RN solves the linear system
Aux{ = yu: (2.35)

In particular, the Galerkin matrix Ay is regular. Moreover, if the PDE (2.1) is symmetric,
i.e., b=0, then Ay is symmetric and positive de nite (SPD). In this case, the A y -induced
norm,

kxka, =(x'Ayx)¥2 for x 2 RN; (2.36)
is compatible with the energy norm in the sense that

Jvil = KJuvuka, forall vy 2 Xy; (2.37)
whereJy : Xy ! RN denotes the coe cient map with respect to the basi$' 1;:::;" nO.
Proof. By linearity, uj, 2 Xy solves the discrete variational problem (2.7) if and only if

b(uj;'j) F(j)=0 forallj=1;:::;N:

17
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P
Write u?, = ., Xk' k With coe cient vector x7, = (x1;:::;xn)! 2 RN. Using the
de nitions from (2.34), we nd

X
buis' ;) FCp= xkb( ') FC)=(Auxy); (yn) forallj=1;:::N:
k=1
Hence,uf, solves(2.7) if and only if (Apx7)j =(yy); forallj =1;::5;N, e, Apx} =
Yu - The regularity of Ay follows from the unique solvability of (2.7) together with this
equivalence.
Assume that the PDE (2.1) is symmetric. Then, the bilinear form b ; ) is symmetric, and
hence, by(2.34), the Galerkin matrix Ay is symmetric as well. For anyvy 2 Xy, we have
- .92 (2.6 2.34
0 j v4i? ) B(VH s Vi) = )(JHVH)lAH (Jrvh):
Thus, Ay is positive de nite, and hence SPD. Finally, inserting the de nition (2.36) of the
Ay -induced norm into the above identity, we obtain (2.37). This concludes the proof. ]

From now on we will switch between the discrete and algebraic formulations without
further comment. Note, however, that the algebraic formulation requires the choice of a
basis, which we will henceforth leave implicit.

Using Lemma 2.19, we obtain the following characterization of uniform stability(US) and
uniform contraction (UC) in the algebraic setting in RN,

Lemma 2.20. Assume that the PDE(2.1) is symmetric, i.e., b=0. Let Ty 2 T and set
N = dimXy. Let Sy : RN I RN denote the iteration operator associated with an iterative
method for solving the linear systen(2.35). Suppose there exists a constar@yq > 0 such
that

kx{, Suxka, Cagkx} xka, forallx2RN; (2.38)

where k ka,, denotes theA y-induced norm from (2.36). Then, the corresponding itera-
tion operator on the nite element space dened by y = J 1Spdy: Xy ' X 4, with
Ju: Xy ! RN being the coe cient map with respect to the chosen basis, satis es

juj H(VR)]  Cagjuf vuj forall vy 2Xy: (2.39)

Proof. Let vy 2 Xy and setx = Jyvy 2 RN and x{, = Jyuf, 2 RN. Compatibility of
the norms (2.37) from Lemma 2.19 together with (2.38) yields

. . (2.37) (2.38) (2.37) . .
juf Hvi)i = kxi  Shxka, Cagkxpy  xka, = Cugju  vHi;
which proves (2.39). O

Since iterative methods satisfying(UC) t into the framework of the Banach xed-point
theorem, one obtains the following standard a priori and a posteriori error estimates.

Lemma 2.21. For every meshTy 2 T, let y{: Xy ! X y be an iteration operator
corresponding to a uniformly contractive (UC) iterative method. Then, for any meshTy 2 T
and any discrete functionvy 2 Xy, the following estimates hold:
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0 Jve  wv)l @+ Gugiul  vai,

(i) juf  vei (@ Gug) “Bve (VKT

(i) juy  HOvHT Gt Gag) Yive H(VR)I-
Proof. The contraction property (UC) implies (i) via

. - . . (UO) . ]
ATRTY (77D I V/RAVYY B TV (VFD) B € A1) [TERVAY
To show (ii), we again use (UC) to obtain
- 2 - - 2 - - - G - 9 - - -
i ovwl 3 ouh w(v)I 3 H(VH) VM Gughufy VMl +J w(ve) VHI:
Rearranging the terms, this yields (ii). Finally, (iii) follows directly by combining (UC)
with (ii). This concludes the proof. O

2.5.1 Uniformly stable smoothers

In the following, we examine several widely used smoothers and establish that they satisfy
uniform stability (US).

Identity iteration

The most elementary smoother is the identity iteration: On each meshily 2 T, the iteration
mapping I 4 : Xy ' X y with I yvy = vy is the identity operator. Clearly, it is uniformly
stable (US) with C4g =1 and not uniformly contractive (UC).

Richardson iteration

A slightly more involved, yet still simple, smoother is the Richardson iteration. Given a
square system of linear equation®\x = y and a step size! > 0, the iteration is de ned by

xK = xk 1 (Ax K y)= (1 TAXT+ 1y =i M Richykyyy: (2.40)

If A is symmetric and positive de nite (SPD) and the step size! > 0 is su ciently small,
the Richardson iteration converges. Moreover, the error contracts in the norm induced by .
This is formalized in the following proposition. For details, we refer to [Hac16, Theorem 3.22,
Theorem 3.23, Corollary 3.24].

Proposition 2.22  (contraction of Richardson iteration). Lety 2 R" and letA 2 R" "
be SPD with spectral radius (A). Denote byx? 2 R" the unique solution ofAx * = y. If
0<!< 2= (A), then the Richardson iteration matrix M Ri®" 2 R" " satis es

kM Rk < 1

where the operator norm is considered with respect to th&-induced normkxka = (x| Ax )172.
In particular, for any initial guess x° 2 R", the Richardson iteration (2.40) generates a
sequence(x )k, that satis es

kx?  x*1k, k M Rk, kx?  xXks for all k 2 No: O
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As a consequence of this proposition, Lemma 2.20 implies uniformly stabilityUS) of the
Richardson iteration in the case that the PDE (2.1) is symmetric, provided the step size is
chosen admissibly on each mesh. This is formalized in the following result.

Corollary 2.23 (uniform stability of Richardson for symmetric problems). Assume that
the PDE (2.1) is symmetric, i.e., b =0. For Ty 2 T, let Ay be the Galerkin matrix
with spectral radius (Ap) and let {: Xy ! X 4 denote Richardson iteration operator
corresponding to (2.40). Suppose the step sizey is chosen such that

O<!y 2= (An): (2.41)
Then, for all vy 2 Xy,
Juh o av)i Kk MRk JUl v

wherekM Rich ka, < 1is the operator norm of the iteration matrix from Proposition 2.22.
In particular, if the step size is chosen admissibly on each mesh, the Richardson iteration
yields a uniformly stable smoother in the sense ofUS), with constant Cqg = 1. O

Gauss Seidel iteration

A popular smoother is the Gauss Seidel iteration. Given a square system of linear equations
Ax =y, decomposeA = L + D + U into a strictly lower triangular part L, a diagonal part
D, and a strictly upper triangular part U. For a current iterate x¥, the next iterate of the
Gauss Seidel iteration is de ned by

xK*1 = (D +L) 'UxK+(D+L) ty=:M©®SxkK+(D +L) ly: (2.42)

If A is SPD, the Gauss Seidel iteration converges and the error contracts in the norm
induced by A ; see e.g. [Hac16, Theorem 3.39].

Proposition 2.24  (contraction of Gauss Seidel iteration). Lety 2 R" and letA 2 R" " be
SPD. Denote byx’ 2 R" the unique solution ofAx ? = y. Then, the Gauss Seidel iteration
matrix M ©5 2 R" " satis es

kM CSkn < 1;

where the operator norm is considered with respect to th&-induced normkxka = (x! Ax )12,
In particular, for any initial guess x° 2 R", the Gauss Seidel iteration (2.42) generates a
sequence(x )2, that satis es

kx? x¥Tksa k M ®Skkx? xKka for all k 2 No: O

By Lemma 2.20, we obtain uniform stability (US) of Gauss Seidel. This is formalized in
the following result.
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Corollary 2.25 (uniform stability of Gauss Seidel for symmetric problems). Assume that
the PDE (2.1) is symmetric, i.e., b=0. For Ty 2 T, let Ay be the Galerkin matrix and let
H: Xy ' X y denote Gauss Seidel iteration operator corresponding tq2.42). Then, for

all vy 2 Xy,

- : GS .2 .
Jug H(VH)] K M ZZKay, Jui Ve,

where kM GSkAH < 1 is the operator norm of the iteration matrix from Proposition 2.24.
In particular, the Gauss Seidel iteration yields a uniformly stable smoother in the sense
of (US), with constant C54 = 1. 0

Conjugate gradient method

The conjugate gradient (CG) method is a standard solver (and smoother) for linear systems
Ax =y with SPD A. Starting from an initial guess x°, the residual and search direction are

initialized by r®:=y Ax%andp®:= r% Let ( ; ), denote the Euclidean inner product.

Then, for k =0;1;2;:::, the CG iteration is given by

xK = K+ 1 pf where = (1% r9)=(Ap K pN)2;
rkl o=k L ApK; (2.43)

pk+1 = rk+1 + kpk; where K= (rk+1 : rk+1)2=(rk; rk)z:

The following result states that CG is contractive in the norm induced by A. For a proof,
see, e.g., [GV13, Theorem 11.3.3].

Proposition 2.26. Lety 2 R" and letA 2 R" " be SPD. Denote byx? 2 R" the unique
solution of Ax ? = y, and bycond(A) = (A) (A 1) 1 the condition number with
respect to the spectral norm. Then, for any initial guesx® 2 R", the CG iteration (2.43)
generates a sequendx )2y, satisfying

kx? x¥1ky 1 conck(A) ! Pkx? xKka forall k 2 No: (2.44)

O]

Sincecond(A ) typically grows with mesh re nement, CG is not a uniformly contractive
solver. However, uniform stability still holds, with constant C54 = 1. This follows again
from Lemma 2.20.

Corollary 2.27 (contraction & uniform stability of CG for symmetric problems) . Assume
that the PDE (2.1) is symmetric, i.e., b=0. For Ty 2 T, let Ay be the Galerkin matrix
and let y: Xy !X 4 denote the CG iteration operator corresponding to(2.43). Then, for
all VH 2 XH,

juf W)l 1 cond(Aw) L Pjul wai:

In particular, the CG iteration is uniformly stable (US) with Cqg =1. O
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Preconditioned conjugate gradient method

The downside of CG is that the convergence deteriorates as the condition number grows. To
overcome this, one may introduce an SPD preconditioneB and apply the preconditioned
conjugate gradient (PCG) method. We brie y recall the iteration.

Starting from an initial guess x°, setr®:=y Ax©? z%:= B r° andp® = z° For
k=0;1,2:::, the PCG iteration reads

L= x K+ s where = (1 2%)=(Ap < p)2;
k+l .— Kk k.
r = kAP ";
Zk+1 = B 1I’ k+1; (2'45)
pk+l = Zk+1 + kpk; where 2=(rk+1 : Zk+1)2=(l’k; Zk)zi

Let B 1*? denote the unique SPD square root oB . Then, as shown in [GV13, Section
11.5.2], the PCG iteratesxk for Ax =y coincide, under the change of variables = B 1™x,
with the standard CG iterates x", i.e., =B 1224k for the symmetric positive de nite

system

Ax =B ?AB ¥x=B Py: (2.46)

In particular, x? solvesAx ? = y if and only if x’ = B 1™x? solves(2.46). Moreover, the
induced norms are compatible in the sense that

kvki = (Av ;v)2=(AB ?B'?v; B B'?v); = (AB v ; BPv); = kB VKA
Applying Proposition 2.26 to the system (2.46), and using the above identity, we obtain

(2.44)
kx?  x¥ka = ke? ¥k gke? 6Kk = gkx? xKa;

whereq:=[1 cond(B 'AB ') 1]1%2. Hence, PCG contracts the error in theA -norm,
provided B is SPD. In particular, PCG is uniformly stable in the sense of(US). We therefore
obtain the following result.

Corollary 2.28 (contraction & uniform stability of PCG for symmetric problems) . Assume
that the PDE (2.1) is symmetric, i.e., b=0. For Ty 2 T, let Ay be the Galerkin matrix
and let p{: Xy !'X y denote the PCG iteration operator corresponding to(2.45) with an
SPD preconditioner B . Then, for all vy 2 Xy,

iU Wl 1 conce(BTTAWB L) UL wai
In particular, the PCG iteration is uniformly stable (US) with C5g =1. O

In the following, we discuss possible choices for the precondition& .

Example 2.29 (block Jacobi preconditioner). Let T4y 2 T be a mesh, and denote bywy
the set of vertices of Ty . For z 2 Vy Sde ne the node patchTy(z) =fT2Tw jz 2 Tg, the
corresponding local domain n; = 1,7, T and the local spaceXy,; HE( w:) by

Xn:z = fvy 2 H3( nz)]jvuijT is a polynomial of total degree p for all T 2 Ty (2)g:
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Denote by Ay and Ay, the Galerkin matrices with respect to Xy and Xy., respectively.
Let | 4., be the matrix representation of the canonical embeddingy:; : Xn.z ! X . Then,
the block Jacobi preconditioner is de ned as
X
Br = I 'Hiz (Anz) 4 l—l;z:
22V

If the PDE (2.1) is symmetric, i.e.,b = 0, then by additive Schwarz theory (see, e.g., [GO95])
the preconditioner B iy is SPD. Hence, Corallary(2.28) implies that PCG with block Jacobi
preconditioner is uniformly stable (US) with Cyg = 1.

Example 2.30 (incomplete Cholesky preconditioner) Assume that the PDE (2.1) is
symmetric, i.e.,b=0 and let Ty 2 T be a mesh. For the SPD Galerkin matrixA , the
Cholesky decomposition read#®\y = Ly LL with Ly lower triangular with positive diagonal
entries. Although Ay is typically sparse, the Cholesky factorL y is in general dense.

The incomplete Cholesky factorization remedies this by computing a sparse lower triangular
approximation Cy to Ly with positive diagonal entries, such that Ay CyCy. The
corresponding incomplete Cholesky preconditioneB y is then de ned as

By =(ChCh) &

In practice, the factor Cy can be obtained by running the Cholesky algorithm but
dropping all additional entries beyond the sparsity pattern of the lower triangle of A, i.e.,
by enforcing (Cw )ij =0 whenever(Ay ) =0. This is, for instance, the default behavior of
the MATLAB function ichol with type="nofill' . This procedure may break down if a
nonpositive pivot is encountered. If, however, the factorization terminates successfully, then
all diagonal entries ofCy are positive; cf. [GV13, Section 11.5.8]. Hence, sindgy and C
are lower triangular, both matrices are regular and thus, for all nonzero vectors,

x| (B Hx = x| EyElx = kE| xk3 > O,
which shows that B Hl is positive de nite, and consequentlyB y is SPD. See, e.g., [GV13,
Section 11.5.8] and the references given therein for conditions @ny that guarantee successful
factorization as well as for stabilization techniques designed to avoid nonpositive pivots.
By Corollary (2.28), PCG with incomplete Cholesky preconditioning is therefore uniformly
stable (US) with C4g = 1 whenever the incomplete factorization does not break down.

Zarantonello symmetrization for nonsymmetric problems

The uniform stability results derived above (apart from the identity iteration) rely on
symmetry of the PDE (2.1). To address the nonsymmetric case, a natural strategy is to rst
symmetrize the discrete problem(2.7) and then to apply a uniformly stable smoother for
symmetric systems. For symmetrization, we employ one step of the Zarantonello iteration,
as in, e.g., [BIM" 24], which was originally introduced in the context of a proof of the
Lax Milgram Lemma in [Zar60].
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Let a(; ) denote the symmetric part of b(; ) as in (2.5). For a meshTy 2 T and
a damping parameter > 0, de ne for eachvy 2 Xy, the continuous linear functional
G (vi) 2 Hg() by

G (vu)(w) = a(vyg;w)+ F(w) blvy;w)] forall w2 H&() .

The Zarantonello operatorZ,, : Xy ! X 4 then assigns to eactvy 2 Xy the unique solution
ZH VH 2 X H of

a(Zyvh; )= G (vu)() onXy. (2.47)

Sincea( ; ) is an elliptic and continuous scalar product onH}() , the operator Z,, is
well-de ned by the Lax Milgram lemma. Moreover, the discrete solution u'-’H 2 Xy of (2.7)
is the unique xed point of Z,;.

Remark 2.31. The bilinear form b( ; ) from (2.2) and its symmetric part a( ; ) from (2.5)
satisfy

(b rv;wpizy (vibrw)yza,

a(v;w) = b(v;w) 5

(2.48)

If, in addition, b 2 WL (; RY), the product rule and integration by parts yield, for all
v;w 2 H3() ,

(Vvib rw)zy =(v;dv(wb) wdiv(b)) 2

(b rv;w)z, (v; wdiv(b)) 2y :

Substituting this into (2.48) and using the de nition (2.2) of b( ; ) gives
a(v;w) = blv;w) (b rv; w2, (v; wdiv(b)=2), 2()
(2='2)(Ar Vi w)zy +(v;[c div(b)=2]w) 2y :

Hence, the discrete Zarantonello problen{2.47) corresponds to the weak formulation of an
elliptic reaction-di usion equation.

To derive an explicit representation of the Zarantonello operatorZ,,, de ne the PDE
operator

A:HG() ' HG() & w7 b(;w);
and recall the Riesz mapping
Ru: Xy !X 2 wy 70 awy; );
which is an isometric isomorphism with respect toj j . Then, (2.47) is equivalent to

a(ZyVH;wh) = a(Ve,Wh) + a(RHl(F A vy);wy) forall vy;wy 2 Xy,
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and thus
Zuyva = vy + RYF A vy) forall vy 2Xy.

It is well established (see [Zei90, Section 25.4]) thaZ , is Lipschitz continuous, with the
Lipschitz constant depending on the chosen inner product o () . The following general
result on nonlinear strongly monotone operators (essentially contained in the proof of [Zei90,
Theorem 25.B]) formalizes this property.

Proposition 2.32  (Lipschitz continuity of the Zarantonello operator). Let H be a Hilbert
space with scalar product ; )y, induced normk ky, and Riesz mapping

Ry:H!'H & w7 (w; u:

Suppose thatA: H! H Cis strongly monotone and Lipschitz continuous with respect té k,
i.e., there exist ;L > 0 such that, forallv;w2H,

kv Wkﬁ (Av A w)(v w) and kAv A wkyo Lkv wky:
Let F 2HO9 Then, for all > 0, the Zarantonello operator
Zy:H'H 5 v7iv+ R2YF A W)
is Lipschitz continuous with respect tok ky . Speci cally, for all v;w 2 H,
kZyv Z ywki Cy[ ]’kv wk% where Cy[]?=1 (2 L?) o O

To apply Proposition 2.32 to the discrete spaceXy; endowed with scalar producta( ; ),
we observe thatAw = b( ; w) is strongly monotone with =1, since
JVH WHj2(2='6) b(vi  WhH;Vve  Wh)=(Ave A wy)(vy wy) forall viy;wy 2 Xy

Moreover, ellipticity and continuity of b( ; ) from (2.3) prove, for all vy ;wy ;' 4 2 Xy,

(2.3)
(Avh A wy)(" v) = B(" HivH  Wh) CondK' HKpz(y kv wh Ky
(2.3) o )
(Cond=Cen)§' HiJVH  WH]:
Hence, A is Lipschitz continuous with L = Cpnq=Cqy. Therefore, the application of Proposi-
tion 2.32 yields that Z, is Lipschitz continuous in the energy norm, i.e., for allvy; wy 2 Xy,

iZuve Z qwai CLlive wnj with C[]= 1 (2 C24=C3) ™ (2.49)

where Cg; Cpng are the constants from(2.3). While C[ ] 0 for any choice of , we note
thateven 0<C[ ]< 1for0< < 2C3=CZ,; see Proposition 2.37.

The discrete problem (2.47) is symmetric, and therefore any of the uniformly stable
smoothers presented so far can be applied to it. The key observation is that the Lipschitz
continuity of the Zarantonello operator (2.49), together with the uniform stability of such a
smoother, implies that the overall procedure namely applying a uniformly stable smoother
to the symmetrized problem (2.47) and interpreting it as a smoother for the original
nonsymmetric problem (2.7) again yields a uniformly stable smoother. This is made
precise in the following result.
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Proposition 2.33  (uniform stability of Zarantonello symmetrization) . Let > 0 and
let J 2 Ng be a number of smoother iterations. For everyly 2 T and vy 2 Xy, let

H(vh): Xy ' X 4 be the iteration operator of a smoother for the symmetric problen(2.47),
assumed to be uniformly stable in the sense that there exists a constéhjy > 0, independent
of Ty and vy, such that

1Z 4 VH HVH)(WH)]  CaglZpyve  wnhj forall wy 2 Xy: (2.50)

Then, the operator y: Xy ! X { dened by w(vy) =( w(vh))’(vy) is a uniformly
stable smoother for the nonsymmetric discrete problert2.7). In particular, for all vy 2 Xy,

juhi n)i o CL1+ Cae(CL1+D) Jufi  wwis (2.51)
where C[ ] is the Lipschitz constant of the Zarantonello operator from(2.49).

Proof. We adapt the reasoning from [BIM" 24, Section 2] to the present setting. By the
triangle inequality and the de nition of , it follows that

B I T Ul Z pvei+iZave (o (ve) (VeI (2.52)
SinceZ,,u?, = u}, the Lipschitz continuity (2.49) of Z,, yields

C» ) (2.49) . 5 ;
Ui Z yvHi Cl vy wui: (2.53)

For the second term in(2.52), uniform stability (2.50) of 4 (vy) together with the triangle
inequality gives

_ _(2.50) ) )
iZuve C ava))’ (vl CaglZ Ve VHi
Clg JUh Z wvni+iuf Vi (2.54)
(253) | o, i
Cag(CLI+1) Jui  wui:
Combining (2.52) (2.54) establishes (2.51) and the proof is complete. O

Remark 2.34. For all uniformly stable smoothers for symmetric problems discussed in this
section, the stability constant does not depend on the right-hand side of the discrete problem.
Hence, they are uniformly stable in the sense of2.50).

2.5.2 Uniformly contractive solvers

The uniform contraction property (UC) is a key ingredient in the optimal complexity analysis
of adaptive nite element methods, i.e., optimal convergence rates with respect to the overall
computational cost, see [GHPS21; BFM 25]. In the following, we present examples of
iterative solvers that are uniformly contractive (UC).
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PCG with optimal preconditioner

Assume that the PDE (2.1) is symmetric, i.e.,b = 0. For each meshTy, let Ay be the
SPD Galerkin matrix. By Corollary 2.28, the PCG method is uniformly contractive (UC) if
there exists an SPD preconditionerB y and a constantC,eq > 0, depending only on the
coe cients of the PDE (2.1), the initial mesh Ty, and the polynomial degreep, such that

condy(B H1=2AH B lez) Cpeg forall Ty 2 T:

In this case, we callBy an optimal preconditioner. Such preconditioners exist; see,
e.g., [CNX12].

Geometric multigrid

Another example of a uniformly contractive solver is thehp-robust geometric multigrid
method of [IMPS24], which is proved to achieve uniform contraction for symmetric second-
order linear elliptic di usion problems. The result is stated in the following proposition.

Proposition 2.35 ([IMPS24, Theorem 2.5). Suppose that in(2.1) the coe cients satisfy
b=0 and c=0. Then, the geometric multigrid method of [IMPS24, Algorithm 2.1] satis es
the uniform contraction property (UC). Moreover, the corresponding contraction constant
Cag IS independent of the polynomial degrep.

Remark 2.36. While the multigrid algorithm from [IMPS24] relies on the use of the scalar
product a( ; ) = b(; ) and is formulated only forc = 0, the analysis of [[IMPS24] is based
on the symmetry of the PDE and on the norm equivalence between the energy ngrjn
and theH1() -seminorm kr ( )KL 2¢y . With minor modi cations to the proof of [IMPS24],
Proposition 2.35 thus remains valid ifa( ; ) = b(; ) includes non-vanishing reaction term
c60.

Zarantonello symmetrization for nonsymmetric problems

The same construction with the Zarantonello symmetrization from Proposition 2.33, which
yields a uniformly stable smoother, can also be used to obtain a uniformly contractive solver.
However, as established in [BIM 24, Section 2], this requires restrictions on the damping
parameter and on the number of solver iterations. These conditions are made precise in
the following proposition.

Proposition 2.37  (uniform contraction of Zarantonello symmetrization). Let
0< < 2C§=Cn; (2.55)

whereCeg; Cpong are the constants from(2.3). Then, the Zarantonello operatorZ , from (2.47)
is a contraction, i.e., its Lipschitz constant C[ ] from (2.49) satis es

0<C[]< 1 (2.56)
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Moreover, for every Ty 2 T andvy 2 Xy, let p(vy): Xy ' X 4 be the iteration operator
of a solver for the symmetric problem(2.47), assumed to be uniformly contractive in the
sense that there exists a constarl < qq4 < 1, independent of Ty and vy, such that

1Z 4 VH H(VH)(WH)]  GaglZpuve  Waj forall wy 2 Xy: (2.57)

Let J 2 N be a number of solver iterations such that

1 C[]
C[+1

0g(Gig)

log
(2.58)

Then, the iteration operator 1 : Xy ! X y dened by H(vy) = ( H(VH))’(vh) is a
uniformly contractive solver for the nonsymmetric discrete problenm(2.7). In particular, for
all VH 2 XH,

juh  mOm)l o ajud vaj with 0<q = C[ ]+ qg(C[ ]+1) < L (2.59)

Proof. From the assumption (2.55), we obtain 2 and =C§” > 0. Hence, from(2.49) it
follows that

(2.49)
0<C[P"="1 (2 Che=Ci)<L;
which proves (2.56). Furthermore, condition (2.58) is equivalent to
q= C[ ]+ @mg(C[ ]+1) < L

Finally, the estimate in (2.59) follows directly from Proposition 2.33. This concludes the
proof. O
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3 Theory of R-linear convergence

The objective of this chapter is to establish su cient conditions for R-linear convergence

of quasi-error sequences in a general setting. To this end, we rst introduce in Section 3.1
the notion of R-linear convergence and its characterization via tail summability. We then
de ne and analyse quasi-error quantities in Section 3.2, and nally derive convergence
results applicable to meshes generated by Dor er marking in Section 3.3. These results form
the cornerstone of the convergence analysis of the algorithms presented in the subsequent
chapters.

3.1 Characterizing R-linear convergence via tail summability

criteria
R-linear convergence of the error estimator is a key ingredient in the analysis of optimal
convergence rates for adaptive nite element methods; see for instance [CFPP14]. In

this section, we introduce the notion of R-linear convergence and we present equivalent
characterizations in terms of tail summability conditions.

De nition 3.1  (R-linear convergence) Let (a ) 2n, be a scalar sequencéa ) 2n, in R o.
We call (a) 2n, R-linearly convergent if there exist constantsCj, > 0 and 0 < qjip < 1 such
that

a+n Cing,a forall ;n 2 Ng: (3.1)
Moreover, (a) 2n, IS called linearly convergentif there exists 0 < qji, < 1 such that
a+1  Qgpa forall ® 2 Np:

Remark 3.2. In the literature, weaker notions of R-linear convergence can be found.
Speci cally, in [OR00, Chapter 9], a non-negative scalar sequend@) 2y, iS said to converge
R-linearly if it satis es

limsupa™ < 1: (3.2)
n

This is known as the root test, which explains the pre x R in R-linear convergence. It is a
simple matter to check that condition(3.2) is equivalent to the existence of constant€ > 0
and 0< g < 1 such that

a Cq forall 2 Ng:

In fact, (3.1) implies (3.2), but the converse imp!ication does not hold in general. For
example, the sequence dened 3y =0 anda =2 for = 1 satises (3.2), but not (3.1).
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The following lemma from [CFPP14, Lemma 4.9] provides a characterisation of R-linear
convergence in terms of a tail summability property.

Lemma 3.3 (characterisation of R-linear convergence via tail summability) Let (a ) 2n,
be a non-negative scalar sequence, and let> 0. Then, (a)2n, iS R-linearly convergent in
the sense of(3.1) if and only if there exists a constantCiy;; > 0 such that

s
a% Ci a forall * 2 No: (3.3)

“0="4q

Speci cally, if tail summability (3.3) holds, then R-linear convergencd3.1) is satis ed with

constantsCjin = (1 + Ciail)*™ and gin = (1 + Ci) 5.

Proof. Let s> 0. Suppose rst that (a)2n, is R-linearly convergent in the sense of3.1),
i.e., there exist constantsCj, > 0 and 0 < (i < 1 such that

a+n Cingia forall ;n 2 No:
The geometric series yields

R s 3.1) s x s 1% s _ s in s.
ao  Cyy (Gin) &= Cj, 1 e &
N ‘41 N ‘51 C‘In

Thus, tail summability (3.3) holds with Crii = C$, 65, (1 ¢,) .
Conversely, suppose that tail summability (3.3) holds. This implies that

R 33 X s
(1+ Cp a% ab+a*=  a% forall* 2 Ng:
o ey -

1

Dening 0<q =1+ Cy) 1 < 1, the repeated application of the previous estimate shows

that

b3 R

a% ' a% forall ;n 2 Np: (3.4)
e o~

Using (3.4) together with tail summability (3.3), one obtains

b @4 R X (3:3)
as, , a% g ab=q a¥+ a% (1+ Cui)g'a® forall ;n 2 Ng:
. o o

Exponentiating both sides by 1=s gives
asn  (1+ Cai)¥S(qF5)"a  forall ;n 2 Np:

This completes the proof of R-linear convergencé3.1) with Cj, = (1+ Ci)¥™> 0 and
O<qin=q=(1+ C_}l) <1 O

tail
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The next result shows that a seemingly weaker form of the tail summability condition(3.3)
remains equivalent to R-linear convergence. The argument follows that of [Fei22, Lemma 6],
though the assumptions di er slightly; see Remark 3.5.

Lemma 3.4 (characterisation of R-linear convergence via weak tail summability) Let
(a)2n, be a non-negative scalar sequence, and Ist> 0. Then, (a)2n, IS R-linearly
convergent in the sense of(3.1) if and only if there exist constants€ > 0 and 0 < 1,
and a function D : Ng! (1;+1 ) satisfyingD(N) €N?! such that
¥ N
a% D(N)a® forall ;N 2 Ng: (3.5)

o=

Proof. Assume that the sequencéa ), n, is R-linearly convergent. Then Lemma 3.3 implies
tail summability in the sense of (3.3) with a constant Ciy; > 0. In particular, (3.5) holds
with the constant function D(N) =1+ Cy .

The proof of the converse implication is divided into four steps. Suppose tha{3.5) holds.

Step 1. We prove by mathematical induction on n that
|
w S oXn
as, 1 D()*t a% forall ;n 2 No. (3.6)

j=1 ~0=

The base casen = 0 follows immediately with the empty product interpreted as 1. Assume
that (3.6) holds for somen 2 Ng and all © 2 Ng. Then, applying (3.6) for ~ + 1 and
using (3.5), one obtains

|
@6 YW C (AN
Fa(nen) = 8 epyrn 1 D@)* a%

j=1 0=l
y Lo

= 1 D()? a% a
=1 .

@5 Y ! D) Hho+D)

1 D(j)*? a% D(n+1) 1! a%

j:l 0= o=
y+1 ! o+l

= 1 D()* a%:
=1 .

This completes the induction and proves (3.6).
Step 2. Dene

y
M, = D(n) 1 D()?! >0 forall n2 No. (3.7)
j=1
Combining (3.5) (3.6) gives

a%, Mpa® forall ;n 2 No. (3.8)
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3 Theory of R-linear convergence

UsingD(N) €N?! and the inequality log(1 x) x for all 0 < x < 1, it follows that

log(Mn) =log(D(n))+  log(1 D(j) ') log(D(n)) D(j) *
i=1 j=1
X
log(€)+(1 )log(n) € * j
j=1

P
Applying log(n) =] 'leadsto

x
log(®)+(1 )log(n) €' j ¥ log@®+ jt €t Y
j=1 j

1l
=
11
iy

H 1
= log( ©) + le@ My

i=1

Consequently,log(M) ! 1 and thusM,! Oasn!1l
Step 3. SinceM,! Oasn!1 ,there existsM 1suchthatM, M forall n2 Np.
Therefore, with (3.8) one obtains quasi-monotonicity in the sense that

(3-8)
as, , Mpa® Ma? forall ;n 2 No. (3.9)

Step 4. Chooseng 2 Ng such that 0<q = My, < 1. Then (3.8) shows that
a%,, ¢g& forall 2 No: (3.10)

For arbitrary n 2 Ng, write n = kng+ r with K;r 2 Ng andr < n ¢. Quasi-monotonicity (3.9)
and (3.10) imply
(3.10)

(3.9) _ _ _
a-‘S+n = a-‘S+kn0+r qka‘s+r qua‘ = Mq r—no(ql—no)na§ (M:q)(ql_no)na‘s:

Finally, exponentiating both sides by 1=s yields
a+n  (M=q)¥S(qF")"a for all “;n 2 No.

This concludes the proof of R-linear convergencé3.1) with Cy, = (M=qg)*s > 0 and
0 < qjin = =) < 1, O

Remark 3.5. The assumptions in Lemma 3.4 di er slightly from the ones in [Fei22, Lemma
6]. Therein, the condition on the function D( ) is weaker: It is only required that there
exists someng 2 Ng such thatM,, < 1, where M, is de ned as in (3.7). However, the
assumption on the sequencéa )2y, IS stronger, requiring it to be quasi-monotone in the
sense of (3.9). In contrast, Lemma 3.4 imposes the stronger conditorD(N) €N?1 |
which impliesMp ! Oasn!1l ; see Step 2 of the proof. As shown in Step 3, this ensures
that quasi-monotonicity (3.9) holds automatically. Consequently, no additional monotonicity
assumption on the sequence is needed in Lemma 3.4.

32



3 Theory of R-linear convergence

The combination of Lemma 3.3 and Lemma 3.4 leads to the following result.

Corollary 3.6. Let (a)'2n, be a non-negative scalar sequence, and lgts’> 0. Then, the
following assertions are equivalent:

(i) The sequencga ) 2y, is R-linearly convergent in the sense of(3.1).

(i) There exists a constantCiy; > 0 such that

R
a% Ci a forall * 2 No:
T0="4q
(iii) There exist constants€ > 0 and 0 < 1, and a function D : Np ! (1;+1)
satisfying D(N) €N such that
N

a% D(N)a® forall ;N 2 No:

NV

3.2 Generalized error quantities

In the AFEM literature, starting with [CKNSO08], the convergence analysis is typically
based on combined error quantities consisting of both the energy error and the (scaled)
error estimator, the so-calledquasi-errors. In this section, we introduce three quasi-error
quantities in an abstract setting that will be used in the analysis throughout the rest of the
thesis. We establish that these quasi-errors are stable under mesh re nement and prove
that they are pairwise equivalent. This equivalence indicates that, in principle, the specic
choice of the quasi-error is not essential, since the aim is to establish their convergence to
zero and quantify the corresponding convergence rate. However, certain quasi-errors are
particularly well suited for speci ¢ arguments and may even be necessary for the underlying
proof strategy to succeed. Others involve only discrete quantities and can therefore be
computed directly, making them naturally suited for use in numerical algorithms.

De nition 3.7. Let Ty 2 T, Ty 2 refine (Ty), and vy 2 Xy X . For scaling factors
;> O that are to be xed later, de ne the (generalized)quasi-errors

Ho(vh) = Ui vaj + n(W); (3.11)
hvh) = ju? wej?+ nve)? 5 (3.12)
h(VH) = jup Vel + (k) (3.13)

Here, uﬁ 2 X, denotes the exact discrete solution to probler2.7), while u? 2 H3() denotes
the exact solution to the continuous problen{2.4).

Remark 3.8. The scaling factors ; > 0in (3.12) (3.13) will be chosen later in the
convergence analysis. The choice will depend on the speci ¢ algorithm under consideration
and will ensure that a contraction of the corresponding quasi-error can be proven. For this
reason, we work with arbitrary scaling factors in the present section and postpone the use of
concrete values to the later analysis.
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3 Theory of R-linear convergence

Remark 3.9. Let Ty 2 T be a given mesh, and lety 2 Xy be an approximation of the
Galerkin solution u?H 2 Xy of problem (2.7). Such an approximation typically arises from
an iterative solver. Then, the quasi-errorHy (vy ) decomposes as

Hu (Vi) = jufy . vai + uy?
HOVH) = Ui vl v e
algebraic error  discretization error

Therefore, the quasi-error is a natural error measure for AFEM with inexact solvers, as it
accounts for both the algebraic error and the discretization error. Note that both summands
involve the (unknown) exact discrete solutioru/,, which will never be computed in a practical
AFEM algorithm with inexact solver.

Lemma 3.10 (pairwise equivalence) Suppose(Al), (A3), and the validity of the Céa
lemma (2.9). Then, there exist constantsCs; C,; C3; C4 > 0 such that, for all Ty 2 T and
vy 2 Xy, the following equivalences hold:

C;' H(vH) Hu(vu) C2 n(Vh); (3.14)
Cst H(vh) H(VH)  Ca H(vh): (3.15)
The constants Cq1; C, depend only onCgy and . The constant C3 depends only on
Ccéa; ,and , while C4 depends only onCgtap; Cre;  , and
Proof. Stability (A1) gives
(A1) - - )
H(VH) I+  Csan)iuif val+  w(uj) maxtl+  Cgap;  gHH(VH);

which proves the lower bound in (3.14) withC; =maxfl+ Cgqp; 0.
An analogous argumentation yields

(A1) ) ]
Hy(vi) 1+ Cswb)JUS VI + 1 (VA)

maxf1+ Csap;  '9dU4  VHi+  H(vH) =maxfl+ Csan; ‘g H(VH):

This establishes the upper bound in (3.14) withC, := maxf1+ Cgap; 0.
The Céa lemma (2.9) shows that

(2.9)
jui o vei § U Ui+ vkl (Ceeat DU i (3.16)

This and a Cauchy Schwarz inequality in R? prove

(3.16) o )
H(VH) (Ccsat1)ju” wvuj+  n(vh)
maxf Ccea + 1; giu® owai+ 7 h(we)
p - = - - =
2maxf Ccga +1; Pgju’ owil+ a2
Hence, the lower bound in (3.15) holds withC3 = P 2maxf Ccea+ 1; 1:29.
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3 Theory of R-linear convergence

Stability (A1) and reliability (A3) imply

) .. L _(A3) ) ]
Ju? o ovei § W Wi+ iui vl Gl m(UR)* JUL VK]
(A1) . )
Crel H(VH)*+(CstabCrel +1) Juy  VHJ:

(3.17)

This shows

Hva)  § U7 owei+ P (k)
(3.17) . 5 . 1=2
(CstabCrel + 1) ju;  VH] +(Crel + ) H(VH)

maxf CstabCrel + 1; (Crel + 1:2) lg H(VH)

and concludes the proof of the upper bound in(3.15) with C4 := maxf CgigpCrel + 1; (Crel +
1=2 1
) 0. O

Lemma 3.11 (stability under mesh re nement). Suppose(A3) and (QM). There exists
a constant Cy 1 such that, for all meshesTy 2 T, all vy 2 Xx, and all re nements
Th 2 refine (Ty), it holds that

Hh(Vi)  Ciwi Hu (vh): (3.18)

The constant Cy,, depends only onC,g; and Cron. In particular, by the pairwise equivalence
established in Lemma 3.10, the quasi-errorsy and  are also stable under mesh re nement
in the sense of (3.18).

Proof. From quasi-monotonicity (QM), it follows that

- 2 - 2 QM) - 2 - 2
Ha(vi) = Jun  vel + n(up) Cmon JUp  VHI + H(Uf)
Cmonju’ri U?Hi+iUE| VH] + H(Ua) = Cmoniuﬁ u?Hj"'HH(VH) :
To bound the remaining termju?  uf; j, we use reliability (A3) and quasi-monotonicity (QM)
to deduce
) o o _(A3)
JIEORVE'S S ITERNNES [ TVERTYY B oM (T Y (1Y
QM) ,
Crei(1+ Cron) H(UG)  Creil(1+ Cmon)HH (VH):

The combination of the previous two estimates results in
Hh(VH)  Cmon Crel(1 + Cmon) + 1] Hu (VH):

This concludes the proof of (3.18) withCy; = Cron Cret(1+ Crion) +1] Crmon 1. O
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3 Theory of R-linear convergence

3.3 Criteria for R-linear convergence of quasi-errors

In this section, we present abstract criteria that guarantee R-linear convergence of quasi-error

sequences, such &s (v+))2n, for v» 2 X+, associated with a sequence of successively re ned
meshesT-. The analysis is based on three key assumptions:

(1) The error estimator - satis es the axioms of adaptivity (A1) (A4).

(2) The re ned elementsT- nT-4; satisfy the Dor er marking criterion with bulk parameter
0< 1

(3) The discrete functionsv- 2 X+ are su ciently close, in a suitable sense, to the exact
discrete solutionsu? 2 X of problem (2.7).

These assumptions are formalized in Theorem 3.14 and Theorem 3.15.
The following lemma provides a re ned version of [BFM 25, Lemma 1]. Its proof is based

on Corollary 3.6 and is speci cally formulated for the application of quasi-orthogonality (A4)
to quasi-error sequences.

Lemma 3.12 (tail summability criterion) . Let (a')2n, and (b) 2n, be scalar sequences in

R . Suppose there exist constant8<qg< 1, 0< 1, and C > 0 such that
%N
ay; Qga+b and % C(N+1)! a® forall ;N 2 No. (3.19)
o

Then, the sequencda ) 2y, is tail summable, i.e., there exists a constanCi, > 0 such that

R
ao Cigy a forall ® 2 Ng: (3.20)

N

The constant Cyy; depends only ong; , and C. In particular, the sequence(a ) 2n, IS
R-linearly convergent in the sense of(3.1).

Proof. Choose" > 0 su ciently small such that 0<q- = (1+ ") < 1. The application of
the perturbed contraction (3.19) and the weighted Young inequality gives

(3.19)
a%,, 1+ ")fal+(1+ " Y =qga®+@+ " H? forall * 2 No. (3.21)

Using this estimate together with the summability of (b ) 2, from (3.19), it follows that

XN R O (3.21) L R O
a%h= a’+ a1 a? + qab+@+ " b (03}
- - . -
(3.19) 1
1+(@1+ " HCNY a2+ g a%:
-
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3 Theory of R-linear convergence

Rearranging the terms, this yields

XN + + w1 1
2 1td SL D(N)a? forall ;N 2 No.
o 1 q

Since there exists a constant® > 0 such that D(N) €N?! for all N 2 Ng, Corollary 3.6
concludes the proof of (3.20). O]

Remark 3.13. Compared to [BFM" 25, Lemma 1], Lemma 3.12 is formulated under weaker
assumptions. Speci cally, [BFM" 25] imposes an additional condition on the sequences
(a)'2n, and (b)-2n,, requiring the existence of a constanM > 0 such that

bi:n Ma- forall ;N 2 Ng.

This condition is used in [BFM™ 25] to guarantee that the sequend@: ) 2, iS quasi-monotone.
However, in the present analysis, this assumption turns out to be redundant: As detailed in
Remark 3.5, quasi-monotonicity is not needed for the applicability of Lemma 3.4 and hence,
also not for Corollary 3.6, which provides the foundation for the proof of Lemma 3.12.

The next result is tailored to AFEMs employing contractive solvers with nested iteration.
The proof builds on Lemma 3.12 and generalizes arguments that are implicitly found in the
proof of [BFM™ 25, Theorem 2].

Theorem 3.14. Suppose(Al), (A2), (A3), (A4), and (QM). Let 0< land0< Qe <
1. Let (T-)2n, be a sequence of successively re ned meshes, i.€.1 2 refine (T) for all
" 2 Np. Suppose that the discrete functions: 2 X+ satisfy the Dor er marking criterion

(V)2 (T'nTa;v)?2 forall * 2 Ng: (3.22)

Furthermore, assume contraction with respect to the exact solutionlsx?+l 2 X4 of (2.7)in
the sense that

ju?yy, v G du’,  vj forall 2 Ng: (3.23)

Then, there exists a scaling factor > 0 such that the corresponding sequence of quasi-errors
*(v), de ned in (3.13), is R-linearly convergent, i.e., there exist constantCj, > 0 and
0<Qjn < 1 such that

+n(V+n)  Cin Qi ~(v:) forall ;n 2 No: (3.24)
The constants ;Cii,, and gin depend only ongy; , and the constants in (Al) (A4),
(QM).
Proof. Due to the D6r er marking criterion (3.22), estimator reduction (2.20) applies to v-.
Combined with contraction (3.23), this gives

(2.20) ) )
+1(Va1) Gest (V') + Csap JV°  Vou1]j
Gest *(V')+ Cstap JUTy VI +JU%  Voua] (3.25)
(3.23) o ]
Gest “(V)+(1+ Getr)CstabjUyy V]!
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3 Theory of R-linear convergence

Choose the scaling factod < lsuchthat0< g = maxf g +(1+ Getr )Cstab  ; Gestd < 1.
With this choice, contraction (3.23) and estimate (3.25) lead to
o, ) (3.23) . )
w1 (Ver) = JUy vt 1 (V1) Octr JU-yg V'] F w1 (Ve1)
(3.25) .- . (3.26)
Getr + (1 + Octr)Cstab IVia VIt Gt (V)
qiuy Vit (v):
Dene b = gju?,,; u?J. Then (3.26) implies
(326) )
w1(ve1)  qjuly vt o(v)
aju’ vi+ () +aivdy ui=g (v)+ b
Moreover, stability (A1), reliability (A3), and quasi-orthogonality (A4) yield
XN XN (A4) (A3)
b jul,, u%j? . N+ ju? Wiz (N+D)T O (u?)?
o~ o
(A1)

N+ )+ ju’ w2 (N+DT (v)&

Altogether, the sequences -(v-) and b satisfy the assumptions(3.19) of Lemma 3.12. Hence,
Lemma 3.12, combined with Lemma 3.3, concludes the proof of (3.24). O

As discussed in Remark 2.9, the Pythagorean identity2.10) is a stronger property than
guasi-orthogonality (A4), but holds only in the symmetric setting whereb =0 in (2.1). The
following result exploits this identity to strengthen Theorem 3.14 in the symmetric setting
by establishing linear convergence of the quasi-errof ) de ned in (3.12). The proof is
based on [FP18, Lemma 8].

Theorem 3.15. Suppose thatb =0 in (2.1), so that the Pythagorean identity(2.10) holds.

Suppose(Al), (A2), and (A3). Let 0< land0<qcr < 1. Let (T') 2N, be a sequence
of successively re ned meshes, i.e.T-4; 2 refine (T-) for all © 2 Ng. Suppose that the
discrete functionsv- 2 X- satisfy the D&r er marking criterion

(v)2 (TnTag;v)? forall ™ 2 No: (3.27)

Furthermore, assume contraction with respect to the exact solutionlsx?+1 2 X4 of (2.7) in
the sense that

jul,  vea1i? e ju’y  vj? forall t 2 No: (3.28)

Then, there exists a scaling factor > 0 such that the corresponding sequence of quasi-errors
*(v+), de ned in (3.12), is linearly convergent, i.e., there exists a constanD < q;, < 1
such that

+1(V41)  Qin c(v) forall ® 2 Ng: (3.29)

The constants  and g, depend only onCgiap; Ged; Crel; Getr» @nd
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3 Theory of R-linear convergence

Proof. The proof is divided into four steps.
Step 1. From the Pythagorean identity (2.10) and (3.28), it follows that

D2 :2@10). o o Lo o 2 22
Jus Vgt = U Ut U V)
(210). 2 -2 - - . -
=Uju? vi? j v gt july vaj? (3.30)
(3.28) _2 o _2
Ju vt @ Ge)iutr v

Using the Pythagorean identity (2.10), stability (A1), reliability (A3), and (3.28) leads to

- - 2(2.10) . - - -
[TTRENRVORE LAy TTLRNNTENY LS ITIMERVONY

(A3) ) )
Cr2e| T+l (U?+1 )2+ U‘?+1 Viij?

Al (3.31)
(A1) 2 2 2 2 \ii? =2
2CreI T+l (V‘+1) + (1 +2 Cstab Crel)] Usiq AARSN |
(3.28) 2 2 2 2 = ? 2.

2Cl +1 (V+1) + (142 C4apCle)Gorr JUY V]~

SetC;=(1+2 C2_,C2)o and let 0<" < 1 be a parameter to be xed later. From (3.30)

stab “rel
and (3.31), one obtains
iU ovai®=@ iV vt i v’
@ " viz @ q)iudy  vj?
+"2CEH i (var)?H Cijudy vl (3.32)
=1 Mju® vi® (@ " Gu) "Cijuly  vj?
+2"C2y i1 (Ve1)?
Step 2. Let > 0 be a parameter to be xed later. Stability (A1) together with Young's
inequality and (3.28) yields

(A1) } }

w1 (va)? (@ ) (W) @A+ HCZpiviar V2
A+ ) ()2 + @+ H2CLW0 v+ july vid)
(3.28) ) i
A+ ) (W)?+ @+ H2CZ0+ qu)ivdy vz

SetC, = ZCSZtab(l + ey ). Due to the Dé6r er marking criterion (3.27), estimator reduc-

tion (2.19) from Lemma 2.7 gives ‘411 (V')  Gest *(v*). Combining this with the previous
estimate, shows that

w1(va)? 1+ ) (v)EP+A+ DG, v (3.33)
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Step 3. Let > Oto be xed later. From (3.32) and (3.33), it follows that

- 9 -
w1(va)? = Ju? ovegjie w1 (Ve )?

(3.32) 5

@ "Mju’ viZ (@ " gr) "Cijuly  Vij
+(2 "Crzel + ) “+1 (V‘+1)2

(3.33) ) ) § o )
@ Mju’ vz @ " gw) "Cpjuiy  vij?

R'Coy+ ) @+ ) (WP+A+ HCuL, v
= (1 vt vift+@Chy D e (v)°
(I M@ &) "Ci @CHy+ N+ HCjuly vi*

De ning

q;; ) =@'ChH O THD(A+ )y
M5 )=@Q@ "Y1 o) "Ci (2C&4+ )1+ YHCy

the previous estimate reads

s (ve)? (@ MU vty ) ()P M ) juy v (3.34)

Step 4. First, choose > 0 su ciently small such that (1+ )2, < 1. Then choose

> 0 suciently small such that C3 = (1 ) (L+ 1HC, > 0. These choices

ensure thatlim- oq(";; )=(1+ )y < landlim- oM(";; )= Cz> 0. Hence, we

can choosé' > 0 su ciently small such that 0< &, = qg(";; )< landM(";; )>0.
With these choices of"; ; > 0, estimate (3.34) yields

(3.34) ) )
1 (Vern )2 @ Mjv’ vif+gn  (v)? maxl "egng -(v)*

This concludes the proof of (3.29) withg;, = (maxfl " eng)i2 < 1 O
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4 Algorithm A: S-AFEM

In this chapter, we analyse theS-AFEM algorithm. It consists of the repeated application of
the nite adaptive loop of the smoothed adaptive nite element method S-AFEM) proposed
in [MGH21]. While the original method was designed and studied through numerical
experiments, we provide a rigorous convergence analysis of the resulting in nite S-AFEM
loop. In particular, we prove full R-linear convergenceof the generated quasi-error sequence.
The structure of this chapter is as follows. Section 4.1 provides a review of the concept
and motivation behind the method proposed in [MGH21]. Based on this, Algorithm A
is introduced in Section 4.2. In Section 4.3, we establish full R-linear convergence of the
guasi-error sequence under the assumption that the smoother is uniformly contractive.
Finally, Section 4.4 extends this result to the case of uniformly stable smoothers.

4.1 The S-AFEM step: concept and algorithmic structure

In [MGH21], a variation of AFEM, called S-AFEM, is proposed. The main objective is to
construct a sequence of successively re ned meshes that automatically adapt to local features
of the solution, such as singularities. This should be achieved at a signi cantly reduced
computational cost compared to classic AFEM. We brie y outline the method below.

Classic AFEM begins with an initial coarse meshTy 2 T and iteratively applies the
following adaptive loop:

SOLVE ESTIMATE MARK REFINE

In the "-th iteration, given the mesh T- 2 refine (T ), the Galerkin solution u? 2 X-
of problem (2.7) is computed onT- (SOLVE Then, for each elementT 2 T-, a posteriori
re nement indicators - (T;u?) are computed to estimate the local contribution of the
discretization error ju’ u?j on the elementT (ESTIMATEBased on these indicators, a
subset of elements with comparatively large contributions is selected for re nementNJARK
Finally, a re ned conforming mesh T-+1 is generated by re ning (at least) the marked
elements REFINIE

The computationally expensive part of this loop is theSOLVIEtep, since the linear systems
cannot be solved with linear complexity and their conditioning deteriorates for highly graded
meshes. A common strategy to reduce the computational burden is to approximate? by
an inexact solutionu- 2 X+ using an iterative solver. In this setting, an algebraic stopping
criterion needs to be employed. Such criteria have already been employed and analysed in
early contributions such as [Ste07; CG12]. In particular, in more recent works [GHPS21;
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4 Algorithm A: S-AFEM

BFM " 25], it has been shown that introducing a stopping criterion for the iterative solver
that balances the algebraic error with the discretization error yields full R-linear convergence
and even rate-optimality when the adaptivity parameters are su ciently small.

S-AFEM follows an even more economical strategy in theSOLVEtep than [GHPS21;
BFM™ 25]. In practical computations, the adaptive loop is terminated afterL 2 N iterations,
once a user-prescribed stopping criterion is met. Usually, only the nal approximation
u_ is of interest, while the intermediate approximationsu- for 0 < L serve only to
guide the mesh re nement and are not retained. As numerically observed in [MGH21],
classical residual-based a posteriori error estimators appear to be predominantly sensitive
to high-frequency error components. Exploiting this, the authors propose the following
strategy: Perform an accurateSOLVEN the initial mesh Ty. On all intermediate levels
0< <L , carry out a prolongation followed by the application of a smoother EMOOTJH.e.,
the previous iterate u- ; is prolongated to the current mesh and then updated using a xed
number of iterations of a smoother. This aims to reduce high-frequency error components.
On the nal mesh T,_, again an accurateSOLVEtep is performed. From the perspective
of iterative multilevel solvers, this approach resembles the ascending phase of a V-cycle
multigrid method. We refer to this procedure as anS-AFEM step of step lengthL. Here,
an S-AFEM step refers to the entire procedure from on&SOLVHEo the next: starting with
SOLVIBN the initial mesh, followed by L 1 levels of SMOOTENding with a nal SOLVHts
schematic structure is illustrated in Figure 4.1.

SOLVE ESTIMATE MARK REFINE SOLVE

SMOOTH

Figure 4.1: S-AFEM step

The general algorithmic realization of a single S-AFEM step is outlined in the following
algorithm.

Algorithm A (S-AFEM step [MGH21, Algorithm 2.1]). Given an initial mesh Tp, a num-
ber of smoothing iterationsK 2 N, and a step lengthL 2 N, iterate the following steps for
T=0:::L 1
(N if * =0 then
SOLVECompute a high-accuracy (or exact) approximatiorud 2 X to the discrete
Galerkin solution ug 2 X of the linear system(2.7). Setk[0]:=1.

else
SMOOTHFor all k =1;:::;K, computeu¥ := ~(u¥ 1), where - :X:-1X -isan
iteration function of a smoother for the linear system(2.7). Setk['] = K.

end if

(I) ESTIMATECompute the re nement indicator -(T; u‘K”) from (2.14)forall T 2 T-.
(11 MARKDetermine a setM - T - based on the values of-(T; ukl ]).
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(IV) REFINE:GenerateT-;; = refine (T-;M -) by re nement of at least allT 2M - and
setu?,, = ufl],

Upon termination of the preceding loop, compute a high-accuracy (or exact) approximation

u. 2 X to the discrete solutionu} 2 X of (2.7) with the desired algebraic accuracy.

Remark 4.1. We note that the formulation of Algorithm A deviates slightly from the
presentation in [MGH21, Algorithm 2.1]. Speci cally, our version includes theESTIMATE
MARKand REFINEsteps also on the initial mesh, which appear to have been unintentionally
omitted in the original formulation.

The central idea behind Algorithm A is that although the intermediate approximations
might be algebraically inaccurate, they still yield e ective re nement indicators to generate
meaningful adapted meshes. On the nal mesh constructed in these intermediate steps

one performs an accurate solve, yielding a solution of comparable quality to that of
classical AFEM, but at signi cantly lower overall computational cost. That is, although
the intermediate solutions may be inaccurate, they serve their purpose in guiding the
mesh re nement. In [MGH21], the authors validated the e ectiveness of this strategy with
extensive numerical experiments for a variety of second-order elliptic problems in two and
three dimensions.

4.2 Formulation of the algorithm

As described in Algorithm A, a single S-AFEM step terminates after a xed number of
iterations, where the step lengthL is ideally chosen so that the nal approximation satis es a
given accuracy requirement. However, the step length required to achieve a prescribed error
tolerance is, in general, not known a priori. Furthermore, determining it a posteriori is also
infeasible unless appropriate stopping criteria are imposed on the smoother to ensure control
over the algebraic error. Nevertheless, numerical experiments in [MGH21] demonstrate
that even a single S-AFEM step leads to highly e cient mesh adaptation. This naturally
motivates the idea of performing multiple S-AFEM steps in succession. This is the core idea
behind the formulation of Algorithm A, which we introduce in the following.

Repeated application of the S-AFEM step from Algorithm A (with xed step length L)
leads to what we refer to as theS-AFEM loop, which is illustrated in Figure 4.2.

SOLVE ESTIMATE MARK REFINE

SMOOTH
Figure 4.2: S-AFEM loop

This loop generates an in nite sequence of successively re ned mesh€s)-,y,, starting
from an initial mesh Ty. For a xed step length L 2 N, we distinguish the mesh levels
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4 Algorithm A: S-AFEM

according to their position within each S-AFEM step. The set ofexact levelsis de ned as
LNg=f 2 Npj = jL for somej 2 Ngg;

consisting of all levels that are multiples ofL. The remaining levels™ 2 No nLNp are
referred to asintermediate levels On exact levels, theSOLVEnodule is executed, whereas
on intermediate levels, theSMOOTHodule is applied.

We impose the following assumptions on the ve modules of the S-AFEM loop (Figure 4.2):

SOLVEThe discrete variational formulation (2.7) is solved exactly, instead of only
to high accuracy as above. The treatment of iterative solvers will be addressed in
Chapter 6.

SMOOQOTHhe approximation is obtained by applying a xed number K 2 N of smooth-
ing iterations. To that end, it is assumed that, for every meshTy 2 T, an iteration
operator y: Xy ! X 4 is available, corresponding to a smoother for the discrete
problem (2.7). In Section 4.3, the smoother is assumed to satisfy the uniform con-
traction property (UC), whereas in Section 4.4 only the weaker uniform stability
condition (US) is required.

ESTIMAT.EEach meshTy 2 T is equipped with an a posteriori error estimator satisfying
the axioms of adaptivity (A1) (A4) and (QM). This includes the residual-based error
estimator from (2.14) associated with the general elliptic PDE (2.1).

MARKDOGr er marking [Dor96] is used to select elements for re nement.

REFINENewest-vertex bisection (NVB) is applied (cf. Section 2.2).

Under these assumptions, we arrive at thes-AFEM algorithm, formally stated in Algo-
rithm A.

Algorithm A (S-AFEM). Given an initial mesh Ty, a number of smoothing iterations
K 2 N, a step lengthL 2 N, and adaptivity parameters0 < land Chak 1, iterate
the following steps for all' =0;1;2;3;::::
() if 2 LNg then
SOLVECompute exact solutionu? 2 X to (2.7), setu® := u? andk[']:=1.
else
SMOOTHFor all k =1;:::;K, computeuk = -(uk 1). Setk[']:= K.
end if
(1) ESTIMATECompute re nement indicator ~(T; u\K[‘]) forall T2T-.
(1 MARKDetermine a setM - T - with up to the multiplicative factor Cpax minimal
cardinality satisfying the Dor er marking criterion \(u‘m)z (M \;u\“‘])z.
(IV) REFINE:GenerateT-,; = refine (T-;M -) and setu?,, = ukll,
As usual in adaptive algorithms with inexact solutions, see for instance [BFM 25], we
de ne the index set

Q="1(C;k)2 NSj uk 2 X- is de ned in Algorithm A g

44



4 Algorithm A: S-AFEM

equipped with the partial order
C*kY (k) 20 u% is de ned not later than u¥ in Algorithm A :
Additionally, the total step counter is given by
jGRj=#10%92Qj (%KY (Gk)g forall (k) 2Q:

We note that jj: Q! N de nes an order-preserving bisection, so that all results from
Chapter 3 can be applied to sequence(sa'\‘)(\;k)zQ. To simplify notation, we write k = K[']

whenever the index is clear from the context, e.g.,u\K instead of u¥!l.
Utilizing the quasi-errors introduced in De nition 3.7, we de ne, for all (";k) 2 Q, the
quasi-error sequences

HE= H(u9 = ju? u+ ),
SN (O LR (TR CR N (T G “n

N COES [T RO}

Among these,H* will serve as the central error measure. It consists of the algebraic error
ju? u¥j and the discretization error estimator - (u?), which, by reliability (A3), provides an
upper bound for the discretization errorju?  u?j up to the constant C,,. The quasi-errors

Kand ¥ will serve as auxiliary quantities.

4.3 Proof of full R-linear convergence for uniformly contractive
smoothers

In this section, we prove full R-linear convergence of the quasi-error sequen(:ldl‘)(~;k)2Q

generated by Algorithm A, under the assumption that the smoother satis es the uniform
contraction assumption(UC). Recall that this ensures the existence of a constart < qag < 1,
independent of the mesh, such that

jui (Wi qugju’ v forallt 2 Nojve 2 X-:

Under this assumption, Algorithm A falls within the scope of the abstract convergence
theory developed in Section 3.3. The use of Dor er marking in Algorithm A(lll), combined
with the uniform contraction property (UC) of the smoother, ensures that Theorem 3.14 is
applicable. Consequently, we obtain R-linear convergence of the nal iterates in the sense of
the following proposition.

Proposition 4.2 (R-linear convergence of nal iterates in Algorithm A under (UC)).
Suppose that the smoother satis egUC) and that (A1) (A4) and (QM) hold. Let K;L 2
N;Cmark 1, and 0 < 1 be arbitrary. Then, the quasi-error sequenceb-lxK associated

with the nal iterates u generated by Algorithm A is R-linearly convergent, i.e., there exist
constantsCji, > 0 and 0 < (jin < 1 such that

H\%n Ciin Gin HS for all :n 2 No: 4.2
The constantsCjiy ; Gin depend only ongag; , and the constants in(Al) (A4) and (QM).
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Proof. Let * 2 Np. If " +1 2 NonLNg is an intermediate level, then by Algorithm A(l)
k['+1] = K and U‘K+1 is obtained from K steps of the smoother with initial guessu9+1.

Hence, nested iterationu®,, = u¥ and the uniform contraction property (UC) yield
" ko U9 o 0 - K =2 ks c 2 ks
Juyg U GaigJU 1 Utyg ) = CggdUiyy U] GaglUyg U
If *+1 2 LN is an exact level, the algorithm guaranteess,, = ul,, = u?, and thus
ju?+1 u5+1j = 0. In either case, we conclude that

L2 k- L2 ks . .
Juh U] Cagiufy;  uj forall m 2 No:

Moreover, according to Algorithm A(lll), the set M+ T -nT; satis es the Dor er marking
criterion

(WH2 M2 (Ton T U

Altogether, the sequenceu\K 2 X, together with the corresponding mesheg-, satis es the
assumptions(3.22) (3.23) of Theorem 3.14. Applying Theorem 3.14, choose a scaling factor
> 0 such that the sequence of quasi-errors\K de ned in (4.1) is R-linearly convergent,

i.e., there exist constants€;, > 0 and 0 < qji, < 1 such that
Yo Cindl, © forall ;n2 N
“rn in i, - forall ;n 0:
The constants €jin;gin, and > 0 depend only ongyg; and the constants of (A1) (A4)

and (QM). Finally, by Lemma 3.10, it holds that K+ H¥ with hidden constants depending
only on Cgap and . This establishes (4.2) and concludes the proof. O

The following result extends the R-linear convergence from Proposition 4.2 to the entire
quasi-error sequence(Hk)(x;k)zQ. This is known as full R-linear convergence and was
introduced in [GHPS21]. The key ingredient in the proof is the quasi-monotonicity ofH¥ in
both * and k.

Theorem 4.3 (full R-linear convergence of Algorithm A under (UC)). Suppose that the
smoother satis es (UC) and that (A1) (A4) and (QM) hold. LetK;L 2 N;Cmnak 1, and
0< 1 be arbitrary. Then, Algorithm A guarantees that the full quasi-error sequenceit
is R-linearly convergent, i.e., there exist constantC;; > 0 and 0< ;i < 1 such that

HE CingM CRUHE for all (K95 (5k) 2Q with jCOK9j | (5K)i:  (4.3)

The constantsCii ; gin depend only onK; qaqg; , and the constants in(Al) (A4) and (QM).
Speci cally, there exists a constantC > 0 that depends only orgayg; ; C mon, and the constants
in (A1) (A4) and (QM), but is independent ofK , such that

Cin KC+1 and g, (1+(KC)?H L
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4 Algorithm A: S-AFEM

Proof. The proof is divided into 4 steps. Throughout, we will use the shorthand exclusively
when the implicit constant is independent of the parametersK and L, in order to make
their in uence explicit.

Step 1 (tail summability of HX in ). According to Proposition 4.2, the quasi-error

sequencel—LK associated with the nal iterates u® is R-linear convergent. Hence, Lemma 3.3
yields tail summability of HY, ie.,

b3

HY . HE forall > 2 No: (4.4)
NN
The hidden constant depends only org,g; , and the constants in (A1) (A4) and (QM).
Step 2 (stability under mesh re nement). Due to nested iteration u® = u® 1 the
stability estimate (3.18) from Lemma 3.11 proves that
0 . L (18 y ‘
HY = H-(u* ;) H q(u= ;)= H-; forall "2 N: (4.5)

The hidden constant depends only on the constants in (A3) and (QM).
Step 3 (monotonicity in k). Consider rst the case that = 2 LNg is an exact level.
Then Algorithm A(l) guarantees k['] =1 and u! = u?. Hence, it follows that

Hi= ~?) ju? uWj+ W)= H® forall * 2 LNo. (4.6)
In the other case that™ 2 Ng nLNg is an intermediate level, the algorithm ensures that

k['1= K, and u¥ is computed usingK steps of the smoother with initial guessu®. Therefore,
forall 0 k k% K, the contraction property (UC) yields

(UC)
HC = ju? o+ () (qug)® ju? ufj+ ~(u?) H< forall 2 NonLNo.
4.7)
The combination of (4.6) (4.7) yields monotonicity of H in k, i.e.,
H¢ H¢ forall0 k Kk° k[]and 2 N (4.8)
Step 4 (tail summability in " and k). Sincek[] K, itfollows from (4.4), (4.5), and
(4.8) that
X X1 X K (4.8) b
HYS = HE + HS K HE+ (K +1) H
(%k92Q k0= k+1 0="+1 k0=0 0="+1
jCOK9j> (k)i
(4.5) ) R . ’ ‘ R ‘
KH"+ (K +1) Ho ;= KHY+ (K +1) H+ H%
‘g o aq
(4.4)

(4.8)
KHE+2(K + 1) HS S (BK +2)HE . K HE:

Let C > 0denote the hidden constant in the above estimate, which is independent ¢f . This
estimate veri es the tail summability condition in Lemma 3.3 with Ci = CK. Applying
the lemma yields R-linear convergencé€4.3) with constants Cj, Ci) +1= KC +1 and
gn (1+C.}) 1=(@+(KC) 1) 1 This concludes the proof. O

tail
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Remark 4.4. The full R-linear convergence established in Theorem 4.3 is parameter robust,
meaning that Algorithm A guarantees full R-linear convergence of the quasi-error for any
choice of input parameterskK;L 2 N;Cmark 1, and 0< 1.

An immediate consequence of Theorem 4.3 is the following result, which guarantees the
convergence of Algorithm A.

Corollary 4.5 (convergence of Algorithm A under (UC)). Under the assumptions of
Theorem 4.3, the sequencel 2 X- generated by Algorithm A converges to the solution
u?2 H§() of (2.4).

Proof. From Lemma 3.10, it follows that % . HX with a hidden constant depending only

on Cstan; Crel;  , and . Therefore, R-linear convergence (4.3) implies
(314)&(3.15)  (4.3) NN )
jwoui o HC T Cp gt Ty 1O g
which concludes the proof. O

The following result shows that if the error estimator vanishes on an exact level, then the
exact solution u” is discrete.

Corollary 4.6. Suppose that the assumptions of Theorem 4.3 hold. Suppose that there exists
an exact level o 2 L Np such that \o(u\KO) =0. Then, forall (;k) 2Q with j(";k)j | (o;Kk)j,

it follows that H¢ = 0. In particular, for all (;k) 2 Q with j(;k)j j (o;k)j, Algorithm A
guarantees thatu = u?=u’, M- =;,and T- = T,.

Proof. Since g 2 LNg is an exact level, Algorithm A(l) guaranteesu\K0 = u?o. By assumption,
H% = \O(u?o) = \O(uxko) = 0. R-linear convergence(4.3) implies H = 0 for all (";k) 2 Q
with j(;K)j | (CoiK)j.

Let© "g. Since H =0, it follows that ‘(u\K) = 0. According to Algorithm A(lll), M -
is a set of quasi-minimal cardinality satisfying the Dor er marking criterion

(WH2 (MU

Since \(u‘K) = 0, the only such set with quasi-minimal cardinality is the empty set, and
consequentlyM - = ;. Hence, no re nement occurs in Algorithm A(lV) yielding T- = T-,.
Finally, given (";k) 2 Q with j(;k)j j (o;K)j, the identity H¢ = 0 implies that uX = u?.
From reliability (A3), it thus follows that

. k- - 2 ?= (A3) 2
ju’ uj=ju’ Uyl . ~(u) H-=0:

This gives uk = u? = u? and concludes the proof. O
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4 Algorithm A: S-AFEM

4.4 Proof of full R-linear convergence for uniformly stable
smoothers

In this section, we establish full R-linear convergence of the quasi-error sequence generated
by Algorithm A under the assumption that the smoother satis es only the uniform stability
assumption (US). That is, there exists a constantCyg > 0, independent of the mesh, such
that

ju  (w)j Cagju’ wvj forall>2Ngandv 2X-:

Unlike the case of uniform contraction from Section 4.3, the abstract convergence result of
Theorem 3.14 is not directly applicable under the weaker assumptiofUS). Nevertheless,
we will show that it still applies to the nal iterates on the exact levels LNp. This is made
precise in the following proposition.

Proposition 4.7  (tail summability on exact levels in Algorithm A) . Suppose that(Al) (A4)
and (QM) hold. LetK;L 2 N, Cpak 1, and0< 1 be arbitrary. Then, the quasi-error
sequencei—l\K associated with the nal iteratesu® generated by Algorithm A is tail summable

on the exact levels, i.e., there exists a constar@iyj > 0 such that
X
HY  Cui H¢ forall * 2 LNo: (4.9)

"2 L Ng
\0>\

The constant Ci; depends only on and the constants from(Al) (A4) and (QM).

Proof. Let v; = quL 2 Xj_ forj 2 No, and consider the corresponding mesheg, . Each
index jL corresponds to an exact level, i.e.jJL 2 LNg. SinceM . T nT+
TiL N T +1) L, Algorithm A(I11) yields

k k k
L) L Mysup)? (T n Ty o ug )™
Moreover, as ensured by Algorithm A(l), exact levelsjiL 2 LNg guaranteek[jL]=1 and
Ui = ui . In particular, v = uf forall j 2 No.
Overall, the sequencev; 2 Xj_, together with the corresponding mesheg;, , satisfy the
assumptions(3.22) (3.23) of Theorem 3.14. Applying Theorem 3.14, there exists a scaling

factor > 0 such that the quasi-error sequence}{ de ned in (4.1) is R-linearly convergent
with respect to j. Lemma 3.3 thus implies tail summaubility, i.e.,

X
jKOL . JK,_ for all j 2 Np;
jo=j+1
or identically,
X k k N
. ~ forall ® 2 LNpg:
"2 L Ng
foor

The hidden constant and the scaling factor > 0 depend only on and the constants
from (A1) (A4) and (QM). Finally, Lemma 3.10 yields K+ HE with equivalence constants

depending only onCgap, and . This proves (4.9) and completes the proof. O]
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Proposition 4.7, together with quasi-monotonicity properties of the quasi-erroH¥ in both
" and k, allow us to extend the R-linear convergence to the entire quasi-error sequence.
Compared to Theorem 4.3, where the constants are independent &f, under the weaker
assumption(US) on the smoother, the constants in the present result may grow exponentially
with L. This is made precise in the following theorem.

Theorem 4.8 (full R-linear convergence of Algorithm A under (US)). Suppose the smoother
satis es (US) and that (A1) (A4) and (QM) hold. LetK;L 2 N, Chark 1, and 0< 1
be arbitrary. Then, Algorithm A guarantees that the full quasi-error sequencel€ is R-linearly
convergent, i.e, there exist constant, > 0 and 0< q;, < 1 such that

HE Cin (R CHNE for all ((CK9); (k) 2 Q with jCCKOj | (3K)j:  (4.10)

The constants Cijin; gin depend only onK;L; ;C 5g, and the constants in (Al) (A4)

and (QM). Specically, set €;4(K) = maxfi; C;ﬁgg and let Cyy 1 denote the con-
stant from Lemma 3.11. Then, there exists a constanC > 0 that depends only on and the
constants in (A1) (A4) and (QM), but is independent ofK;L; and Cgg, such that

Cin K Cag(K)? Cug(K)Cui e+a;

(4.11)
Gin 1+ K@etlg(K)2 Cag(K)Ci ZLC] !

1

Proof. The proof is divided into four steps. Throughout, we employ the shorthand.
exclusively when the implicit constant does not depend oK, L, or Cyyg.
Step 1 (monotonicity in k). Let 2 N. If ~ 2 LNp, then k[']=1 and u! = u?. Hence,

H = @) ju? W+ = H

If © 2 LNg, thenk[']= K and u¥ is computed usingK steps of the smoother with initial
guessu®. Thus, forall 0 k k® K, the stability property (US) ensures that

(Us)

HC = ju? W+ () Cgl(; ju? ukj+ (u?) maxf 1 Cl g HY = €9 H:

The combination of both cases yields monotonicity oHX in k,i.e.,

0

HEC  @ugH® forall0 k k° k[]and®2N: (4.12)

Step 2 (stability under mesh re nement). Since Algorithm A employs nested
iteration u® = u¥ 1» the stability estimate (3.18) from Lemma 3.11 shows that there exists a
constant Cyy 1 depending only on the constants in (A3) and (QM) such that

(4.12) (3.18)
HE 7 CugHY @ugCii HE | forall * 2 N: (4.13)

Set €, = €,4Ci. Repeated application of the previous estimate yields

HE @ HS, forallj 2N;j (4.14)

Ivl
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Step 3 (tail summability of HE in "). Let " 2 Ng and let "¢ 2 LNg denote the minimal

exact level such thatg . In particular, o ~ L 1. The tail sum can be decomposed
as
3 Xo X X
HY = H + H% + H: (4.15)
T0="41 T0="41 021 No 921 Ng
7o 0

To estimate the rst sum, we apply the stability estimate (4.14), which leads to
; ; S
Xo HE (4.14) Xo I‘VOI e €t @y " €. "
N Gy 1 Gy 1

T0="41 0="+1

For the second sum in (4.15), we use Proposition 4.7 together with (4.14) to obtain
MCSDREN

X (4.9) \
HS . HE °HC €

L 1 4k.
A 0 vl H-=

Ivl
021 Ng
K
Let mod("; L) denote the unique integer0 r<L suchthat™ r 2 LNg. To estimate the
third sum in (4.15), note that between two consecutive exact levels there are exactly 1

intermediate levels. Hence, from (4.14) and Proposition 4.7 it follows that

1
X G X amoacL) _ XX e oo G CGu Xk
"0 vl 0 mod(GL) T vl 1o~ € 1 "0
02N “02L N 021 N j=1 M "% LN
N N BN BN
G G, X e D Ey Gy 29 G LK.
Gy 1 ° mLng G 1 ° Gy 1

0

Overall, introducing C; := €2, and summing the bounds for the three contributions in(4.15)
yields tail summability

b3
H

0= 41

where the hidden constants depend only on and the constants from(Al) (A4) and (QM).
Step 4 (tail summability of ~ H¥ in * and k). Usingthat k['] K, the estimates(4.12),
(4.13), and (4.16) yield

X X X 87w

SI=

TG T HE. CLHS (4.16)

Ivl Ivl

@hL/l + €

R

HE = HE + HE Y € KHE+ (K +1) Y,
(%k92Q k0= k+1 0="+1 k0=0 0=+
JC k9> (k)]
(4.13) ) o y R
Cag KH +(K +1) Ho ; = CGag KH+(K +1) H-+ HS
ey om ey

(4.16) ) ok (4.12) ) o
Cug KHE+(K +1)(1+ CHHS . €3 KCIH.
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Let C > 0 denote the hidden constant in the nal bound, which is independent ofK;L;
and Cyg4. This estimate veri es the tail summability condition in Lemma 3.3 with Ciqj =
CK €2,C}. Applying the lemma yields R-linear convergenceg4.10) with constants Cji,

alg
Crail +1= CKE€3,Cr+1 andqgn (1+ Cui) 1=(1+(CK €3,Cr) 1 ' Inserting the
de nition of C; yields the bounds stated in (4.11). This concludes the proof. O

Analogously to Section 4.3, the following corollaries follow from Theorem 4.8 by the same
arguments used in the proofs of Corollaries 4.5 and 4.6 respectively.

Corollary 4.9 (convergence of Algorithm A under (US)). Under the assumptions of
Theorem 4.8, the sequencel 2 X- generated by Algorithm A converges to the solution
u?2 HE() of (2.4). 0

Corollary 4.10. Suppose that the assumptions of Theorem 4.8 hold. Suppose that there exists
an exact level g 2 L Ng such that \o(u\KO) =0. Then, forall (;k) 2Q with j(";k)j | (o;Kk)j,
it follows that H¢ = 0. In particular, for all (;k) 2 Q with j(;k)j j (o;k)j, Algorithm A
guarantees thatu = u?=u’, M- =;,and T- = T,. O
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5 Algorithm B: S-AFEM with cardinality
control

In this chapter, we introduce and analyse Algorithm B, referred to asS-AFEM with cardinality
control. This algorithm is a modi cation of the S-AFEM Algorithm A, where an additional
step, which we callcardinality control, is added in the marking module of the adaptive loop.
While Algorithm A already guarantees full R-linear convergence of the quasi-error sequence,
the additional cardinality control enables to establish that Algorithm B is rate-optimal in
the sense of De nition 2.14.

The structure of this chapter is as follows: In Section 5.1, we motivate and introduce Algo-
rithm B. Section 5.2 establishes full R-linear convergence of the quasi-error. In Section 5.3,
we prove the rate-optimality of the algorithm.

5.1 Formulation of the algorithm

The goal of this section is to formulate a modi ed version of the S-AFEM Algorithm A
introduced in Chapter 4 that is designed to allow a proof of rate-optimality in the sense of
De nition 2.14. Rate-optimality of classic AFEM, where the discrete problems are solved
exactly, is well established in the literature; see, for instance, the foundational works [Ste07;
CKNSO08; CFPP14]. When AFEM is combined with iterative solvers that yield inexact
solutions to the discrete problems, all known proofs of rate-optimality rely on a so-called
perturbation argument; see e.g. [Ste07; GHPS21].

The key idea behind the perturbation argument is to transfer the theory developed for
exact solutions to the inexact setting. For this transfer to succeed, the inexact solutions
must be close enough to the exact ones; hence the terperturbation. In particular, the
inexact solutions u must be su ciently close to the exact discrete solutionsu? to ensure
estimator equivalenceof the form

() (U (5.1)

Without going into further detail, we note that, in [GHPS21], estimator equivalence is used
to establish that, for any s > 0,

#M . kuTky (u?) ¥ forallt 2 No: (5.2)

Here,# M - denotes the number of elements marked for re nement by the adaptive algorithm
(based on inexact solutions), andku’ka, is the approximability introduced in De nition 2.10.
The bound (5.2) is a key ingredient in the rate-optimality analysis of [GHPS21].

Looking at the S-AFEM Algorithm A, we note a decisive di erence from the setting
in [GHPS21]. On intermediate levels, the solution is computed by a xed number of smoothing
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5 Algorithm B: S-AFEM with cardinality control

steps without using an algebraic stopping criterion. As a result, the algebraic error cannot
be controlled in terms of the discretization error, and estimator equivalencg5.1) cannot be
guaranteed. Consequently, the rate-optimality analysis from [GHPS21] no longer applies
in this setting. However, on exact levels, Algorithm A performs an exact solve. Therefore,
estimator equivalence holds trivially on those levels, and the cardinality bound5.2) becomes
available there.

To recover a bound similar to(5.2) on all levels, we employ the following assumption on
the sets of marked elements:

CPy=inffC>0j#M- CH#M: poqcry forall > 2 Nog< +1 : (5-3)

card -

Here, mod("; L) denotes the unique integetd r <L suchthat™ r 2 LNg, and hence,
the index™ mod(;L) 2 LNg corresponds to the most recent exact level. Assumptioi5.3)
asserts that the number of elements marked on any intermediate level is uniformly bounded
in terms of those marked on the previous exact level. While this condition is not expected
to hold in general, it is desirable for the analysis. If it does hold, then combining it with the
cardinality bound (5.2) available on exact levelss mod(’;L) 2 LNg yields

(53) 1: = N
#M Coma# M moaci) - Ku™Ka" ~ moa) (U7 moaciLy) - forall* 2 No;

which closely mirrors the desired estimate (5.2).

This observation motivates the introduction of a mechanism that ensureg5.3) algorithmi-
cally. To this end, we introduce an additional marking step in Algorithm A, referred to as
cardinality control. The resulting modi ed S-AFEM loop is illustrated in Figure 5.1.

SOLVE
ESTIMATE MARK CARDINALITY CONTRCL REFINE

SMOOTH
Figure 5.1: S-AFEM loop with cardinality control

The assumptions on the modules of the S-AFEM loop with cardinality control (Figure 5.1),
excluding the new cardinality control module, are the same as in Section 4.2 for Algorithm A.
For the convenience of the reader, we recall them here:

SOLVEThe discrete variational formulation (2.7) is solved exactly. The treatment of
iterative solvers will be addressed in Chapter 6.

SMOOQOTIhe approximation is obtained by applying a xed number K 2 N of smoothing
iterations. To that end, it is assumed that, for every meshTy 2 T, an iteration operator

H . Xy ! X y is available, corresponding to a smoother for the discrete probler2.7).
The smoother is assumed to satisfy the uniform stability condition (US).
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5 Algorithm B: S-AFEM with cardinality control

~

ESTIMATHEach meshTy 2 T is equipped with an a posteriori error estimator satisfying
the axioms of adaptivity (A1) (A4) and (QM).

A~

MARKDOr er marking [D6r96] is used to select elements for re nement.

" REFINENewest-vertex bisection (NVB) is applied (cf. Section 2.2).

The resulting algorithm, which incorporates cardinality control into the S-AFEM loop, is
called S-AFEM with cardinality control . It is formally stated in the following Algorithm B.

Algorithm B (S-AFEM with cardinality control) . Given an initial mesh Ty, @ number of
smoothing iterations K 2 N, a step lengthL 2 N, and adaptivity parametersO < 1,
Cmark;Ccarg 1, iterate the following steps for all' =0;1;2;3;::::
() if 2 LNg then
SOLVECompute exact solutionu? 2 X~ to (2.7), setu! := u? andk[']=1.
else
SMOOTHFor all k=1;:::;K, computeuX := \(u'\‘ 1. Setk[']= K.
end if
(I ESTIMATECompute re nement indicator ~(T; u\K[‘]) forall T2T-.
(1) MARKDetermine a setM - T - with up to the multiplicative factor Cyak minimal

cardinality satisfying the Dér er marking criterion  ~(u'h2 -l -; u¥l )2,
(IV) MARK (CARDINALITY CONTR®HlEct any subseM - N1 - such that
(
M= M- if ~ 2 LNo;
! 0 (5.4)

# M N Ccard # M N mod(‘,L) E|Se

(V) REFINE:GenerateT-,; = refine (T-;M -) and setu®,; = ukld,

In step (I1l) of Algorithm B, the preliminary set N1 - of marked elements is selected using
the Dor er marking criterion, just as in Algorithm A. The subsequent cardinality control
step (IV) then modi es this set to produce the nal set M - used for re nement. This step
enforces two essential properties: First, on exact levels2 LNg, no modi cation occurs and
M - = M -, so that the Dér er marking criterion is satis ed. Second, on intermediate levels
No nLNg, the number of marked elements is bounded in terms of the number of elements
marked on the preceding exact level. Speci cally, the condition (5.4) ensures that

# M ° Ccard# M N mOd(‘,L) fOI’ a” ) 2 NO

Note that the bound is trivial on exact levels asC¢a,q 1. Overall, this guarantees that(5.3)
holds with CX', Ccarg. Thus, the implementation of cardinality control in Algorithm B

ensures that the key assumption (5.3) is satis ed by design.

Remark 5.1. The formulation of the cardinality control step (5.4) allows substantial freedom
on the intermediate levels: The subsevl - M - may be selected arbitrarily, as long as its
cardinality remains within the speci ed bound. In particular, the extreme choiceM - = ;
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5 Algorithm B: S-AFEM with cardinality control

on all intermediate levels is admissible. From a computational perspective, it may appear
bene cial to chooseM - M - as large as possible, in order to improve the mesh quality
relative to the computational e ort spent in the precedingSMOOTHSTIMATENd MARIKteps.
However, such choices are not required for the analysis presented later.

Remark 5.2. It should be highlighted that the cardinality control in Algorithm B(1V) is
computationally inexpensive. It only requires storing the number of elements marked on the
previous exact level and selecting an arbitrary subset ¥ - of appropriate size. This can
even be implemented in constant tim@(1), or at worst in linear time O(# M ), depending
on the data structure.

Remark 5.3. We emphasize that in the limiting caseCcag = + 1 , cardinality control (5.4)
becomes void. In this case, the choidel - = M - is admissible on all levels, and Algorithm B
reduces to the S-AFEM Algorithm A from Chapter 4. Intuitively speaking, the larger the
parameter C.4r4, the closer Algorithm B behaves to Algorithm A, provided that the sets
M- M - selected in Algorithm B(IV) are chosen with maximal cardinality, i.e.,

#M - = bCeard#M + mogrLyc forall = 2 NonLNo,

wherebxc:=maxfn 2 Ngjn xg denotes the oor function.
In analogy to the analysis of Algorithm A in Chapter 4, de ne the index set

Q="1(Ck)2 N%j uk 2 X+ is de ned in Algorithm B g;

We equip Q with the partial order
COk9  (;k) 10 u%is de ned not later than u¥ in Algorithm B ;
which induces the step counter
jGKI=#10%92Qj (5kY  (5k)g forall (;k)2Q:

As before, we writek = K['] whenever the index is clear from the context, e.g.,u\K = ¥,
As for S-AFEM in Chapter 4, we employ the quasi-errors from De nition 3.7 to de ne,
for (";k) 2 Q, the quasi-error sequences

H = H ) = ju?  ubj+ (ud);
L= = U oot ) (55)

k (€)= ju?  ukj + <(ub):

Again, H¢ will be the central error measure, while ¥ and ¥ serve as auxiliary quantities.

5.2 Proof of full R-linear convergence

In this section, we prove full R-linear convergence of Algorithm B. In contrast to Algorithm A
from Chapter 4, the nal iterates u generated by Algorithm B do not necessarily satisfy the
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5 Algorithm B: S-AFEM with cardinality control

DOor er marking criterion with parameter  on every mesh level. This is due to cardinality
control in Algorithm B(IV), which on intermediate levels ~ 2 No nLNg may lead to proper
subsetM - $ N1 - satisfying

(UH2> (MU

Nevertheless, a closer inspection of the analysis in Section 4.4 reveals that Dor er marking
is only exploited on the exact levels. Crucially, the proofs do not rely on any marking
behaviour on intermediate levels. Therefore, the analysis from Section 4.4 carries over to
the present setting with only minimal modi cations.

The following result establishes tail summability on the exact levels.

Proposition 5.4  (tail summability of nal iterates on exact levels in Algorithm B) . Suppose
that (A1) (A4) and (QM) hold. Let K;L 2 N, Cmark; Ccard 1, and 0 < 1 be
arbitrary. Then, the quasi-error sequencel—LK associated with the nal iterates u generated
by Algorithm B is tail summable on the exact levels, i.e., there exists a consta@t,; > O

such that

X K K
H% Cii H- for all * 2 LNg: (5.6)

“02 L Ng
\0>\

The constant Ci; depends only on and the constants from(Al) (A4) and (QM).

Proof. Let v, = quL 2 XjL forj 2 No, and consider the corresponding mesheg, . Each

index jL corresponds to an exact level, i.ejL 2 LNp, implying that the set M . = \7 iL
satis es the Dor er marking criterion from Algorithm B(lll). Since M. T L nTjL+1
TiL nT+1) L, the marking criterion yields

K Lk Kk 2.
i (Ui 2 LML ;Ui )2 (T NT+1) L5 Uy )%

Moreover, as ensured by Algorithm B(l) exact levelsjiL 2 LNy guaranteek[jL] =1 and
Ui = ul . Inparticular, v; = uj forall j 2 No.

Overall, the sequencey; 2 Xj_, together with the corresponding meshegj_, satis es the
assumptions(3.22) (3.23) of Theorem 3.14. Repeating the arguments from the proof of
Proposition 4.7 thus yields (5.6) and concludes the proof. O

As in Section 4.4, the stability estimate (3.18) from Lemma 3.11, together with the
assumption (US) on the smoother, allows us to extend the R-linear convergence to the entire
guasi-error sequence. This is stated in the following theorem. The proof is identical to that
of Theorem 4.8. We note that the constants involved may grow exponentially withL .

Theorem 5.5 (full R-linear convergence of Algorithm B under (US)). Suppose that the
smoother satis es (US) and that (A1) (A4) and (QM) hold. LetK;L 2 N, Cmark; Ccarda 1,
and 0< 1 be arbitrary. Then, Algorithm B guarantees that the full quasi-error sequence
HE is R-linearly convergent, i.e, there exist constantC;, > 0 and 0 < gji» < 1 such that

HE Cin g1 CHNYE for all (CK9: (k) 2 Q with jCCK9j | (1K) (5.7)
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The constants Cjn; gin depend only onK;L; ;C a4, and the constants in (A1) (A4),
and (QM). Specically, set €u4(K) = maxf1; C;ﬁgg and let Cy 1 denote the con-
stant from Lemma 3.11. Then, there exists a constan€C > 0 that depends only on and the
constants in (A1) (A4) and (QM), but is independent ofK;L; and Cyqg, such that

Cin K @alg(K )2 @alg(K )Ci 2LC +1;

(5.8)
Gn 1+ KG€ug(K)? €ug(K)Cy *C] 1

1

Proof. The proof proceeds as the one of Theorem 4.8. For completeness, we brie y recall
the four steps to highlight where the key assumptions enter and to clarify that the argument
remains valid in the present setting. Throughout, the shorthand. is exclusively used when
the implicit constant does not depend onK , L, or Cyyg.

Step 1 (monotonicity in k). Let €9 = maxfl; Cgﬁgg 1. The stability assumption

on the smoother(US), together with the fact that Algorithm B guarantees u¥ = u? on exact

levels, yields monotonicity of H® in k (cf. proof of Theorem 4.8, Step 1), i.e.,
HC  @uHS forall0 k k° k[]and 2 N: (5.9)

Step 2 (stability under mesh re nement). Let €y = €34Cwvi, Wwhere Cy is the
constant from Lemma 3.11. Then, Lemma 3.11 and5.9) imply (cf. proof of Theorem 4.8
Step 2)

HO CuHS; HC €

Ivl

HE, forall 5j 2N;j (5.10)

Step 3 (tail summability of HY in ). Let C; = CZ,. The stability estimates (5.10)

Ivl -

and Proposition 5.4 show that (cf. proof of Theorem 4.8, Step 3)

ok

HY . chHE (5.11)

0=+

Step 4 (tail summability of HY in * and k). The estimates(5.9) (5.11) yield (cf.
proof of Theorem 4.8, Step 4)
X
HY . KCLHX:
(2k92Q (5.12)
iCo%K9> k)i

Let C > 0 denote the hidden constant in(5.12), which is independent ofK;L; and Cgyg.
This estimate veri es the tail summability condition in Lemma 3.3 with Cij = CK @glgc'l-.
Applying the lemma yields R-linear convergencg5.7) with constants Cj, Cgil +1 =
CK@&2,Ci+1andqgn (1+ Cyp) *=(1+(CKE3,CE) ) *. Inserting the de nition
of C; gives the bounds stated in (5.8). This concludes the proof. O

As in Section 4.3, the full R-linear convergence established in Theorem 5.5 implies
convergence of Algorithm B; cf. Corollary 4.5.
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Corollary 5.6 (convergence of Algorithm B under (US)). Under the assumptions of
Theorem 5.5, the sequencelX 2 X generated by Algorithm B converges to the solution
u?’2 HY() of (2.4). O

With a slight modi cation of the proof, one also obtains the analogue of Corollary 4.6. It
asserts that if the error estimator vanishes on an exact level, then the exact solution? is
discrete and the algorithm performs no further re nements beyond this level. We emphasize
that the proof requires that M - is a subset offl -, as ensured by cardinality control in
Algorithm B(1V).

Corollary 5.7. Suppose that the assumptions of Theorem 5.5 hold and that there exists an
exact level'o 2 LNg such that ‘O(u%)) =0. Then, for all (;k) 2Q with j(";k)j ] (o;Kk)j,

it follows that H¢ = 0. In particular, for all (*;k) 2 Q with j(";k)j j (o;K)j, Algorithm B
guarantees thatu = u?=u’, M- =;,and T- = T,.

Proof. Since o 2 LNg is an exact level, Algorithm B(l) ensuresu\K0 = u?o. By assumption,
H% = ‘O(U?O) = \O(uxko) = 0. Full R-linear convergence(5.7) then implies H¢ = 0 for all
(5 k) 2Q with j(;k)j j (CoiK)j.

Let©  To. SinceHX = 0, it follows that ‘(u\K) = 0. According to Algorithm B(lll), N -
is a set of quasi-minimal cardinality satisfying the Dor er marking criterion

O EN(ITS

Since ‘(u\K) = 0, the only such set with quasi-minimal cardinality is the empty set, and

consequently,ﬁ/l -=:.AsM- M-, itfollows that M - = ;. Hence, no re nement occurs
and T- = T-,. Finally, given (';k) 2 Q with j(;k)j j (To;K)j, the identity HX = 0 implies
that uk = u?. From reliability (A3) it thus follows that

. k- - 2 ?= (A3) ?
ju’ uj=ju’ Uyl . ~(u) H-=0:

This gives u = u? = u? and concludes the proof. O

5.3 Proof of rate-optimality

In this section, we establish that Algorithm B is rate-optimal in the sense of De nition 2.14.
Following (2.31), this means that the sequence of meshgs-)-,, generated by the algorithm
satis es

85> 0: ku?kAS <+1 =) sup@# T\)S (LI?) <+1
“2Np
where ku?kAS denotes the approximability introduced in De nition 2.10. As noted in

Remark 2.15, the triangulationsT- 2 T satisfy# T- ' # T # To+ 1, hence the statement
above is equivalent to

85> 0: ku'ka, < +1 =) supT #To+1)° (U) < +1
"2Np
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The following result con rms the intuitive fact that if the quasi-error sequence generated
by Algorithm B converges with algebraic rates > 0, then the approximability ku’ka, is
nite. In other words, decay of the quasi-error sequence with algebraic rats > 0 implies
that the error estimator -(u?) can achieve the same rate on optimally chosen meshes (cf.
Lemma 2.11). The proof is adapted from [GHPS21, Lemma 13].

Proposition 5.8. Suppose(R1). Let K;L 2 N, Chark; Ccard 1, and O < 1 be
arbitrary. Let s > 0. Then, there exists a constantcy,: > O such that the output of
Algorithm B guarantees

CoptkU’ka, SUP# T #To+1)S ~(u?) sup #T #To+1)SH (5.13)
"2No (k)2Q

The constant copr depends only or# To; Cenilg ; S, and possibly on the smallest indeX 2 L Ng
with \o(u\KO) = 0. Specically, if such an index exists, thencoplt (Ceia 1> To)®.

Otherwise, Copt ~ CShig (# To)®.

Proof. Since +(u?) H&forall (;k) 2 Q, the second estimate in(5.13) follows immediately.
To prove the rst estimate, we distinguish two cases.

Case 1: Suppose there exists a minimalg 2 LNg such that ‘O(U%) =0. Since g is
an exact level, Algorithm B guaranteesu\KO = u?o, and hence ‘O(U?O) =0.LetN 2 Ng. If
#T, #To N,thenT,2 T(N), which implies

. ?
min t(Uip) =0
Lmin o (Udpr)

If instead # T, # To > N, the child estimate (R1) gives

. (R1) .
(N+D° min - om(Uon) ¢ To #T0)° o(u))  (Cofg  1°(# To)® o(ug)

(Cig 1S To)Ssup# T #To+1)° -(u?):
“2No
Altogether, for all N 2 No, it holds that

Topt

(N+1)S_min  op(uiy) (Cfig 1°H To)Ssup® T #To+1)S -(u?):
2T(N) "2No

Taking the supremum over allN 2 Ng concludes the argument in this case.

Case 2: Suppose that ‘(u\K) > 0 for all * 2 LNg. On exact levels, Algorithm B(1V)
ensures thatM - = M -, so that the setsM - are determined by the Dor er marking criterion
in Algorithm B(lll). In particular, this implies M - 6 ; for all exact levels™ 2 LNg. As LNp
is in nite, the child estimate (R1) guarantees that# T- is unbounded as tends to in nity.
Given any N 2 Ng, choose a maximal 2 Ng suchthat#T- #Tp N. The maximality of
°, inequalities (2.12) from Lemma 2.3, and the child estimate (R1) yield

(2.12) (R1) (2.12)
N+1<#T4 #To+1 #T Cohig# T Cchild (# To)(# T #To+ l) .
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SinceT 2 T(N), this further implies

(N+D° min op(ufe) (N+D)° () Chia@ T # T  #To+1)® -(u):
opt

Taking the supremum over allN 2 Ng gives
ku’ka, Cia@#To)*# T  #To+1)S -(U?);
which establishes the rst estimate in (5.13) also in this case and concludes the proof.[]

The following theorem is the central result in this chapter. It establishes rate-optimality
of Algorithm B if the marking parameter is su ciently small. The proof relies on the
full R-linear convergence established in Theorem 5.5, the comparison Lemma 2.17, and the
additional cardinality-control step built into the algorithm.

Theorem 5.9 (rate-optimality of Algorithm B) . Suppose that the smoother satis egfUS)
and that (R1) (R3), (A1) (A4), (A3"), and (QM) hold. Let K;L 2 N, Cmark;Ccarqa 1
be arbitrary. Let s> 0and0< < op With o = (1+ C2,,C3.) 1. Then, there exist
constants Copt ; Copt > 0 such that

CoptkU’ka, SUPH T #To+1)S ~(u?) sup #T #To+1)SHY Coprku’ka,:
"2Np (;k)2Q
(5.14)

In particular, by Remark 2.15, Algorithm B is rate-optimal in the sense of De nition 2.14.
The constant copt is the one from Proposition 5.8 and depends only o# To; Cehiig ; S, and
possibly on the smallest indexg 2 LNp with ‘O(U\KO) = 0. The constant Cop¢ depends
only on s;K;L; C card; Cmark; » and the constants in (A1) (A4), (A3"), (QM), and (R3).
Speci cally, it satis es

Copt  Maxf1;2°C3een 1+ Coara(L 1) °CptCoark (COet)® CompCin 1 o> °g: (5.15)

Proof. Since Proposition 5.8 establishes the rst two estimates in5.14), it only remains to
prove the third estimate in (5.15). Assume without loss of generality thatku’ka, < +1 .
The argument proceeds in ve steps.

Step 1. Let (;k) 2 Q with T- = Ty. We distinguish the two cases =0 and ™ > 0. If
' =0, Algorithm B ensures that k[0] = 1 and uj = uj. As T(0) = fT g, it follows that

He = o(ud) k u’ka,: (5.16)

If instead ~ > 0, the identity T- = Ty implies that no re nement has occurred, and thus
Mo=Mg=;.The quasi-minimality condition in Algorithm B(lIl) then implies o(u%) =0.
By Corollary 5.7, it follows that

o(ug) = H = 0: (5.17)
Overall, the combination of (5.16) (5.17) establishes that

#T #To+1)SHC = H = o(ug) k u’ka, forall (;k) 2Q with T = Tp:  (5.18)
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Step 2. Let 22 LNg, and let R0 T -0 be the subset from Lemma 2.17 with the choice
0= Since %is an exact level, Algorithm B(l) guarantees that u& = u%. Moreover,

as ensured by Algorithm B(lll) (1V), the set M o = M o is, up to the factor Cpgark, of
minimal cardinality among all subset of T- satisfying the D6r er marking criterion. Therefore,
estimate (2.32) implies

(2.32) _ _ _

#M o Crak#R0  Crak Cohe) Cors ku’ky® ~o(u%) ¥
= Crark Cel CE3 kUK H 7%

Applying the stability estimate (3.18) from Lemma 3.11, we further obtain

_.(3.18) _
0 1= 21,1=s |k l—s( 1=s 0 1= 21,1=s (0 1=s,
# M ~0 Cmark Cdrel Ccm?) kU kAS H\o C|V| Cmark Cdrel Ccm?) kU kAS H‘O+1 .

Setting C1 = C,;" "Crmark C3,e; Cemp, this shows that

#M-0o C; ku?kis Hpo+1 s

for all "2 L No. (5.19)
Step 3. Cardinality control in Algorithm B(IV) guarantees that
#M o Cead#M 0 mogrory forall °2 No nLNo: (5.20)

Step 4. Let (";k) 2 Q with T- 6 Tp. The child estimate (R1) gives# T- > # Ty. Hence,
applying the mesh-closure estimate (R3) gives

(R3) X1
#T #To+1l 2#FT #To) 2Cmesh #M o
‘o=
X X
= ZCmesh # M ~o0+ # M 0 .
02 LN “021L No
oot ‘o

Using (5.20) and the fact that between two consecutive exact levels there are exactly 1
intermediate levels, the second sum may be estimated by

X (5.20) X X
# M ~0 Ccard # M ~0 mod(‘O;L) Ccard(L 1) # M 0.
“02 Ng “02 Ng 021 No
\0<\ \O<\ \O<\
Therefore, combining the previous two estimates with (5.19), one obtains
X
# T‘ # TO + 1 2Cmesh 1 + Ccard(L 1) # M ~0
021 No
\0<\
(5.19) X _
2Cmesh 1+ Ceara(L 1) Ciku’ky® H%y ©°
"2 No
\0<\
2., 1=s X k0 1=s
2Cmesh 1 + Ccard(L 1) ClkukAs H‘O
(%k92Q
iCoK95) Gk
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Exploiting full R-linear convergence (5.7), the geometric series yields

X 67 ) X e aio
KO 1=s 1=s ,,k 1=s 1=s j(5K)jj (C%k9j
H% Clin H Gin
(%k92Q (%k92Q
ICOKOij (k) iC%k9jj Cik)j

1=s 1=s 1 |k 1=s,
Cin~ 1 Gin H* :
Altogether, this shows that

#T #To+1 2Cmesh 1+ Coaa(L 1) CiICH° 1 qi° ‘kulky® HE 7%

Set €t = 25CS . 1+ Ceara(L 1) °C5Cjn 1 q.°  °. Exponentiating by s and rear-

- mes
ranging terms proves that

#T #To+1)SHE Coptku’ka, for all (;k) 2Q with T- & To. (5.21)
Step 5. Finally, it follows from (5.18) and (5.21) that
sup # T #To+1)SHY  maxf Copt; 1gku’ka,:

(k)2Q
This proves the upper bound in(5.14). Inserting the de nition of C; into that of Cop yields
the bound (5.15). This concludes the proof. O]

Since Lemma 2.3 establishes that
#T #To+l #T (HTo)#T #To+1l) forall ® 2 Nop;
we immediately obtain the following corollary.

Corollary 5.10. Suppose that the assumptions of Theorem 5.9 hold. Then, there exist
constants Copt ; Copt > 0 such that

CoptkU’ka,  sup (# T)SHK  (# To)SCoptku’ka.: (5.22)
(1k)2Q
The constantscopt and Copt are those from Theorem 5.9. O

The following Proposition, together with Remark 5.12 below, shows that, if the error
estimator -(u?) decays exactly at rates > 0, i.e., ~(u?) ' (#T) S, then the quasi-
error H¢ is equivalent to the discretization error ~(u?), i.e., H* *  ~(u?). This implies
that Algorithm B implicitly ensures that the algebraic error is uniformly bounded by the
discretization error at each level. This is somewhat unexpected, since on intermediate levels
only a xed number of K smoothing iterations are performed, without any explicit control
of the algebraic error.

Proposition 5.11.  Suppose that the assumptions of Theorem 5.9 hold and that there exists
s > 0 such that

O< inf #T)% -(U?) sup#T)® - (U)<1: (5.23)
2Ng *2No

Then, there exists a constantCeqy 1 such that
((U?) HE Ceqv ~(u?) forall (;k)2Q. (5.24)
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Proof. The lower bound in (5.24) follows immediately from the de nition of H¥. To prove
the upper bound, observe that the assumption (5.23) implies

(5.23) . . s ) s P N
0 < Ciy = J(ng (# T0)® ~o(ue) #T)> ~(u) forall " 2 No. (5.25)
0

Moreover, Proposition 5.8 together with (5.23) yields

)

o (B13) . 5 1 s .. (5.23
ku“ka, Copt SUPH T #To+1)° ~(U) o5 SUPF T)° ~(u) < +1: (5.26)
“2No “2Ng

Hence, Corollary 5.10 gives

. (6:22) b (526)
Csup = SUp (# T‘)S H‘ (# TO)SCOpt kukAS < + 1
(5k)2Q

Combining this with (5.25), we obtain

. ¢ (5:29) , .
HY  Cop#T) (Csup=Cint) ~(u’) forall (;k)2Q:
This concludes the proof of the upper bound in (5.24) withCeqy = Csyp=Cin . O

Remark 5.12. The property (5.23) ensures that the discretization error decays exactly at
the rate s with respect to the number of elements, i.e.,~(u?) ' (# T.) S. Indeed, this follows
directly from

#T) Sinf #T0)S oul) ~(UY) H#T) Ssup® To)° o(u%) forall > 2 No.
02 No *02 No
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6 Algorithm C: Cost-optimal S-AFEM with
cardinality control

In this chapter, we propose and analyse aost-optimal S-AFEM with cardinality control. This
algorithm modi es Algorithm B by replacing the exact solution step on the exact levels with

an iterative solver that is terminated according to the stopping criterion of [GHPS21]. We
prove that this modi cation preserves the convergence properties: The resulting Algorithm C
below still guarantees full R-linear convergence of the quasi-error sequence as well as optimal
convergence rates with respect to the number of degrees of freedom. Moreover, exploiting that
all modules of the algorithm can be implemented at linear cost, we prove that Algorithm C
achievesquasi-optimal complexity i.e., optimal convergence rates with respect to the overall
computational cost.

The chapter is organized as follows: Section 6.1 introduces and discusses the algorithm.
Section 6.2 establishes full R-linear convergence of the quasi-error sequence. In Section 6.3,
we prove optimal rates with respect to the number of degrees of freedom. Finally, in
Section 6.4, we show that the algorithm guarantees optimal convergence rates with respect
to the overall computational cost.

6.1 Formulation of the algorithm

In this section, we introduce a modi cation of Algorithm B. It a ects only the SOLVHEnodule
of the S-AFEM loop with cardinality control (Figure 5.1): Instead of computing the exact
Galerkin solution, a uniformly contractive solver is applied until the algebraic stopping
criterion from [GHPS21] is met. Precisely, on an exact level, the solver is employed until,
for a xed solver stopping parameter > 0, the stopping criterion

juk Uk -(ub) (6.1)

is satis ed. This leads to a combinedSOLVE & ESTIMAMBdule as the error estimator
must be calculated at each algebraic iteration to verify the stopping criterion.
Speci cally, we pose the following assumptions on the moduleSOLVEnd SMOOTH

SOLVEThe approximate solution of the Galerkin equation (2.7) is obtained by an
iterative solver applied until the stopping criterion (6.1) from [GHPS21] is met. For each
meshTy 2 T, we thus assume the availability of an iteration operator 4 : Xy ! X 4

corresponding to such a solver, which satis es the uniform contraction property(UC).

SMOOTHhe approximate solution of the discrete variational formulation (2.7) is
obtained by performing a xed number K 2 N of smoothing iterations. To that end,
it is assumed that, for every meshTy 2 T, an iteration operator  : Xy ! X 4 is
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6 Algorithm C: Cost-optimal S-AFEM with cardinality control

available, corresponding to a smoother for the discrete probler(2.7). The smoother is
assumed to satisfy the uniform stability condition (US) with constant C5g 1.

The remaining modules remain the same as in Chapter 5; see Section 5.1. The proposed
algorithm is stated below. As usual,mod(’;L) denotes unique integef0 r <L such that
r 2 LNp.

Algorithm C  (cost-optimal S-AFEM with cardinality control) . Given an initial mesh Typ, a
number of smoothing iterationsK 2 N, a step lengthL 2 N, adaptivity parameters0 < 1,
Cmark;Ccard 1, a solver-stopping parameter > 0, and an initial guess u8 2 X, iterate
the following steps for all' =0;1;2;3;::::
() if ~ 2 LNg then
SOLVE & ESTIMATHar all k =1;2;3;:::, repeat steps(a) (b) listed below until

juk U Y <(ub): (6.2)

(a) ComputeuX = -(uX 1) with one step of the iterative solver.
(b) Compute re nement indicator ~(T;uk) forall T2 T-.

Upon termination of the precedingk-loop, de ne k['] = k.

else
SMOOTHFor all k=1;:::;K, computeuX := \(u'\‘ 1), Setk[']= K.
ESTIMATECompute re nement indicator ~(T; u\K[‘]) forall T2T-.
end if
(I MARKDetermine a sethl - T - with up to the multiplicative factor Cpax minimal
cardinality satisfying the Dér er marking criterion  ~(u’h2 (1 -; u¥l )2,

(1) MARK (CARDINALITY CONTRS®IEct any subseM - N1 - such that

M-= M- if ~2 LNg: 6.3)
#M - Cead# M- mogciL) else. '

(IV) REFINE:GenerateT-.; = refine (T-;M ) and setu®,; := k!,

Remark 6.1. Note that the solver {4 and the smoother { do not need to coincide. The
solver is required to satisfy the uniform contraction assumption(UC), whereas the analysis
in this chapter only relies on the smoother ful lling the uniform stability assumption(US)
with constant Cog 1.

Remark 6.2. The stopping criterion (6.2) ensures that the algebraic error is controlled in
terms of the discretization error. For su ciently small , this yields estimator equivalence

‘(u\K[\]) ' <(u?); see Lemma 6.12 below. The equivalence will be a key argument in the
proof of optimal convergence rates.

Remark 6.3. In the caseL = 1, the stopping criterion (6.2) is enforced on all meshes,
and cardinality control Algorithm C(lIl) becomes void. In this case, Algorithm C coincides
with the algorithm analysed in [GHPS21; BFM 25], for which full R-linear convergence and
optimal convergence rates were established. Hence, Algorithm C generalizes the approach
from [GHPS21].
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As for the analysis of the previous chapters, we de ne the index set
Q="1(C;k)2 N%j u¥ 2 X- is de ned in Algorithm C g;
which we equip with the partial order
CkY  (:k) 20 u% is de ned not later than u¥ in Algorithm C :
The total step counter is given by
jGKI=#10%92Qj (5kY  (5k)g forall (;k)2Q:
Additionally, we introduce the stopping index of the mesh-re nement loop
_=supf 2 Noj(50)2Qg2 No[f +1g:

The typical case is_ = + 1 , meaning that the stopping criterion (6.2) is satis ed after a
nite number Kk['] 2 N of steps of the iterative solver - for every mesh level 2 LNg. In
the exceptional case < +1 , the iterative solver fails to terminate on the meshT-. This
can only happen whenmod(";L) = 0. In this case, we denek[ ] =+ 1 .

We continue to use the terminology from Chapter 5 and refer to mesh levels2 LNg as
exact levels, and to leveldNg nLNg as intermediate levels. However, since it may happen
that ~ < +1 , we specify which levels are actually reached by the algorithm. To this end,
let E LNjg denote the set of all exact levels reached by Algorithm C at which the solver
terminates, i.e.,

E=f"2LNgj(5;0)2Qgnf g:

Note that if ~ =+ 1 , then E= LNp. In any case,u‘K[\] 2 X~ is well-de ned for all * 2 E.
Similarly, let I  NgnLNg denote the set of all intermediate levels reached by Algorithm C,
ie.,

I =f 2NonLNgj(;0)20Qg:

As in the previous chapters, we writek = k['] whenever the index” is clear from the

context, for example, uk = ¥l Moreover, recall, for every(';k) 2 Q, the quasi-errors
introduced from De nition 3.7

HE = H(u¥) = ju? ubj+ (),
k- (uk) = ju? ul‘(j2+ \(UK)Z 1:2;

K= W= ju? Wi+ ()

As before, H¢ will be the central error measure, while ¥ and ¥ play a supporting role in
the analysis.
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6.2 Proof of full R-linear convergence

The rst goal in this section is to prove an analogue of Proposition 5.4, which establishes
tail summability on the exact levels. In contrast to the proof of Proposition 5.4, however,
Theorem 3.14 cannot be applied directly, since contraction with respect to the exact discrete
solutions in the sense of

i? k 5 i ks .
Juil U ] Guju uj forallt 2E

is generally not expected to hold forL > 1. Instead, under the assumption thatCyy 1, a
weaker form of this contraction is available, a contraction up to perturbation terms that are
summable via quasi-orthogonality (A4); see estimate(6.11) below for details. This su ces
to apply the tail summability Lemma 3.12, as will be shown in the following proposition.

Proposition 6.4 (tail summability of nal iterates on exact levels in Algorithm C) . Suppose
that the solver satis es (UC) and that the smoother satis es(US) with Cy4 1. Suppose
that (A1) (A4) hold. Let K;L 2 N;Cmark;Ccarq 1, > 0, u8 2 Xg, and 0 < 1 be
arbitrary. Then, the quasi-error sequencel—LK associated with the nal iteratesu® generated
by Algorithm C is tail summable on the exact levels, i.e., there exists a consta@ty; > O

such that
Xk K
H% Ciwi H- forall * 2 E: (6.4)

"02F
«0>«
The constant C,j depends only orL; ;g ag, and the constants in(A1) (A4).

Proof. The proof is split into ve steps.

Step 1. Let " 2 E be an exact level such that + L 2 E. Algorithm C(II) (Ill) ensure
that the set M - = N1 - satis es the Dor er marking criterion. As M~ T nTy; T nTyy,
it follows that

(U2 (MU (T T uY?
Hence, estimator reduction from Lemma 2.7 gives

@) g (U Com it U
+L +L st stab +L (6.5)

Gest ~(US) + Cotap jU%y  US J+ Ul Ul :
Dene, forall * 2 E,
1
S = juiy, u%j: (6.6)
o -

Since” 2 E and the smoother always terminates on intermediate levels, we haé+L 1;0) 2
Q for all * 2 E and hence, the sumS: above is well-de ned. The triangle inequality yields

‘X‘ 1

L2 ke = 20 ks . 25 (66) . o ke :

JuihiL ug g ouw ug A Ju,y U =T Jud uj+ S (6.7)
.
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For all * 2 E with ~ + L 2 E, the combination of (6.5) and (6.7) leads to
S ) Gest (U * Cop JU%y U+ iU U+ S (6.8)
Step 2. We show by mathematical induction onr that
a1
TSPV B VT ju,; u%j forall>2E;0 r<L: (6.9)
o

The base case =0 follows immediately with the empty sum interpreted as zero. Assume
that (6.9) holds for someO<r <L 1. Then, by nested iteration u9+r+1 = u%r and the
uniform stability property (US) with Cyg 1, one obtains

(USs)
ju? US, or cK,ju? u, 1
Ui ‘+r+1' algl T+r+l “rr+1]

- ? k -
J Ui u‘+r]

=2 kK & 5,2 ?
J Uy, u‘+|r|"'lu‘+r+1 Usyrl

) 1
O X, 2 =2 2 -
Ju ug+ JU%g U] + JUL gy U]
NN
X r
- 2 k- - 2 -
= ju? uf+ july Ui
NN

This concludes the proof of (6.9).
Step 3. Let * 2 E such that ™ + L 2 E. Nested iteration u’, , = u\KH_ 1, the uniform
contraction (UC) of the iterative solver, and k[ + L] 1 imply

(uc) .
. k K[+L]: 2 0
Juy U] Gug JUsL U
= 2 k. = 6.10
Ggiu? U5, 4 (6.10)
=7 k - =2 ? .
Gaig JUs L 1 Uy )+ Caigluiy Uy 4]
Applying (6.9) with r = L 1, we further estimate
(6.10)
. k . k - =2 ? -
Ju L Ul GaigJUs | 1 U 0 T GaglUy Uy 4]
(6.9) = 2 K+ % 2- ? ? = =2 ? -
Gaig JU*  US] + Gag JUsuy Wi + GugJuy Uy 4]
o~
w1
_ -2 k- -2 2. (6.6) -2 k- )
= Gug ju’ uj+ JUg U] =" Cug Ju© Uj+ St
PR

Overall, we have shown that

juh U0 qug ju? U+ S) forallt2Ewith T+ L2E:  (6.12)
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Step 4. Forj 2 Nowith (j +1)L<"_ recall {{ =jul utj+ j(uf) withthe
scaling factor0 < 1 chosen such thatO < g = maxfgag+  Cstan(l + Cag); Gestd < 1.
Then, applying (6.8) and (6.11) with * = jL gives

kK — =.? k - ) k
L+l = JUL+r U )t i+ L (Ui o)

(6.8) P k - k

I+ Csap)JUL L U d+  Gestju (U)
- 9 k -
+  Csap(J U ur J+ Sic)
e ) (6.12)
(6.11)

Chaig + Cstab(1 + 061Ig) juj?L U]KLi +  Cest jL (UJKL )
+ Gag+(1+ Cag) Cstab SiL
q JKL + Qag+(1+ Gag) Cstap SiL:

Moreover, from stability (A1), reliability (A3) and quasi-orthogonality (A4) it follows that
I

XN 6.6 XN L 1 2
Sj20|_ = ju?0+1 U?Oj
o= josj osjo '

N joyL 1 ;
L jul, u%j?
jo=j osjor
JLHNED L 1
= L jul,, u%j?
o (6.13)
(A4)
L(N+L b ju? ol j?
B3, 1 212
L= (N +1) i (uiL)
(AT)

K\ - Kk - 2
L2 (N+D)Y  ju(up)+Jul U]

L2 (N+D ()%

where the hidden constant depends only or; gayg, and the constants in(A1) (A4). Abbrevi-
ating a; = JKL andby =[Cug+(1+ ag) CstanlSi ' SjL, the estimates(6.12) and (6.13)
prove
ix N
aj+1 03 + b and . L2 (N+1)' & forall N 2 No, (j +1)L< _: (6.14)
i%=j
Step 5. Letj 2 Ng be maximal such thatjL < ", wherej = 1 if Z = 1. In the

caseL <1, setéj =0andb =0 forallj> j:. With this modi cation, the estimates
in (6.14) hold for all j 2 No, regardless of whether is nite or in nite, so that Lemma 3.12
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is applicable. This yields tail summability of a;. Sincea; =0 for j > , it follows that

X (3.20)
go . @ forallj 2 Npwith j<j:
jo=j+1
Inserting & = JKL , this is equivalent to
A k k . L s
. ~ forall "2 LNgwith "<
"02LNg
\<« 0<\7

The hidden constant depends only orL; ;q ag, and the constants in (A1) (A4). Finally,

Lemma 3.10 provides K+ HE with equivalence constants depending only orCg, and
This completes the proof of (6.4). O

Remark 6.5. A close inspection of Steps 2 4 in the proof of Proposition 6.4 shows that the
assumptionCyg 1 can in fact be relaxed. In particular, it su ces to assume the weaker
condition
K(L 1
Guig Cig~ > < L
under which the statement of Proposition 6.4 still remains valid. Moreover, Proposition 6.13
below shows thaC4g 1 is also allowed if the stopping parameter> 0 is su ciently small.

The following result establishes parameter-robust full R-linear convergence of Algorithm C.
The proof largely follows the strategy of the proof of Theorem 5.5, but requires a key
modi cation: The monotonicity of H¥ in k is no longer su cient on exact levels* 2 E, as the
stopping indicesk['] are not uniformly bounded. To overcome this, we adopt the approach
from [BFM " 25, Theorem 2] and exploit the failure of the algebraic stopping criterion to
establish summability in k; see step 2 of the proof.

Theorem 6.6 (full R-linear convergence of Algorithm C). Suppose that the solver satis-
es (UC) and that the smoother satis es(US) with C59 1. Suppose that(Al) (A4) and
(QM) hold. LetK;L 2 N;Cmark;Ccara 1, > 0, u8 2 Xo, and 0 < 1 be arbitrary.
Then, Algorithm C guarantees that the full quasi-error sequencelX is R-linearly convergent,
i.e., there exist constantsCji, > 0 and 0 < ;i < 1 such that

HE Cing ) CHIHS for all (9K9: (k) 2Q with j(OK9j | (1K) (6.15)

The constantsCji, ; gin depend only onK;L; ; , and the constants in(A1l) (A4) and (QM).
Speci cally, there exist constantsC; € 1, that depend only on; g aqg, and the constants
in (A1) (A4) and (QM), but are independent ofK and L, such that

Cin €K1+ Cgi)C"+1 and qgin (L+(CK(@L+ Cy)ChH) b L (6.16)

where the constantCy,; is the one from Proposition 6.4.
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Proof. The proof is divided into ve steps.

Step 1 (monotonicity in k). Let 2 Nowith (;0)2Q. Forall 0 k Kk°<k[]+1,
the contraction property (UC) of the solver and the stability property (US) of the smoother
with C4g 1yield

HEO=ju? uff+ () maxfaugiCagd *ju? ufj+ (u) HE

Hence, we have shown that

H¢ forall0 k k°<k[]+1 and’ 2 Nowith (*;0)2Q: (6.17)

0

HK

Step 2 (tail summability in k). Let * 2 Ng with (7;0) 2 Q. For the rst case, suppose
that * is an intermediate level, i.e.,” 21 . Then k[ ] = K, and (6.17) implies

1 1y X

HX H¢ KHY forall0 k<k[]=K: (6.18)
kO=k+1 k0= k+1

For the remaining second case, suppose that2 E. Forany 0 k <k °<Kk['], stability (A1),

Lemma 2.21(i), the failure of the stopping criterion (6.2), and uniform contraction (UC) of
the iterative solver show that

©6.2)

(A1)
K750 W+ W) L ju? W+ u ke 6.19)
O o ko VO o o e 0 g, .
ju? Uk g “Fu ukj o oy “HE

Let C; > 0denote the hidden constant in the previous estimate, depending only 0€stap; Gaig.
and . Estimate (6.19) together with the geometric series proves

X K 1 (6.19) K 1
H = HE+ H THS+ Cy HY oy
k0= k+1 k0= k+1 KO= k+1 (6.20)

(6.17) 1k
1+Ci(1  Qag) H*:

Let C; =maxfK; 1+ Ci(1 Cag) 1g. Then, combining (6.18) and (6.20), we conclude

W]
H¢ C,H* forall0 k<k[]and 2 Nowith (;0)2Q. (6.21)
k0= k+1
Step 3 (stability under mesh re nement). Nested iteration u® = u® , and the

stability estimate (3.18) show that there existsCj; 1 such that

i (6:17) O(3.18) K o
- H- CyH-, forall 0 <. (6.22)

The constant Cy,; depends only on the constants in(A3) and (QM). Repeated application
of (6.22) gives

H¢ ClyHS, forallo j <. (6.23)
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Step 4 (tail summability of HS in 7). Let " 2 Ng with "< and let "¢ 2 LNg denote
the minimal index such that g ". In particular, 9~ L 1. For the rst case, suppose
that "o < ", which ensures that™ o 2 E. Then, the tail sum can be decomposed as

X1 Xo X X
HE = HY + HY + H;: (6.24)
0=y 0=y “02E *021
2, 2

SetCs = maxf1;(Cy 1) g. To estimate the rst sum in (6.24), we apply the stability
estimate (6.23) andCy, 1, which leads to

Xo 623 Xo .
H Cy H =
S S

o T+l
Clv? )} Cii HK CII\_/I

k [
S H> C3C H: 6.25
Cu 1 Cu 1 3 ( )

For the second sum in(6.24), we use Proposition 6.4 together with(6.23) and Cy 1, to
obtain

X (6.4) (6.23) N

H‘Ko Ctail H‘KO Ctail Cw? H‘K Cail C|I\_,| ! H‘K: (6-26)
2B
\0<\ O

To estimate the third sum in (6.24), note that there are exactlyL 1 intermediate levels
between two consecutive exact levels. Hence, it follows froift.23) and Proposition 6.4 that

1
X HK (6.23) X CmOd(\O;L) HK X X CJ HK — CII\_II CIV' X HK
C VI 0 mod(%L) o= Te T 0
0] 0] “0F j=1 v “02E
o< 0 o< 0 o 0 o 0 (6.27)
X 6.4) (6.23) '
CsCh H +  HS  (1+ Can)CsChHS  (1+ Ceai)CsCH 1HS
=
250
Dene Cq:=3(1+ Cui)C3CZ . Using (6.25) (6.27), we estimate (6.24) via
¥ 1
H% CsChi + CaiCly 1+ (1+ Cuwi)CsCZ T HY CiHS  (6.28)
o ap
For the remaining case, suppose thatg . This can only occur if g = ~ 2 LNgp. Therefore,
L 1, and thus stability estimate (6.23) yields
X1 G23) X1 . o
HG C His(Cw 1) %Gy Cu)HY CiCh HE  CuHE: (6.29)
N N
Overall, the combination of (6.28) and (6.29) shows that
X1
HS  CuHE forallo < (6.30)
“0="4q
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Step 5 (tail summability of HX in * and k). UsingC, 1 and combining the previous
steps, we obtain

X p X 87T 6o X
HYS = HK° + HS  Cop HE+2 HY%
(C%k92Q ko= k+1 t0="+1 k0=0 0=
JCOKk9Yj> (k)i
(6.22) ) x1 y
C, H+2Cy  HY (6.31)
-

(6.30)

Cz HE+2Cy (1 + CoHE

(6.17)
C, 1+2Cy (1 + Ca4) HE:

Dene Cs =1+ Ci(1 Gug) * 1, whereC; denotes the hidden constant in estimatg(6.19),
depending only onCstap; Guig, and . It follows that

Co=maxfK; 1+ Ci(1 ug) 'g=maxfK;Csg CsK: (6.32)

Next, de ne Cg = 3C3CM1 1. SinceCz; = maxf1;(Cy 1) 1g, the constant Cg is
independent ofK and L. Moreover, de ne C7 := CZ. Then, we have

1 Cs=3(1+ Cuii)CsC2 * Co(1+ Cai)CY: (6.33)

Ivl

Thus, the combination of (6.31) (6.33) yields, for all (";k) 2 Q,

X 0 (6.31) K "
H% Cy 1+2C, (1 + Cy) H 5C,C4Cy HY
(%k92Q
iC%k9j>jCik)j

(6.33) L 4k
5C2C6Chi (1 + Cig )C7 HE

(6.32) L
5C5CeCvi K (1 + Ciqii )C7 H

Finally, dene C = C; and € := 5C5CgCy, Which are both independent ofK and L.
The previous estimate veri es the tail summability condition in Lemma 3.3 with Cy; =
€K (1 + Cuit )CL. Applying the lemma yields R-linear convergencg6.15) with constants
Ciin Chail +1 = €K (1+ Cail )CL +1 and Qin (1+ Ctanl 1= (l+[ €K (1+ Cail )CL] l) L
This also establishes the bounds stated in (6.16) and thereby concludes the proof. [

Corollary 6.7 (convergence of Algorithm C) Under the assumptions of Theorem 6.6, the
sequenceuX 2 X+ generated by Algorithm C converges to the solution? 2 H3() of (2.4).

Proof. The claim follows directly from the full R-linear convergence(6.15), in full analogy
to the proof of Corollary 4.5. O

The next corollary shows that the case” < +1 can only arise if the exact solution
u?2 H3() of (2.4) is discrete. The proof is analogous to [GHPS21, Corollary 7].
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Corollary 6.8. Suppose that the assumptions of Theorem 6.6 hold. 1f< +1 , then
u?=u’2X- and -(u?)=0.

Proof. Since 2 LNp, the uniform contraction property (UC) of the solver yields

_ (Ug) K11

=02 k k =2 0: K .
jus U CgJu’  ug ! 0:

On the other hand, Corollary 6.7 ensures that the sequence® 2 X- generated by Algorithm
converges tou”. By uniqueness of limits, we thus obtainu? = u?. Finally, full R-linear

convergence (6.15) guarantees

(6.15) KIL

0 7(Ui) HE Ciin qli(n H? ! 0;

which yields ;(uf) = 0. This concludes the proof. O

Corollary 6.9. Suppose that the assumptions of Theorem 6.6 hold. Assume there exists an
exact level o 2 E such that ~0(u50) =0. Then, for all (";k) 2Q with j(';K)j j (Co;Kk)j, it
follows thatH = 0. In particular, for all (*;k) 2 Q with j(;k)j j (o;k)j, Algorithm C
guarantees thatu = u?=u’, M- =;,andT- = T,.

Proof. From \O(u\KO) = 0 and the stopping criterion (6.2), it follows that u%) = u\K0 !
Lemma 2.21 (iii) then gives u\KO = u’, and thus -,(u?) = 0. Consequently, H% =

\O(U?O) = \o(uxko) = 0. Full R-linear convergence(6.15) then implies H¢ = 0 for all
(;k) 2Q with j(';k)j j Co;k)j. The remaining assertions of the corollary follow as in the
proof of Corollary 5.7. O

6.3 Proof of rate-optimality

In this section, we establish the rate-optimality of Algorithm C. Our rst proposition is the
analogue of Proposition 5.8 from Chapter 5, and its proof is nearly identical. Only the case
-~ < +1 requires a seperate consideration.

Proposition 6.10.  Suppose that the assumptions of Theorem 6.6 ar{k1) hold. Let s > 0.
Then, there exists a constantyp: > 0 such that

Copt KU Ka, sup #T #To+1)S ~(U9) sup #T #To+1)SH:  (6.34)
0 < +1 (ik)2Q
The constant copr depends only or# To; Cehilg ; S, and possibly, in addition, on the minimal
index "9 2 LNg satisfying either = < +1 or \O(U%) =0 with "9 2 E. Speci cally, if
such an index exists, thercoplt (Cliy 1)°(# To)s. Otherwise, coplt Cahiig # To)®.

Proof. As -(u?) HX for all (";k) 2 Q, the second estimate in(6.34) follows immediately.
For the rst estimate in (6.34), we distinguish two cases.
Case 1: Suppose there exists a minimal indexg 2 L Ng satisfying either o= ~ < +1
or ‘O(U\KO) = 0 with "9 2 E. By Corollary 6.8, respectively Corollary 6.9, this yields
H(u?)=0.
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Let N 2 No. If # T, #To N, then T, 2 T(N), which implies

. ”2
min t(uiy)=0:
Topt 2T(N) opt (Uopt)

If instead T, # To >N, the child estimate (R1) guarantees

(N+D)° min - op(Ugp)  # T #7T0)° ofug)
opt

(R1) ) s s ?

(Cchild 1)°(# To)” o(ug)

(Chig  1°C# To)® ‘Szl#\lp(# T #To+1)S -(u9):
0

Hence, for allN 2 Ng,

(N+1)5_min  op(udy) (Clyg 1°H To)Ssup# T #To+1)° - (u?):
Topt 2T(N) "2No
Taking the supremum over allN 2 No completes the proof in this case.
Case 2: Suppose” =+ 1 and ‘(u\K) > 0 for all *~ 2 LNp. The argumentation from
Case 2 of the proof of Proposition 5.8 applies verbatim in the situation at hand and proves
the rst estimate in (6.34) also for ~ =+ 1 . This concludes the proof. O

The following lemma establishes the equivalence between the error estimator of the nal
iterates \(u\K) and the quasi-error HX on the exact levels® 2 E. The validity of this
equivalence crucially depends on the stopping criterion (6.2).

Lemma 6.11. Suppose that the solver satis eUC) and that stability (A1) holds. Let
K;L 2 N;Cmark;Ceara 1, > 0, u§ 2 Xo, and 0< 1 be arbitrary. Then, there exists a
constant Ceqy > 0 such that, for all * 2 E, Algorithm C guarantees the equivalence

Coy (U HY Cequ (u): (6.35)
The constant Ceqy depends only onCsap; ; and Ggyg.

Proof. The lower bound in (6.35) follows immediately from stability (A1). For the upper
bound, Lemma 2.21 (iii) together with = 2 E and the stopping criterion (6.2) gives

(iii) (6.2)
TTEATS T T ST TN (T ¢ (6.36)

Another application of stability (A1) yields

(A1) (6.36)
H = ju? s+ W) . ju® o+ W NOSE
which proves the upper bound in(6.35). All hidden constants depend only onCgp; ; and
Cuig- This concludes the proof. O
For a su ciently small stopping parameter > 0, the estimator equivalence \(uxk) o (ud)

holds on the exact levelsE. This is precisely stated in the following lemma, where we stress
that is indeed independent oK and L.
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6 Algorithm C: Cost-optimal S-AFEM with cardinality control

Lemma 6.12 ([GHPS18, Lemma 4.9]. Suppose the solver satis egUC). Suppose(Al).
Let K;L 2 N;Cmark; Ccara 1, u8 2 Xp,and 0< 1 be arbitrary. De ne

= 1 . (6.37)

opt -— .
C:stab 0alg

Llet0< < opt. Then, for all * 2 E, the nal iterates u¥ 2 X- generated by Algorithm C
satisfy the estimator equivalence

(T o) (W ) @+ ) (U (6.38)
In particular, Lemma 6.11 with constant Ceqy > 0 leads to
1 om)CeHY  ~(U) (@+  o)CequHS: (6.39)
Proof. Let * 2 E. Then, Lemma 2.21(iii) together with the stopping criterion (6.2) implies
(iif) (6.2)
L2 ks Gulg . k k1L Galg ky.
u’ oW ——jJuT W —— (U%): 6.40
[ ll%lgl [ 1qa|g() (6.40)
Stability (A1) and (6.40) yield
(A1)
(U (U Coapiu? U
(6.40)
U+ Coap P9 (= W+ g (U

1 Ualg

Rearranging the terms, this establishes the lower bound ir{6.38). Note that <
ensuresl oplt > 0. Similarly, stability (A1) and (6.40) thus give

(A1) ) _ (6.40)
(W) U+ Ceapiu? US 1+ Caiab 7 Oﬁgal W=+ om) (U
9
which proves the upper bound in(6.38). The equivalenceq6.39) are an immediate conse-
guence of (6.35) and (6.38). This concludes the proof. O

Even though the full R-linear convergence established in Theorem 6.6 is parameter
robust, it relies on the (mild) assumption that the smoother is uniformly stable (US) with
constant Cag 1. In practice, most smoothers are (non-uniformly) contractive and therefore
satisfy uniform stability with Cyg 1. Nevertheless, the following proposition employs a
perturbation argument to show that this assumption can be removed when the stopping
parameter > 0 is su ciently small.

Proposition 6.13  (full R-linear convergence of Algorithm C for generalC,qg). Suppose
that the solver satis es (UC) and that the smoother satis es(US). Suppose that(Al) (A4)
and (QM) hold. Let K;L 2 N;Cmark;Ccarda 1, u8 2 Xg,and 0 < 1 be arbitrary. Let

opt be dened as in(6.37) and let0< < 172 . Then, Algorithm C guarantees that
the full quasi-error sequenceH is R-linearly convergent, i.e., there exist constantCy, > 0
and 0< qji < 1 such that

HE Cin (R CHNHE for all ((CK9; (k) 2 Q with jCCKOj | (3K)j:  (6.41)
The constantsCyis ; gin depend only onK;L; ; , and the constants in(Al) (A4) and (QM).
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6 Algorithm C: Cost-optimal S-AFEM with cardinality control

Proof. Let * 2 E. DOr er marking for M - = N1 - from Algorithm C(l1), stability (A1), and
estimate (6.40) from the proof of Lemma 6.12 imply

p_ (A1) ) _ (6.40)
(U (MU (MUY + Caapju® U (MU + o (ub):
Rearranging the terms, this yields
P- k
( opt) (U (M ud): (6.42)
De ne
P- 1
O< €= _ opt < 1
1+ op]i

From the estimator equivalence (6.38) and (6.42), it follows that

,. (638) p_ (6.42) R
e () o) (U9 “(M +;u?): (6.43)

SinceM - T -nT4_, we have

(6.43)
e .(u?) (M ~;u?) (T nTy;ud):

Hence, for allj 2 No with jL < °_, the sequencev; = uj'-’l_ 2 Xj_, together with the
corresponding mesheg;_, satis es the assumptions(3.22) (3.23) of Theorem 3.14. Applying
this theorem, there exists a scaling factor > 0 such that the quasi-error sequence ;. (uj?l_ )
from (3.13) for 0 jL <" _is R-linearly convergent. By the equivalence j_ (uj'-’L) ' Hﬁ_

from (6.39), we have

(3.13)

(6,39)
iL (UJ?L ) = iL (UJ?L)

Kk

and therefore,HJ!(*L is R-linearly convergent inj . Applying Lemma 3.3 yields tail summability

of HjKL in j, i.e., there exists a constantCi; > 0 such that, under the change of indices
"= L 2E,

X k .

H% Cuj HS forall " 2 E: (6.44)
"02E
\O>\
The uniform contraction (UC) of the iterative solver, together with the uniform stabil-

ity (US) of the smoother, ensures that

HC  maxf 1; ChggHC forall0 k Kk°<k[]+1 and” 2 Nowith (;0)2Q: (6.45)

Having established tail summability (6.44) of HX on the exact levels and monotonicity(6.45)
of H¥ in k, the argumentation from Steps 2 5 of the proof of Theorem 6.6 applies verbatim
to the situation at hand and vyields full R-linear convergence(6.41). This concludes the
proof. O
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6 Algorithm C: Cost-optimal S-AFEM with cardinality control

The following theorem is the main result of this section and establishes the rate-optimality
of Algorithm C for su ciently small parameters and . The rst step of the proof relies
on the equivalences established in Lemma 6.12, which allow us to apply the perturbation
argument from the proof of [GHPS21, Theorem 8]. The remaining steps then proceed
analogously to the proof of Theorem 5.9 from Chapter 5.

Theorem 6.14 (rate-optimality of Algorithm C) . Suppose that the solver satis egUC) and
that the smoother satis es (US). Suppose that(R1) (R3), (A1) (A4), (A3"), and (QM)
hold. Let K;L 2 N;Cmark; Ccard 1; and u8 2 Xo be arbitrary. Let o be dened as
in (6.37). Let 0< land0< < 12 i with

(P+ = op)? 2 ~2 1
(1 — opt)2 < opt:(1+ Cstabcdrel) : (6-46)

Let s> 0. Then, there exist constantscopt; Copt > 0 such that

0< 0=

CoptKuKa, ("?(l)JEQ #T  #To+1)SHY  Cop maxtk u’ka; H3g: (6.47)

The constant copt is the one from Proposition 6.10 and depends only o# To; Cehig; S, and
possibly in addition on the minimal index o 2 LNg satisfying either o = > < +1 or

‘O(U\KO) =0 with "o 2 E. The constant Cop depends only ors; K; L; C card; Cmark; ; ;0 algs
and the constants in(Al) (A4), (A37), (QM), and (R3). Speci cally, it satis es

25CSeeh 1+ Ceard(L 1) *CeqvCSank CEei CempCii
Copt mesh card( )l eqv n]].irsksdre| cmp |II’1: (648)

Cv 1 opt 1 Gin

Proof. Since Proposition 6.10 establishes the lower bound i(6.47), it only remains to prove
the upper bound. Without loss of generality, assume thatku’ka, < +1 . The argument is
split into ve steps.

Step 1. Let "°2 E, and let R0 T -0 be the subset from Lemma 2.17 with °from (6.46).
Stability (A1), Lemma 2.21 (iii), and the stopping criterion (6.2) yield

2y (AD Kk - 7 k=
o(R0; U) “o(R-0; U%) + Cgtap JUSo  Usoj

o(R>o; U‘Ko) + Cstab 1 hig

-k k 1-
us U+ 4
- Igl 0 o] (6.49)

(6.2) ‘ ‘
o(Ro;us0) +( = opt) “o(Uo):

The estimator equivalence from Lemma 6.12 and the Do6r er marking property(2.33) of R+o
from Lemma 2.17 thus ensure

(6.38) P _ 2.33)
0 o(u) “o(R+0;; u%)

(6.49)

N e
(I = opt) 0 ~o(U) (6.50)

‘o(R~0; U\Ko)'*'( = opt) ‘O(U‘KO):
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6 Algorithm C: Cost-optimal S-AFEM with cardinality control

With the de nition of  ?from (6.46) it follows that

p- p_— (6.50)
WU = (@ = o) 0 = opr o(Uf) o(R0; u):

Therefore, the setR-o satis es the D6r er marking criterion with parameter . Moreover,
as guaranteed by Algorithm C(I1) (I11), the set M 0= N o s, up to the factor Cnark, Of
minimal cardinality among all subset of T- satisfying the Dor er marking criterion. Together
with (2.32) and the equivalence (6.39), we thus obtain

(2.32) _ - _
#M o Crak#Ro  CrakCdel C&3 ku’ky® ~o(u%) =

(6.39) _ _
1y 1=s~1=s 0 1=s 1, ,? 17s gk 1=s.
1 opt) Ceqvcmark Carel Ccmp ku kAS H'o :

Moreover, the stability estimate (3.18) from Lemma 3.11 ensures that

C 1s (319)

= 1=s
HTO 1=s Ho .

IvI 041
With C; = C,;" (1 opt) 15SCaqvCrmark Co; Cemp, the preceding two estimates yield
Mo Crku’ky® H%, ™ forall "°2E. (6.51)
Step 2. Cardinality control in Algorithm C(lI1) ensures that
#M o  Ceard# M 0 mogcory forall 021 : (6.52)

Step 3. Let (';k) 2 Q with T- 6 Tp. The child estimate (R1) yields # T- > # Tp. Hence,
applying the mesh-closure estimate (R3) gives

(R3) X1
#T #To+l 2#T #To) 2Cmesh #M o
“0g
X X
= 2Cmesh #M 0+ #M 0.
02 LN *02L N
o ‘o

Note that between two consecutive exact levels there are exactly 1 intermediate levels.
Hence, applying (6.52), the second sum is bounded by

X (6.52) X X
# M ~0 Ccard # M ~0 mod(‘O;L) Ccard(L 1) # M 0.
021 Ng 02 N 02 L No
S foc: “oc-
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6 Algorithm C: Cost-optimal S-AFEM with cardinality control

The combination of the previous two estimates together with (6.51) yields

X
# T‘ # TO + l 2Cmesh 1 + Ccard(L l) # M ~0
"2 No
\O<\
(6.51) X -
2Cmesh 1 + Ccard(L 1) Clku?ki;s HQO 1=s
"2 N
i)
21, 1=s X k0 1=s
2Cmesh 1 + Ccard(L 1) ClkukAs H‘O
(%k92Q
iCOK95T (k)i
By full R-linear convergence (6.41), the geometric series implies
X _(6.41) . _ _ X v OLOv
KO 1=s 1=s |k 1=s 1=s j(5k)ij (k9]
H Cin H Qin
(%92Q (%92Q
iCo%K9IT (k)i iCoK9IT (k)i
1=s 1=s 1 ,,k 1=s,
Cin 1 Gin H: -
Combining the previous two estimates, we obtain that

#T #To+1l 2Cmesh 1 + Ccard(l— 1) Clcl:ilnzs 1 qll.:s lku?kzs Hl( lzs:

S

Dene Copt = 25C3 ¢y 1+ Ceard(L 1) SCfcnn 1 q%:s . Exponentiating by s and

4 mesh
rearranging terms proves that

#T #To+1)SHE CO,;,tku?kAs forall (;k) 2Q with T- 8 Tp. (6.53)

Step 4. Suppose(';k) 2 Q with T- = Tp and * > 0. In this case, no re nement has taken
place and henceM o= M o= ;. The guasi-minimality condition in Algorithm C(I1) then
yields o(u%) = 0. By Corollary 6.9, it follows that H = 0. Consequently, estimate(6.53)
generalizes to

#T #To+1)SHS  Copku’ka, forall (;k) 2 Q with ~> 0. (6.54)

Finally, the uniform contraction property (UC) guarantees thatH'(-‘J H8 forall0 k K[O]
Therefore, the estimate (6.54) carries over to

#T  #To+1)SHY  Cop maxtk u’ka;H3g for all (;k) 2 Q,

which establishes the upper bound6.47). Substituting the de nition of Cj into that of Cqpt
yields the bound (6.48). This completes the proof. O]

Lemma 2.3 immediately implies the following corollary.
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6 Algorithm C: Cost-optimal S-AFEM with cardinality control

Corollary 6.15. Suppose that the assumptions of Theorem 6.14 hold. Then, there exist
constants Copt ; Copt > 0 such that

Copt KU Ka, (?(l).lp # T)SHS  (# To)SCopt maxtk u’ka_; H3g:
5k)2Q

The constantscopt and Copt are those from Theorem 6.14. O

With the same argumentation as in the proof of Proposition 5.11, we obtain the following
result.

Proposition 6.16. Suppose the assumptions of Theorem 6.14. Suppose that there exists
s > 0 such that

0< inf #T)° ~(u?) sup@T)° -(u)<1:
2No "2Np

Then, there exists a constanl@eqv 1 such that
(Ul HE Ceqv ~(u?) forall (3k)2Q. O

Proposition 6.16 shows that, if the error estimator -(u?) decays exactly at rates > 0,
e, ~(u?) ' (#T) s (cf. Remark 5.12), then the quasi-errorH® is equivalent to the
discretization error -(u?), i.e., H* -(u?) for all (";k) 2 Q. This extends Lemma 6.12,
which established this equivalence only for the nal iterates on the exact level&.

The signi cance of this extension is the following. Since the algebraic error cannot,
in general, be bounded in terms of the discretization error on the intermediate levels,
Lemma 6.12 applies only on the exact levelg. Consequently, the perturbation argument
used in the proof of Theorem 6.14 was restricted to these levels. To overcome this restriction,
cardinality control was introduced to ensure bounds on the number of marked elementM -
across all meshes. Proposition 6.16, however, shows that under the additional assumption

“(u?)" #T) S, the algebraic error is already implicitly bounded by the discretization
error ~(u®) on every level.

In summary, while cardinality control was originally motivated by the inability to bound
the algebraic error on the intermediate levels, Proposition 6.16 reveals that such a bound is,
under the compactness assumption, implicitly guaranteed. In this sense, cardinality control
can be viewed as ensuring control of the algebraic error a somewhat surprising observation.

6.4 Proof of quasi-optimal complexity

In this section, we analyse the computational costs of an implementation of Algorithm C.
Under standard assumptions for nite element implementations, we show that Algorithm C
achievesoptimal convergence rates with respect to the overall computational cosin the
literature (see, e.g., [BFM’ 25]) this property is often called optimal complexity; here we use
the term quasi-optimal complexity This result is the main theorem of this chapter.

We begin by examining the computational cost of each step (I) (IV) of the adaptive loop
in Algorithm C:
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6 Algorithm C: Cost-optimal S-AFEM with cardinality control

SOLVEA single step of a solver satisfying the uniform contraction property(UC) can
be realized with linear complexity O(# T-). An example is the geometric multigrid
method from [IMPS24].

SMOOTtandard smoothers require only linear cosO(# T-), such as Richardson
iteration, the conjugate gradient method (CG), or trivially the identity.

ESTIMAT.EThe computation of all residual-based re nement indicators can be realized
with linear complexity O(# T-).

MARKDOr er marking with quasi-minimal cardinality can be implemented in O(# T-).
We refer to [Ste07] forCmark = 2 and to [PP20] for Cpark = 1.

" CARDINALITY CONTRIDIe cardinality control step (IIl) can be carried out in linear
complexity O(# T-); see Remark 5.2.

REFINEMesh re nement by newest-vertex bisection (NVB) can be implemented in
linear complexity O(# T-); see, e.g., [Ste08; DGS25].

Since each adaptive step depends on the entire re nement history, the overall computational
cost up to step(';k) 2 Q is thus proportional to
X
# T-o:
(%92Q
iCoK95T k)i
We therefore say that Algorithm C achieves the convergence rate > 0 with respect to the

overall computational cost if
|

X S
sup #To H<< +1:
( ;k)ZQ (‘O;kO)ZQ
iC%k9j] Cik)j

The following theorem goes back to [Feil5, Theorem 2.5.1], where it was shown that if
each step of the adaptive loop can be realized at linear cost, then the convergence rates with
respect to degrees of freedom and with respect to computational cost coincide.

Theorem 6.17 (quasi-optimal complexity of Algorithm C) . Suppose that the assumptions
of Theorem 6.14 hold and lets > 0. Then, there exist constantscost; Ccost > 0 such that

X S
Ceostku’ka,  sup #To HY  Ceost maxtk uka,; Hg: (6.55)
(k)2Q “0.
(%k92Q
JCOKOG ) Cik)i

The constant ccst coincides with the constantcyy: from Theorem 6.14, whileCeost Satis es

Ceost (#T0)ConCin® 1 qin® (6.56)

where Copt > 0 is the constant from Theorem 6.14, andCj, > 0;0 < qjin < 1 are the
constants from Proposition 6.13.
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6 Algorithm C: Cost-optimal S-AFEM with cardinality control

Proof. The lower bound in (6.55) follows directly from Corollary 6.15 and

X
#T #To forall (;k)2Q;
(%k92Q
iCOKY5 ] Cik)j

For the upper bound, assume without loss of generality thaku?ka, < +1 . Corollary 6.15
yields

sup (# T)SHX  (# To)SCopt maxfk u’ka_; Hig < +1 ;
(5k)2Q

and, hence,

#T (# To)cggf maxfk u’ka; HIg™S(HY) ¥ forall (';k) 2 Q. (6.57)

SetCy = (# To)ngts. By full R-linear convergence (6.41) from Proposition 6.13, the
geometric series implies

X (6.57) _ X _
#To C1 maxfk u’ka,; H3g*™® Hy S
("%k92Q (%k92Q
iCOK9II CiRi TRISITRELS)
(6.41) s } X e oo
C1 maxfk u’ka, ; H3g!™sC-s HE 178 s iCKkIT COk9i
(%k92Q
iCOKk95 k)i
? . g0~1=s~1=s 1=s 1 , ,k 1=s,
Cimaxfk u’kas; Hog —Cyi” 1 G, H! :

This proves the upper bound in(6.55) with Ceost = C1Cjii° 1 iy . Substituting the
de nition of C; into that of Cgeg Yields the bound (6.56), and the proof is complete. O

The importance of Theorem 6.17 is the following. Lemma 2.11 shows th&u?ka, < +1
implies that rate s is achievable with respect to the number of degrees of freedom (for exact
discrete solutions on optimally chosen meshes). The rst inequality in(6.55) con rms that
if decay of the quasi-error at rates is possible with respect to cost, then it is also possible
for exact discrete solutions with respect to the number of degrees of freedom. The second
inequality in (6.55) shows the converse: If rates is possible with respect to the number of
degrees of freedom, then Algorithm C achieves the same rate with respect to cost.

In summary, the quasi-error decays at rates > 0 with respect to cost if and only if the
exact discrete solutions on optimally chosen meshes decay at this rate with respect to the
number of degrees of freedom. Since > 0 is arbitrary, Algorithm C achieves optimal
convergence rates with respect to the overall computational cost, i.e., it has quasi-optimal
complexity.
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7 Numerical experiments

In this chapter, we present numerical experiments that con rm the theoretical results
established in the previous chapters and analyse the performance of S-AFEM for various
smoothers and parameters. All computations were carried out within the object-oriented
Matlab software package MooAFEM from [IP23]. We employ its built-in data structure and
routines for triangular meshes, re nement, quadrature, nite element assembly, and iterative
solvers. Within the object oriented framework, the Richardson and Gauss Seidel smoothers
were implemented as additional subclasses of the iterative solver class. Furthermore, the
multigrid solver class was extended by an additional method to control whether the nest-level
block-Jacobi preconditioner is assembled.

In all experiments, we use the marking algorithm based on the binning technique
from [Ste07], which has linear complexity and returns a set of quasi-minimal cardinal-
ity with Chark = 2. For all timing measurements, each experiment was repeated ve times,
and the run with the median total runtime is presented in the results. The computation
of the error, when the exact solutionu? is known analytically, was excluded from the time
measurement.

7.1 Comparison of setup and solve step for iterative methods

This section provides an empirical investigation of the setup time and solve-step time of
iterative methods introduced in Section 2.5, which will later be employed as solvers or
smoothers within the S-AFEM Algorithms A C.

To this end, we consider the Poisson problem on the unit square= (0 ;1)?, given by

u’=1 in

u’=0 on@: (7.1)

The problem (7.1) is discretized by the conforming Lagrange nite element spacé2.13) of

To measure their runtime performance, we apply the iterative methods indicated in
Figure 7.1c to the discrete systems

A-x-=vy. forall " =0;:::;10 (7.2)

The methods labeled PCG (iChol) and PCG (Jacobi) refer to the PCG method(2.45)
with the incomplete Cholesky preconditioner from Example 2.30 and the block-Jacobi
preconditioner from Example 2.29 respectively. The multigrid method is thehp-robust
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Figure 7.1: Setup time and solve-step time for the discrete linear systemé/.2) arising from
the Poisson problem(7.1) for various iterative methods. The results are obtained
on uniformly re ned meshes with polynomial degreep = 2.

geometric multigrid algorithm from [IMPS24], while Richardson, Gauss Seidel, and CG
correspond to the iteration schemeg2.40), (2.42), and (2.43), respectively. The Richardson
iteration (2.40) employs the step size

I+ :=0:95 2=KA -Kq; (7.3)

where k k1 denotes the maximum absolute column sum norm. By the Gerschgorin circle
theorem [Ger31, Satz Il], bothkA -k; and the maximum absolute row sum normkA -Kki
provide upper bounds for the spectral radius (A-). Hence, the choice(7.3) guarantees
that the admissibility condition (2.41) is satis ed. We opt for the column norm in (7.3),
since sparse matrices iMatlab are stored column-wise [GMS92], making its evaluation
particularly e cient.

The setup time, shown in Figure 7.1a, measures the wall-clock time required before
the rst iteration to prepare auxiliary data structures and, if applicable, to construct the
preconditioner. For the Richardson method, this includes computing the step size; for Gauss
Seidel, extracting the lower and upper triangular parts; for CG, initializing the residual
and search direction; and for PCG, additionally assembling the preconditioner. The block-
Jacobi preconditioner is assembled using MooAFEM routines and the incomplete Cholesky
preconditioner via the Matlab  built-in function iChol . In the case of multigrid, the setup
phase involves assembling the smoothers and transfer operators on the intermediate and
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nest levels. The assembly of the Galerkin matrix and the load vector is excluded from these
measurements, since it is identical for all iterative methods. The unpreconditioned methods
(Richardson, Gauss-Seidel, CG) exhibit negligible setup times, whereas the preconditioned
ones (PCG (iChol), PCG (Jacobi), multigrid) require a noticeable setup phase. Among
these, PCG (iChol) shows the smallest setup time, while PCG (Jacobi) and the multigrid
method are considerably more expensive. The close agreement of the multigrid and PCG
(Jacobi) curves re ects the use of block Jacobi smoothing on the nest level of the multigrid
algorithm, which also requires constructing the block-Jacobi preconditioner. The additional
setup time of diagonal Jacobi smoothers for intermediate-level smoothing appears negligible.
Figure 7.1b presents the solve-step time, i.e., the wall-clock time required for one iteration
in the iterative phase. Here, the unpreconditioned methods are the fastest, with PCG (iChol)
performing nearly as e ciently despite the additional e ort of applying the preconditioner.
In contrast, PCG (Jacobi) and multigrid exhibit the longest run times, again with almost
identical performance, con rming that the multigrid operations on the intermediate levels
contribute only marginally to the total time. Overall, the di erences in solve-step time
among the methods are moderate compared to their setup times, and for all methods the
setup time dominates the solve-step time. Notably, PCG (iChol) stands out as a competitive
preconditioned method combining low setup and iteration times. Moreover, both the setup
time and the solve-step time grow linearly with the number of degrees of freedom.

7.2 Pure diusion with peak right-hand side

As a rst benchmark problem, we consider a pure di usion problem with peak right-hand
side, as studied in [MGH21]. The problem on the unit square = (0 ;1)? is given by
2 .
u'=f in

u’=0 on@ ; (7.4)

where the right-hand sidef 2 C! () is chosen such that the exact smooth solution
u’2 Ct () of (7.4) reads

1)e 100 (x1 0:5)2+(x2 0:117)2

u?(x1;X2) = x1(x1  1)xa(X2 for (x1;x2) 2

The exact solution u? has a strong peak neaf0:5;0:117), as illustrated in Figure 7.2a.

7.2.1 Single S-AFEM step experiment

To study the e ciency underlying a single S-AFEM step from Section 4.1, we perform one
step of Algorithm A with step length L = 10 and K 2 f 3;10g smoothing iterations per
intermediate level. Starting from the initial mesh To shown in Figure 7.2Db, this generates a

with the Richardson step size chosen as i7.3). For reference, we compare the results with
eleven steps of classic AFEM, which corresponds to Algorithm A withL = 1.

87



7 Numerical experiments
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(a) Exact solution u’ (b) Initial mesh To

Figure 7.2: Exact solutionu’ and initial mesh of the peak problem (7.4).

Figure 7.3 shows the nal meshesdlg obtained with K =3 smoothing iterations. For all
considered smoothers, the re nement is concentrated around the peak of. Among the
tested smoothers, the mesh obtained with the identity smoother (Figure 7.3a) deviates most
from the classic AFEM mesh (Figure 7.3g), whereas the one obtained with PCG (iChol)
in Figure 7.3e exhibits the closest agreement. The irregular re nement obtained with the
identity iteration indicates that omitting smoothing on the intermediate levels may prevent
the formation of e ective re nement patterns. All smoothers result in nal meshes with
more elements than the classic AFEM mesh, with PCG (iChol) producing the smallest
number of elements among them. As already observed in [MGH21], even a few smoothing
iterations that damp high-frequency components of the algebraic error lead to re nement
patterns comparable to those of classic AFEM.

The degree of similarity to the classic AFEM mesh correlates with the behaviour of the
global error estimator shown in Figure 7.4a. Although the global errors on the intermediate
levels (Figure 7.4b) are larger due to algebraic error, the nal-level errors decrease signi cantly
for all smoothers. This con rms that the generated meshes capture the peak region well.
Among the unpreconditioned methods (identity, Richardson, Gauss Seidel, CG), Gauss
Seidel performs best. Moreover, PCG (iChol) achieves re nement patterns closely aligned
with classic AFEM, showing that a more advanced, albeit more expensive, smoother can
prove bene cial.

We repeat the experiment with an increased number oK = 10 smoothing iterations.
The resulting meshes, presented in Figure 7.6, show that additional smoothing improves
the re nement quality. All meshes, except those obtained with the identity and Richardson
iterations, now closely resemble the classic AFEM mesh (Figure 7.50).

This observation agrees with the behaviour of the global error estimators and errors shown
in Figure 7.6. In Figure 7.6a, the global error estimators of all smoothers, except the identity
and Richardson iterations, are almost identical. The corresponding nal-level errors in
Figure 7.6b also coincide with the classic AFEM reference. Although the mesh obtained
with the Richardson iteration (Figure 7.5b) still contains more elements, it captures the
peak region e ectively, as its nal-level error in Figure 7.6b aligns with the slope of the
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Figure 7.3: Final meshesTyg on level " = 10 for the peak problem(7.4) generated by one
step of Algorithm A with S-AFEM step length L = 10 and K = 3 smoothing
iterations per intermediate level for various smoothers. The polynomial degree
is p=2 and the bulk parameter is setto =0:5.
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Figure 7.4: Values of error estimator ‘(u5) and error ju® u5j for the peak problem(7.4) by
one step of Algorithm A with S-AFEM step length L = 10 and K = 3 smoothing
iterations per intermediate level for various smoothers. The polynomial degree
is p=2 and the bulk parameter is setto =0:5.

classic AFEM reference. Overall, these results con rm that all methods except the identity
iteration yield e ective re nement patterns comparable to those of classic AFEM.

7.2.2 Verication of rate-optimality of Algorithm B

In this section, we verify the rate-optimality of Algorithm B as stated in Theorem 5.9, i.e.,
we con rm that the error estimator decreases with the optimal rate p=2 with respect to
the number of elements for a xed polynomial degreep.

In all experiments, we use the following approach for the cardinality control step in
Algorithm B (IV). We set

Ceard =100 2- 1; (7.5)

whereL denotes the S-AFEM step length. If, on all intermediate levels, the number of marked
elements doubles compared to the previous level (which may be either an intermediate or
an exact level), then the optimal value from (5.3) satis es C2P, =2 1. Hence, the above
choice guarantees that the number of marked elements can at least double without activating
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