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Kurzfassung

Partielle Differentialgleichungen (PDEs) spielen eine zentrale Rolle bei der Modellierung
physikalischer Phänomene. Ihre Lösungen weisen häufig lokale Singularitäten auf, die die
Genauigkeit numerischer Verfahren einschränken können. Die adaptive Finite-Elemente-
Methode (AFEM) bewältigt solche Singularitäten effektiv, indem sie das Netz auf der
Grundlage von a posteriori Verfeinerungsindikatoren iterativ verfeinert.
Zur Verbesserung der Recheneffizienz werden in der AFEM üblicherweise iterative alge-

braische Löser eingesetzt, um die diskreten Probleme zu lösen. Die von [Mulita, Giani, Heltai:
SIAM J. Sci. Comput. 43, 2021] vorgeschlagene geglättete AFEM (S-AFEM) zielt darauf ab,
den Rechenaufwand weiter zu reduzieren. Diskrete Lösungen von hoher Genauigkeit werden
dabei nur auf periodisch wiederkehrenden Ebenen der Netzhierarchie berechnet, während
auf den Zwischenebenen lediglich eine feste Anzahl von Iterationen eines kostengünstigen
Glättungsverfahrens durchgeführt wird. Numerische Experimente in jener Arbeit belegen,
dass dieses Vorgehen Netzfolgen liefert, die mit denen der Standard-AFEM vergleichbar
sind, jedoch bei deutlich geringerem Rechenaufwand.
Diese Arbeit präsentiert die erste Konvergenzanalyse der S-AFEM sowie deren Verallge-

meinerungen. Die Analysis umfasst allgemeine lineare elliptische PDEs zweiter Ordnung und
setzt lediglich voraus, dass die verwendeten Glättungsmethoden die gelockerte Annahme der
gleichmäßigen Stabilität erfüllen. Diese Bedingung wird sowohl von Standardverfahren wie
Richardson-, Gauss-Seidel- und CG-Verfahren als auch von fortgeschritteneren Methoden wie
vorkonditioniertem CG oder Multigrid erfüllt. Auf periodisch wiederkehrenden Ebenen wird
ein gleichmäßig kontraktiver iterativer Löser mit dem Abbruchkriterium aus [Gantner, Ha-
berl, Praetorius, Schimanko: Math. Comp. 90, 2021] verwendet. Unter diesen Annahmen wird
gezeigt, dass S-AFEM eine parameterunabhängige volle R-lineare Konvergenz gewährleistet,
d.h. Kontraktion eines geeignet definierten Quasi-Fehlers in jedem Schritt des Algorith-
mus für beliebige Eingabeparameter. Darüber hinaus wird bewiesen, dass die Methode bei
hinreichend kleinen Adaptivitätsparametern optimale Konvergenzraten in Bezug auf die
kumulativen Rechenkosten und damit auch in Bezug auf die Rechenzeit erzielt. Abschließend
bestätigen und veranschaulichen numerische Experimente die theoretischen Ergebnisse und
zeigen die Effizienz der Methode unter Variation verschiedener Glättungsverfahren und
Parameter.



Abstract

Partial differential equations (PDEs) play a central role in modelling physical phenomena.
Their solutions often exhibit local singularities that may spoil the performance and accuracy
of numerical methods. The adaptive finite element method (AFEM) handles such singularities
effectively by refining the mesh iteratively according to a posteriori refinement indicators.

To improve the practical performance, AFEM usually includes iterative algebraic solvers
for the discrete systems. The smoothed AFEM (S-AFEM) proposed by [Mulita, Giani,
Heltai: SIAM J. Sci. Comput. 43, 2021] aims to additionally reduce the computational
costs. Accurate discrete solutions are computed only on periodically occurring levels of the
mesh hierarchy. On the intermediate levels, a fixed number of steps of a computationally
inexpensive smoother are performed. Numerical experiments in that work showed that the
method achieves results comparable to standard AFEM while significantly reducing the
computational costs.

This thesis presents the first convergence analysis of S-AFEM and generalizations thereof.
The analysis covers general second-order linear elliptic PDEs and only requires the smoothers
to satisfy the relaxed assumption of uniform stability. This property is satisfied by standard
smoothers such as Richardson, Gauss–Seidel, and conjugate gradient (CG) iterations, as
well as by more advanced methods like preconditioned CG and multigrid. At periodically
occurring levels, the analysis employs a uniformly contractive iterative solver with the
stopping criterion from [Gantner, Haberl, Praetorius, Schimanko: Math. Comp. 90, 2021].
Under these assumptions, S-AFEM guarantees parameter-robust full R-linear convergence,
i.e., contraction of a suitably defined quasi-error in each step of the algorithm for any choice
of input parameters. Moreover, for sufficiently small adaptivity parameters, the method is
proven to attain optimal convergence rates with respect to the cumulative computational
costs, and thus also with respect to computation time. Finally, numerical experiments
confirm the theoretical results and evaluate the performance of the method for various
smoothers and parameters.



Danksagung

An erster Stelle möchte ich mich ganz besonders bei Prof. Dirk Praetorius für die großartige
Betreuung und die viele Zeit bedanken, die er in Besprechungen und das Korrekturlesen dieser
Arbeit investiert hat. Darüber hinaus danke ich ihm dafür, dass er mir für das Verfassen
dieser Arbeit einen Arbeitsplatz am Institut zur Verfügung gestellt und mir das Vertrauen
geschenkt hat, Teil seiner Arbeitsgruppe zu werden.
Ein großer Dank gilt auch Dr. Philipp Bringmann, der sich stets Zeit genommen hat,

meine Fragen zu beantworten, wenn ich — wie so oft — bei ihm im Büro vorbeigeschaut
habe. Außerdem danke ich ihm herzlich für seine zahlreichen wertvollen Anmerkungen und
Korrekturen zu dieser Arbeit.
Zugleich danke ich der gesamten Arbeitsgruppe für die tolle Stimmung im Büro, die

ständige Unterstützung und die vielen heiteren Momente, die den Arbeitsalltag immer
wieder bereichern. Paula Hilbert danke ich insbesondere für ihre Hilfe beim Abschnitt über
die iterativen Löser.

Ebenfalls möchte ich mich bei meinen Studienkolleginnen und Studienkollegen bedanken.
Besonders Alex, Catherine, David, Fabian, Fanny, Gregor, Henner, Mario, Maxi, Maxi, Paul
und Steffi danke ich für die unvergessliche Zeit an und neben der Uni in den vergangenen
fünf Jahren. Fanny danke ich ganz besonders für ihr beständiges Vertrauen und für all die
gemeinsamen Momente, die diese Zeit so besonders gemacht haben.
Abschließend danke ich von ganzem Herzen meinen Eltern, die es mir ermöglicht ha-

ben, nach Wien zu ziehen und dieses Studium zu absolvieren. Ohne ihre bedingungslose
Unterstützung und ihr Vertrauen wäre all das nicht möglich gewesen.

Wien, am 29.10.2025 Christoph Lietz

Finanziell wurde diese Arbeit durch den FWF-geförderten SFB Taming complexity in
partial differential systems (F65) sowie durch die FWF Projekte Computational nonlinear
PDEs (P33216) und Functional error estimates for PDEs on unbounded domains (I6802)
unterstützt.



Eidesstattliche Erklärung

Ich erkläre an Eides statt, dass ich die vorliegende Diplomarbeit selbstständig und ohne
fremde Hilfe verfasst, andere als die angegebenen Quellen und Hilfsmittel nicht benutzt
bzw. die wörtlich oder sinngemäß entnommenen Stellen als solche kenntlich gemacht habe.
Hilfsmittel der künstlichen Intelligenz wurden nur verwendet, um sprachliche Formulierungen
und Zeichensetzung Korrektur zu lesen und gegebenenfalls zu verbessern.

Wien, am 29.10.2025
Christoph Lietz



Contents

1 Introduction 1

2 Preliminaries 5
2.1 Model problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
2.2 Meshes, refinement, and finite element spaces . . . . . . . . . . . . . . . . . 7
2.3 Error estimator and axioms of adaptivity . . . . . . . . . . . . . . . . . . . . 8
2.4 Characterizing rate-optimality via approximation classes . . . . . . . . . . . 13
2.5 Iterative methods for discrete linear systems . . . . . . . . . . . . . . . . . . 16

2.5.1 Uniformly stable smoothers . . . . . . . . . . . . . . . . . . . . . . . 19
2.5.2 Uniformly contractive solvers . . . . . . . . . . . . . . . . . . . . . . 26

3 Theory of R-linear convergence 29
3.1 Characterizing R-linear convergence via tail summability criteria . . . . . . 29
3.2 Generalized error quantities . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
3.3 Criteria for R-linear convergence of quasi-errors . . . . . . . . . . . . . . . . 36

4 Algorithm A: S-AFEM 41
4.1 The S-AFEM step: concept and algorithmic structure . . . . . . . . . . . . 41
4.2 Formulation of the algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . 43
4.3 Proof of full R-linear convergence for uniformly contractive smoothers . . . 45
4.4 Proof of full R-linear convergence for uniformly stable smoothers . . . . . . 49

5 Algorithm B: S-AFEM with cardinality control 53
5.1 Formulation of the algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . 53
5.2 Proof of full R-linear convergence . . . . . . . . . . . . . . . . . . . . . . . . 56
5.3 Proof of rate-optimality . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

6 Algorithm C: Cost-optimal S-AFEM with cardinality control 65
6.1 Formulation of the algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . 65
6.2 Proof of full R-linear convergence . . . . . . . . . . . . . . . . . . . . . . . . 68
6.3 Proof of rate-optimality . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75
6.4 Proof of quasi-optimal complexity . . . . . . . . . . . . . . . . . . . . . . . . 82

7 Numerical experiments 85
7.1 Comparison of setup and solve step for iterative methods . . . . . . . . . . . 85
7.2 Pure diffusion with peak right-hand side . . . . . . . . . . . . . . . . . . . . 87

7.2.1 Single S-AFEM step experiment . . . . . . . . . . . . . . . . . . . . 87
7.2.2 Verification of rate-optimality of Algorithm B . . . . . . . . . . . . . 90

i



Contents

7.2.3 Verification of quasi-optimal complexity and runtime analysis of Al-
gorithm C . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

7.3 Kellogg diffusion problem with discontinuous coefficients . . . . . . . . . . . 100
7.3.1 Single S-AFEM step experiment . . . . . . . . . . . . . . . . . . . . 103
7.3.2 Runtime analysis of Algorithm C . . . . . . . . . . . . . . . . . . . . 104

7.4 Pure diffusion with distributional right-hand side . . . . . . . . . . . . . . . 112
7.5 Convection-diffusion equation on L-shaped domain . . . . . . . . . . . . . . 113

8 Conclusion 119

References 121

ii



1 Introduction

Hardly any mathematical concept is more central to modelling phenomena in science and
engineering than partial differential equations (PDEs). Since most PDEs cannot be solved
analytically, numerical methods are indispensable. Among these, the finite element method
(FEM) has emerged as a powerful and flexible tool. It is capable of handling a wide range of
PDEs, complex geometries, and boundary conditions within a common framework.
The (conforming) FEM is based on the weak (or variational) formulation of the PDE

in an infinite-dimensional function space X , which admits an exact weak solution u? 2 X .
To obtain a computable approximation, one replaces X by a finite-dimensional subspace
XH � X and solves the variational problem restricted to XH , yielding the exact discrete
solution u?H 2 XH . Typically, such spaces XH are constructed by subdividing the domain
of the PDE into a finite mesh TH of simple geometric elements, defining local polynomial
functions on each element, and coupling them appropriately to form XH . These are the
so-called finite element spaces.

In standard (uniform) FEM, where the mesh is refined everywhere and all elements globally
have comparable size, optimal convergence rates of u?H ! u? with respect to the number
of degrees of freedom dim(XH) can only be guaranteed under sufficient regularity of the
exact solution u?; see e.g. [EG21]. In many practical problems, however, such regularity is
not present, for instance, near singularities or in regions, where u? has high curvature. A
natural remedy is to refine the mesh locally in the areas where the solution is less regular.
A finer local mesh improves the approximation properties of the finite element space and
thus increases the accuracy of the computed solution in those areas. Since the location of
such areas is often unknown a priori, the refinement process must be guided automatically.
Adaptive finite element methods (AFEMs) achieve this by iteratively steering the mesh
refinement based on a posteriori refinement indicators. The general adaptive loop takes the
form shown in Figure 1.1.

SOLVE ESTIMATE MARK REFINE

Figure 1.1: Classic AFEM loop

In more detail, it proceeds as follows: Given a mesh TH of the PDE domain and the associated
finite element space XH � X , the SOLVE step computes the discrete solution u?H 2 XH . In the
subsequent ESTIMATE step, computable refinement indicators �H(T; u?H) � 0 are evaluated
for each element T 2 TH to estimate the local contribution to the overall a posteriori
error estimator �H(u?H). The latter provides a global upper bound for the discretization
error jjju? � u?H jjj, where jjj�jjj denotes a suitable PDE-related norm. Based on the refinement
indicators, the MARK step selects a subset of elements with comparatively large indicators
for refinement. Finally, in the REFINE step, a new mesh is generated by refining (at least)
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1 Introduction

the marked elements ofTH . This loop is repeated iteratively until a prescribed stopping
criterion is met.

Theoretically, plain convergence of the adaptive loop, i.e., convergence of the global
estimator � H (u?

H ) ! 0 is well-established. The �rst proof was given in [BV84] for an
elliptic boundary value problem in 1D. In higher dimensions, convergence was �rst shown
in [Dör96; MNS02] for the two-dimensional Poisson problem and later extended to general
linear boundary value problems in arbitrary space dimension in [MSV08; Sie11]. Moreover,
optimal convergence rates with respect to the number of degrees of freedom were shown for
the two-dimensional Poisson problem in [BDD04] for an adaptive algorithm with coarsening
and in [Ste07] for a standard algorithm as described above. The results were then general-
ized to second-order symmetric linear elliptic PDEs in arbitrary dimensions in [CKNS08].
For nonsymmetric problems, optimal convergence rates were proven in [CN12] under the
assumption of a su�ciently �ne initial mesh. This restriction was later removed in [FFP14].
Finally, an axiomatic framework for proving optimal convergence rates with respect to the
number of degrees of freedom was developed in [CFPP14].

In the SOLVEstep of the adaptive loop in Figure 1.1, computing the discrete solution
u?

H 2 X H for a linear PDE requires solving a linear system of algebraic equations. Such
systems may involve millions of unknowns. Since direct solvers such as Gaussian elimination
become impractical for large systems due to their high computational complexity, the discrete
solution u?

H is usually replaced by an approximationuH 2 X H obtained by an iterative
algebraic solver. This leads to the class of methods known asAFEM with inexact solvers.
Convergence analyses of such algorithms have been carried out, for example, in [Ste07] for
the two-dimensional Poisson problem and in [CG12] for an eigenvalue problem.

In this setting, one must decide which iterative solver to employ and specify a suitable
algebraic stopping criterion. The works [GHPS21; BFM+ 25] show that balancing the
algebraic error with the discretization error leads to optimal convergence rates not only
with respect to the number of degrees of freedom, but also with respect to the cumulative
computational costs, a property referred to asquasi-optimal complexity. In [GHPS21], this
is proven for second-order symmetric linear PDEs, and extended in [BFM+ 25] to general
second-order linear problems using the generalized quasi-orthogonality from [Fei22]. The
analysis employs an iterative solver that isuniformly contractive (see De�nition 2.18), an
assumption satis�ed only by a limited class of computationally demanding solvers.

Independently of the theoretical developments in [GHPS21; BFM+ 25], the smoothed
adaptive �nite element method(S-AFEM) proposed in [MGH21] provides a practice-oriented
variant of AFEM with inexact solvers, aimed at reducing the overall computational costs.
The method follows the classic adaptive structure shown in Figure 1.1, but is carried out
for a prescribed number of iterations` = 0 ; : : : ; L with L 2 N. On the initial mesh T0, the
discrete linear system is solved to high accuracy (SOLVE). On all intermediate meshesT`

for 0 < ` < L , the SOLVEstep is replaced by aSMOOTHstep consisting of a small number of
iterations of a smoother. Such smoothers are computationally cheap iterative solvers that
e�ciently damp certain error components but do not aim to fully solve the linear system.
Finally, on the last mesh TL , the linear system is again solved to high accuracy (SOLVE).
Since this procedure involves only a �nite number of iterations, we refer to it as anS-AFEM
step of length L . Its schematic structure is illustrated in Figure 1.2.

Numerical experiments in [MGH21] demonstrate that, despite applying only smoothing

2



1 Introduction

SOLVE ESTIMATE MARK REFINE SOLVE

SMOOTH

Figure 1.2: S-AFEM step

(instead of an approximate solution) on the intermediate meshes, a single S-AFEM step gen-
erates mesh sequences that closely resemble those produced by classic AFEM. Consequently,
the �nal approximation uL attains a high accuracy at a considerably lower computational cost.
Until now, these �ndings had only been supported by numerical experiments in [MGH21],
while a rigorous convergence analysis of S-AFEM remained open.

In this thesis, we establish the convergence of thesuccessive applicationof S-AFEM steps
with �xed lengths L 2 N, to which we refer to as theS-AFEM algorithm. This terminology
slightly di�ers from that in [MGH21], where the term �S-AFEM algorithm� refers to the �nite
S-AFEM step. Our analysis relies only on the assumption that the smoother employed in the
SMOOTHsteps satis�es the relaxed assumption ofuniform stability . Let TH be a mesh with
the associated �nite element spaceXH and exact discrete solutionu?

H 2 X H . A smoother,
formally represented by an iteration operator� H : XH ! X H , is called uniformly stable if
there exists a constantCalg > 0 independent ofTH , such that

jjj u?
H � � H (uH )jjj � Calg jjj u?

H � uH jjj for all uH 2 X H :

The key requirement is that the constant Calg is uniform, in particular, independent of the
mesh size ofTH and the re�nement level. For the precise de�nition, we refer to De�nition 2.18
in Section 2.5 below. We show that standard smoothers such as Richardson, Gauss�Seidel,
or conjugate gradient iterations satisfy this property; see Section 2.5.1. Notably, our analysis
imposes no restrictions on the step lengthL or on the number of smoothing iterations on
the intermediate meshes. Moreover, it applies to general second-order linear elliptic PDEs
of the form

� div(A r u?) + b � r u? + cu? = f � div f in 
 subject to u? = 0 on @
 ;

see Section 2.1 for the detailed assumptions.
We develop three versions of the S-AFEM algorithm, each with a particular improvement

of the previous one. The most advanced variant, intended for practical use, is presented
in Algorithm C and analysed in Chapter 6. In this formulation, the SOLVEstep employs
a uniformly contractive solver with the stopping criterion from [GHPS21], while the in-
termediate SMOOTHsteps merely require a uniformly stable smoother. Under standard
assumptions on theESTIMATE, MARK, and REFINEsteps, and building on the techniques
developed in [BFM+ 25], we prove that Algorithm C ensuresparameter-robust full R-linear
convergence, i.e, contraction of a suitably de�ned quasi-error in each step of the algorithm
for any choice of input parameters; see Theorem 6.6 below. Furthermore, with a minor
modi�cation of the MARKstep and an adaptation of the arguments from [GHPS21], we show
that, for su�ciently small adaptivity parameters, Algorithm C also attains quasi-optimal
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1 Introduction

complexity; see Theorem 6.17. In particular, this extends the analysis of [GHPS21] to the
setting, where uniform contractive solvers are no longer required in every iteration of the
adaptive loop. Numerical experiments show that this relaxation can lead to a signi�cant
reduction in overall computational cost.

The thesis is organized as follows. Chapter 2 introduces the model problem and collects
the notation, assumptions, and auxiliary results required for the convergence analysis. In
particular, in Section 2.5, we introduce the concept of uniform stability; see De�nition 2.18,
and show in Section 2.5.1 that standard smoothers satisfy it. Chapter 3 presents the notion
of R-linear convergence and establishes abstract contraction results for quasi-error quantities;
see Theorem 3.14 and Theorem 3.15. In Chapter 4, we introduce the �rst S-AFEM algorithm
(Algorithm A), where the discrete linear system in the SOLVEstep is solved exactly. For
this algorithm, we prove parameter-robust full R-linear convergence; see Theorem 4.3 for
uniformly contractive smoothers and Theorem 4.8 for uniformly stable smoothers. Chapter 5
presents a modi�ed version (Algorithm B) that adds an additional cardinality control step
in the marking module. With this modi�cation, we prove optimal convergence rates with
respect to the number of degrees of freedom; see Theorem 5.9. In Chapter 6, we present
the quasi-optimal complexity variant (Algorithm C). Chapter 7 concludes the main part of
this thesis with numerical experiments that con�rm the theoretical results and that analyse
the runtime performance of S-AFEM. Finally, Chapter 8 provides concluding remarks and
summarizes the main contributions.
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2 Preliminaries

This chapter collects the notation, assumptions, and auxiliary results required throughout
this thesis. Section 2.1 introduces the model problem and its weak formulation. Section 2.2
recalls conforming triangulations, summarizes key properties of newest-vertex bisection
re�nements, and introduces the associated �nite element spaces. In Section 2.3, the residual
error estimator is de�ned and the axioms of adaptivity are introduced. Section 2.4 presents
estimator-based approximation classes, which serve to characterize rate-optimality of AFEM
algorithms. Finally, Section 2.5 revisits the well-known notion of uniformly contractive
solvers and, crucially, introduces the weaker concept ofuniform stability , which is a central
assumption in the analysis of S-AFEM later in the thesis. It is further shown that standard
smoothers satisfy this property.

2.1 Model problem

On a bounded polyhedral Lipschitz domain
 � Rd with d � 1, we consider the general
second-order linear elliptic PDE

� div(A r u?) + b � r u? + cu? = f � div f in 
 ;

u? = 0 on @
 ;
(2.1)

where A 2 L 1 (
; Rd� d
sym ); b 2 L 1 (
; Rd), c 2 L 1 (
) , f 2 L 2(
) , and f 2 L 2(
; Rd). The

symmetric coe�cient matrix A is assumed to be uniformly positive de�nite, i.e., there exists
a constant � > 0 such that

� | A (x)� � � j� j2 for all � 2 Rd and almost everyx 2 
 :

We suppose that the PDE �ts into the Lax�Milgram setting, i.e., the bilinear form

b(v; w) := ( A r v ; r w)L 2 (
) + ( b � r v + cv ; w)L 2 (
) (2.2)

is elliptic and continuous on H 1
0 (
) , i.e., there exist constantsCell ; Cbnd > 0 such that

Cell kvk2
H 1 (
) � b(v; v) and b(v; w) � Cbnd kvkH 1 (
) kwkH 1 (
) for all v; w 2 H 1

0 (
) : (2.3)

While the upper bound follows immediately from the Cauchy�Schwarz inequality, the
lower bound can, for instance, be guaranteed by imposing thatb 2 W 1;1 (
; Rd) with
c � div(b)=2 � 0 almost everywhere. In this setting, the weak formulation of(2.1) admits a
unique solution u? 2 H 1

0 (
) satisfying

b(u?; v) = ( f ; v )L 2 (
) + ( f ; r v)L 2 (
) =: F (v) for all v 2 H 1
0 (
) : (2.4)

5



2 Preliminaries

The symmetric part a(�; �) of b(�; �) can be obtained by symmetrization via

a(v; w) := [ b(v; w) + b(w; v)]=2: (2.5)

It satis�es the same ellipticity and continuity bounds in (2.3) with b(�; �) replaced bya(�; �)
and identical constantsCell and Cbnd . Hence,a(�; �) de�nes an elliptic and continuous scalar
product on H 1

0 (
) . In particular, the energy norm

jjj vjjj := a(v; v)1=2 = b(v; v)1=2 (2.6)

is equivalent to k � kH 1 (
) on H 1
0 (
) .

Given any �nite-dimensional subspaceXH � H 1
0 (
) , there exists a unique Galerkin

solution u?
H 2 X H that solves the discrete variational formulation

b(u?
H ; vH ) = F (vH ) for all vH 2 X H (2.7)

or, equivalently, that satis�es the Galerkin orthogonality

b(u? � u?
H ; vH ) = 0 for all vH 2 X H : (2.8)

This orthogonality, along with the continuity and ellipticity of b(�; �), implies that the Galerkin
solution is quasi-optimal in the sense of the Céa estimate, i.e.,

jjj u? � u?
H jjj � CCéa min

vH 2X H
jjj u? � vH jjj with CCéa := Cbnd =Cell : (2.9)

In the symmetric case whereb = 0 in (2.1), the bilinear form coincides with its symmetric
part, i.e., b(v; w) = a(v; w). Hence, the Galerkin orthogonality (2.8) yields the Pythagorean
identity

jjj u? � vH jjj 2 = jjj u? � u?
H jjj 2 + jjj u?

H � vH jjj 2 for all vH 2 X H : (2.10)

As a consequence, the Galerkin solution is optimal with respect to energy norm

jjj u? � u?
H jjj = min

vH 2X H
jjj u? � vH jjj :

Remark 2.1. In [BHP17, Theorem 20], it is shown that for any sequenceX` � X `+1 � H 1
0 (
)

of nested �nite-dimensional subspaces, convergence of the associated Galerkin solutionsu?
`

to the exact solutionu?, i.e., jjj u? � u?
` jjj ! 0 as ` ! 1 , implies the existence of constants

1 � C` � CCéa such that

jjj u? � u?
` jjj � C` min

v` 2X `

jjj u? � v` jjj with lim
` !1

C` = 1 :

Hence, even in the general non-symmetric case, the Céa estimate(2.9) holds asymptomatically
with constant 1.
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2 Preliminaries

2.2 Meshes, re�nement, and �nite element spaces

We begin by recalling the notion of conforming (simplicial) triangulations. A set T � Rd is
called a non-degenerated-dimensional simplex if there exist vertices x0; : : : ; xd 2 Rd such
that T = convf x0; : : : ; xdg with positive volume jT j > 0. For 0 � k � d � 1, any simplex
spanned byk + 1 vertices of T is called a k-dimensional hyperfaceof T. A conforming
triangulation of 
 (or, brie�y, a mesh) is a �nite set T such that

ˆ every T 2 T is a non-degenerated-dimensional simplex,

ˆ T covers the closure of
 , i.e., 
 =
S

T 2T 0
T,

ˆ and for any pair of distinct T; T0 2 T the intersection T \ T0 is either empty or a joint
k-dimensional hyperface ofT and T0 with 1 � k � d � 1.

Let T0 be an initial conforming triangulation of 
 . As re�nement strategy we employ
newest-vertex bisection (NVB), which generates conforming triangulations by bisecting
marked elements into at least two subsimplices. For an admissible initial meshT0 in
dimension d � 2, we refer to [Ste08]; for arbitrary T0 in two space dimensions to [KPP13];
for arbitrary T0 in general dimensiond � 2 to the recent work [DGS25]; and for the
one-dimensional cased = 1 to [AFF + 15].

Given a conforming triangulation TH and a subsetM H � T H , de�ne refine (TH ; M H ) = :
Th to be the coarsest NVB re�nement of TH in which at least every marked element is
re�ned, i.e., M H � T H n Th . Furthermore, denote by refine (TH ) the set of all conforming
triangulations obtainable from TH by �nitely many NVB re�nements. Finally, we set
T := refine (T0).

The bisection routine of NVB ensures uniform shape-regularity of the re�ned meshes, i.e.,


 := sup
TH 2 T

max
T 2T H

diam(T)
jT j1=d

< + 1 : (2.11)

For a proof see, e.g., [Ste08] ford � 2 and [AFF+ 15] for d = 1 .
Beyond shape-regularity, the following proposition states three key estimates satis�ed

by NVB re�nements. These estimates play a central role in the rate-optimality analysis of
AFEM; see [CFPP14].

Proposition 2.2. There exist constantsCchild > 1 and Cmesh > 0 such that the following
properties are satis�ed:

(R1) Child estimate: For all meshesTH 2 T and all ; 6= M H � T H , the re�nement
Th := refine (TH ; M H ) satis�es

# TH < # Th � Cchild # TH :

(R2) Overlay estimate: For any two meshesTH ; Th 2 T, there exists a smallest common
re�nement TH � T h 2 refine (TH ) \ refine (Th) with the property that

#( TH � T h) � # TH + # Th � # T0:

7
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(R3) Mesh-closure estimate: For any sequence(T` )`2 N0 of successively re�ned meshes,
i.e., T`+1 = refine (T` ; M ` ) for some M ` � T ` and all ` 2 N0, it holds that

# T` � # T0 � Cmesh

`� 1X

`0=0

# M `0:

The validity of the estimates (R1)� (R3) in the above proposition is well established
in the literature. While the child estimate (R1) is obvious for d 2 f 1; 2g, the general
cased � 3 is proved in [GSS14]. The overlay estimate(R2) is proved in [Ste07] for
d = 2 , and the proof transfers to any d � 2 as shown in [CKNS08]. The mesh-closure
estimate (R3) is proved in [AFF+ 15] for d = 1 , for admissible T0 for d = 2 in [BDD04],
and for admissibleT0 for d � 2 in [Ste08]. For d = 2 , the restriction to admissible T0 was
removed in [KPP13]. More recently, [DGS25] introduced an initialization step forT0 that
ensures termination of the recursive NVB algorithm from [Ste08] for any NVB re�nement of
T0, thereby guaranteeing (R3) for arbitrary initial meshes.

As a direct consequence of the child estimate, we obtain the following cardinality bounds.

Lemma 2.3. Suppose(R1) and let TH 2 T. Then, all re�nements Th 2 refine (TH ) satisfy

# Th � (# TH )(# Th � # TH + 1) � (# TH )(# Th): (2.12)

Proof. To prove the �rst inequality in (2.12), note that the child estimate (R1) ensures
# TH � # Th . Using this and the fact that 1 � # TH � 0, one obtains

# Th � (# Th)(# TH ) = (# Th)(1 � # TH ) � (# TH )(1 � # TH ):

Rearranging the terms, this yields

# Th � (# TH )(1 � # TH ) + (# Th)(# TH ) = (# TH )(# Th � # TH + 1) ;

which establishes the �rst inequality. The second inequality in (2.12) follows immediately
from the child estimate (R1) guaranteeing# TH � # T0 � 1. This concludes the proof.

Let p 2 N be a �xed polynomial degree. With each meshTH 2 T, we associate the
conforming Lagrange�nite element space XH � H 1

0 (
) of degreep, de�ned by

XH := f vH 2 H 1
0 (
) j vH jT is a polynomial of total degree� p for all T 2 TH g: (2.13)

With this choice, the discrete spaces are nested: For everyTH 2 T and every re�nement
Th 2 refine (TH ), we haveXH � X h .

2.3 Error estimator and axioms of adaptivity

We follow the axiomatic approach to the convergence analysis of adaptive �nite element
methods from [CFPP14].
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Suppose that the coe�cients A ; f of the PDE (2.1) satisfy the additional regularity
A jT 2 W 1;1 (T; Rd� d

sym ) and f jT 2 W 1;1 (T; Rd) for all T 2 T0. For each meshTH 2 T and
for all T 2 TH and vH 2 X H , we will consider theresidual-based error estimator

� H (T; vH )2 := jT j2=dk� div(A r vh � f ) + b � r vH + cvh � f k2
L 2 (T )

+ jT j1=dk[[(A r vH � f ) � n ]]k2
L 2 (@T\ 
) :

(2.14)

Here, [[�]] denotes the jump across (d � 1)-dimensional hyperfaces. More precisely, let
E = T+ \ T � be a (d � 1)-dimensional hyperface shared by two elementsT+ ; T � 2 TH , i.e.,
an edge ford = 2 and a triangular face for d = 3 . For a piecewiseH 1 vector �eld w, i.e.,
wjT 2 H 1

0 (T ; Rd) for all T 2 TH , the jump of the normal component acrossE is de�ned by

[[w � n ]]jE := wjT + � n +
E + wjT � � n �

E ;

where n �
E denote the outer unit normal vectors of the elementsT � on the facet E , i.e.,

n +
E = � n �

E . We abbreviate for all UH � T H

� H (UH ; vH ) :=
� X

T 2UH

� H (T; vH )2
� 1=2

:

To shorten notation, de�ne � H (vH ) := � H (TH ; vH ).
According to [CFPP14, Proposition 6.1], the residual-based error estimator satis�es the

axioms of adaptivity, as detailed in the following proposition.

Proposition 2.4 (axioms of adaptivity) . There exist constantsCstab ; Crel ; Cdrel ; C0
drel > 0

and 0 < q red < 1 such that, for any meshTH 2 T and any re�nement Th 2 refine (TH ), the
following properties are satis�ed:

(A1) Stability: For all vh 2 X h ; vH 2 X H , and UH � T h \ T H , it holds that

j� h(UH ; vh) � � H (UH ; vH )j � Cstab jjj vh � vH jjj :

(A2) Reduction: For all vH 2 X H , it holds that

� h(Th n TH ; vH ) � qred � H (TH n Th ; vH ):

(A3) Reliability: The exact discrete solutionu?
H 2 X H to problem (2.7) and the exact

continuous solution u? 2 H 1
0 (
) to problem (2.4) satisfy

jjj u? � u?
H jjj � Crel � H (u?

H ):

(A3 + ) Discrete reliability: There exists a setR Hh � T H such that TH n Th � R Hh and
# R Hh � C0

drel #( TH n Th), for which the exact discrete solutionsu?
H 2 X H and

u?
h 2 X h to problem (2.7) satisfy

jjj u?
h � u?

H jjj � Cdrel � H (R Hh ; u?
H ):

9
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The constantsCrel ; C0
drel depend only on the dimensiond and the uniform shape regular-

ity (2.11) of all meshesTH 2 T, while Cstab and Cdrel additionally depend on the polynomial
degreep. The constant qred = 2 � (1=2d) depends only on the re�nement strategy, speci�cally
on a bisection-based re�nement rule.

From these axioms, one can immediately infer quasi-monotonicity of the error estimator,
as demonstrated in [CFPP14, Lemma 3.5].

Lemma 2.5 (quasi-monotonicity). Suppose(A1) ; (A2) ; and (A3+ ). Then, there exists a
constant Cmon � 1 such that, for all meshesTH 2 T and all re�nements Th 2 refine (TH ),
the following property is satis�ed:

(QM) Quasi-monotonicity: The exact discrete solutionsu?
H 2 X H and u?

h 2 X h to (2.7)
satisfy

� h(u?
h) � Cmon � H (u?

H ):

The constant 1 � Cmon � 1 + CstabCdrel depends only onCstab and Cdrel .

Proof. From stability (A1) and reduction (A2), it follows that

� h(u?
h)

(A1)
� � h(u?

H ) + Cstab jjj u?
h � u?

H jjj
(A1) ;(A2)

� � H (u?
H ) + Cstab jjj u?

h � u?
H jjj

(2.15)

Applying discrete reliability (A3 + ) gives

jjj u?
h � u?

H jjj
(A3 + )

� Cdrel � H (R Hh ; u?
H ) � Cdrel � H (u?

H ): (2.16)

Finally, the combination of (2.15)�(2.16) leads to

� h(u?
h) �

�
1 + CstabCdrel

�
� H (u?

H ):

This concludes the proof of (QM) with Cmon := 1 + CstabCdrel .

Remark 2.6. Quasi-monotonicity (QM) can also be deduced from stability(A1) , reduc-
tion (A2) , reliability (A3) and the Céa estimate(2.9); see [CFPP14, Lemma 3.6].

Let TH 2 T be a mesh and letvH 2 X H be a discrete approximation to the exact continuous
solution u? 2 H 1

0 (
) of problem (2.4). To identify elements T 2 TH with comparatively large
re�nement indicator � H (T; vH ), the Dör�er marking strategy [Dör96], for a �xed parameter
0 < � � 1, selects a subsetM H � T H of (quasi-)minimal cardinality such that

�� H (vH )2 � � H (M H ; vH )2: (2.17)

The re�nement Th := refine (M H ; TH ) then yields a �ner discrete spaceXh that (potentially)
allows to approximate u? more accurately. SinceM H � T H nTh , the marking criterion (2.17)
implies

�� H (vH )2
(2.17)

� � H (M H ; vH )2 � � H (TH n Th ; vH )2: (2.18)

As proven in [CFPP14, Lemma 4.7], Dör�er marking in the sense of(2.18) along with
stability (A1) and reduction (A2), implies a perturbed contraction of the error estimator.
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Lemma 2.7 (estimator reduction). Suppose(A1) and (A2) . Let 0 < � � 1 and TH 2 T.
Suppose thatTh 2 refine (TH ) and vH 2 X H satisfy the Dör�er marking criterion

�� H (vH )2 � � H (TH n Th ; vH )2: (2.19)

Then, there exists0 < qest < 1 such that, for all vh 2 X h ,

� h(vh) � qest� H (vH ) + Cstab jjj vh � vH jjj : (2.20)

The constant 0 � qest � [1 � (1 � q2
red)� ]1=2 < 1 depends only onqred and � .

Proof. Stability (A1) and reduction (A2) yield

� h(vH )2 = � h(Th n TH ; vH )2 + � h(Th \ T H ; vH )2

(A1)
= � h(Th n TH ; vH )2 + � H (Th \ T H ; vH )2

(A2)
� q2

red� H (Th n Th ; vH )2 + � H (Th \ T H ; vH )2:

From the Dör�er marking criterion (2.19), it follows that

q2
red� H (Th n Th ; vH )2 + � H (Th \ T H ; vH )2 = � H (vH )2 � (1 � q2

red)� H (TH n Th ; vH )2

(2.19)
�

�
1 � (1 � q2

red)�
�
� H (vH )2:

The combination of the previous two estimates gives

� h(vH ) � qest� H (vH ) with 0 < qest :=
�
1 � (1 � q2

red)�
� 1=2 < 1:

Finally, stability (A1) completes the proof with

� h(vh)
(A1)
� � h(vH ) + Cstab jjj vh � vH jjj � qest� H (vH ) + Cstab jjj vh � vH jjj :

The Pythagorean identity (2.10) was a key ingredient in the �rst convergence proof of
adaptive �nite elements methods established in [MNS00]. However, the validity of the
Pythagorean identity (2.10) relies on the assumption that the bilinear formb(�; �) from (2.2)
is a scalar product, or equivalently, that the underlying PDE is symmetric. To overcome this
limitation, [FFP14] employed a quasi-Pythagoras identity for general second-order linear
elliptic problems. Speci�cally, let X` � X `+1 � H 1

0 (
) be a sequence of nested �nite-
dimensional subspaces such that the associated discrete solutionsu?

` 2 X ` to problem (2.7)
converge to the exact solutionu? 2 H 1

0 (
) to problem (2.4), i.e., jjj u? � u?
` jjj ! 0 as ` ! 1 .

Then, for any 0 < " < 1, there exists `0(" ) 2 N0 such that, for all ` � `0(" ),

1
1 + "

jjj u? � u?
` jjj 2 � jjj u? � u?

`+1 jjj 2 + jjj u?
`+1 � u?

` jjj 2 �
1

1 � "
jjj u? � u?

` jjj 2 (2.21)

For details we refer to [FFP14, Proposition 3.6], wherejjj�jjj is the energy norm induced
by the symmetric part of the PDE operator. This quasi-Pythagoras identity allows to
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establish R-linear convergence of the error estimator for adaptive mesh-re�nement algorithms;
cf. [FFP14, Theorem 4.1]. In the proof of [FFP14, Theorem 4.1], it is implicitly shown
that the quasi-Pythagoras identity (2.21) implies the following quasi-orthogonality, which
was later formulated axiomatically in [CFPP14]: For all 0 < " < 1, there exists a constant
Corth (" ) > 0 such that

`+ NX

`0= `

�
jjj u?

`0+1 � u?
`0jjj 2 � " jjj u? � u?

`0jjj 2
�

� Corth (" )jjj u? � u?
` jjj 2 for all `; N 2 N0: (2.22)

The analysis in [CFPP14; FFP14] relies, however, on the assumption that the di�erential
operator L = A + K can be split into a symmetric elliptic part A and a compact perturbation
K, and the constant Corth (" ) generally depends on the sequence of meshes.

In the more recent work [Fei22], arelaxed quasi-orthogonalityis introduced, and it is
shown that any uniformly inf-sup-stable conforming method � in particular, any problem
within the Lax-Milgram setting � satis�es this relaxed quasi-orthogonality. Moreover, it
is proven that this relaxed form remains su�cient to establish optimal convergence rates
for adaptive mesh-re�nement algorithms. We recall this relaxed quasi-orthogonality in the
following proposition; see [Fei22, Section 3.1 and Section 3.5] for further details.

Proposition 2.8 ((relaxed) quasi-orthogonality). Recall the ellipticity and boundedness of
the bilinear form b(�; �) from (2.3), i.e., there exists constantsCell ; Cbnd � 0 such that

Cell kvk2
H 1 (
) � b(v; v) and b(v; w) � Cbnd kvkH 1 (
) kwkH 1 (
) for all v; w 2 H 1

0 (
) :

Then, there exist constantsCorth > 0 and 0 < � � 1 such that, for any sequenceX` � X `+1 �
H 1

0 (
) of nested �nite-dimensional subspaces, the following holds:

(A4) Quasi-orthogonality: For all `; N 2 N0, the exact discrete solutionsu?
` 2 X ` to

problem (2.7) satisfy

`+ NX

`0= `

jjj u?
`0+1 � u?

`0jjj 2 � Corth (N + 1) 1� � jjj u? � u?
` jjj 2:

The constantsCorth and � depend only on the boundedness constantCbnd and the ellipticity
constant Cell of the bilinear form b(�; �).

Remark 2.9. Under the assumptions of Proposition 2.8, consider the symmetric case where
b = 0 in (2.1). In this setting, the Pythagorean identity (2.10) in combination with a
telescoping sum gives, for all̀; N 2 N0,

`+ NX

`0= `

jjj u?
`0+1 � u?

`0jjj 2 (2.10)
=

`+ NX

`0= `

�
jjj u? � u?

`0jjj 2 � jjj u? � u?
`0+1 jjj 2�

= jjj u? � u?
` jjj 2 � jjj u? � u?

`+ N +1 jjj 2 � jjj u? � u?
` jjj 2:

Hence, quasi-orthogonality(A4) holds with constantsCorth = 1 and � = 1 , and may thus be
viewed as a generalization of the Pythagorean identity.
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2.4 Characterizing rate-optimality via approximation classes

This section aims to formalize the concept of rate-optimality of adaptive �nite element
methods. Following [BDD04; Ste07; CKNS08; CFPP14], we introduce the notion of
approximation classes, which provide a rigorous framework for measuring the possible
convergence rates achievable by adaptive algorithms. In the spirit of [CFPP14], we de�ne
these classes in terms of the error estimator.

De�nition 2.10 (approximation class). Given N 2 N0, let T(N ) denote the set of all
re�nements of T0 that contain not more than N additional elements compared toT0, i.e.,

T(N ) := fT 2 T j # T � # T0 � N g:

For any s > 0, approximability is then de�ned by

ku?kAs := sup
N 2 N0

�
(N + 1) s min

Topt 2 T(N )
� opt (u?

opt )
�

2 [0; + 1 ]; (2.23)

whereu?
opt denotes the exact discrete solution to problem(2.7) in the subspaceXopt � H 1

0 (
)
associated withTopt . We say that the exact solutionu? 2 H 1

0 (
) of (2.4) belongs to the
approximation classAs if ku?kAs < + 1 .

De�nition 2.10 formally resembles the concept of approximation classes introduced in the
convergence analysis of adaptive algorithms, for instance, in [BDDP02]. However, we stress
that, in our context, it primarily serves as a convenient notation and is not intended to
de�ne a normed function spaceAs in the usual sense.

The following lemma shows thatku?kAs < + 1 implies that a decay with algebraic rate
s > 0 is possible for optimally chosen meshes.

Lemma 2.11. Supposeku?kAs < + 1 . Then, there exists a sequence of possibly non-nested
meshes(T` )`2 N0 such that

lim
` !1

� ` (u?
` ) = 0 and � ` (u?

` ) = O((# T` ) � s) as ` ! 1 .

Proof. Given ` 2 N0, chooseT` 2 T(`) such that the corresponding estimator meets
� ` (u?

` ) = m` := min Topt 2 T(`) � opt (u?
opt ). Then, we have

(` + 1) s� ` (u?
` ) = ( ` + 1) sm` � k u?kAs ; (2.24)

which establishes� ` (u?
` ) ! 0 as ` ! 1 . Moreover, Lemma 2.3 yields

(# T` )s� ` (u?
` )

(2.12)
� (# T0)s(# T` � # T0 + 1) s� ` (u?

` ) � (# T0)s(` + 1) s� ` (u?
` )

(2.24)
� (# T0)sku?kAs :

This proves � ` (u?
` ) = O((# T` ) � s) and concludes the proof.

Remark 2.12 (connection to total error-based approximation classes). In the literature,
di�erent formulations of approximability exist. Notably, [CKNS08] de�ne approximability
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in terms of the optimal total error , which incorporates both the energy error and the data
oscillations. Speci�cally, for any meshTH 2 T, the optimal total error � (TH ; u?) is given by

� (TH ; u?) := inf
vH 2X H

�
jjj u? � vH jjj + oscH (vH )

�
; (2.25)

whereu? is the exact solution of (2.4) and oscH (vH ) denotes the data oscillations (de�ned
below). The corresponding approximability is then de�ned by

ku?k~As
:= sup

N 2 N0

�
(N + 1) s min

Topt 2 T(N )
� (Topt ; u?)

�
2 [0; + 1 ]: (2.26)

We now show that both de�nitions are equivalent in the sense thatku?kAs < + 1 if and only
if ku?k~As

< + 1 .
To this end, we recall the de�nition and elementary properties of the data oscillations. Let

q; q0 2 N0. For a mesh TH 2 T and vH 2 TH , the data oscillations are de�ned element-wise
by oscH (vH )2 :=

P
T 2T H

osc(T; vH )2 with local contributions

oscH (T; vH ) := jT j2=d k(1 � � T )( � div(A r vh � f ) + b � r vH + cvh � f )k2
L 2 (T ) (2.27)

+ jT j1=d
X

E 2EH ;E � @T

k(1 � � E )([[( A r vH � f ) � n ]])k2
L 2 (E ) ; (2.28)

whereEH denotes the set of(d � 1)-dimensional hyperfaces ofTH , and � T : L 2(T) ! P q(T),
� E : L 2(E ) ! P q0

(E ) are the L 2-orthogonal projections. The data oscillations quantify how
well the problem data can be resolved by piecewise polynomials on the meshTH . Since the
projections satisfy k1 � � T k; k1 � � E k � 1, we immediately obtain the estimateoscH (vH ) �
� H (vH ). Moreover, the data oscillations satisfy the following two properties:

Stability: There exists a constantCosc
stab > 0 such that, for any meshTH 2 T and

vh ; wH 2 X H , it holds that

joscH (vH ) � oscH (wH )j � Cosc
stab jjj vH � wH jjj : (2.29)

E�ciency: There exists a constantCe� > 0 such that, for any meshTH 2 T and
vh 2 X H , it holds that

� H (vH ) � Ce�
�
jjj u? � vH jjj + oscH (vH )

�
: (2.30)

Stability (2.29) follows from inverse estimates and trace inequalities, similar to the proof
of stability (A1) of the error estimator. E�ciency (2.30) can be shown using the bubble
function technique introduced in [Ver94] for the Poisson problem; we refer to [CFPP14,
Proposition 6.1] for the extension to the general elliptic case.

Combining these properties with the Céa estimate(2.9), we can relate the error estimator
� H (u?

H ) with the optimal total error � (u?; TH ). Indeed, for any vH 2 X H , we have

� H (u?
H )

(2.30)
. jjj u? � u?

H jjj + oscH (u?
H )

(2.29)
. jjj u? � u?

H jjj + jjj u?
H � vH jjj + oscH (vH )

. jjj u? � u?
H jjj + jjj u? � vH jjj + oscH (vH )

(2.9)
. jjj u? � vH jjj + oscH (vH ):
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This shows that� H (u?
H ) . � (TH ; u?). For the converse estimate note that reliability(A3)

and oscH (u?
H ) � � H (u?

H ) imply

� (TH ; u?) � jjj u? � u?
H jjj + oscH (u?

H )
(A3)
. � H (u?

H ) + oscH (u?
H ) . � H (u?

H ):

Altogether, we conclude� H (u?
H ) ' � (TH ; u?), which proves the claimed equivalenceku?kAs <

+ 1 if and only if ku?k~As
< + 1 .

In conclusion, the approximability ku?kAs is estimator-based and independent of data
oscillations, making it especially suitable to convergence analysis without explicit treatment
of the data oscillations. The approximabilityku?k~As

, by contrast, incorporates them. They
both lead to the same approximation classes.

Remark 2.13 (connection to Besov regularity). In the rather exceptional and practically
uninteresting case where the data (including the coe�cients of the PDE operator) are
piecewise polynomials on the initial meshT0, the oscillations (2.27) of su�ciently high
degreesq; q0 2 N0 vanish and may therefore be neglected in(2.26), leading to

ku?k �As
= sup

N 2 N0

�
(N + 1) s min

TH 2 T(N )
inf

vH 2X H
jjj u? � vH jjj

�
2 [0; + 1 ]:

This expression extends naturally to arbitrary functionsv 2 H 1
0 (
) , so that k � k �As

serves as
a genuine norm on the approximation class�As. These approximation classes can be related
to Besov regularity; see [BDDP02] for further details.

Lemma 2.11 motivates the following de�nition of rate-optimality.

De�nition 2.14 (rate-optimality) . An adaptive �nite element algorithm is called rate-
optimal if it generates a sequence of meshes(T` )`2 N0 such that, for everys > 0,

ku?kAs < + 1 =) sup
`2 N0

(# T` )s� ` (u?
` ) < + 1 ; (2.31)

i.e., the estimator sequence� ` (u?
` ) decays with algebraic rateO((# T` ) � s) whenever such a

rate s > 0 is theoretically achievable.

Remark 2.15. Given a sequence of meshes(T` )`2 N0 , Lemma 2.3 ensures that

(# T0) � 1# T` � # T` � # T0 + 1 � # T` :

Consequently, the rate-optimality condition stated in(2.31) can equivalently be formulated as

ku?kAs < + 1 =) sup
`2 N0

(# T` � # T0 + 1) s� ` (u?
` ) < + 1 :

Remark 2.16. We emphasize that rate-optimality always refers to achieving the optimal
convergence rate of the error estimator with respect to the number of elements, or equivalently,
with respect to the number of degrees of freedom. Moreover, as outlined in Remark 2.12,
rate-optimality in the sense of De�nition 2.14 is equivalent to the optimal algebraic decay of
the optimal total error de�ned in (2.25).
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Finally, we recall the following comparison lemma from [CFPP14, Lemma 4.14].

Lemma 2.17. Suppose(R1), (R2), (A1) , (A3+ ), and (QM) . Let 0 < � 0 < � opt :=
(1 + C2

stabC2
drel )

� 1. Then there exists a constantCcmp > 0 such that for all s > 0 with
ku?kAs < + 1 and any meshTH 2 T, there exists a subsetR H � T H satisfying the bound

# R H � C0
drel C1=s

cmp ku?k1=s
As

� H (u?
H ) � 1=s; (2.32)

as well as the Dör�er marking criterion

� 0� H (u?
H )2 � � H (R H ; u?

H )2: (2.33)

The constant Ccmp depends only onCstab ; Cdrel , and Cmon .

2.5 Iterative methods for discrete linear systems

In this section, we introduce the key concepts ofuniform stability and uniform contraction
for iterative methods for solving the discrete variational problem(2.7). These properties
will play a central role in the analysis of the algorithms in the subsequent chapters. We
�rst discuss the di�erence between solvers and smoothers. For symmetric problems, we
further show that standard smoothers are uniformly stable and give examples for uniformly
contractive solvers. Moreover, we extend these results to the nonsymmetric case by use of
the Zarantonello symmetrization.

An iterative solver or smoother is a method that, starting from an initial guess, generates
a sequence of approximations to the solutionx of a linear systemAx = y , where each
new approximation is obtained from the previous one. In our case, the linear systems arise
from the discrete problem(2.7) posed on �nite element spacesXH associated with a mesh
TH 2 T.

Formally, for each meshTH 2 T with its corresponding �nite element space XH , an
iterative solver or smoother for (2.7) is described by an iteration operator� H : XH ! X H ,
for which the exact solution u?

H 2 X H of (2.7) is a �xed point. The corresponding iteration
scheme readsuk+1

H := � H (uk
H ) for k 2 N0 with some initial guessu0

H 2 X H .
An iterative solver should be viewed as a complete method designed to approximate

the discrete solution. A smoother, in contrast, is usually not intended to solve the system
by itself and and is therefore computationally less expensive. They are used to e�ciently
damp certain error components, but may leave others largely una�ected. More precisely,
smoothers are very e�ective at reducing high-frequency error components, i.e., error patterns
that oscillate rapidly across the mesh. Low-frequency error components, on the other hand,
typically decay only slowly. For a more detailed analysis of the smoothing property in the
context of multigrid methods, we refer to [BHM00, Chapter 2].

Although mathematically both solvers and smoothers are iteration operators, we distin-
guish the terminology to emphasize their intended use. In particular, the very same scheme
may be regarded as a solver or as a smoother depending on the context of their usage within
a larger algorithm.

We introduce the following two mesh-independent properties of iterative methods.
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De�nition 2.18. For every meshTH 2 T with its associated �nite element spaceXH , let
� H : XH ! X H denote an iteration operator corresponding to an iterative solver or smoother.
Let u?

H 2 X H be the exact solution of(2.7).

(US) We say that � H is uniformly stable if there exists a constantCalg > 0, independent
of TH 2 T, such that

jjj u?
H � � H (vH )jjj � Calg jjj u?

H � vH jjj for all TH 2 T; vH 2 X H :

(UC) We say that � H is uniformly contractive if there exists a constant0 < qalg < 1,
independent ofTH , such that

jjj u?
H � � H (vH )jjj � qalg jjj u?

H � vH jjj for all TH 2 T; vH 2 X H :

We emphasize that both the stability constant Calg and the contraction constant qalg in
De�nition 2.18 must be independent of the meshTH 2 T. Clearly, any uniformly contractive
method (UC) is also uniformly stable (US).

We recall the equivalence between the discrete variational problem(2.7) and its algebraic
representation as a system of linear equations.

Lemma 2.19 (algebraic formulation). Let TH 2 T and setN := dim XH . Let f ' 1; : : : ; ' N g
be a basis ofXH . De�ne the Galerkin matrix A H 2 RN � N and the load vectory H 2 RN by

(A H ) jk := b(' k ; ' j ) and (y H ) j := F (' j ) for j; k = 1 ; : : : ; N . (2.34)

Then, u?
H =

P N
j =1 x j ' j 2 X H solves the discrete variational problem(2.7) if and only if the

coe�cient vector x ?
H = ( x1; : : : ; xN )| 2 RN solves the linear system

A H x ?
H = y H : (2.35)

In particular, the Galerkin matrix A H is regular. Moreover, if the PDE (2.1) is symmetric,
i.e., b = 0 , then A H is symmetric and positive de�nite (SPD). In this case, theA H -induced
norm,

kx kA H := ( x | A H x )1=2 for x 2 RN ; (2.36)

is compatible with the energy norm in the sense that

jjj vH jjj = kJ H vH kA H for all vH 2 X H ; (2.37)

whereJ H : XH ! RN denotes the coe�cient map with respect to the basisf ' 1; : : : ; ' N g.

Proof. By linearity, u?
H 2 X H solves the discrete variational problem (2.7) if and only if

b(u?
H ; ' j ) � F (' j ) = 0 for all j = 1 ; : : : ; N:

17



2 Preliminaries

Write u?
H =

P N
k=1 xk ' k with coe�cient vector x ?

H = ( x1; : : : ; xN ) | 2 RN . Using the
de�nitions from (2.34), we �nd

b(u?
H ; ' j ) � F (' j ) =

NX

k=1

xk b(' k ; ' j ) � F (' j ) = ( A H x ?
H ) j � (y H ) j for all j = 1 ; : : : ; N:

Hence,u?
H solves(2.7) if and only if (A H x ?

H ) j = ( y H ) j for all j = 1 ; : : : ; N , i.e., A H x ?
H =

y H . The regularity of A H follows from the unique solvability of (2.7) together with this
equivalence.

Assume that the PDE (2.1) is symmetric. Then, the bilinear form b(�; �) is symmetric, and
hence, by(2.34), the Galerkin matrix A H is symmetric as well. For anyvH 2 X H , we have

0 � jjj vH jjj 2 (2.6)
= b(vH ; vH )

(2.34)
= ( J H vH )| A H (J H vH ):

Thus, A H is positive de�nite, and hence SPD. Finally, inserting the de�nition (2.36) of the
A H -induced norm into the above identity, we obtain (2.37). This concludes the proof.

From now on we will switch between the discrete and algebraic formulations without
further comment. Note, however, that the algebraic formulation requires the choice of a
basis, which we will henceforth leave implicit.

Using Lemma 2.19, we obtain the following characterization of uniform stability(US) and
uniform contraction (UC) in the algebraic setting in RN .

Lemma 2.20. Assume that the PDE (2.1) is symmetric, i.e., b = 0 . Let TH 2 T and set
N := dim XH . Let SH : RN ! RN denote the iteration operator associated with an iterative
method for solving the linear system(2.35). Suppose there exists a constanteCalg > 0 such
that

kx ?
H � SH x kA H � eCalg kx ?

H � x kA H for all x 2 RN ; (2.38)

where k�kA H denotes theA H -induced norm from (2.36). Then, the corresponding itera-
tion operator on the �nite element space de�ned by� H := J � 1

H SH J H : XH ! X H , with
J H : XH ! RN being the coe�cient map with respect to the chosen basis, satis�es

jjj u?
H � � H (vH )jjj � eCalg jjj u?

H � vH jjj for all vH 2 X H : (2.39)

Proof. Let vH 2 X H and set x := J H vH 2 RN and x ?
H := J H u?

H 2 RN . Compatibility of
the norms (2.37) from Lemma 2.19 together with (2.38) yields

jjj u?
H � � H (vH )jjj

(2.37)
= kx ?

H � SH x kA H

(2.38)
� eCalg kx ?

H � x kA H

(2.37)
= eCalg jjj u?

H � vH jjj ;

which proves (2.39).

Since iterative methods satisfying(UC) �t into the framework of the Banach �xed-point
theorem, one obtains the following standard a priori and a posteriori error estimates.

Lemma 2.21. For every meshTH 2 T, let � H : XH ! X H be an iteration operator
corresponding to a uniformly contractive (UC) iterative method. Then, for any meshTH 2 T
and any discrete functionvH 2 X H , the following estimates hold:
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(i) jjj vH � � H (vH )jjj � (1 + qalg) jjj u?
H � vH jjj ,

(ii) jjj u?
H � vH jjj � (1 � qalg) � 1 jjj vH � � H (vH )jjj ,

(iii) jjj u?
H � � H (vH )jjj � qalg(1 � qalg) � 1 jjj vH � � H (vH )jjj .

Proof. The contraction property (UC) implies (i) via

jjj vH � � H (vH )jjj � jjj u?
H � vH jjj + jjj u?

H � � H (vH )jjj
(UC)
� (1 + qalg)jjj u?

H � vH jjj :

To show (ii), we again use (UC) to obtain

jjj u?
H � vH jjj � jjj u?

H � � H (vH )jjj + jjj � H (vH ) � vH jjj
(UC)
� qalgjjj u?

H � vH jjj + jjj � H (vH ) � vH jjj :

Rearranging the terms, this yields (ii). Finally, (iii) follows directly by combining (UC)
with (ii). This concludes the proof.

2.5.1 Uniformly stable smoothers

In the following, we examine several widely used smoothers and establish that they satisfy
uniform stability (US).

Identity iteration

The most elementary smoother is the identity iteration: On each meshTH 2 T, the iteration
mapping I H : XH ! X H with I H vH := vH is the identity operator. Clearly, it is uniformly
stable (US) with Calg = 1 and not uniformly contractive (UC).

Richardson iteration

A slightly more involved, yet still simple, smoother is the Richardson iteration. Given a
square system of linear equationsAx = y and a step size! > 0, the iteration is de�ned by

x k+1 := x k � ! (Ax k � y ) = ( I � ! A )x m + ! y = : M Rich x k + ! y : (2.40)

If A is symmetric and positive de�nite (SPD) and the step size! > 0 is su�ciently small,
the Richardson iteration converges. Moreover, the error contracts in the norm induced byA .
This is formalized in the following proposition. For details, we refer to [Hac16, Theorem 3.22,
Theorem 3.23, Corollary 3.24].

Proposition 2.22 (contraction of Richardson iteration). Let y 2 Rn and let A 2 Rn� n

be SPD with spectral radius� (A ). Denote byx ? 2 Rn the unique solution ofAx ? = y . If
0 < ! < 2=� (A ), then the Richardson iteration matrix M Rich 2 Rn� n satis�es

kM Rich kA < 1;

where the operator norm is considered with respect to theA -induced normkx kA := ( x | Ax )1=2.
In particular, for any initial guess x 0 2 Rn , the Richardson iteration (2.40) generates a
sequence(x k )k2 N0 that satis�es

kx ? � x k+1 kA � k M Rich kA kx ? � x kkA for all k 2 N0:
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As a consequence of this proposition, Lemma 2.20 implies uniformly stability(US) of the
Richardson iteration in the case that the PDE (2.1) is symmetric, provided the step size is
chosen admissibly on each mesh. This is formalized in the following result.

Corollary 2.23 (uniform stability of Richardson for symmetric problems). Assume that
the PDE (2.1) is symmetric, i.e., b = 0 . For TH 2 T, let A H be the Galerkin matrix
with spectral radius � (A H ) and let � H : XH ! X H denote Richardson iteration operator
corresponding to (2.40). Suppose the step size! H is chosen such that

0 < ! H � 2=� (A H ): (2.41)

Then, for all vH 2 X H ,

jjj u?
H � � H (vH )jjj � k M Rich kA H jjj u?

H � vH jjj ;

wherekM Rich kA H < 1 is the operator norm of the iteration matrix from Proposition 2.22.
In particular, if the step size is chosen admissibly on each mesh, the Richardson iteration
yields a uniformly stable smoother in the sense of(US), with constant Calg = 1 .

Gauss�Seidel iteration

A popular smoother is the Gauss�Seidel iteration. Given a square system of linear equations
Ax = y , decomposeA = L + D + U into a strictly lower triangular part L , a diagonal part
D , and a strictly upper triangular part U . For a current iterate x k , the next iterate of the
Gauss�Seidel iteration is de�ned by

x k+1 := � (D + L ) � 1Ux k + ( D + L ) � 1y = : M GSx k + ( D + L ) � 1y : (2.42)

If A is SPD, the Gauss�Seidel iteration converges and the error contracts in the norm
induced by A ; see e.g. [Hac16, Theorem 3.39].

Proposition 2.24 (contraction of Gauss�Seidel iteration). Let y 2 Rn and let A 2 Rn� n be
SPD. Denote byx ? 2 Rn the unique solution ofAx ? = y . Then, the Gauss�Seidel iteration
matrix M GS 2 Rn� n satis�es

kM GSkA < 1;

where the operator norm is considered with respect to theA -induced normkx kA := ( x | Ax )1=2.
In particular, for any initial guess x 0 2 Rn , the Gauss�Seidel iteration (2.42) generates a
sequence(x k )k2 N0 that satis�es

kx ? � x k+1 kA � k M GSk kx ? � x kkA for all k 2 N0:

By Lemma 2.20, we obtain uniform stability (US) of Gauss�Seidel. This is formalized in
the following result.
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Corollary 2.25 (uniform stability of Gauss�Seidel for symmetric problems). Assume that
the PDE (2.1) is symmetric, i.e., b = 0 . For TH 2 T, let A H be the Galerkin matrix and let
� H : XH ! X H denote Gauss�Seidel iteration operator corresponding to(2.42). Then, for
all vH 2 X H ,

jjj u?
H � � H (vH )jjj � k M GSkA H jjj u?

H � vH jjj ;

where kM GSkA H < 1 is the operator norm of the iteration matrix from Proposition 2.24.
In particular, the Gauss�Seidel iteration yields a uniformly stable smoother in the sense
of (US), with constant Calg = 1 .

Conjugate gradient method

The conjugate gradient (CG) method is a standard solver (and smoother) for linear systems
Ax = y with SPD A . Starting from an initial guess x 0, the residual and search direction are
initialized by r 0 := y � Ax 0 and p0 := r 0. Let (� ; �)2 denote the Euclidean inner product.
Then, for k = 0 ; 1; 2; : : : , the CG iteration is given by

x k+1 := x k + � kpk ; where� k := ( r k ; r k )2=(Ap k ; pk )2;

r k+1 := r k � � kAp k ;

pk+1 := r k+1 + � kpk ; where� k := ( r k+1 ; r k+1 )2=(r k ; r k )2:

(2.43)

The following result states that CG is contractive in the norm induced by A . For a proof,
see, e.g., [GV13, Theorem 11.3.3].

Proposition 2.26. Let y 2 Rn and let A 2 Rn� n be SPD. Denote byx ? 2 Rn the unique
solution of Ax ? = y , and by cond2(A ) := � (A )� (A � 1) � 1 the condition number with
respect to the spectral norm. Then, for any initial guessx 0 2 Rn , the CG iteration (2.43)
generates a sequence(x k )k2 N0 satisfying

kx ? � x k+1 kA �
�
1 � cond2(A ) � 1� 1=2kx ? � x kkA for all k 2 N0: (2.44)

Sincecond2(A H ) typically grows with mesh re�nement, CG is not a uniformly contractive
solver. However, uniform stability still holds, with constant Calg = 1 . This follows again
from Lemma 2.20.

Corollary 2.27 (contraction & uniform stability of CG for symmetric problems) . Assume
that the PDE (2.1) is symmetric, i.e., b = 0 . For TH 2 T, let A H be the Galerkin matrix
and let � H : XH ! X H denote the CG iteration operator corresponding to(2.43). Then, for
all vH 2 X H ,

jjj u?
H � � H (vH )jjj �

�
1 � cond2(A H ) � 1� 1=2 jjj u?

H � vH jjj :

In particular, the CG iteration is uniformly stable (US) with Calg = 1 .
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Preconditioned conjugate gradient method

The downside of CG is that the convergence deteriorates as the condition number grows. To
overcome this, one may introduce an SPD preconditionerB and apply the preconditioned
conjugate gradient (PCG) method. We brie�y recall the iteration.

Starting from an initial guess x 0, set r 0 := y � Ax 0, z0 := B � 1r 0, and p0 := z0. For
k = 0 ; 1; 2; : : : , the PCG iteration reads

x k+1 := x k + � kpk ; where� k := ( r k ; zk )2=(Ap k ; pk )2;

r k+1 := r k � � kAp k ;

zk+1 := B � 1r k+1 ;

pk+1 := zk+1 + � kpk ; where� k := ( r k+1 ; zk+1 )2=(r k ; zk )2:

(2.45)

Let B 1=2 denote the unique SPD square root ofB . Then, as shown in [GV13, Section
11.5.2], the PCG iteratesx k for Ax = y coincide, under the change of variables~x = B 1=2x ,
with the standard CG iterates ~x k , i.e., ~x k = B 1=2x k , for the symmetric positive de�nite
system

~A ~x := B � 1=2AB � 1=2~x = B � 1=2y : (2.46)

In particular, x ? solvesAx ? = y if and only if ~x ? := B 1=2x ? solves(2.46). Moreover, the
induced norms are compatible in the sense that

kvk2
A = ( Av ; v)2 = ( AB � 1=2B 1=2v ; B � 1=2B 1=2v)2 = ( ~AB 1=2v ; B 1=2v)2 = kB 1=2vk2

~A
:

Applying Proposition 2.26 to the system (2.46), and using the above identity, we obtain

kx ? � x k+1 kA = k~x ? � ~x k+1 k ~A

(2.44)
� qk~x ? � ~x kk ~A = qkx ? � x kkA ;

whereq := [1 � cond2(B � 1=2AB � 1=2)� 1]1=2. Hence, PCG contracts the error in theA -norm,
provided B is SPD. In particular, PCG is uniformly stable in the sense of(US). We therefore
obtain the following result.

Corollary 2.28 (contraction & uniform stability of PCG for symmetric problems) . Assume
that the PDE (2.1) is symmetric, i.e., b = 0 . For TH 2 T, let A H be the Galerkin matrix
and let � H : XH ! X H denote the PCG iteration operator corresponding to(2.45) with an
SPD preconditioner B H . Then, for all vH 2 X H ,

jjj u?
H � � H (vH )jjj �

�
1 � cond2(B � 1=2

H A H B � 1=2
H ) � 1� 1=2 jjj u?

H � vH jjj :

In particular, the PCG iteration is uniformly stable (US) with Calg = 1 .

In the following, we discuss possible choices for the preconditionerB H .

Example 2.29 (block Jacobi preconditioner). Let TH 2 T be a mesh, and denote byVH

the set of vertices ofTH . For z 2 VH , de�ne the node patch TH (z) := f T 2 TH j z 2 Tg, the
corresponding local domain
 H;z :=

S
T 2T H (z) T, and the local spaceXH;z � H 1

0 (
 H;z ) by

XH;z := f vH 2 H 1
0 (
 H;z ) j vH jT is a polynomial of total degree� p for all T 2 TH (z)g:
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Denote by A H and A H;z the Galerkin matrices with respect to XH and XH;z respectively.
Let I H;z be the matrix representation of the canonical embedding�H;z : XH;z ! X H . Then,
the block Jacobi preconditioner is de�ned as

B H :=
X

z2V H

I H;z (A H;z ) � 1I |
H;z :

If the PDE (2.1) is symmetric, i.e., b = 0 , then by additive Schwarz theory (see, e.g., [GO95])
the preconditioner B H is SPD. Hence, Corallary(2.28) implies that PCG with block Jacobi
preconditioner is uniformly stable (US) with Calg = 1 .

Example 2.30 (incomplete Cholesky preconditioner). Assume that the PDE (2.1) is
symmetric, i.e., b = 0 and let TH 2 T be a mesh. For the SPD Galerkin matrixA H , the
Cholesky decomposition readsA H = L H L |

H with L H lower triangular with positive diagonal
entries. Although A H is typically sparse, the Cholesky factorL H is in general dense.

The incomplete Cholesky factorization remedies this by computing a sparse lower triangular
approximation ~L H to L H with positive diagonal entries, such that A H � ~L H ~L

|
H . The

corresponding incomplete Cholesky preconditionerB H is then de�ned as

B H := ( ~L H ~L
|
H ) � 1:

In practice, the factor ~L H can be obtained by running the Cholesky algorithm but
dropping all additional entries beyond the sparsity pattern of the lower triangle ofA H , i.e.,
by enforcing ( ~L H ) ij = 0 whenever(A H ) ij = 0 . This is, for instance, the default behavior of
the MATLAB function ichol with type='nofill' . This procedure may break down if a
nonpositive pivot is encountered. If, however, the factorization terminates successfully, then
all diagonal entries of ~L H are positive; cf. [GV13, Section 11.5.8]. Hence, since~L H and ~L

|
H

are lower triangular, both matrices are regular and thus, for all nonzero vectorsx ,

x | (B � 1
H )x = x | ~L H ~L

|
H x = k~L

|
H x k2

2 > 0;

which shows that B � 1
H is positive de�nite, and consequentlyB H is SPD. See, e.g., [GV13,

Section 11.5.8] and the references given therein for conditions onA H that guarantee successful
factorization as well as for stabilization techniques designed to avoid nonpositive pivots.

By Corollary (2.28), PCG with incomplete Cholesky preconditioning is therefore uniformly
stable (US) with Calg = 1 whenever the incomplete factorization does not break down.

Zarantonello symmetrization for nonsymmetric problems

The uniform stability results derived above (apart from the identity iteration) rely on
symmetry of the PDE (2.1). To address the nonsymmetric case, a natural strategy is to �rst
symmetrize the discrete problem(2.7) and then to apply a uniformly stable smoother for
symmetric systems. For symmetrization, we employ one step of the Zarantonello iteration,
as in, e.g., [BIM+ 24], which was originally introduced in the context of a proof of the
Lax�Milgram Lemma in [Zar60].
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Let a(�; �) denote the symmetric part of b(�; �) as in (2.5). For a mesh TH 2 T and
a damping parameter � > 0, de�ne for each vH 2 X H , the continuous linear functional
G� (vH ) 2 H 1

0 (
) 0 by

G� (vH )(w) := a(vH ; w) + �
�
F (w) � b(vH ; w)] for all w 2 H 1

0 (
) .

The Zarantonello operatorZ �
H : XH ! X H then assigns to eachvH 2 X H the unique solution

Z �
H vH 2 X H of

a(Z �
H vH ; �) = G� (vH )( �) on XH . (2.47)

Since a(�; �) is an elliptic and continuous scalar product onH 1
0 (
) , the operator Z �

H is
well-de�ned by the Lax�Milgram lemma. Moreover, the discrete solution u?

H 2 X H of (2.7)
is the unique �xed point of Z �

H .

Remark 2.31. The bilinear form b(�; �) from (2.2) and its symmetric part a(�; �) from (2.5)
satisfy

a(v; w) = b(v; w) �
(b � r v ; w)L 2 (
) � (v ; b � r w)L 2 (
)

2
: (2.48)

If, in addition, b 2 W 1;1 (
; Rd), the product rule and integration by parts yield, for all
v; w 2 H 1

0 (
) ,

(v ; b � r w)L 2 (
) = ( v ; div(wb) � w div(b))L 2 (
)

= � (b � r v ; w)L 2 (
) � (v ; w div(b))L 2 (
) :

Substituting this into (2.48) and using the de�nition (2.2) of b(�; �) gives

a(v; w) = b(v; w) � (b � r v ; w)L 2 (
) � (v ; w div(b)=2)L 2 (
)

(2.2)
= ( A r v ; r w)L 2 (
) + ( v ; [c � div(b)=2]w)L 2 (
) :

Hence, the discrete Zarantonello problem(2.47) corresponds to the weak formulation of an
elliptic reaction-di�usion equation.

To derive an explicit representation of the Zarantonello operatorZ �
H , de�ne the PDE

operator

A : H 1
0 (
) ! H 1

0 (
) 0; w 7! b(�; w);

and recall the Riesz mapping

R H : XH ! X 0
H ; wH 7! a(wH ; �);

which is an isometric isomorphism with respect tojjj�jjj . Then, (2.47) is equivalent to

a(Z �
H vH ; wH ) = a(vH ; wH ) + �a (R � 1

H (F � A vH ); wH ) for all vH ; wH 2 X H ,
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and thus

Z �
H vH = vH + � R � 1

H (F � A vH ) for all vH 2 X H .

It is well established (see [Zei90, Section 25.4]) thatZ �
H is Lipschitz continuous, with the

Lipschitz constant depending on the chosen inner product onH 1
0 (
) . The following general

result on nonlinear strongly monotone operators (essentially contained in the proof of [Zei90,
Theorem 25.B]) formalizes this property.

Proposition 2.32 (Lipschitz continuity of the Zarantonello operator) . Let H be a Hilbert
space with scalar product(� ; �)H , induced norm k�kH , and Riesz mapping

R H : H ! H 0; w 7! (w ; �)H :

Suppose thatA : H ! H 0 is strongly monotone and Lipschitz continuous with respect tok�kH ,
i.e., there exist �; L > 0 such that, for all v; w 2 H ,

� kv � wk2
H � (Av � A w)(v � w) and kAv � A wkH 0 � Lkv � wkH :

Let F 2 H 0. Then, for all � > 0, the Zarantonello operator

Z �
H : H ! H ; v 7! v + � R � 1

H (F � A v)

is Lipschitz continuous with respect tok�kH . Speci�cally, for all v; w 2 H ,

kZ �
H v � Z �

H wk2
H � CH [� ]2kv � wk2

H where CH [� ]2 := 1 � � (2� � �L 2) � 0:

To apply Proposition 2.32 to the discrete spaceXH endowed with scalar producta(�; �),
we observe thatAw = b(�; w) is strongly monotone with � = 1 , since

jjj vH � wH jjj 2 (2.6)
= b(vH � wH ; vH � wH ) = ( AvH � A wH )(vH � wH ) for all vH ; wH 2 X H :

Moreover, ellipticity and continuity of b(�; �) from (2.3) prove, for all vH ; wH ; ' H 2 X H ,

(AvH � A wH )( ' H ) = b(' H ; vH � wH )
(2.3)
� Cbnd k' H kH 1 (
) kvH � wH kH 1 (
)

(2.3)
� (Cbnd =Cell) jjj ' H jjj jjj vH � wH jjj :

Hence,A is Lipschitz continuous with L = Cbnd =Cell . Therefore, the application of Proposi-
tion 2.32 yields that Z �

H is Lipschitz continuous in the energy norm, i.e., for allvH ; wH 2 X H ,

jjjZ �
H vH � Z �

H wH jjj � C[� ] jjj vH � wH jjj with C[� ] =
�
1 � � (2 � �C 2

bnd =C2
ell)

� 1=2; (2.49)

where Cell ; Cbnd are the constants from(2.3). While C[� ] � 0 for any choice of� , we note
that even 0 < C [� ] < 1 for 0 < � < 2C2

ell=C2
bnd ; see Proposition 2.37.

The discrete problem (2.47) is symmetric, and therefore any of the uniformly stable
smoothers presented so far can be applied to it. The key observation is that the Lipschitz
continuity of the Zarantonello operator (2.49), together with the uniform stability of such a
smoother, implies that the overall procedure � namely applying a uniformly stable smoother
to the symmetrized problem (2.47) and interpreting it as a smoother for the original
nonsymmetric problem (2.7) � again yields a uniformly stable smoother. This is made
precise in the following result.
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Proposition 2.33 (uniform stability of Zarantonello symmetrization) . Let � > 0 and
let J 2 N0 be a number of smoother iterations. For everyTH 2 T and vH 2 X H , let
	 H (vH ) : XH ! X H be the iteration operator of a smoother for the symmetric problem(2.47),
assumed to be uniformly stable in the sense that there exists a constantCalg > 0, independent
of TH and vH , such that

jjjZ �
H vH � 	 H (vH )(wH )jjj � Calg jjjZ �

H vH � wH jjj for all wH 2 X H : (2.50)

Then, the operator � H : XH ! X H de�ned by � H (vH ) := (	 H (vH )) J (vH ) is a uniformly
stable smoother for the nonsymmetric discrete problem(2.7). In particular, for all vH 2 X H ,

jjj u?
H � � H (vH )jjj �

�
C[� ] + CJ

alg(C[� ] + 1)
�

jjj u?
H � vH jjj ; (2.51)

whereC[� ] is the Lipschitz constant of the Zarantonello operator from(2.49).

Proof. We adapt the reasoning from [BIM+ 24, Section 2] to the present setting. By the
triangle inequality and the de�nition of � H , it follows that

jjj u?
H � � H (vH )jjj � jjj u?

H � Z �
H vH jjj + jjjZ �

H vH � (	 H (vH )) J (vH )jjj : (2.52)

SinceZ �
H u?

H = u?
H , the Lipschitz continuity (2.49) of Z �

H yields

jjj u?
H � Z �

H vH jjj
(2.49)

� C[� ] jjj u?
H � vH jjj : (2.53)

For the second term in(2.52), uniform stability (2.50) of 	 H (vH ) together with the triangle
inequality gives

jjjZ �
H vH � (	 H (vH )) J (vH )jjj

(2.50)
� CJ

alg jjjZ �
H vH � vH jjj

� CJ
alg

�
jjj u?

H � Z �
H vH jjj + jjj u?

H � vH jjj
�

(2.53)
� CJ

alg(C[� ] + 1) jjj u?
H � vH jjj :

(2.54)

Combining (2.52)�(2.54) establishes (2.51) and the proof is complete.

Remark 2.34. For all uniformly stable smoothers for symmetric problems discussed in this
section, the stability constant does not depend on the right-hand side of the discrete problem.
Hence, they are uniformly stable in the sense of(2.50).

2.5.2 Uniformly contractive solvers

The uniform contraction property (UC) is a key ingredient in the optimal complexity analysis
of adaptive �nite element methods, i.e., optimal convergence rates with respect to the overall
computational cost, see [GHPS21; BFM+ 25]. In the following, we present examples of
iterative solvers that are uniformly contractive (UC).
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PCG with optimal preconditioner

Assume that the PDE (2.1) is symmetric, i.e., b = 0 . For each meshTH , let A H be the
SPD Galerkin matrix. By Corollary 2.28, the PCG method is uniformly contractive (UC) if
there exists an SPD preconditionerB H and a constant Cpcg > 0, depending only on the
coe�cients of the PDE (2.1), the initial mesh T0, and the polynomial degreep, such that

cond2(B � 1=2
H A H B � 1=2

H ) � Cpcg for all TH 2 T:

In this case, we call B H an optimal preconditioner. Such preconditioners exist; see,
e.g., [CNX12].

Geometric multigrid

Another example of a uniformly contractive solver is thehp-robust geometric multigrid
method of [IMPS24], which is proved to achieve uniform contraction for symmetric second-
order linear elliptic di�usion problems. The result is stated in the following proposition.

Proposition 2.35 ([IMPS24, Theorem 2.5]). Suppose that in(2.1) the coe�cients satisfy
b = 0 and c = 0 . Then, the geometric multigrid method of [IMPS24, Algorithm 2.1] satis�es
the uniform contraction property (UC) . Moreover, the corresponding contraction constant
qalg is independent of the polynomial degreep.

Remark 2.36. While the multigrid algorithm from [IMPS24] relies on the use of the scalar
product a(�; �) = b(�; �) and is formulated only for c = 0 , the analysis of [IMPS24] is based
on the symmetry of the PDE and on the norm equivalence between the energy normjjj�jjj
and the H 1(
) -seminorm kr (�)kL 2 (
) . With minor modi�cations to the proof of [IMPS24],
Proposition 2.35 thus remains valid ifa(�; �) = b(�; �) includes non-vanishing reaction term
c 6= 0 .

Zarantonello symmetrization for nonsymmetric problems

The same construction with the Zarantonello symmetrization from Proposition 2.33, which
yields a uniformly stable smoother, can also be used to obtain a uniformly contractive solver.
However, as established in [BIM+ 24, Section 2], this requires restrictions on the damping
parameter � and on the number of solver iterations. These conditions are made precise in
the following proposition.

Proposition 2.37 (uniform contraction of Zarantonello symmetrization). Let

0 < � < 2C2
ell=C2

bnd ; (2.55)

whereCell ; Cbnd are the constants from(2.3). Then, the Zarantonello operatorZ �
H from (2.47)

is a contraction, i.e., its Lipschitz constant C[� ] from (2.49) satis�es

0 < C [� ] < 1: (2.56)
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Moreover, for every TH 2 T and vH 2 X H , let 	 H (vH ) : XH ! X H be the iteration operator
of a solver for the symmetric problem(2.47), assumed to be uniformly contractive in the
sense that there exists a constant0 < qalg < 1, independent ofTH and vH , such that

jjjZ �
H vH � 	 H (vH )(wH )jjj � qalg jjjZ �

H vH � wH jjj for all wH 2 X H : (2.57)

Let J 2 N be a number of solver iterations such that

J >
log

�
1� C[� ]
C[� ]+1

�

log(qalg)
: (2.58)

Then, the iteration operator � H : XH ! X H de�ned by � H (vH ) := (	 H (vH )) J (vH ) is a
uniformly contractive solver for the nonsymmetric discrete problem(2.7). In particular, for
all vH 2 X H ,

jjj u?
H � � H (vH )jjj � qjjj u?

H � vH jjj with 0 < q := C[� ] + qJ
alg(C[� ] + 1) < 1: (2.59)

Proof. From the assumption (2.55), we obtain 2 � �C 2
bnd =C2

ell > 0. Hence, from(2.49) it
follows that

0 < C [� ]2
(2.49)

= 1 � � (2 � �C 2
bnd =C2

ell) < 1;

which proves (2.56). Furthermore, condition (2.58) is equivalent to

q = C[� ] + qJ
alg(C[� ] + 1) < 1:

Finally, the estimate in (2.59) follows directly from Proposition 2.33. This concludes the
proof.
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The objective of this chapter is to establish su�cient conditions for R-linear convergence
of quasi-error sequences in a general setting. To this end, we �rst introduce in Section 3.1
the notion of R-linear convergence and its characterization via tail summability. We then
de�ne and analyse quasi-error quantities in Section 3.2, and �nally derive convergence
results applicable to meshes generated by Dör�er marking in Section 3.3. These results form
the cornerstone of the convergence analysis of the algorithms presented in the subsequent
chapters.

3.1 Characterizing R-linear convergence via tail summability
criteria

R-linear convergence of the error estimator is a key ingredient in the analysis of optimal
convergence rates for adaptive �nite element methods; see for instance [CFPP14]. In
this section, we introduce the notion of R-linear convergence and we present equivalent
characterizations in terms of tail summability conditions.

De�nition 3.1 (R-linear convergence). Let (a` )`2 N0 be a scalar sequence(a` )`2 N0 in R� 0.
We call (a` )`2 N0 R-linearly convergent if there exist constantsClin > 0 and 0 < q lin < 1 such
that

a`+ n � Clin qn
lin a` for all `; n 2 N0: (3.1)

Moreover, (a` )`2 N0 is called linearly convergent if there exists 0 < q lin < 1 such that

a`+1 � qlin a` for all ` 2 N0:

Remark 3.2. In the literature, weaker notions of R-linear convergence can be found.
Speci�cally, in [OR00, Chapter 9], a non-negative scalar sequence(a` )`2 N0 is said to converge
R-linearly if it satis�es

lim sup
` !1

a1=`
` < 1: (3.2)

This is known as the root test, which explains the pre�x �R� in R-linear convergence. It is a
simple matter to check that condition(3.2) is equivalent to the existence of constantsC > 0
and 0 < q < 1 such that

a` � Cq` for all ` 2 N0:

In fact, (3.1) implies (3.2), but the converse implication does not hold in general. For
example, the sequence de�ned bya0 := 0 and a` := 2 � ` for ` � 1 satis�es (3.2), but not (3.1).
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3 Theory of R-linear convergence

The following lemma from [CFPP14, Lemma 4.9] provides a characterisation of R-linear
convergence in terms of a tail summability property.

Lemma 3.3 (characterisation of R-linear convergence via tail summability). Let (a` )`2 N0

be a non-negative scalar sequence, and lets > 0. Then, (a` )`2 N0 is R-linearly convergent in
the sense of(3.1) if and only if there exists a constantCtail > 0 such that

1X

`0= `+1

as
`0 � Ctail as

` for all ` 2 N0: (3.3)

Speci�cally, if tail summability (3.3) holds, then R-linear convergence(3.1) is satis�ed with
constantsClin = (1 + Ctail )1=s and qlin = (1 + C � 1

tail )
� 1=s.

Proof. Let s > 0. Suppose �rst that (a` )`2 N0 is R-linearly convergent in the sense of(3.1),
i.e., there exist constantsClin > 0 and 0 < q lin < 1 such that

a`+ n � Clin qn
lin a` for all `; n 2 N0:

The geometric series yields

1X

`0= `+1

as
`0

(3.1)
� Cs

lin

1X

`0= `+1

(qs
lin )`0� `as

` = Cs
lin

qs
lin

1 � qs
lin

as
` :

Thus, tail summability (3.3) holds with Ctail = Cs
lin qs

lin (1 � qs
lin ) � 1.

Conversely, suppose that tail summability (3.3) holds. This implies that

(1 + C � 1
tail )

1X

`0= `+1

as
`0

(3.3)
�

1X

`0= `+1

as
`0 + as

` =
1X

`0= `

as
`0 for all ` 2 N0:

De�ning 0 < q := (1 + C � 1
tail ) � 1 < 1, the repeated application of the previous estimate shows

that

1X

`0= `+ n

as
`0 � qn

1X

`0= `

as
`0 for all `; n 2 N0: (3.4)

Using (3.4) together with tail summability (3.3), one obtains

as
`+ n �

1X

`0= `+ n

as
`0

(3.4)
� qn

1X

`0= `

as
`0 = qn �

as
` +

1X

`0= `+1

as
`0

� (3.3)
� (1 + Ctail )qnas

` for all `; n 2 N0:

Exponentiating both sides by 1=s gives

a`+ n � (1 + Ctail )1=s(q1=s)na` for all `; n 2 N0:

This completes the proof of R-linear convergence(3.1) with Clin := (1 + Ctail )1=s > 0 and
0 < q lin := q1=s = (1 + C � 1

tail )
� 1=s < 1.
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The next result shows that a seemingly weaker form of the tail summability condition(3.3)
remains equivalent to R-linear convergence. The argument follows that of [Fei22, Lemma 6],
though the assumptions di�er slightly; see Remark 3.5.

Lemma 3.4 (characterisation of R-linear convergence via weak tail summability). Let
(a` )`2 N0 be a non-negative scalar sequence, and lets > 0. Then, (a` )`2 N0 is R-linearly
convergent in the sense of(3.1) if and only if there exist constants eC > 0 and 0 < � � 1,
and a function D : N0 ! (1; + 1 ) satisfying D(N ) � eCN 1� � such that

`+ NX

`0= `

as
`0 � D (N ) as

` for all `; N 2 N0: (3.5)

Proof. Assume that the sequence(a` )`2 N0 is R-linearly convergent. Then Lemma 3.3 implies
tail summability in the sense of (3.3) with a constant Ctail > 0. In particular, (3.5) holds
with the constant function D(N ) = 1 + Ctail .

The proof of the converse implication is divided into four steps. Suppose that(3.5) holds.
Step 1. We prove by mathematical induction on n that

as
`+ n �

 
nY

j =1

�
1 � D (j ) � 1�

!
`+ nX

`0= `

as
`0 for all `; n 2 N0. (3.6)

The base casen = 0 follows immediately with the empty product interpreted as 1. Assume
that (3.6) holds for somen 2 N0 and all ` 2 N0. Then, applying (3.6) for ` + 1 and
using (3.5), one obtains

as
`+( n+1) = as

(`+1)+ n

(3.6)
�

 
nY

j =1

�
1 � D (j ) � 1�

! (`+1)+ nX

`0= `+1

as
`0

=

 
nY

j =1

�
1 � D (j ) � 1�

! `+( n+1)X

`0= `

as
`0 � as

`

!

(3.5)
�

 
nY

j =1

�
1 � D (j ) � 1�

! `+( n+1)X

`0= `

as
`0 � D (n + 1) � 1

`+( n+1)X

`0= `

as
`0

!

=

 
n+1Y

j =1

�
1 � D (j ) � 1�

! `+( n+1)X

`0= `

as
`0:

This completes the induction and proves (3.6).
Step 2. De�ne

M n := D(n)
nY

j =1

�
1 � D (j ) � 1�

> 0 for all n 2 N0. (3.7)

Combining (3.5)�(3.6) gives

as
`+ n � M nas

` for all `; n 2 N0. (3.8)
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Using D(N ) � eCN 1� � and the inequality log(1 � x) � � x for all 0 < x < 1, it follows that

log(M n ) = log( D(n)) +
nX

j =1

log(1 � D (j ) � 1) � log(D(n)) �
nX

j =1

D(j ) � 1

� log( eC) + (1 � � ) log(n) � eC � 1
nX

j =1

j � 1+ �

Applying log(n) �
P n

j =1 j � 1 leads to

log( eC) + (1 � � ) log(n) � eC � 1
nX

j =1

j � 1+ � � log( eC) +
nX

j =1

j � 1 � eC � 1
nX

j =1

j � 1+ �

= log( eC) +
nX

j =1

j � � � eC � 1

j 1� �
n!1���! �1 :

Consequently,log(M n ) ! �1 and thus M n ! 0 as n ! 1 .
Step 3. SinceM n ! 0 as n ! 1 , there existsM � 1 such that M n � M for all n 2 N0.

Therefore, with (3.8) one obtains quasi-monotonicity in the sense that

as
`+ n

(3.8)
� M nas

` � Ma s
` for all `; n 2 N0. (3.9)

Step 4. Choosen0 2 N0 such that 0 < q := M n0 < 1. Then (3.8) shows that

as
`+ n0

� qas
` for all ` 2 N0: (3.10)

For arbitrary n 2 N0, write n = kn0 + r with k; r 2 N0 and r < n 0. Quasi-monotonicity (3.9)
and (3.10) imply

as
`+ n = as

`+ kn 0+ r

(3.10)
� qkas

`+ r

(3.9)
� Mqkas

` = Mq � r=n 0 (q1=n0 )nas
` � (M=q)(q1=n0 )nas

` :

Finally, exponentiating both sides by 1=s yields

a`+ n � (M=q)1=s(q1=(sn0 ) )na` for all `; n 2 N0.

This concludes the proof of R-linear convergence(3.1) with Clin := ( M=q)1=s > 0 and
0 < q lin := q1=(sn0 ) < 1.

Remark 3.5. The assumptions in Lemma 3.4 di�er slightly from the ones in [Fei22, Lemma
6]. Therein, the condition on the function D(�) is weaker: It is only required that there
exists somen0 2 N0 such that M n0 < 1, where M n is de�ned as in (3.7). However, the
assumption on the sequence(a` )`2 N0 is stronger, requiring it to be quasi-monotone in the
sense of (3.9). In contrast, Lemma 3.4 imposes the stronger conditionD(N ) � eCN 1� � ,
which implies M n ! 0 as n ! 1 ; see Step 2 of the proof. As shown in Step 3, this ensures
that quasi-monotonicity (3.9) holds automatically. Consequently, no additional monotonicity
assumption on the sequence is needed in Lemma 3.4.
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The combination of Lemma 3.3 and Lemma 3.4 leads to the following result.

Corollary 3.6. Let (a` )`2 N0 be a non-negative scalar sequence, and lets; s0 > 0. Then, the
following assertions are equivalent:

(i) The sequence(a` )`2 N0 is R-linearly convergent in the sense of(3.1).

(ii) There exists a constantCtail > 0 such that

1X

`0= `+1

as
`0 � Ctail as

` for all ` 2 N0:

(iii) There exist constants eC > 0 and 0 < � � 1, and a function D : N0 ! (1; + 1 )
satisfying D(N ) � eCN 1� � such that

`+ NX

`0= `

as0

`0 � D (N ) as0

` for all `; N 2 N0:

3.2 Generalized error quantities

In the AFEM literature, starting with [CKNS08], the convergence analysis is typically
based on combined error quantities consisting of both the energy error and the (scaled)
error estimator, the so-calledquasi-errors. In this section, we introduce three quasi-error
quantities in an abstract setting that will be used in the analysis throughout the rest of the
thesis. We establish that these quasi-errors are stable under mesh re�nement and prove
that they are pairwise equivalent. This equivalence indicates that, in principle, the speci�c
choice of the quasi-error is not essential, since the aim is to establish their convergence to
zero and quantify the corresponding convergence rate. However, certain quasi-errors are
particularly well suited for speci�c arguments and may even be necessary for the underlying
proof strategy to succeed. Others involve only discrete quantities and can therefore be
computed directly, making them naturally suited for use in numerical algorithms.

De�nition 3.7. Let TH 2 T, Th 2 refine (TH ), and vH 2 X H � X h . For scaling factors

 � ; 
 � > 0 that are to be �xed later, de�ne the (generalized)quasi-errors

Hh(vH ) := jjj u?
h � vH jjj + � h(u?

h); (3.11)

� h(vH ) :=
�
jjj u? � vH jjj 2 + 
 � � h(vH )2� 1=2; (3.12)

� h(vH ) := jjj u?
h � vH jjj + 
 � � h(vH ): (3.13)

Here, u?
h 2 X h denotes the exact discrete solution to problem(2.7), while u? 2 H 1

0 (
) denotes
the exact solution to the continuous problem(2.4).

Remark 3.8. The scaling factors
 � ; 
 � > 0 in (3.12)� (3.13) will be chosen later in the
convergence analysis. The choice will depend on the speci�c algorithm under consideration
and will ensure that a contraction of the corresponding quasi-error can be proven. For this
reason, we work with arbitrary scaling factors in the present section and postpone the use of
concrete values to the later analysis.
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Remark 3.9. Let TH 2 T be a given mesh, and letvH 2 X H be an approximation of the
Galerkin solution u?

H 2 X H of problem (2.7). Such an approximation typically arises from
an iterative solver. Then, the quasi-errorHH (vH ) decomposes as

HH (vH ) = jjj u?
H � vH jjj

| {z }
algebraic error

+ � H (u?
H )

| {z }
discretization error

:

Therefore, the quasi-error is a natural error measure for AFEM with inexact solvers, as it
accounts for both the algebraic error and the discretization error. Note that both summands
involve the (unknown) exact discrete solutionu?

H , which will never be computed in a practical
AFEM algorithm with inexact solver.

Lemma 3.10 (pairwise equivalence). Suppose(A1) , (A3) , and the validity of the Céa
lemma (2.9). Then, there exist constantsC1; C2; C3; C4 > 0 such that, for all TH 2 T and
vH 2 X H , the following equivalences hold:

C � 1
1 � H (vH ) � HH (vH ) � C2� H (vH ); (3.14)

C � 1
3 � H (vH ) � � H (vH ) � C4� H (vH ): (3.15)

The constants C1; C2 depend only onCstab and 
 � . The constant C3 depends only on
CCéa; 
 � , and 
 � , while C4 depends only onCstab ; Crel ; 
 � , and 
 � .

Proof. Stability (A1) gives

� H (vH )
(A1)
� (1 + 
 � Cstab)jjj u?

H � vH jjj + 
 � � H (u?
H ) � maxf 1 + 
 � Cstab ; 
 � gHH (vH );

which proves the lower bound in (3.14) withC1 := max f 1 + 
 � Cstab ; 
 � g.
An analogous argumentation yields

HH (vH )
(A1)
� (1 + Cstab)jjj u?

H � vH jjj + � H (vH )

� maxf 1 + Cstab ; 
 � 1
� g

�
jjj u?

H � vH jjj + 
 � � H (vH )
�

= max f 1 + Cstab ; 
 � 1
� g� H (vH ):

This establishes the upper bound in (3.14) withC2 := max f 1 + Cstab ; 
 � 1
� g.

The Céa lemma (2.9) shows that

jjj u?
H � vH jjj � jjj u? � u?

H jjj + jjj u? � vH jjj
(2.9)
� (CCéa + 1) jjj u? � vH jjj : (3.16)

This and a Cauchy�Schwarz inequality in R2 prove

� H (vH )
(3.16)

� (CCéa + 1) jjj u? � vH jjj + 
 � � H (vH )

� maxf CCéa + 1 ; 
 � 
 � 1=2
� g

�
jjj u? � vH jjj + 
 1=2

� � H (vH )
�

�
p

2 maxf CCéa + 1 ; 
 � 
 � 1=2
� g

�
jjj u? � vH jjj 2 + 
 � � H (vH )2� 1=2:

Hence, the lower bound in (3.15) holds withC3 :=
p

2 maxf CCéa + 1 ; 
 � 
 � 1=2
� g.
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Stability (A1) and reliability (A3) imply

jjj u? � vH jjj � jjj u? � u?
H jjj + jjj u?

H � vH jjj
(A3)
� Crel � H (u?

H ) + jjj u?
H � vH jjj

(A1)
� Crel � H (vH ) + ( CstabCrel + 1) jjj u?

H � vH jjj :

(3.17)

This shows

� H (vH ) � jjj u? � vH jjj + 
 1=2
� � H (vH )

(3.17)
� (CstabCrel + 1) jjj u?

H � vH jjj + ( Crel + 
 1=2
� )� H (vH )

� maxf CstabCrel + 1 ; (Crel + 
 1=2
� )
 � 1

� g� H (vH )

and concludes the proof of the upper bound in(3.15) with C4 := maxf CstabCrel + 1 ; (Crel +

 1=2

� )
 � 1
� g.

Lemma 3.11 (stability under mesh re�nement) . Suppose(A3) and (QM) . There exists
a constant Clvl � 1 such that, for all meshesTH 2 T, all vH 2 X H , and all re�nements
Th 2 refine (TH ), it holds that

Hh(vH ) � Clvl HH (vH ): (3.18)

The constant Clvl depends only onCrel and Cmon . In particular, by the pairwise equivalence
established in Lemma 3.10, the quasi-errors� H and � H are also stable under mesh re�nement
in the sense of (3.18).

Proof. From quasi-monotonicity (QM), it follows that

Hh(vH ) = jjj u?
h � vH jjj + � h(u?

h)
(QM)

� Cmon
�
jjj u?

h � vH jjj + � H (u?
H )

�

� Cmon
�
jjj u?

h � u?
H jjj + jjj u?

H � vH jjj + � H (u?
H )

�
= Cmon

�
jjj u?

h � u?
H jjj + HH (vH )

�
:

To bound the remaining term jjj u?
h � u?

H jjj , we use reliability (A3) and quasi-monotonicity (QM)
to deduce

jjj u?
h � u?

H jjj � jjj u? � u?
h jjj + jjj u? � u?

H jjj
(A3)
� Crel

�
� h(u?

h) + � H (u?
H )

�

(QM)
� Crel(1 + Cmon)� H (u?

H ) � Crel(1 + Cmon)HH (vH ):

The combination of the previous two estimates results in

Hh(vH ) � Cmon
�
Crel(1 + Cmon) + 1] HH (vH ):

This concludes the proof of (3.18) withClvl := Cmon
�
Crel(1 + Cmon) + 1] � Cmon � 1.
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3.3 Criteria for R-linear convergence of quasi-errors

In this section, we present abstract criteria that guarantee R-linear convergence of quasi-error
sequences, such as(� ` (v` )) `2 N0 for v` 2 X ` , associated with a sequence of successively re�ned
meshesT` . The analysis is based on three key assumptions:

(1) The error estimator � ` satis�es the axioms of adaptivity (A1)�(A4).

(2) The re�ned elementsT` nT̀ +1 satisfy the Dör�er marking criterion with bulk parameter
0 < � � 1.

(3) The discrete functionsv` 2 X ` are su�ciently close, in a suitable sense, to the exact
discrete solutionsu?

` 2 X ` of problem (2.7).

These assumptions are formalized in Theorem 3.14 and Theorem 3.15.
The following lemma provides a re�ned version of [BFM+ 25, Lemma 1]. Its proof is based

on Corollary 3.6 and is speci�cally formulated for the application of quasi-orthogonality (A4)
to quasi-error sequences.

Lemma 3.12 (tail summability criterion) . Let (a` )`2 N0 and (b̀ )`2 N0 be scalar sequences in
R� 0. Suppose there exist constants0 < q < 1, 0 < � � 1, and C > 0 such that

a`+1 � qà + b̀ and
`+ NX

`0= `

b2
`0 � C(N + 1) 1� � a2

` for all `; N 2 N0. (3.19)

Then, the sequence(a` )`2 N0 is tail summable, i.e., there exists a constantCtail > 0 such that

1X

`0= `+1

a`0 � Ctail a` for all ` 2 N0: (3.20)

The constant Ctail depends only onq; � , and C. In particular, the sequence(a` )`2 N0 is
R-linearly convergent in the sense of(3.1).

Proof. Choose" > 0 su�ciently small such that 0 < q " := (1 + ")q2 < 1. The application of
the perturbed contraction (3.19) and the weighted Young inequality gives

a2
`+1

(3.19)
� (1 + ")q2a2

` + (1 + " � 1)b2
` = q" a2

` + (1 + " � 1)b2
` for all ` 2 N0. (3.21)

Using this estimate together with the summability of (b̀ )`2 N0 from (3.19), it follows that

`+ NX

`0= `

a2
`0 = a2

` +
`+ N � 1X

`0= `

a2
`0+1

(3.21)
� a2

` +
`+ N � 1X

`0= `

q" a2
`0 + (1 + " � 1)

`+ N � 1X

`0= `

b2
`0

(3.19)
�

�
1 + (1 + " � 1)CN 1� � �

a2
` + q"

`+ N � 1X

`0= `

a2
`0:

36



3 Theory of R-linear convergence

Rearranging the terms, this yields

`+ NX

`0= `

a2
`0 �

1 + (1 + " � 1)CN 1� �

1 � q"
a2

` =: D(N ) a2
` for all `; N 2 N0.

Since there exists a constanteC > 0 such that D (N ) � eCN 1� � for all N 2 N0, Corollary 3.6
concludes the proof of (3.20).

Remark 3.13. Compared to [BFM+ 25, Lemma 1], Lemma 3.12 is formulated under weaker
assumptions. Speci�cally, [BFM+ 25] imposes an additional condition on the sequences
(a` )`2 N0 and (b̀ )`2 N0 , requiring the existence of a constantM > 0 such that

b̀ + N � Ma ` for all `; N 2 N0.

This condition is used in [BFM+ 25] to guarantee that the sequence(a` )`2 N0 is quasi-monotone.
However, in the present analysis, this assumption turns out to be redundant: As detailed in
Remark 3.5, quasi-monotonicity is not needed for the applicability of Lemma 3.4 and hence,
also not for Corollary 3.6, which provides the foundation for the proof of Lemma 3.12.

The next result is tailored to AFEMs employing contractive solvers with nested iteration.
The proof builds on Lemma 3.12 and generalizes arguments that are implicitly found in the
proof of [BFM+ 25, Theorem 2].

Theorem 3.14. Suppose(A1) , (A2) , (A3) , (A4) , and (QM) . Let 0 < � � 1 and 0 < qctr <
1. Let (T` )`2 N0 be a sequence of successively re�ned meshes, i.e.,T`+1 2 refine (T` ) for all
` 2 N0. Suppose that the discrete functionsv` 2 X ` satisfy the Dör�er marking criterion

�� ` (v` )2 � � ` (T` n T̀ +1 ; v` )2 for all ` 2 N0: (3.22)

Furthermore, assume contraction with respect to the exact solutionsu?
`+1 2 X `+1 of (2.7) in

the sense that

jjj u?
`+1 � v`+1 jjj � qctr jjj u?

`+1 � v` jjj for all ` 2 N0: (3.23)

Then, there exists a scaling factor
 � > 0 such that the corresponding sequence of quasi-errors
� ` (v` ), de�ned in (3.13), is R-linearly convergent, i.e., there exist constantsClin > 0 and
0 < q lin < 1 such that

� `+ n (v`+ n ) � Clin qn
lin � ` (v` ) for all `; n 2 N0: (3.24)

The constants 
 � ; Clin , and qlin depend only onqctr ; � , and the constants in (A1) � (A4) ,
(QM) .

Proof. Due to the Dör�er marking criterion (3.22), estimator reduction (2.20) applies to v` .
Combined with contraction (3.23), this gives

� `+1 (v`+1 )
(2.20)

� qest� ` (v` ) + Cstab jjj v` � v`+1 jjj

� qest� ` (v` ) + Cstab
�

jjj u?
`+1 � v` jjj + jjj u?

`+1 � v`+1 jjj
�

(3.23)
� qest� ` (v` ) + (1 + qctr )Cstab jjj u?

`+1 � v` jjj :

(3.25)
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3 Theory of R-linear convergence

Choose the scaling factor0 < 
 � � 1 such that 0 < q := maxf qctr +(1+ qctr )Cstab 
 � ; qestg < 1.
With this choice, contraction (3.23) and estimate (3.25) lead to

� `+1 (v`+1 ) = jjj u?
`+1 � v`+1 jjj + 
 � � `+1 (v`+1 )

(3.23)
� qctr jjj u?

`+1 � v` jjj + 
 � � `+1 (v`+1 )
(3.25)

�
�
qctr + (1 + qctr )Cstab 
 �

�
jjj v?

`+1 � v` jjj + qest
 � � ` (v` )

� q
�
jjj u?

`+1 � v` jjj + 
 � � ` (v` )
�
:

(3.26)

De�ne b̀ := qjjj u?
`+1 � u?

` jjj . Then (3.26) implies

� `+1 (v`+1 )
(3.26)

� q
�
jjj u?

`+1 � v` jjj + 
 � � ` (v` )
�

� q
�
jjj u?

` � v` jjj + 
 � � ` (v` )
�

+ qjjj u?
`+1 � u?

` jjj = q� ` (v` ) + b̀ :

Moreover, stability (A1), reliability (A3), and quasi-orthogonality (A4) yield

`+ NX

`0= `

b2
`0 �

`+ NX

`0= `

jjj u?
`0+1 � u?

`0jjj 2
(A4)
. (N + 1) 1� � jjj u? � u?

` jjj 2
(A3)
. (N + 1) 1� � � ` (u?

` )2

(A1)
. (N + 1) 1� � �

� ` (v` ) + jjj u?
` � v` jjj

� 2 ' (N + 1) 1� � � ` (v` )2:

Altogether, the sequences� ` (v` ) and b̀ satisfy the assumptions(3.19) of Lemma 3.12. Hence,
Lemma 3.12, combined with Lemma 3.3, concludes the proof of (3.24).

As discussed in Remark 2.9, the Pythagorean identity(2.10) is a stronger property than
quasi-orthogonality (A4) , but holds only in the symmetric setting whereb = 0 in (2.1). The
following result exploits this identity to strengthen Theorem 3.14 in the symmetric setting
by establishing linear convergence of the quasi-error�( �) de�ned in (3.12). The proof is
based on [FP18, Lemma 8].

Theorem 3.15. Suppose thatb = 0 in (2.1), so that the Pythagorean identity(2.10) holds.
Suppose(A1) , (A2) , and (A3) . Let 0 < � � 1 and 0 < qctr < 1. Let (T` )`2 N0 be a sequence
of successively re�ned meshes, i.e.,T`+1 2 refine (T` ) for all ` 2 N0. Suppose that the
discrete functions v` 2 X ` satisfy the Dör�er marking criterion

�� ` (v` )2 � � ` (T` n T̀ +1 ; v` )2 for all ` 2 N0: (3.27)

Furthermore, assume contraction with respect to the exact solutionsu?
`+1 2 X `+1 of (2.7) in

the sense that

jjj u?
`+1 � v`+1 jjj 2 � qctr jjj u?

`+1 � v` jjj 2 for all ` 2 N0: (3.28)

Then, there exists a scaling factor
 � > 0 such that the corresponding sequence of quasi-errors
� ` (v` ), de�ned in (3.12), is linearly convergent, i.e., there exists a constant0 < q lin < 1
such that

� `+1 (v`+1 ) � qlin � ` (v` ) for all ` 2 N0: (3.29)

The constants
 � and qlin depend only onCstab ; qred; Crel ; qctr , and � .
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Proof. The proof is divided into four steps.
Step 1. From the Pythagorean identity (2.10) and (3.28), it follows that

jjj u? � v`+1 jjj 2 (2.10)
= jjj u? � u?

`+1 jjj 2 + jjj u?
`+1 � v`+1 jjj 2

(2.10)
= jjj u? � v` jjj 2 � jjj v` � u?

`+1 jjj 2 + jjj u?
`+1 � v`+1 jjj 2

(3.28)
� jjj u? � v` jjj 2 � (1 � qctr )jjj u?

`+1 � v` jjj 2:

(3.30)

Using the Pythagorean identity (2.10), stability (A1), reliability (A3), and (3.28) leads to

jjj u? � v`+1 jjj 2 (2.10)
= jjj u? � u?

`+1 jjj 2 + jjj u?
`+1 � v`+1 jjj 2

(A3)
� C2

rel � `+1 (u?
`+1 )2 + jjj u?

`+1 � v`+1 jjj 2

(A1)
� 2C2

rel � `+1 (v`+1 )2 + (1 + 2 C2
stabC2

rel)jjj u
?
`+1 � v`+1 jjj 2

(3.28)
� 2C2

rel � `+1 (v`+1 )2 + (1 + 2 C2
stabC2

rel)qctr jjj u?
`+1 � v` jjj 2:

(3.31)

Set C1 := (1 + 2 C2
stabC2

rel)qctr and let 0 < " < 1 be a parameter to be �xed later. From (3.30)
and (3.31), one obtains

jjj u? � v`+1 jjj 2 = (1 � " )jjj u? � v`+1 jjj 2 + " jjj u? � v`+1 jjj 2

� (1 � " )
�
jjj u? � v` jjj 2 � (1 � qctr )jjj u?

`+1 � v` jjj 2�

+ "
�
2C2

rel � `+1 (v`+1 )2 + C1jjj u?
`+1 � v` jjj 2�

= (1 � " )jjj u? � v` jjj 2 �
�
(1 � " )(1 � qctr ) � "C1

�
jjj u?

`+1 � v` jjj 2

+ 2"C 2
rel � `+1 (v`+1 )2:

(3.32)

Step 2. Let � > 0 be a parameter to be �xed later. Stability (A1) together with Young's
inequality and (3.28) yields

� `+1 (v`+1 )2
(A1)
� (1 + � )� `+1 (v` )2 + (1 + � � 1)C2

stab jjj v`+1 � v` jjj 2

� (1 + � )� `+1 (v` )2 + (1 + � � 1)2C2
stab(jjj u?

`+1 � v`+1 jjj 2 + jjj u?
`+1 � v` jjj 2)

(3.28)
� (1 + � )� `+1 (v` )2 + (1 + � � 1)2C2

stab(1 + qctr )jjj u?
`+1 � v` jjj 2:

Set C2 := 2 C2
stab(1 + qctr ). Due to the Dör�er marking criterion (3.27), estimator reduc-

tion (2.19) from Lemma 2.7 gives� `+1 (v` ) � qest� ` (v` ). Combining this with the previous
estimate, shows that

� `+1 (v`+1 )2 � (1 + � )q2
est� ` (v` )2 + (1 + � � 1)C2jjj u?

`+1 � v` jjj 2: (3.33)
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Step 3. Let 
 � > 0 to be �xed later. From (3.32) and (3.33), it follows that

� `+1 (v`+1 )2 = jjj u? � v`+1 jjj 2 + 
 � � `+1 (v`+1 )2

(3.32)
� (1 � " )jjj u? � v` jjj 2 �

�
(1 � " )(1 � qctr ) � "C1

�
jjj u?

`+1 � v` jjj 2

+ (2 "C 2
rel + 
 � )� `+1 (v`+1 )2

(3.33)
� (1 � " )jjj u? � v` jjj 2 �

�
(1 � " )(1 � qctr ) � "C1

�
jjj u?

`+1 � v` jjj 2

+ (2 "C 2
rel + 
 � )

�
(1 + � )q2

est� ` (v` )2 + (1 + � � 1)C2jjj u?
`+1 � v` jjj 2�

= (1 � " )jjj u? � v` jjj 2 + (2 "C 2
rel 


� 1
� + 1)(1 + � )q2

est
 � � ` (v` )2

�
�
(1 � " )(1 � qctr ) � "C1 � (2"C 2

rel + 
 � )(1 + � � 1)C2
�
jjj u?

`+1 � v` jjj 2:

De�ning

q("; �; 
 � ) := (2 "C 2
rel 


� 1
� + 1)(1 + � )q2

est;

M ("; �; 
 � ) := (1 � " )(1 � qctr ) � "C1 � (2"C 2
rel + 
 � )(1 + � � 1)C2;

the previous estimate reads

� `+1 (v`+1 )2 � (1 � " )jjj u? � v` jjj 2 + q("; �; 
 � )
 � � ` (v` )2 � M ("; �; 
 � ) jjj u?
`+1 � v` jjj 2: (3.34)

Step 4. First, choose� > 0 su�ciently small such that (1 + � )q2
est < 1. Then choose


 � > 0 su�ciently small such that C3 := (1 � qctr ) � 
 � (1 + � � 1)C2 > 0. These choices
ensure that lim " ! 0 q("; �; 
 � ) = (1 + � )q2

est < 1 and lim " ! 0 M ("; �; 
 � ) = C3 > 0. Hence, we
can choose" > 0 su�ciently small such that 0 < ~qlin := q("; �; 
 � ) < 1 and M ("; �; 
 � ) > 0.
With these choices of"; �; 
 � > 0, estimate (3.34) yields

� `+1 (v`+1 )2
(3.34)

� (1 � " )jjj u? � v` jjj 2 + ~qlin 
 � � ` (v` )2 � maxf 1 � "; ~qlin g� ` (v` )2:

This concludes the proof of (3.29) withqlin := (max f 1 � "; ~qlin g)1=2 < 1.
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4 Algorithm A: S-AFEM

In this chapter, we analyse theS-AFEM algorithm. It consists of the repeated application of
the �nite adaptive loop of the smoothed adaptive �nite element method(S-AFEM) proposed
in [MGH21]. While the original method was designed and studied through numerical
experiments, we provide a rigorous convergence analysis of the resulting in�nite S-AFEM
loop. In particular, we prove full R-linear convergenceof the generated quasi-error sequence.

The structure of this chapter is as follows. Section 4.1 provides a review of the concept
and motivation behind the method proposed in [MGH21]. Based on this, Algorithm A
is introduced in Section 4.2. In Section 4.3, we establish full R-linear convergence of the
quasi-error sequence under the assumption that the smoother is uniformly contractive.
Finally, Section 4.4 extends this result to the case of uniformly stable smoothers.

4.1 The S-AFEM step: concept and algorithmic structure

In [MGH21], a variation of AFEM, called S-AFEM, is proposed. The main objective is to
construct a sequence of successively re�ned meshes that automatically adapt to local features
of the solution, such as singularities. This should be achieved at a signi�cantly reduced
computational cost compared to classic AFEM. We brie�y outline the method below.

Classic AFEM begins with an initial coarse meshT0 2 T and iteratively applies the
following adaptive loop:

SOLVE ESTIMATE MARK REFINE

In the `-th iteration, given the mesh T` 2 refine (T` � 1), the Galerkin solution u?
` 2 X `

of problem (2.7) is computed onT` (SOLVE). Then, for each elementT 2 T` , a posteriori
re�nement indicators � ` (T; u?

` ) are computed to estimate the local contribution of the
discretization error jjj u? � u?

` jjj on the elementT (ESTIMATE). Based on these indicators, a
subset of elements with comparatively large contributions is selected for re�nement (MARK).
Finally, a re�ned conforming mesh T`+1 is generated by re�ning (at least) the marked
elements (REFINE).

The computationally expensive part of this loop is theSOLVEstep, since the linear systems
cannot be solved with linear complexity and their conditioning deteriorates for highly graded
meshes. A common strategy to reduce the computational burden is to approximateu?

` by
an inexact solution u` 2 X ` using an iterative solver. In this setting, an algebraic stopping
criterion needs to be employed. Such criteria have already been employed and analysed in
early contributions such as [Ste07; CG12]. In particular, in more recent works [GHPS21;
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BFM + 25], it has been shown that introducing a stopping criterion for the iterative solver
that balances the algebraic error with the discretization error yields full R-linear convergence
and even rate-optimality when the adaptivity parameters are su�ciently small.

S-AFEM follows an even more economical strategy in theSOLVEstep than [GHPS21;
BFM + 25]. In practical computations, the adaptive loop is terminated afterL 2 N iterations,
once a user-prescribed stopping criterion is met. Usually, only the �nal approximation
uL is of interest, while the intermediate approximations u` for 0 � ` < L serve only to
guide the mesh re�nement and are not retained. As numerically observed in [MGH21],
classical residual-based a posteriori error estimators appear to be predominantly sensitive
to high-frequency error components. Exploiting this, the authors propose the following
strategy: Perform an accurateSOLVEon the initial mesh T0. On all intermediate levels
0 < ` < L , carry out a prolongation followed by the application of a smoother (SMOOTH), i.e.,
the previous iterate u` � 1 is prolongated to the current mesh and then updated using a �xed
number of iterations of a smoother. This aims to reduce high-frequency error components.
On the �nal mesh TL , again an accurateSOLVEstep is performed. From the perspective
of iterative multilevel solvers, this approach resembles the ascending phase of a V-cycle
multigrid method. We refer to this procedure as anS-AFEM step of step lengthL . Here,
an S-AFEM step refers to the entire procedure from oneSOLVEto the next: starting with
SOLVEon the initial mesh, followed by L � 1 levels of SMOOTH, ending with a �nal SOLVE. Its
schematic structure is illustrated in Figure 4.1.

SOLVE ESTIMATE MARK REFINE SOLVE

SMOOTH

Figure 4.1: S-AFEM step

The general algorithmic realization of a single S-AFEM step is outlined in the following
algorithm.

Algorithm Ã (S-AFEM step [MGH21, Algorithm 2.1]). Given an initial mesh T0, a num-
ber of smoothing iterationsK 2 N, and a step lengthL 2 N, iterate the following steps for
` = 0 ; : : : ; L � 1:

(I) if ` = 0 then
SOLVE:Compute a high-accuracy (or exact) approximationu1

0 2 X 0 to the discrete
Galerkin solution u?

0 2 X 0 of the linear system(2.7). Set k[0] := 1 .
else

SMOOTH:For all k = 1 ; : : : ; K , compute uk
` := 	 ` (u

k� 1
` ), where 	 ` : X` ! X ` is an

iteration function of a smoother for the linear system(2.7). Set k[`] := K .
end if

(II) ESTIMATE:Compute the re�nement indicator � ` (T; uk[` ]
` ) from (2.14) for all T 2 T` .

(III) MARK:Determine a setM ` � T ` based on the values of� ` (T; uk[` ]
` ).
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(IV) REFINE:GenerateT`+1 := refine (T` ; M ` ) by re�nement of at least all T 2 M ` and
set u0

`+1 := uk[` ]
` .

Upon termination of the preceding loop, compute a high-accuracy (or exact) approximation
uL 2 X L to the discrete solutionu?

L 2 X L of (2.7) with the desired algebraic accuracy.

Remark 4.1. We note that the formulation of Algorithm Ã deviates slightly from the
presentation in [MGH21, Algorithm 2.1]. Speci�cally, our version includes theESTIMATE,
MARK, and REFINEsteps also on the initial mesh, which appear to have been unintentionally
omitted in the original formulation.

The central idea behind Algorithm Ã is that although the intermediate approximations
might be algebraically inaccurate, they still yield e�ective re�nement indicators to generate
meaningful adapted meshes. On the �nal mesh � constructed in these intermediate steps
� one performs an accurate solve, yielding a solution of comparable quality to that of
classical AFEM, but at signi�cantly lower overall computational cost. That is, although
the intermediate solutions may be inaccurate, they serve their purpose in guiding the
mesh re�nement. In [MGH21], the authors validated the e�ectiveness of this strategy with
extensive numerical experiments for a variety of second-order elliptic problems in two and
three dimensions.

4.2 Formulation of the algorithm

As described in Algorithm Ã, a single S-AFEM step terminates after a �xed number of
iterations, where the step lengthL is ideally chosen so that the �nal approximation satis�es a
given accuracy requirement. However, the step length required to achieve a prescribed error
tolerance is, in general, not known a priori. Furthermore, determining it a posteriori is also
infeasible unless appropriate stopping criteria are imposed on the smoother to ensure control
over the algebraic error. Nevertheless, numerical experiments in [MGH21] demonstrate
that even a single S-AFEM step leads to highly e�cient mesh adaptation. This naturally
motivates the idea of performing multiple S-AFEM steps in succession. This is the core idea
behind the formulation of Algorithm A, which we introduce in the following.

Repeated application of the S-AFEM step from Algorithm Ã (with �xed step length L)
leads to what we refer to as theS-AFEM loop, which is illustrated in Figure 4.2.

SOLVE ESTIMATE MARK REFINE

SMOOTH

Figure 4.2: S-AFEM loop

This loop generates an in�nite sequence of successively re�ned meshes(T` )`2 N0 , starting
from an initial mesh T0. For a �xed step length L 2 N, we distinguish the mesh levels
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according to their position within each S-AFEM step. The set ofexact levelsis de�ned as

LN0 := f ` 2 N0 j ` = jL for somej 2 N0g;

consisting of all levels that are multiples ofL . The remaining levels ` 2 N0 n LN0 are
referred to asintermediate levels. On exact levels, theSOLVEmodule is executed, whereas
on intermediate levels, theSMOOTHmodule is applied.

We impose the following assumptions on the �ve modules of the S-AFEM loop (Figure 4.2):

ˆ SOLVE: The discrete variational formulation (2.7) is solved exactly, instead of only
to high accuracy as above. The treatment of iterative solvers will be addressed in
Chapter 6.

ˆ SMOOTH: The approximation is obtained by applying a �xed number K 2 N of smooth-
ing iterations. To that end, it is assumed that, for every meshTH 2 T, an iteration
operator 	 H : XH ! X H is available, corresponding to a smoother for the discrete
problem (2.7). In Section 4.3, the smoother is assumed to satisfy the uniform con-
traction property (UC) , whereas in Section 4.4 only the weaker uniform stability
condition (US) is required.

ˆ ESTIMATE: Each meshTH 2 T is equipped with an a posteriori error estimator satisfying
the axioms of adaptivity (A1) � (A4) and (QM) . This includes the residual-based error
estimator from (2.14) associated with the general elliptic PDE (2.1).

ˆ MARK: Dör�er marking [Dör96] is used to select elements for re�nement.

ˆ REFINE: Newest-vertex bisection (NVB) is applied (cf. Section 2.2).

Under these assumptions, we arrive at theS-AFEM algorithm, formally stated in Algo-
rithm A.

Algorithm A (S-AFEM) . Given an initial mesh T0, a number of smoothing iterations
K 2 N, a step lengthL 2 N, and adaptivity parameters0 < � � 1 and Cmark � 1, iterate
the following steps for all̀ = 0 ; 1; 2; 3; : : : :

(I) if ` 2 LN0 then
SOLVE:Compute exact solutionu?

` 2 X ` to (2.7), set u1
` := u?

` and k[`] := 1 .
else

SMOOTH:For all k = 1 ; : : : ; K , compute uk
` := 	 ` (u

k� 1
` ). Set k[`] := K .

end if

(II) ESTIMATE:Compute re�nement indicator � ` (T; uk[` ]
` ) for all T 2 T` .

(III) MARK:Determine a setM ` � T ` with up to the multiplicative factor Cmark minimal
cardinality satisfying the Dör�er marking criterion � � ` (u

k[` ]
` )2 � � ` (M ` ; uk[` ]

` )2.

(IV) REFINE:GenerateT`+1 := refine (T` ; M ` ) and setu0
`+1 := uk[` ]

` .

As usual in adaptive algorithms with inexact solutions, see for instance [BFM+ 25], we
de�ne the index set

Q := f (`; k ) 2 N2
0 j uk

` 2 X ` is de�ned in Algorithm A g
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equipped with the partial order

(`0; k0) � (`; k ) : () uk0

`0 is de�ned not later than uk
` in Algorithm A :

Additionally, the total step counter is given by

j(`; k )j := # f (`0; k0) 2 Q j (`0; k0) � (`; k )g for all (`; k ) 2 Q :

We note that j�j : Q ! N de�nes an order-preserving bisection, so that all results from
Chapter 3 can be applied to sequences(ak

` )(`;k )2Q . To simplify notation, we write k = k[`]

whenever the index` is clear from the context, e.g.,uk
` instead of uk[` ]

` .
Utilizing the quasi-errors introduced in De�nition 3.7, we de�ne, for all (`; k ) 2 Q , the

quasi-error sequences

Hk
` := H` (uk

` ) = jjj u?
` � uk

` jjj + � ` (u?
` );

� k
` := � ` (uk

` ) =
�
jjj u? � uk

` jjj 2 + 
 � � ` (uk
` )2� 1=2;

� k
` := � ` (uk

` ) = jjj u?
` � uk

` jjj + 
 � � ` (uk
` ):

(4.1)

Among these,Hk
` will serve as the central error measure. It consists of the algebraic error

jjj u?
` � uk

` jjj and the discretization error estimator � ` (u?
` ), which, by reliability (A3) , provides an

upper bound for the discretization error jjj u? � u?
` jjj up to the constant Crel . The quasi-errors

� k
` and � k

` will serve as auxiliary quantities.

4.3 Proof of full R-linear convergence for uniformly contractive
smoothers

In this section, we prove full R-linear convergence of the quasi-error sequence(Hk
` )(`;k )2Q

generated by Algorithm A, under the assumption that the smoother satis�es the uniform
contraction assumption(UC) . Recall that this ensures the existence of a constant0 < qalg < 1,
independent of the mesh, such that

jjj u?
` � 	 ` (v` )jjj � qalg jjj u?

` � v` jjj for all ` 2 N0; v` 2 X ` :

Under this assumption, Algorithm A falls within the scope of the abstract convergence
theory developed in Section 3.3. The use of Dör�er marking in Algorithm A(III), combined
with the uniform contraction property (UC) of the smoother, ensures that Theorem 3.14 is
applicable. Consequently, we obtain R-linear convergence of the �nal iterates in the sense of
the following proposition.

Proposition 4.2 (R-linear convergence of �nal iterates in Algorithm A under (UC) ).
Suppose that the smoother satis�es(UC) and that (A1) � (A4) and (QM) hold. Let K; L 2
N; Cmark � 1, and 0 < � � 1 be arbitrary. Then, the quasi-error sequenceHk

` associated
with the �nal iterates uk

` generated by Algorithm A is R-linearly convergent, i.e., there exist
constantsClin > 0 and 0 < q lin < 1 such that

Hk
`+ n � Clin qn

lin Hk
` for all `; n 2 N0: (4.2)

The constantsClin ; qlin depend only onqalg; � , and the constants in (A1) � (A4) and (QM) .
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Proof. Let ` 2 N0. If ` + 1 2 N0 n LN0 is an intermediate level, then by Algorithm A(I)
k[` + 1] = K and uk

`+1 is obtained from K steps of the smoother with initial guessu0
`+1 .

Hence, nested iterationu0
`+1 = uk

` and the uniform contraction property (UC) yield

jjj u?
`+1 � uk

`+1 jjj
(UC)
� qK

alg jjj u?
`+1 � u0

`+1 jjj = qK
alg jjj u?

`+1 � uk
` jjj � qalg jjj u?

`+1 � uk
` jjj :

If ` + 1 2 LN0 is an exact level, the algorithm guaranteesuk
`+1 = u1

`+1 = u?
`+1 and thus

jjj u?
`+1 � uk

`+1 jjj = 0 . In either case, we conclude that

jjj u?
`+1 � uk

`+1 jjj � qalg jjj u?
`+1 � uk

` jjj for all ` 2 N0:

Moreover, according to Algorithm A(III), the set M ` � T ` nT̀ +1 satis�es the Dör�er marking
criterion

�� ` (u
k
` )2 � � ` (M ` ; uk

` )2 � � ` (T` n T̀ +1 ; uk
` )2:

Altogether, the sequenceuk
` 2 X ` , together with the corresponding meshesT` , satis�es the

assumptions(3.22)� (3.23) of Theorem 3.14. Applying Theorem 3.14, choose a scaling factor

 � > 0 such that the sequence of quasi-errors� k

` de�ned in (4.1) is R-linearly convergent,
i.e., there exist constants eClin > 0 and 0 < q lin < 1 such that

� k
`+ n � eClin qn

lin � k
` for all `; n 2 N0:

The constants eClin ; qlin , and 
 � > 0 depend only onqalg; � and the constants of (A1) � (A4)
and (QM) . Finally, by Lemma 3.10, it holds that � k

` ' Hk
` with hidden constants depending

only on Cstab and 
 � . This establishes (4.2) and concludes the proof.

The following result extends the R-linear convergence from Proposition 4.2 to the entire
quasi-error sequence(Hk

` )(`;k )2Q . This is known as full R-linear convergence and was
introduced in [GHPS21]. The key ingredient in the proof is the quasi-monotonicity ofHk

` in
both ` and k.

Theorem 4.3 (full R-linear convergence of Algorithm A under (UC) ). Suppose that the
smoother satis�es (UC) and that (A1) � (A4) and (QM) hold. Let K; L 2 N; Cmark � 1, and
0 < � � 1 be arbitrary. Then, Algorithm A guarantees that the full quasi-error sequenceHk

`
is R-linearly convergent, i.e., there exist constantsClin > 0 and 0 < q lin < 1 such that

Hk
` � Clin qj(`;k )j�j (`0;k0)j

lin Hk0

`0 for all (`0; k0); (`; k ) 2 Q with j(`0; k0)j � j (`; k )j: (4.3)

The constantsClin ; qlin depend only onK; qalg; � , and the constants in(A1) � (A4) and (QM) .
Speci�cally, there exists a constantC > 0 that depends only onqalg; �; C mon , and the constants
in (A1) � (A4) and (QM) , but is independent ofK , such that

Clin � KC + 1 and qlin � (1 + ( KC ) � 1) � 1:
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Proof. The proof is divided into 4 steps. Throughout, we will use the shorthand. exclusively
when the implicit constant is independent of the parametersK and L, in order to make
their in�uence explicit.

Step 1 (tail summability of Hk
` in ` ). According to Proposition 4.2, the quasi-error

sequenceHk
` associated with the �nal iterates uk

` is R-linear convergent. Hence, Lemma 3.3
yields tail summability of Hk

` , i.e.,
1X

`0= `+1

Hk
`0 . Hk

` for all ` 2 N0: (4.4)

The hidden constant depends only onqalg; � , and the constants in (A1)�(A4) and (QM).
Step 2 (stability under mesh re�nement). Due to nested iteration u0

` = uk
` � 1, the

stability estimate (3.18) from Lemma 3.11 proves that

H0
` = H` (u

k
` � 1)

(3.18)
. H` � 1(uk

` � 1) = Hk
` � 1 for all ` 2 N: (4.5)

The hidden constant depends only on the constants in (A3) and (QM).
Step 3 (monotonicity in k ). Consider �rst the case that ` 2 LN0 is an exact level.

Then Algorithm A(I) guarantees k[`] = 1 and u1
` = u?

` . Hence, it follows that

H1
` = � ` (u?

` ) � jjj u?
` � u0

` jjj + � ` (u?
` ) = H0

` for all ` 2 LN0. (4.6)

In the other case that ` 2 N0 n LN0 is an intermediate level, the algorithm ensures that
k[`] = K , and uk

` is computed usingK steps of the smoother with initial guessu0
` . Therefore,

for all 0 � k � k0 � K , the contraction property (UC) yields

Hk0

` = jjj u?
` � uk0

` jjj + � ` (u?
` )

(UC)
� (qalg)k0� k jjj u?

` � uk
` jjj + � ` (u?

` ) � Hk
` for all ` 2 N0 n LN0.

(4.7)

The combination of (4.6)�(4.7) yields monotonicity of Hk
` in k, i.e.,

Hk0

` � Hk
` for all 0 � k � k0 � k[`] and ` 2 N0: (4.8)

Step 4 (tail summability in ` and k). Sincek[`] � K , it follows from (4.4), (4.5), and
(4.8) that

X

(`0;k0)2Q
j(`0;k0)j> j(`;k )j

Hk0

`0 =
k[` ]X

k0= k+1

Hk0

` +
1X

`0= `+1

k[`0]X

k0=0

Hk0

`0

(4.8)
� K Hk

` + ( K + 1)
1X

`0= `+1

H0
`0

(4.5)
. K Hk

` + ( K + 1)
1X

`0= `+1

Hk
`0� 1 = K Hk

` + ( K + 1)
�

Hk
` +

1X

`0= `+1

Hk
`0

�

(4.4)
. K Hk

` + 2( K + 1) Hk
`

(4.8)
� (3K + 2) Hk

` . K Hk
` :

Let C > 0 denote the hidden constant in the above estimate, which is independent ofK . This
estimate veri�es the tail summability condition in Lemma 3.3 with Ctail = CK . Applying
the lemma yields R-linear convergence(4.3) with constants Clin � Ctail + 1 = KC + 1 and
qlin � (1 + C � 1

tail )
� 1 = (1 + ( KC ) � 1) � 1. This concludes the proof.
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Remark 4.4. The full R-linear convergence established in Theorem 4.3 is parameter robust,
meaning that Algorithm A guarantees full R-linear convergence of the quasi-error for any
choice of input parametersK; L 2 N; Cmark � 1, and 0 < � � 1.

An immediate consequence of Theorem 4.3 is the following result, which guarantees the
convergence of Algorithm A.

Corollary 4.5 (convergence of Algorithm A under (UC) ). Under the assumptions of
Theorem 4.3, the sequenceuk

` 2 X ` generated by Algorithm A converges to the solution
u? 2 H 1

0 (
) of (2.4).

Proof. From Lemma 3.10, it follows that � k
` . Hk

` with a hidden constant depending only
on Cstab ; Crel ; 
 � , and 
 � . Therefore, R-linear convergence (4.3) implies

jjj u? � uk
` jjj � � k

`

(3.14)& (3.15)
. Hk

`

(4.3)
� Clin qj(`;k )j� 1

lin H1
0

j(`;k )j!1
������! 0;

which concludes the proof.

The following result shows that if the error estimator vanishes on an exact level, then the
exact solution u? is discrete.

Corollary 4.6. Suppose that the assumptions of Theorem 4.3 hold. Suppose that there exists
an exact level̀ 0 2 LN0 such that� `0 (uk

`0
) = 0 . Then, for all (`; k ) 2 Q with j(`; k )j � j (`0; k)j,

it follows that Hk
` = 0 . In particular, for all (`; k ) 2 Q with j(`; k )j � j (`0; k)j, Algorithm A

guarantees thatuk
` = u?

` = u?, M ` = ; , and T` = T`0 .

Proof. Since`0 2 LN0 is an exact level, Algorithm A(I) guaranteesuk
`0

= u?
`0

. By assumption,

Hk
`0

= � `0 (u?
`0

) = � `0 (uk
`0

) = 0 . R-linear convergence(4.3) implies Hk
` = 0 for all (`; k ) 2 Q

with j(`; k )j � j (`0; k)j.
Let ` � `0. SinceHk

` = 0 , it follows that � ` (u
k
` ) = 0 . According to Algorithm A(III), M `

is a set of quasi-minimal cardinality satisfying the Dör�er marking criterion

�� ` (u
k
` )2 � � ` (M ` ; uk

` ):

Since � ` (u
k
` ) = 0 , the only such set with quasi-minimal cardinality is the empty set, and

consequentlyM ` = ; . Hence, no re�nement occurs in Algorithm A(IV) yielding T` = T`0 .
Finally, given (`; k ) 2 Q with j(`; k )j � j (`0; k)j, the identity Hk

` = 0 implies that uk
` = u?

` .
From reliability (A3), it thus follows that

jjj u? � uk
` jjj = jjj u? � u?

` jjj
(A3)
. � ` (u?

` ) � Hk
` = 0 :

This gives uk
` = u?

` = u? and concludes the proof.
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4.4 Proof of full R-linear convergence for uniformly stable
smoothers

In this section, we establish full R-linear convergence of the quasi-error sequence generated
by Algorithm A under the assumption that the smoother satis�es only the uniform stability
assumption (US). That is, there exists a constantCalg > 0, independent of the mesh, such
that

jjj u?
` � 	 ` (v` )jjj � Calg jjj u?

` � v` jjj for all ` 2 N0 and v` 2 X ` :

Unlike the case of uniform contraction from Section 4.3, the abstract convergence result of
Theorem 3.14 is not directly applicable under the weaker assumption(US). Nevertheless,
we will show that it still applies to the �nal iterates on the exact levels LN0. This is made
precise in the following proposition.

Proposition 4.7 (tail summability on exact levels in Algorithm A) . Suppose that(A1) � (A4)
and (QM) hold. Let K; L 2 N, Cmark � 1, and 0 < � � 1 be arbitrary. Then, the quasi-error
sequenceHk

` associated with the �nal iteratesuk
` generated by Algorithm A is tail summable

on the exact levels, i.e., there exists a constantCtail > 0 such that
X

`02 L N0
`0>`

Hk
`0 � Ctail Hk

` for all ` 2 LN0: (4.9)

The constant Ctail depends only on� and the constants from(A1) � (A4) and (QM) .

Proof. Let vj := uk
jL 2 X jL for j 2 N0, and consider the corresponding meshesTjL . Each

index jL corresponds to an exact level, i.e.,jL 2 LN0. Since M jL � T jL n TjL +1 �
TjL n T(j +1) L , Algorithm A(III) yields

� � jL (uk
jL )2 � � jL (M jL ; uk

jL )2 � � jL (TjL n T(j +1) L ; uk
jL )2:

Moreover, as ensured by Algorithm A(I), exact levelsjL 2 LN0 guaranteek[jL ] = 1 and
u1

jL = u?
jL . In particular, vj = u?

jL for all j 2 N0.
Overall, the sequencevj 2 X jL , together with the corresponding meshesTjL , satisfy the

assumptions(3.22)� (3.23) of Theorem 3.14. Applying Theorem 3.14, there exists a scaling
factor 
 � > 0 such that the quasi-error sequence� k

jL de�ned in (4.1) is R-linearly convergent
with respect to j . Lemma 3.3 thus implies tail summability, i.e.,

1X

j 0= j +1

� k
j 0L . � k

jL for all j 2 N0;

or identically,
X

`02 L N0
`0>`

� k
`0 . � k

` for all ` 2 LN0:

The hidden constant and the scaling factor
 � > 0 depend only on� and the constants
from (A1) � (A4) and (QM) . Finally, Lemma 3.10 yields � k

` ' Hk
` with equivalence constants

depending only onCstab and 
 � . This proves (4.9) and completes the proof.
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Proposition 4.7, together with quasi-monotonicity properties of the quasi-errorHk
` in both

` and k, allow us to extend the R-linear convergence to the entire quasi-error sequence.
Compared to Theorem 4.3, where the constants are independent ofL , under the weaker
assumption(US) on the smoother, the constants in the present result may grow exponentially
with L . This is made precise in the following theorem.

Theorem 4.8 (full R-linear convergence of Algorithm A under (US)). Suppose the smoother
satis�es (US) and that (A1) � (A4) and (QM) hold. Let K; L 2 N, Cmark � 1, and 0 < � � 1
be arbitrary. Then, Algorithm A guarantees that the full quasi-error sequenceHk

` is R-linearly
convergent, i.e, there exist constantsClin > 0 and 0 < q lin < 1 such that

Hk
` � Clin qj(`;k )j�j (`0;k0)j

lin Hk0

`0 for all (`0; k0); (`; k ) 2 Q with j(`0; k0)j � j (`; k )j: (4.10)

The constants Clin ; qlin depend only on K; L; �; C alg, and the constants in (A1) � (A4)
and (QM) . Speci�cally, set eCalg(K ) := maxf 1; CK

algg and let Clvl � 1 denote the con-
stant from Lemma 3.11. Then, there exists a constantC > 0 that depends only on� and the
constants in (A1) � (A4) and (QM) , but is independent ofK; L; and Calg, such that

Clin � K eCalg(K )2� eCalg(K )Clvl
� 2L C + 1 ;

qlin �
�
1 +

�
K eCalg(K )2� eCalg(K )Clvl

� 2L C]� 1� � 1:
(4.11)

Proof. The proof is divided into four steps. Throughout, we employ the shorthand.
exclusively when the implicit constant does not depend onK , L , or Calg.

Step 1 (monotonicity in k ). Let ` 2 N. If ` 2 LN0, then k[`] = 1 and u1
` = u?

` . Hence,

H1
` = � ` (u?

` ) � jjj u?
` � u0

` jjj + � ` (u?
` ) = H0

` :

If ` =2 LN0, then k[`] = K and uk
` is computed usingK steps of the smoother with initial

guessu0
` . Thus, for all 0 � k � k0 � K , the stability property (US) ensures that

Hk0

` = jjj u?
` � uk0

` jjj + � ` (u?
` )

(US)
� Ck0� k

alg jjj u?
` � uk

` jjj + � ` (u?
` ) � maxf 1; CK

alggHk
` =: eCalg Hk

` :

The combination of both cases yields monotonicity ofHk
` in k, i.e.,

Hk0

` � eCalg Hk
` for all 0 � k � k0 � k[`] and ` 2 N: (4.12)

Step 2 (stability under mesh re�nement). Since Algorithm A employs nested
iteration u0

` = uk
` � 1, the stability estimate (3.18) from Lemma 3.11 shows that there exists a

constant Clvl � 1 depending only on the constants in (A3) and (QM) such that

Hk
`

(4.12)
� eCalg H0

`

(3.18)
� eCalgClvl Hk

` � 1 for all ` 2 N: (4.13)

Set eClvl := eCalgClvl . Repeated application of the previous estimate yields

Hk
` � eC j

lvl Hk
` � j for all `; j 2 N; j � `: (4.14)

50



4 Algorithm A: S-AFEM

Step 3 (tail summability of Hk
` in ` ). Let ` 2 N0 and let `0 2 LN0 denote the minimal

exact level such that `0 � `. In particular, `0 � ` � L � 1. The tail sum can be decomposed
as

1X

`0= `+1

Hk
`0 =

`0X

`0= `+1

Hk
`0 +

X

`02 L N0
`0>` 0

Hk
`0 +

X

`0=2 L N0
`0>` 0

Hk
`0: (4.15)

To estimate the �rst sum, we apply the stability estimate (4.14), which leads to

`0X

`0= `+1

Hk
`0

(4.14)
�

`0X

`0= `+1

eC`0� `
lvl Hk

` =
eC`0 � `+1

lvl � eClvl

eClvl � 1
Hk

` �
eCL

lvl
eClvl � 1

Hk
` :

For the second sum in (4.15), we use Proposition 4.7 together with (4.14) to obtain

X

`02 L N0
`0>` 0

Hk
`0

(4.9)
. Hk

`0

(4.14)
� eC`0 � `

lvl Hk
` � eCL � 1

lvl Hk
` :

Let mod(`; L ) denote the unique integer0 � r < L such that ` � r 2 LN0. To estimate the
third sum in (4.15), note that between two consecutive exact levels there are exactlyL � 1
intermediate levels. Hence, from (4.14) and Proposition 4.7 it follows that

X

`0=2 L N0
`0>` 0

Hk
`0

(4.14)
�

X

`0=2 L N0
`0>` 0

eCmod( `0;L )
lvl Hk

`0� mod( `0;L ) =
X

`02 L N0
`0� `0

L � 1X

j =1

eC j
lvl Hk

`0 =
eCL

lvl � eClvl

eClvl � 1

X

`02 L N0
`0� `0

Hk
`0

=
eCL

lvl � eClvl

eClvl � 1

�
Hk

`0
+

X

`02 L N0
`0>` 0

Hk
`0

� (4.9)
.

eCL
lvl � eClvl

eClvl � 1
Hk

`0

(4.14)
�

eC2L � 1
lvl

eClvl � 1
Hk

` :

Overall, introducing C1 := eC2
lvl and summing the bounds for the three contributions in(4.15)

yields tail summability
1X

`0= `+1

Hk
`0 .

� eCL
lvl + eCL � 1

lvl + eC2L � 1
lvl

�
Hk

` . CL
1 Hk

` ; (4.16)

where the hidden constants depend only on� and the constants from(A1) � (A4) and (QM) .
Step 4 (tail summability of Hk

` in ` and k). Using that k[`] � K , the estimates(4.12),
(4.13), and (4.16) yield

X

(`0;k0)2Q
j(`0;k0)j> j(`;k )j

Hk0

`0 =
k[` ]X

k0= k+1

Hk0

` +
1X

`0= `+1

k[`0]X

k0=0

Hk0

`0

(4.12)
� eCalg

�
K Hk

` + ( K + 1)
1X

`0= `+1

H0
`0

�

(4.13)
. eCalg

�
K Hk

` + ( K + 1)
1X

`0= `+1

Hk
`0� 1

�
= eCalg

�
K Hk

` + ( K + 1)
�

Hk
` +

1X

`0= `+1

Hk
`0

��

(4.16)
. eCalg

�
K Hk

` + ( K + 1)(1 + CL
1 )Hk

`

� (4.12)
. eC2

algKC L
1 Hk

` :
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4 Algorithm A: S-AFEM

Let C > 0 denote the hidden constant in the �nal bound, which is independent ofK; L;
and Calg. This estimate veri�es the tail summability condition in Lemma 3.3 with Ctail =
CK eC2

algCL
1 . Applying the lemma yields R-linear convergence(4.10) with constants Clin �

Ctail + 1 = CK eC2
algCL

1 + 1 and qlin � (1 + C � 1
tail ) � 1 = (1 + ( CK eC2

algCL
1 ) � 1) � 1. Inserting the

de�nition of C1 yields the bounds stated in (4.11). This concludes the proof.

Analogously to Section 4.3, the following corollaries follow from Theorem 4.8 by the same
arguments used in the proofs of Corollaries 4.5 and 4.6 respectively.

Corollary 4.9 (convergence of Algorithm A under (US)). Under the assumptions of
Theorem 4.8, the sequenceuk

` 2 X ` generated by Algorithm A converges to the solution
u? 2 H 1

0 (
) of (2.4).

Corollary 4.10. Suppose that the assumptions of Theorem 4.8 hold. Suppose that there exists
an exact level̀ 0 2 LN0 such that� `0 (uk

`0
) = 0 . Then, for all (`; k ) 2 Q with j(`; k )j � j (`0; k)j,

it follows that Hk
` = 0 . In particular, for all (`; k ) 2 Q with j(`; k )j � j (`0; k)j, Algorithm A

guarantees thatuk
` = u?

` = u?, M ` = ; , and T` = T`0 .
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5 Algorithm B: S-AFEM with cardinality
control

In this chapter, we introduce and analyse Algorithm B, referred to asS-AFEM with cardinality
control. This algorithm is a modi�cation of the S-AFEM Algorithm A, where an additional
step, which we callcardinality control , is added in the marking module of the adaptive loop.
While Algorithm A already guarantees full R-linear convergence of the quasi-error sequence,
the additional cardinality control enables to establish that Algorithm B is rate-optimal in
the sense of De�nition 2.14.

The structure of this chapter is as follows: In Section 5.1, we motivate and introduce Algo-
rithm B. Section 5.2 establishes full R-linear convergence of the quasi-error. In Section 5.3,
we prove the rate-optimality of the algorithm.

5.1 Formulation of the algorithm

The goal of this section is to formulate a modi�ed version of the S-AFEM Algorithm A
introduced in Chapter 4 that is designed to allow a proof of rate-optimality in the sense of
De�nition 2.14. Rate-optimality of classic AFEM, where the discrete problems are solved
exactly, is well established in the literature; see, for instance, the foundational works [Ste07;
CKNS08; CFPP14]. When AFEM is combined with iterative solvers that yield inexact
solutions to the discrete problems, all known proofs of rate-optimality rely on a so-called
perturbation argument; see e.g. [Ste07; GHPS21].

The key idea behind the perturbation argument is to transfer the theory developed for
exact solutions to the inexact setting. For this transfer to succeed, the inexact solutions
must be close enough to the exact ones; hence the termperturbation. In particular, the
inexact solutions uk

` must be su�ciently close to the exact discrete solutionsu?
` to ensure

estimator equivalenceof the form

� ` (u?
` ) ' � ` (u

k
` ): (5.1)

Without going into further detail, we note that, in [GHPS21], estimator equivalence is used
to establish that, for any s > 0,

# M ` . ku?k1=s
As

� ` (u?
` ) � 1=s for all ` 2 N0: (5.2)

Here, # M ` denotes the number of elements marked for re�nement by the adaptive algorithm
(based on inexact solutions), andku?kAs is the approximability introduced in De�nition 2.10.
The bound (5.2) is a key ingredient in the rate-optimality analysis of [GHPS21].

Looking at the S-AFEM Algorithm A, we note a decisive di�erence from the setting
in [GHPS21]. On intermediate levels, the solution is computed by a �xed number of smoothing
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5 Algorithm B: S-AFEM with cardinality control

steps without using an algebraic stopping criterion. As a result, the algebraic error cannot
be controlled in terms of the discretization error, and estimator equivalence(5.1) cannot be
guaranteed. Consequently, the rate-optimality analysis from [GHPS21] no longer applies
in this setting. However, on exact levels, Algorithm A performs an exact solve. Therefore,
estimator equivalence holds trivially on those levels, and the cardinality bound(5.2) becomes
available there.

To recover a bound similar to (5.2) on all levels, we employ the following assumption on
the sets of marked elements:

Copt
card := inf f C > 0 j # M ` � C # M ` � mod( `;L ) for all ` 2 N0g < + 1 : (5.3)

Here, mod(`; L ) denotes the unique integer0 � r < L such that ` � r 2 LN0, and hence,
the index ` � mod(`; L ) 2 LN0 corresponds to the most recent exact level. Assumption(5.3)
asserts that the number of elements marked on any intermediate level is uniformly bounded
in terms of those marked on the previous exact level. While this condition is not expected
to hold in general, it is desirable for the analysis. If it does hold, then combining it with the
cardinality bound (5.2) available on exact levels` � mod(`; L ) 2 LN0 yields

# M `

(5.3)
� Copt

card # M ` � mod( `;L )

(5.2)
. ku?k1=s

As
� ` � mod( `;L ) (u

?
`� mod( `;L ) )

� 1=s for all ` 2 N0;

which closely mirrors the desired estimate (5.2).
This observation motivates the introduction of a mechanism that ensures(5.3) algorithmi-

cally. To this end, we introduce an additional marking step in Algorithm A, referred to as
cardinality control . The resulting modi�ed S-AFEM loop is illustrated in Figure 5.1.

SOLVE

ESTIMATE MARK CARDINALITY CONTROL REFINE

SMOOTH

Figure 5.1: S-AFEM loop with cardinality control

The assumptions on the modules of the S-AFEM loop with cardinality control (Figure 5.1),
excluding the new cardinality control module, are the same as in Section 4.2 for Algorithm A.
For the convenience of the reader, we recall them here:

ˆ SOLVE: The discrete variational formulation (2.7) is solved exactly. The treatment of
iterative solvers will be addressed in Chapter 6.

ˆ SMOOTH: The approximation is obtained by applying a �xed number K 2 N of smoothing
iterations. To that end, it is assumed that, for every meshTH 2 T, an iteration operator
	 H : XH ! X H is available, corresponding to a smoother for the discrete problem(2.7).
The smoother is assumed to satisfy the uniform stability condition (US).

54



5 Algorithm B: S-AFEM with cardinality control

ˆ ESTIMATE: Each meshTH 2 T is equipped with an a posteriori error estimator satisfying
the axioms of adaptivity (A1)�(A4) and (QM).

ˆ MARK: Dör�er marking [Dör96] is used to select elements for re�nement.

ˆ REFINE: Newest-vertex bisection (NVB) is applied (cf. Section 2.2).

The resulting algorithm, which incorporates cardinality control into the S-AFEM loop, is
called S-AFEM with cardinality control . It is formally stated in the following Algorithm B.

Algorithm B (S-AFEM with cardinality control) . Given an initial mesh T0, a number of
smoothing iterations K 2 N, a step lengthL 2 N, and adaptivity parameters0 < � � 1,
Cmark ; Ccard � 1, iterate the following steps for all` = 0 ; 1; 2; 3; : : : :

(I) if ` 2 LN0 then
SOLVE:Compute exact solutionu?

` 2 X ` to (2.7), set u1
` := u?

` and k[`] := 1 .
else

SMOOTH:For all k = 1 ; : : : ; K , compute uk
` := 	 ` (u

k� 1
` ). Set k[`] := K .

end if

(II) ESTIMATE:Compute re�nement indicator � ` (T; uk[` ]
` ) for all T 2 T` .

(III) MARK:Determine a set fM ` � T ` with up to the multiplicative factor Cmark minimal
cardinality satisfying the Dör�er marking criterion �� ` (u

k[` ]
` )2 � � ` ( fM ` ; uk[` ]

` )2.

(IV) MARK (CARDINALITY CONTROL):Select any subsetM ` � fM ` such that
(

M ` = fM ` if ` 2 LN0;

# M ` � Ccard # M ` � mod( `;L ) else.
(5.4)

(V) REFINE:GenerateT`+1 := refine (T` ; M ` ) and setu0
`+1 := uk[` ]

` .

In step (III) of Algorithm B, the preliminary set fM ` of marked elements is selected using
the Dör�er marking criterion, just as in Algorithm A. The subsequent cardinality control
step (IV) then modi�es this set to produce the �nal set M ` used for re�nement. This step
enforces two essential properties: First, on exact levels̀2 LN0, no modi�cation occurs and
M ` = fM ` , so that the Dör�er marking criterion is satis�ed. Second, on intermediate levels
N0 n LN0, the number of marked elements is bounded in terms of the number of elements
marked on the preceding exact level. Speci�cally, the condition (5.4) ensures that

# M ` � Ccard # M ` � mod( `;L ) for all ` 2 N0.

Note that the bound is trivial on exact levels asCcard � 1. Overall, this guarantees that (5.3)
holds with Copt

card � Ccard . Thus, the implementation of cardinality control in Algorithm B
ensures that the key assumption (5.3) is satis�ed by design.

Remark 5.1. The formulation of the cardinality control step (5.4) allows substantial freedom
on the intermediate levels: The subsetM ` � fM ` may be selected arbitrarily, as long as its
cardinality remains within the speci�ed bound. In particular, the extreme choiceM ` = ;
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5 Algorithm B: S-AFEM with cardinality control

on all intermediate levels is admissible. From a computational perspective, it may appear
bene�cial to chooseM ` � fM ` as large as possible, in order to improve the mesh quality
relative to the computational e�ort spent in the precedingSMOOTH, ESTIMATE, and MARKsteps.
However, such choices are not required for the analysis presented later.

Remark 5.2. It should be highlighted that the cardinality control in Algorithm B(IV) is
computationally inexpensive. It only requires storing the number of elements marked on the
previous exact level and selecting an arbitrary subset offM ` of appropriate size. This can
even be implemented in constant timeO(1), or at worst in linear time O(# fM ` ), depending
on the data structure.

Remark 5.3. We emphasize that in the limiting caseCcard = + 1 , cardinality control (5.4)
becomes void. In this case, the choiceM ` = fM ` is admissible on all levels, and Algorithm B
reduces to the S-AFEM Algorithm A from Chapter 4. Intuitively speaking, the larger the
parameter Ccard , the closer Algorithm B behaves to Algorithm A, provided that the sets
M ` � fM ` selected in Algorithm B(IV) are chosen with maximal cardinality, i.e.,

# M ` = bCcard # M ` � mod( `;L )c for all ` 2 N0 n LN0,

wherebxc := max f n 2 N0 j n � xg denotes the �oor function.

In analogy to the analysis of Algorithm A in Chapter 4, de�ne the index set

Q := f (`; k ) 2 N2
0 j uk

` 2 X ` is de�ned in Algorithm B g:

We equip Q with the partial order

(`0; k0) � (`; k ) : () uk0

`0 is de�ned not later than uk
` in Algorithm B ;

which induces the step counter

j(`; k )j := # f (`0; k0) 2 Q j (`0; k0) � (`; k )g for all (`; k ) 2 Q :

As before, we writek = k[`] whenever the index` is clear from the context, e.g.,uk
` = uk[` ]

` .
As for S-AFEM in Chapter 4, we employ the quasi-errors from De�nition 3.7 to de�ne,

for (`; k ) 2 Q , the quasi-error sequences

Hk
` := H` (uk

` ) = jjj u?
` � uk

` jjj + � ` (u?
` );

� k
` := � ` (uk

` ) =
�
jjj u? � uk

` jjj 2 + 
 � � ` (uk
` )2� 1=2;

� k
` := � ` (uk

` ) = jjj u?
` � uk

` jjj + 
 � � ` (uk
` ):

(5.5)

Again, Hk
` will be the central error measure, while� k

` and � k
` serve as auxiliary quantities.

5.2 Proof of full R-linear convergence

In this section, we prove full R-linear convergence of Algorithm B. In contrast to Algorithm A
from Chapter 4, the �nal iterates uk

` generated by Algorithm B do not necessarily satisfy the
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5 Algorithm B: S-AFEM with cardinality control

Dör�er marking criterion with parameter � on every mesh level̀ . This is due to cardinality
control in Algorithm B(IV), which on intermediate levels ` 2 N0 n LN0 may lead to proper
subsetM ` $ fM ` satisfying

�� ` (u
k
` )2 > � (M ` ; uk

` ):

Nevertheless, a closer inspection of the analysis in Section 4.4 reveals that Dör�er marking
is only exploited on the exact levels. Crucially, the proofs do not rely on any marking
behaviour on intermediate levels. Therefore, the analysis from Section 4.4 carries over to
the present setting with only minimal modi�cations.

The following result establishes tail summability on the exact levels.

Proposition 5.4 (tail summability of �nal iterates on exact levels in Algorithm B) . Suppose
that (A1) � (A4) and (QM) hold. Let K; L 2 N, Cmark ; Ccard � 1, and 0 < � � 1 be
arbitrary. Then, the quasi-error sequenceHk

` associated with the �nal iteratesuk
` generated

by Algorithm B is tail summable on the exact levels, i.e., there exists a constantCtail > 0
such that

X

`02 L N0
`0>`

Hk
`0 � Ctail Hk

` for all ` 2 LN0: (5.6)

The constant Ctail depends only on� and the constants from(A1) � (A4) and (QM) .

Proof. Let vj := uk
jL 2 X jL for j 2 N0, and consider the corresponding meshesTjL . Each

index jL corresponds to an exact level, i.e.,jL 2 LN0, implying that the set M jL = fM jL

satis�es the Dör�er marking criterion from Algorithm B(III). Since M jL � T jL n TjL +1 �
TjL n T(j +1) L , the marking criterion yields

� � jL (uk
jL )2 � � jL (M jL ; uk

jL )2 � � jL (TjL n T(j +1) L ; uk
jL )2:

Moreover, as ensured by Algorithm B(I) exact levelsjL 2 LN0 guaranteek[jL ] = 1 and
u1

jL = u?
jL . In particular, vj = u?

jL for all j 2 N0.
Overall, the sequencevj 2 X jL , together with the corresponding meshesTjL , satis�es the

assumptions(3.22)� (3.23) of Theorem 3.14. Repeating the arguments from the proof of
Proposition 4.7 thus yields (5.6) and concludes the proof.

As in Section 4.4, the stability estimate (3.18) from Lemma 3.11, together with the
assumption(US) on the smoother, allows us to extend the R-linear convergence to the entire
quasi-error sequence. This is stated in the following theorem. The proof is identical to that
of Theorem 4.8. We note that the constants involved may grow exponentially withL .

Theorem 5.5 (full R-linear convergence of Algorithm B under (US)). Suppose that the
smoother satis�es (US) and that (A1) � (A4) and (QM) hold. Let K; L 2 N, Cmark ; Ccard � 1,
and 0 < � � 1 be arbitrary. Then, Algorithm B guarantees that the full quasi-error sequence
Hk

` is R-linearly convergent, i.e, there exist constantsClin > 0 and 0 < q lin < 1 such that

Hk
` � Clin qj(`;k )j�j (`0;k0)j

lin Hk0

`0 for all (`0; k0); (`; k ) 2 Q with j(`0; k0)j � j (`; k )j: (5.7)
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The constants Clin ; qlin depend only onK; L; �; C alg, and the constants in (A1) � (A4) ,
and (QM) . Speci�cally, set eCalg(K ) := maxf 1; CK

algg and let Clvl � 1 denote the con-
stant from Lemma 3.11. Then, there exists a constantC > 0 that depends only on� and the
constants in (A1) � (A4) and (QM) , but is independent ofK; L; and Calg, such that

Clin � K eCalg(K )2� eCalg(K )Clvl
� 2L C + 1 ;

qlin �
�
1 +

�
K eCalg(K )2� eCalg(K )Clvl

� 2L C]� 1� � 1:
(5.8)

Proof. The proof proceeds as the one of Theorem 4.8. For completeness, we brie�y recall
the four steps to highlight where the key assumptions enter and to clarify that the argument
remains valid in the present setting. Throughout, the shorthand. is exclusively used when
the implicit constant does not depend onK , L , or Calg.

Step 1 (monotonicity in k ). Let eCalg := maxf 1; CK
algg � 1. The stability assumption

on the smoother(US), together with the fact that Algorithm B guarantees uk
` = u?

` on exact
levels, yields monotonicity ofHk

` in k (cf. proof of Theorem 4.8, Step 1), i.e.,

Hk0

` � eCalg Hk
` for all 0 � k � k0 � k[`] and ` 2 N: (5.9)

Step 2 (stability under mesh re�nement). Let eClvl := eCalgClvl , where Clvl is the
constant from Lemma 3.11. Then, Lemma 3.11 and(5.9) imply (cf. proof of Theorem 4.8,
Step 2)

H0
` � Clvl Hk

` � 1; Hk
` � eC j

lvl Hk
` � j for all `; j 2 N; j � `: (5.10)

Step 3 (tail summability of Hk
` in ` ). Let C1 := C2

lvl . The stability estimates (5.10)
and Proposition 5.4 show that (cf. proof of Theorem 4.8, Step 3)

1X

`0= `+1

Hk
`0 . CL

1 Hk
` : (5.11)

Step 4 (tail summability of Hk
` in ` and k). The estimates (5.9)� (5.11) yield (cf.

proof of Theorem 4.8, Step 4)

X

(`0;k0)2Q
j(`0;k0)j> j(`;k )j

Hk0

`0 . KC L
1 Hk

` :
(5.12)

Let C > 0 denote the hidden constant in(5.12), which is independent ofK; L; and Calg.
This estimate veri�es the tail summability condition in Lemma 3.3 with Ctail = CK eC2

algCL
1 .

Applying the lemma yields R-linear convergence(5.7) with constants Clin � Ctail + 1 =
CK eC2

algCL
1 + 1 and qlin � (1 + C � 1

tail )
� 1 = (1 + ( CK eC2

algCL
1 ) � 1) � 1. Inserting the de�nition

of C1 gives the bounds stated in (5.8). This concludes the proof.

As in Section 4.3, the full R-linear convergence established in Theorem 5.5 implies
convergence of Algorithm B; cf. Corollary 4.5.
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Corollary 5.6 (convergence of Algorithm B under (US)). Under the assumptions of
Theorem 5.5, the sequenceuk

` 2 X ` generated by Algorithm B converges to the solution
u? 2 H 1

0 (
) of (2.4).

With a slight modi�cation of the proof, one also obtains the analogue of Corollary 4.6. It
asserts that if the error estimator vanishes on an exact level, then the exact solutionu? is
discrete and the algorithm performs no further re�nements beyond this level. We emphasize
that the proof requires that M ` is a subset of fM ` , as ensured by cardinality control in
Algorithm B(IV).

Corollary 5.7. Suppose that the assumptions of Theorem 5.5 hold and that there exists an
exact level`0 2 LN0 such that � `0 (uk

`0
) = 0 . Then, for all (`; k ) 2 Q with j(`; k )j � j (`0; k)j,

it follows that Hk
` = 0 . In particular, for all (`; k ) 2 Q with j(`; k )j � j (`0; k)j, Algorithm B

guarantees thatuk
` = u?

` = u?, M ` = ; , and T` = T`0 .

Proof. Since`0 2 LN0 is an exact level, Algorithm B(I) ensuresuk
`0

= u?
`0

. By assumption,

Hk
`0

= � `0 (u?
`0

) = � `0 (uk
`0

) = 0 . Full R-linear convergence(5.7) then implies Hk
` = 0 for all

(`; k ) 2 Q with j(`; k )j � j (`0; k)j.
Let ` � `0. SinceHk

` = 0 , it follows that � ` (u
k
` ) = 0 . According to Algorithm B(III), fM `

is a set of quasi-minimal cardinality satisfying the Dör�er marking criterion

�� ` (u
k
` )2 � � ` ( fM ` ; uk

` ):

Since � ` (u
k
` ) = 0 , the only such set with quasi-minimal cardinality is the empty set, and

consequently, fM ` = ; . As M ` � fM ` , it follows that M ` = ; . Hence, no re�nement occurs
and T` = T`0 . Finally, given (`; k ) 2 Q with j(`; k )j � j (`0; k)j, the identity Hk

` = 0 implies
that uk

` = u?
` . From reliability (A3) it thus follows that

jjj u? � uk
` jjj = jjj u? � u?

` jjj
(A3)
. � ` (u?

` ) � Hk
` = 0 :

This gives uk
` = u?

` = u? and concludes the proof.

5.3 Proof of rate-optimality

In this section, we establish that Algorithm B is rate-optimal in the sense of De�nition 2.14.
Following (2.31), this means that the sequence of meshes(T` )`2 N0 generated by the algorithm
satis�es

8s > 0 :
�

ku?kAs < + 1 =) sup
`2 N0

(# T` )s� ` (u?
` ) < + 1

�
;

where ku?kAs denotes the approximability introduced in De�nition 2.10. As noted in
Remark 2.15, the triangulationsT` 2 T satisfy # T` ' # T` � # T0 + 1 , hence the statement
above is equivalent to

8s > 0 :
�

ku?kAs < + 1 =) sup
`2 N0

(# T` � # T0 + 1) s� ` (u?
` ) < + 1

�
:
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The following result con�rms the intuitive fact that if the quasi-error sequence generated
by Algorithm B converges with algebraic rate s > 0, then the approximability ku?kAs is
�nite. In other words, decay of the quasi-error sequence with algebraic rates > 0 implies
that the error estimator � ` (u?

` ) can achieve the same rate on optimally chosen meshes (cf.
Lemma 2.11). The proof is adapted from [GHPS21, Lemma 13].

Proposition 5.8. Suppose(R1). Let K; L 2 N, Cmark ; Ccard � 1, and 0 < � � 1 be
arbitrary. Let s > 0. Then, there exists a constantcopt > 0 such that the output of
Algorithm B guarantees

copt ku?kAs � sup
`2 N0

(# T` � # T0 + 1) s � ` (u?
` ) � sup

(`;k )2Q
(# T` � # T0 + 1) s Hk

` : (5.13)

The constant copt depends only on# T0; Cchild ; s, and possibly on the smallest index̀0 2 LN0

with � `0 (uk
`0

) = 0 . Speci�cally, if such an index exists, thenc� 1
opt � (C`0

child � 1)s(# T0)s.
Otherwise, c� 1

opt � Cs
child (# T0)s.

Proof. Since� ` (u?
` ) � Hk

` for all (`; k ) 2 Q , the second estimate in(5.13) follows immediately.
To prove the �rst estimate, we distinguish two cases.

Case 1: Suppose there exists a minimal̀ 0 2 LN0 such that � `0 (uk
`0

) = 0 . Since `0 is

an exact level, Algorithm B guaranteesuk
`0

= u?
`0

, and hence� `0 (u?
`0

) = 0 . Let N 2 N0. If
# T`0 � # T0 � N , then T`0 2 T(N ), which implies

min
Topt 2 T(N )

� opt (u?
opt ) = 0 :

If instead # T`0 � # T0 > N , the child estimate (R1) gives

(N + 1) s min
Topt 2 T(N )

� opt (u?
opt ) � (# T`0 � # T0)s� 0(u?

0)
(R1)
� (C`0

child � 1)s(# T0)s� 0(u?
0)

� (C`0
child � 1)s(# T0)s sup

`2 N0

(# T` � # T0 + 1) s� ` (u?
` ):

Altogether, for all N 2 N0, it holds that

(N + 1) s min
Topt 2 T(N )

� opt (u?
opt ) � (C`0

child � 1)s(# T0)s sup
`2 N0

(# T` � # T0 + 1) s� ` (u?
` ):

Taking the supremum over all N 2 N0 concludes the argument in this case.
Case 2: Suppose that � ` (u

k
` ) > 0 for all ` 2 LN0. On exact levels, Algorithm B(IV)

ensures thatM ` = fM ` , so that the setsM ` are determined by the Dör�er marking criterion
in Algorithm B(III). In particular, this implies M ` 6= ; for all exact levels` 2 LN0. As LN0

is in�nite, the child estimate (R1) guarantees that# T` is unbounded as̀ tends to in�nity.
Given any N 2 N0, choose a maximal̀ 2 N0 such that # T` � # T0 � N . The maximality of
`, inequalities (2.12) from Lemma 2.3, and the child estimate (R1) yield

N + 1 < # T`+1 � # T0 + 1
(2.12)

� # T`+1

(R1)
� Cchild # T`

(2.12)
� Cchild (# T0)(# T` � # T0 + 1) :
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SinceT` 2 T(N ), this further implies

(N + 1) s min
Topt 2 T(N )

� opt (u?
opt ) � (N + 1) s� ` (u?

` ) � Cs
child (# T0)s(# T` � # T0 + 1) s� ` (u?

` ):

Taking the supremum over all N 2 N0 gives

ku?kAs � Cs
child (# T0)s(# T` � # T0 + 1) s� ` (u?

` );

which establishes the �rst estimate in (5.13) also in this case and concludes the proof.

The following theorem is the central result in this chapter. It establishes rate-optimality
of Algorithm B if the marking parameter � is su�ciently small. The proof relies on the
full R-linear convergence established in Theorem 5.5, the comparison Lemma 2.17, and the
additional cardinality-control step built into the algorithm.

Theorem 5.9 (rate-optimality of Algorithm B) . Suppose that the smoother satis�es(US)
and that (R1)� (R3), (A1) � (A4) , (A3+ ), and (QM) hold. Let K; L 2 N, Cmark ; Ccard � 1
be arbitrary. Let s > 0 and 0 < � < � opt with � opt = (1 + C2

stabC2
drel )

� 1. Then, there exist
constantscopt ; Copt > 0 such that

copt ku?kAs � sup
`2 N0

(# T` � # T0 + 1) s � ` (u?
` ) � sup

(`;k )2Q
(# T` � # T0 + 1) s Hk

` � Copt ku?kAs :

(5.14)

In particular, by Remark 2.15, Algorithm B is rate-optimal in the sense of De�nition 2.14.
The constant copt is the one from Proposition 5.8 and depends only on# T0; Cchild ; s, and
possibly on the smallest index̀0 2 LN0 with � `0 (uk

`0
) = 0 . The constant Copt depends

only on s; K; L; C card ; Cmark ; � , and the constants in (A1) � (A4) , (A3+ ), (QM) , and (R3).
Speci�cally, it satis�es

Copt � maxf 1; 2sCs
mesh

�
1 + Ccard(L � 1)

� sC � 1
lvl Cs

mark (C0
drel )

s CcmpClin
�
1 � q1=s

lin

� � sg: (5.15)

Proof. Since Proposition 5.8 establishes the �rst two estimates in(5.14), it only remains to
prove the third estimate in (5.15). Assume without loss of generality thatku?kAs < + 1 .
The argument proceeds in �ve steps.

Step 1. Let (`; k ) 2 Q with T` = T0. We distinguish the two cases̀ = 0 and ` > 0. If
` = 0 , Algorithm B ensures that k[0] = 1 and u1

0 = u?
0. As T(0) = fT 0g, it follows that

H1
0 = � 0(u?

0) � k u?kAs : (5.16)

If instead ` > 0, the identity T` = T0 implies that no re�nement has occurred, and thus
fM 0 = M 0 = ; . The quasi-minimality condition in Algorithm B(III) then implies � 0(uk

0) = 0 .
By Corollary 5.7, it follows that

� 0(u?
0) = Hk

` = 0 : (5.17)

Overall, the combination of (5.16)�(5.17) establishes that

(# T` � # T0 + 1) s Hk
` = Hk

` = � 0(u?
0) � k u?kAs for all (`; k ) 2 Q with T` = T0: (5.18)
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5 Algorithm B: S-AFEM with cardinality control

Step 2. Let `0 2 LN0, and let R `0 � T `0 be the subset from Lemma 2.17 with the choice
� 0 = � . Since `0 is an exact level, Algorithm B(I) guarantees that uk

`0 = u?
`0. Moreover,

as ensured by Algorithm B(III)�(IV), the set M `0 = fM `0 is, up to the factor Cmark , of
minimal cardinality among all subset ofT` satisfying the Dör�er marking criterion. Therefore,
estimate (2.32) implies

# M `0 � Cmark # R `0

(2.32)
� Cmark C0

drel C1=s
cmp ku?k1=s

As
� `0(u?

`0) � 1=s

= Cmark C0
drel C1=s

cmp ku?k1=s
As

�
Hk

`0

� � 1=s:

Applying the stability estimate (3.18) from Lemma 3.11, we further obtain

# M `0 � Cmark C0
drel C1=s

cmp ku?k1=s
As

�
Hk

`0

� � 1=s(3.18)
� C � 1=s

lvl Cmark C0
drel C1=s

cmp ku?k1=s
As

�
H0

`0+1

� � 1=s:

Setting C1 := C � 1=s
lvl Cmark C0

drel C1=s
cmp , this shows that

# M `0 � C1 ku?k1=s
As

�
H0

`0+1

� � 1=s for all `0 2 LN0. (5.19)

Step 3. Cardinality control in Algorithm B(IV) guarantees that

# M `0 � Ccard # M `0� mod( `0;L ) for all `0 2 N0 n LN0: (5.20)

Step 4. Let (`; k ) 2 Q with T` 6= T0. The child estimate (R1) gives# T` > # T0. Hence,
applying the mesh-closure estimate (R3) gives

# T` � # T0 + 1 � 2 (# T` � # T0)
(R3)
� 2Cmesh

`� 1X

`0=0

# M `0

= 2Cmesh

� X

`02 L N0
`0<`

# M `0 +
X

`0=2 L N0
`0<`

# M `0

�
:

Using (5.20) and the fact that between two consecutive exact levels there are exactlyL � 1
intermediate levels, the second sum may be estimated by

X

`0=2 L N0
`0<`

# M `0

(5.20)
� Ccard

X

`0=2 L N0
`0<`

# M `0� mod( `0;L ) � Ccard(L � 1)
X

`02 L N0
`0<`

# M `0:

Therefore, combining the previous two estimates with (5.19), one obtains

# T` � # T0 + 1 � 2Cmesh
�
1 + Ccard(L � 1)

� X

`02 L N0
`0<`

# M `0

(5.19)
� 2Cmesh

�
1 + Ccard(L � 1)

�
C1ku?k1=s

As

X

`02 L N0
`0<`

�
H0

`0+1

� � 1=s

� 2Cmesh
�
1 + Ccard(L � 1)

�
C1ku?k1=s

As

X

(`0;k0)2Q
j(`0;k0)j�j (`;k )j

�
Hk0

`0

� � 1=s:

62



5 Algorithm B: S-AFEM with cardinality control

Exploiting full R-linear convergence (5.7), the geometric series yields

X

(`0;k0)2Q
j(`0;k0)j�j (`;k )j

�
Hk0

`0

� � 1=s (5.7)
� C1=s

lin

�
Hk

`

� � 1=s X

(`0;k0)2Q
j(`0;k0)j�j (`;k )j

�
q1=s

lin

� j(`;k )j�j (`0;k0)j

� C1=s
lin

�
1 � q1=s

lin

� � 1�
Hk

`

� � 1=s:

Altogether, this shows that

# T` � # T0 + 1 � 2Cmesh
�
1 + Ccard(L � 1)

�
C1C1=s

lin

�
1 � q1=s

lin

� � 1ku?k1=s
As

�
Hk

`

� � 1=s:

Set eCopt := 2 sCs
mesh

�
1 + Ccard(L � 1)

� sCs
1Clin

�
1 � q1=s

lin

� � s. Exponentiating by s and rear-
ranging terms proves that

(# T` � # T0 + 1) s Hk
` � eCopt ku?kAs for all (`; k ) 2 Q with T` 6= T0. (5.21)

Step 5. Finally, it follows from (5.18) and (5.21) that

sup
(`;k )2Q

(# T` � # T0 + 1) s Hk
` � maxf eCopt ; 1gku?kAs :

This proves the upper bound in(5.14). Inserting the de�nition of C1 into that of Copt yields
the bound (5.15). This concludes the proof.

Since Lemma 2.3 establishes that

# T` � # T0 + 1 � # T` � (# T0)(# T` � # T0 + 1) for all ` 2 N0;

we immediately obtain the following corollary.

Corollary 5.10. Suppose that the assumptions of Theorem 5.9 hold. Then, there exist
constantscopt ; Copt > 0 such that

copt ku?kAs � sup
(`;k )2Q

(# T` )s Hk
` � (# T0)sCopt ku?kAs : (5.22)

The constantscopt and Copt are those from Theorem 5.9.

The following Proposition, together with Remark 5.12 below, shows that, if the error
estimator � ` (u?

` ) decays exactly at rate s > 0, i.e., � ` (u?
` ) ' (# T` ) � s, then the quasi-

error Hk
` is equivalent to the discretization error � ` (u?

` ), i.e., Hk
` ' � ` (u?

` ). This implies
that Algorithm B implicitly ensures that the algebraic error is uniformly bounded by the
discretization error at each level. This is somewhat unexpected, since on intermediate levels
only a �xed number of K smoothing iterations are performed, without any explicit control
of the algebraic error.

Proposition 5.11. Suppose that the assumptions of Theorem 5.9 hold and that there exists
s > 0 such that

0 < inf
`2 N0

(# T` )s� ` (u?
` ) � sup

`2 N0

(# T` )s� ` (u?
` ) < 1 : (5.23)

Then, there exists a constantCeqv � 1 such that

� ` (u?
` ) � Hk

` � Ceqv � ` (u?
` ) for all (`; k ) 2 Q . (5.24)
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5 Algorithm B: S-AFEM with cardinality control

Proof. The lower bound in (5.24) follows immediately from the de�nition of Hk
` . To prove

the upper bound, observe that the assumption (5.23) implies

0
(5.23)

< C inf := inf
`02 N0

(# T`0)s� `0(u?
`0) � (# T` )s� ` (u?

` ) for all ` 2 N0. (5.25)

Moreover, Proposition 5.8 together with (5.23) yields

ku?kAs

(5.13)
� c� 1

opt sup
`2 N0

(# T` � # T0 + 1) s � ` (u?
` ) � c� 1

opt sup
`2 N0

(# T` )s � ` (u?
` )

(5.23)
< + 1 : (5.26)

Hence, Corollary 5.10 gives

Csup := sup
(`;k )2Q

(# T` )s Hk
`

(5.22)
� (# T0)sCopt ku?kAs

(5.26)
< + 1

Combining this with (5.25), we obtain

Hk
` � Csup(# T` ) � s

(5.25)
� (Csup=Cinf ) � ` (u?

` ) for all (`; k ) 2 Q :

This concludes the proof of the upper bound in (5.24) withCeqv := Csup=Cinf .

Remark 5.12. The property (5.23) ensures that the discretization error decays exactly at
the rate s with respect to the number of elements, i.e.,� ` (u?

` ) ' (# T` ) � s. Indeed, this follows
directly from

(# T` ) � s inf
`02 N0

(# T`0)s� `0(u?
`0) � � ` (u?

` ) � (# T` ) � s sup
`02 N0

(# T`0)s� `0(u?
`0) for all ` 2 N0.
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6 Algorithm C: Cost-optimal S-AFEM with
cardinality control

In this chapter, we propose and analyse acost-optimal S-AFEM with cardinality control . This
algorithm modi�es Algorithm B by replacing the exact solution step on the exact levels with
an iterative solver that is terminated according to the stopping criterion of [GHPS21]. We
prove that this modi�cation preserves the convergence properties: The resulting Algorithm C
below still guarantees full R-linear convergence of the quasi-error sequence as well as optimal
convergence rates with respect to the number of degrees of freedom. Moreover, exploiting that
all modules of the algorithm can be implemented at linear cost, we prove that Algorithm C
achievesquasi-optimal complexity, i.e., optimal convergence rates with respect to the overall
computational cost.

The chapter is organized as follows: Section 6.1 introduces and discusses the algorithm.
Section 6.2 establishes full R-linear convergence of the quasi-error sequence. In Section 6.3,
we prove optimal rates with respect to the number of degrees of freedom. Finally, in
Section 6.4, we show that the algorithm guarantees optimal convergence rates with respect
to the overall computational cost.

6.1 Formulation of the algorithm

In this section, we introduce a modi�cation of Algorithm B. It a�ects only the SOLVEmodule
of the S-AFEM loop with cardinality control (Figure 5.1): Instead of computing the exact
Galerkin solution, a uniformly contractive solver is applied until the algebraic stopping
criterion from [GHPS21] is met. Precisely, on an exact level̀, the solver is employed until,
for a �xed solver stopping parameter � > 0, the stopping criterion

jjj uk
` � uk� 1

` jjj � � � ` (uk
` ) (6.1)

is satis�ed. This leads to a combinedSOLVE & ESTIMATEmodule as the error estimator
must be calculated at each algebraic iteration to verify the stopping criterion.

Speci�cally, we pose the following assumptions on the modulesSOLVEand SMOOTH:

ˆ SOLVE: The approximate solution of the Galerkin equation (2.7) is obtained by an
iterative solver applied until the stopping criterion (6.1) from [GHPS21] is met. For each
meshTH 2 T, we thus assume the availability of an iteration operator� H : XH ! X H

corresponding to such a solver, which satis�es the uniform contraction property(UC) .

ˆ SMOOTH: The approximate solution of the discrete variational formulation (2.7) is
obtained by performing a �xed number K 2 N of smoothing iterations. To that end,
it is assumed that, for every meshTH 2 T, an iteration operator 	 H : XH ! X H is

65



6 Algorithm C: Cost-optimal S-AFEM with cardinality control

available, corresponding to a smoother for the discrete problem(2.7). The smoother is
assumed to satisfy the uniform stability condition (US) with constant Calg � 1.

The remaining modules remain the same as in Chapter 5; see Section 5.1. The proposed
algorithm is stated below. As usual,mod(`; L ) denotes unique integer0 � r < L such that
` � r 2 LN0.

Algorithm C (cost-optimal S-AFEM with cardinality control) . Given an initial mesh T0, a
number of smoothing iterationsK 2 N, a step lengthL 2 N, adaptivity parameters0 < � � 1,
Cmark ; Ccard � 1, a solver-stopping parameter� > 0, and an initial guessu0

0 2 X 0, iterate
the following steps for all̀ = 0 ; 1; 2; 3; : : : :

(I) if ` 2 LN0 then
SOLVE & ESTIMATE:For all k = 1 ; 2; 3; : : : , repeat steps(a)� (b) listed below until

jjj uk
` � uk� 1

` jjj � � � ` (uk
` ): (6.2)

(a) Compute uk
` := � ` (u

k� 1
` ) with one step of the iterative solver.

(b) Compute re�nement indicator � ` (T; uk
` ) for all T 2 T` .

Upon termination of the precedingk-loop, de�ne k[`] := k.
else

SMOOTH:For all k = 1 ; : : : ; K , compute uk
` := 	 ` (u

k� 1
` ). Set k[`] := K .

ESTIMATE:Compute re�nement indicator � ` (T; uk[` ]
` ) for all T 2 T` .

end if
(II) MARK:Determine a set fM ` � T ` with up to the multiplicative factor Cmark minimal

cardinality satisfying the Dör�er marking criterion �� ` (u
k[` ]
` )2 � � ` ( fM ` ; uk[` ]

` )2.

(III) MARK (CARDINALITY CONTROL):Select any subsetM ` � fM ` such that
(

M ` = fM ` if ` 2 LN0;

# M ` � Ccard # M ` � mod( `;L ) else.
(6.3)

(IV) REFINE:GenerateT`+1 := refine (T` ; M ` ) and setu0
`+1 := uk[` ]

` .

Remark 6.1. Note that the solver� H and the smoother	 H do not need to coincide. The
solver is required to satisfy the uniform contraction assumption(UC) , whereas the analysis
in this chapter only relies on the smoother ful�lling the uniform stability assumption(US)
with constant Calg � 1.

Remark 6.2. The stopping criterion (6.2) ensures that the algebraic error is controlled in
terms of the discretization error. For su�ciently small � , this yields estimator equivalence
� ` (u

k[` ]
` ) ' � ` (u?

` ); see Lemma 6.12 below. The equivalence will be a key argument in the
proof of optimal convergence rates.

Remark 6.3. In the caseL = 1 , the stopping criterion (6.2) is enforced on all meshes,
and cardinality control Algorithm C(III) becomes void. In this case, Algorithm C coincides
with the algorithm analysed in [GHPS21; BFM+ 25], for which full R-linear convergence and
optimal convergence rates were established. Hence, Algorithm C generalizes the approach
from [GHPS21].
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6 Algorithm C: Cost-optimal S-AFEM with cardinality control

As for the analysis of the previous chapters, we de�ne the index set

Q := f (`; k ) 2 N2
0 j uk

` 2 X ` is de�ned in Algorithm C g;

which we equip with the partial order

(`0; k0) � (`; k ) : () uk0

`0 is de�ned not later than uk
` in Algorithm C :

The total step counter is given by

j(`; k )j := # f (`0; k0) 2 Q j (`0; k0) � (`; k )g for all (`; k ) 2 Q :

Additionally, we introduce the stopping index of the mesh-re�nement loop

` := supf ` 2 N0 j (`; 0) 2 Qg 2 N0 [ f + 1g :

The typical case is` = + 1 , meaning that the stopping criterion (6.2) is satis�ed after a
�nite number k[`] 2 N of steps of the iterative solver� ` for every mesh level̀ 2 LN0. In
the exceptional casè < + 1 , the iterative solver fails to terminate on the meshT` . This
can only happen whenmod(`; L ) = 0 . In this case, we de�nek[`] := + 1 .

We continue to use the terminology from Chapter 5 and refer to mesh levels̀2 LN0 as
exact levels, and to levelsN0 n LN0 as intermediate levels. However, since it may happen
that ` < + 1 , we specify which levels are actually reached by the algorithm. To this end,
let E � LN0 denote the set of all exact levels reached by Algorithm C at which the solver
terminates, i.e.,

E := f ` 2 LN0 j (`; 0) 2 Qg n f `g:

Note that if ` = + 1 , then E = LN0. In any case,uk[` ]
` 2 X ` is well-de�ned for all ` 2 E.

Similarly, let I � N0 n LN0 denote the set of all intermediate levels reached by Algorithm C,
i.e.,

I := f ` 2 N0 n LN0 j (`; 0) 2 Qg:

As in the previous chapters, we writek = k[`] whenever the index` is clear from the
context, for example, uk

` = uk[` ]
` . Moreover, recall, for every(`; k ) 2 Q , the quasi-errors

introduced from De�nition 3.7

Hk
` := H` (uk

` ) = jjj u?
` � uk

` jjj + � ` (u?
` );

� k
` := � ` (uk

` ) =
�
jjj u? � uk

` jjj 2 + 
 � � ` (uk
` )2� 1=2;

� k
` := � ` (uk

` ) = jjj u?
` � uk

` jjj + 
 � � ` (uk
` ):

As before,Hk
` will be the central error measure, while� k

` and � k
` play a supporting role in

the analysis.
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6 Algorithm C: Cost-optimal S-AFEM with cardinality control

6.2 Proof of full R-linear convergence

The �rst goal in this section is to prove an analogue of Proposition 5.4, which establishes
tail summability on the exact levels. In contrast to the proof of Proposition 5.4, however,
Theorem 3.14 cannot be applied directly, since contraction with respect to the exact discrete
solutions in the sense of

jjj u?
`+ L � uk

`+ L jjj � qctr jjj u?
`+ L � uk

` jjj for all ` 2 E

is generally not expected to hold forL > 1. Instead, under the assumption thatCalg � 1, a
weaker form of this contraction is available, a contraction up to perturbation terms that are
summable via quasi-orthogonality(A4) ; see estimate(6.11) below for details. This su�ces
to apply the tail summability Lemma 3.12, as will be shown in the following proposition.

Proposition 6.4 (tail summability of �nal iterates on exact levels in Algorithm C) . Suppose
that the solver satis�es (UC) and that the smoother satis�es(US) with Calg � 1. Suppose
that (A1) � (A4) hold. Let K; L 2 N; Cmark ; Ccard � 1; � > 0, u0

0 2 X 0, and 0 < � � 1 be
arbitrary. Then, the quasi-error sequenceHk

` associated with the �nal iteratesuk
` generated

by Algorithm C is tail summable on the exact levels, i.e., there exists a constantCtail > 0
such that

X

`02E
`0>`

Hk
`0 � Ctail Hk

` for all ` 2 E: (6.4)

The constant Ctail depends only onL; �; q alg, and the constants in (A1) � (A4) .

Proof. The proof is split into �ve steps.
Step 1. Let ` 2 E be an exact level such that̀ + L 2 E. Algorithm C(II)�(III) ensure

that the set M ` = fM ` satis�es the Dör�er marking criterion. As M ` � T ` nT̀ +1 � T ` nT̀ + L ,
it follows that

� � ` (u
k
` )2 � � ` (M ` ; uk

` )2 � � ` (T` n T̀ + L ; uk
` )2:

Hence, estimator reduction from Lemma 2.7 gives

� `+ L (uk
`+ L )

(2.20)
� qest� ` (u

k
` ) + Cstab jjj uk

`+ L � uk
` jjj

� qest� ` (u
k
` ) + Cstab

�
jjj u?

`+ L � uk
`+ L jjj + jjj u?

`+ L � uk
` jjj

�
:

(6.5)

De�ne, for all ` 2 E,

S` :=
`+ L � 1X

`0= `

jjj u?
`0+1 � u?

`0jjj : (6.6)

Since` =2 E and the smoother always terminates on intermediate levels, we have(`+ L � 1; 0) 2
Q for all ` 2 E and hence, the sumS` above is well-de�ned. The triangle inequality yields

jjj u?
`+ L � uk

` jjj � jjj u?
` � uk

` jjj +
`+ L � 1X

`0= `

jjj u?
`0+1 � u?

`0jjj
(6.6)
= jjj u?

` � uk
` jjj + S` : (6.7)
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6 Algorithm C: Cost-optimal S-AFEM with cardinality control

For all ` 2 E with ` + L 2 E, the combination of (6.5) and (6.7) leads to

� `+ L (uk
`+ L ) � qest� ` (u

k
` ) + Cstab

�
jjj u?

`+ L � uk
`+ L jjj + jjj u?

` � uk
` jjj + S`

�
: (6.8)

Step 2. We show by mathematical induction onr that

jjj u?
`+ r � uk

`+ r jjj � jjj u?
` � uk

` jjj +
`+ r � 1X

`0= `

jjj u?
`0+1 � u?

`0jjj for all ` 2 E; 0 � r < L: (6.9)

The base caser = 0 follows immediately with the empty sum interpreted as zero. Assume
that (6.9) holds for some0 < r < L � 1. Then, by nested iteration u0

`+ r +1 = uk
`+ r and the

uniform stability property (US) with Calg � 1, one obtains

jjj u?
`+ r +1 � uk

`+ r +1 jjj
(US)
� CK

alg jjj u?
`+ r +1 � u0

`+ r +1 jjj

� jjj u?
`+ r +1 � uk

`+ r jjj

� jjj u?
`+ r � uk

`+ r jjj + jjj u?
`+ r +1 � u?

`+ r jjj

(6.9)
� jjj u?

` � uk
` jjj +

`+ r � 1X

`0= `

jjj u?
`0+1 � u?

`0jjj + jjj u?
`+ r +1 � u?

`+ r jjj

= jjj u?
` � uk

` jjj +
`+ rX

`0= `

jjj u?
`0+1 � u?

`0jjj :

This concludes the proof of (6.9).
Step 3. Let ` 2 E such that ` + L 2 E. Nested iteration u0

`+ L = uk
`+ L � 1, the uniform

contraction (UC) of the iterative solver, and k[` + L ] � 1 imply

jjj u?
`+ L � uk

`+ L jjj
(UC)
� qk[`+ L ]

alg jjj u?
`+ L � u0

`+ L jjj

� qalg jjj u?
`+ L � uk

`+ L � 1jjj

� qalg jjj u?
`+ L � 1 � uk

`+ L � 1jjj + qalg jjj u?
`+ L � u?

`+ L � 1jjj :

(6.10)

Applying (6.9) with r = L � 1, we further estimate

jjj u?
`+ L � uk

`+ L jjj
(6.10)

� qalg jjj u?
`+ L � 1 � uk

`+ L � 1jjj + qalg jjj u?
`+ L � u?

`+ L � 1jjj

(6.9)
� qalg jjj u?

` � uk
` jjj + qalg

`+ L � 2X

`0= `

jjj u?
`0+1 � u?

`0jjj + qalg jjj u?
`+ L � u?

`+ L � 1jjj

= qalg

�
jjj u?

` � uk
` jjj +

`+ L � 1X

`0= `

jjj u?
`0+1 � u?

`0jjj
�

(6.6)
= qalg

�
jjj u?

` � uk
` jjj + S` ):

Overall, we have shown that

jjj u?
`+ L � uk

`+ L jjj � qalg
�
jjj u?

` � uk
` jjj + S` ) for all ` 2 E with ` + L 2 E: (6.11)
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Step 4. For j 2 N0 with (j + 1) L < ` , recall � k
jL = jjj u?

jL � uk
jL jjj + 
 � � jL (uk

jL ) with the
scaling factor 0 < 
 � � 1 chosen such that0 < q := maxf qalg + 
 � Cstab(1 + qalg); qestg < 1.
Then, applying (6.8) and (6.11) with ` = jL gives

� k
jL + L = jjj u?

jL + L � uk
jL + L jjj + 
 � � jL + L (uk

jL + L )

(6.8)
� (1 + 
 � Cstab) jjj u?

jL + L � uk
jL + L jjj + 
 � qest� jL (uk

jL )

+ 
 � Cstab( jjj u?
jL � uk

jL jjj + SjL )

(6.11)
�

�
qalg + 
 � Cstab(1 + qalg)

�
jjj u?

jL � uk
jL jjj + 
 � qest� jL (uk

jL )

+
�
qalg + (1 + qalg)
 � Cstab

�
SjL

� q� k
jL +

�
qalg + (1 + qalg)
 � Cstab

�
SjL :

(6.12)

Moreover, from stability (A1) , reliability (A3) and quasi-orthogonality (A4) it follows that

j + NX

j 0= j

S2
j 0L

(6.6)
=

j + NX

j 0= j

 j 0L + L � 1X

`0= j 0L

jjj u?
`0+1 � u?

`0jjj

! 2

� L
j + NX

j 0= j

 j 0L + L � 1X

`0= j 0L

jjj u?
`0+1 � u?

`0jjj 2

!

= L
jL +( N +1) L � 1X

`0= jL

jjj u?
`0+1 � u?

`0jjj 2

(A4)
. L

�
(N + 1) L

� 1� � jjj u? � u?
jL jjj 2

(A3)
. L 2� � (N + 1) 1� � � jL (u?

jL )2

(A1)
. L 2� � (N + 1) 1� � �

� jL (uk
jL ) + jjj u?

jL � uk
jL jjj

� 2

' L 2� � (N + 1) 1� � (� k
jL )2;

(6.13)

where the hidden constant depends only on�; qalg, and the constants in(A1) � (A4) . Abbrevi-
ating aj := � k

jL and bj := [ qalg + (1 + qalg)
 � Cstab ]SjL ' SjL , the estimates(6.12) and (6.13)
prove

aj +1 � qaj + bj and
j + NX

j 0= j

b2
j . L 2� � (N + 1) 1� � a2

j for all j; N 2 N0, (j + 1) L < ` : (6.14)

Step 5. Let j 2 N0 be maximal such that j L < ` , where j = 1 if ` = 1 . In the
casej < 1 , set aj := 0 and bj := 0 for all j > j . With this modi�cation, the estimates
in (6.14) hold for all j 2 N0, regardless of whether̀ is �nite or in�nite, so that Lemma 3.12
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is applicable. This yields tail summability of aj . Sinceaj = 0 for j > j , it follows that

jX

j 0= j +1

aj 0

(3.20)
. aj for all j 2 N0 with j < j :

Inserting aj = � k
jL , this is equivalent to

X

`02 L N0
`<` 0<`

� k
`0 . � k

` for all ` 2 LN0 with ` < ` :

The hidden constant depends only onL; �; q alg, and the constants in (A1) � (A4) . Finally,
Lemma 3.10 provides� k

` ' Hk
` with equivalence constants depending only onCstab and 
 � .

This completes the proof of (6.4).

Remark 6.5. A close inspection of Steps 2�4 in the proof of Proposition 6.4 shows that the
assumptionCalg � 1 can in fact be relaxed. In particular, it su�ces to assume the weaker
condition

qalg CK (L � 1)
alg < 1;

under which the statement of Proposition 6.4 still remains valid. Moreover, Proposition 6.13
below shows thatCalg � 1 is also allowed if the stopping parameter� > 0 is su�ciently small.

The following result establishes parameter-robust full R-linear convergence of Algorithm C.
The proof largely follows the strategy of the proof of Theorem 5.5, but requires a key
modi�cation: The monotonicity of Hk

` in k is no longer su�cient on exact levels ` 2 E, as the
stopping indicesk[`] are not uniformly bounded. To overcome this, we adopt the approach
from [BFM + 25, Theorem 2] and exploit the failure of the algebraic stopping criterion to
establish summability in k; see step 2 of the proof.

Theorem 6.6 (full R-linear convergence of Algorithm C). Suppose that the solver satis-
�es (UC) and that the smoother satis�es(US) with Calg � 1. Suppose that(A1) � (A4) and
(QM) hold. Let K; L 2 N; Cmark ; Ccard � 1; � > 0, u0

0 2 X 0, and 0 < � � 1 be arbitrary.
Then, Algorithm C guarantees that the full quasi-error sequenceHk

` is R-linearly convergent,
i.e., there exist constantsClin > 0 and 0 < q lin < 1 such that

Hk
` � Clin qj(`;k )j�j (`0;k0)j

lin Hk0

`0 for all (`0; k0); (`; k ) 2 Q with j(`0; k0)j � j (`; k )j: (6.15)

The constantsClin ; qlin depend only onK; L; �; � , and the constants in(A1) � (A4) and (QM) .
Speci�cally, there exist constantsC; eC � 1, that depend only on�; q alg, and the constants
in (A1) � (A4) and (QM) , but are independent ofK and L, such that

Clin � eCK (1 + Ctail )CL + 1 and qlin � (1 + ( eCK (1 + Ctail )CL ) � 1) � 1; (6.16)

where the constantCtail is the one from Proposition 6.4.
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Proof. The proof is divided into �ve steps.
Step 1 (monotonicity in k ). Let ` 2 N0 with (`; 0) 2 Q . For all 0 � k � k0 < k [`] + 1 ,

the contraction property (UC) of the solver and the stability property (US) of the smoother
with Calg � 1 yield

Hk0

` = jjj u?
` � uk0

` jjj + � ` (u?
` ) � maxf qalg; Calggk0� k jjj u?

` � uk
` jjj + � ` (u?

` ) � Hk
` :

Hence, we have shown that

Hk0

` � Hk
` for all 0 � k � k0 < k [`] + 1 and ` 2 N0 with (`; 0) 2 Q : (6.17)

Step 2 (tail summability in k ). Let ` 2 N0 with (`; 0) 2 Q . For the �rst case, suppose
that ` is an intermediate level, i.e.,` 2 I . Then k[`] = K , and (6.17) implies

k[` ]X

k0= k+1

Hk0

`

(6.17)
�

k[` ]X

k0= k+1

Hk
` � K Hk

` for all 0 � k < k [`] = K: (6.18)

For the remaining second case, suppose that` 2 E. For any 0 � k < k 0 < k [`], stability (A1) ,
Lemma 2.21(i), the failure of the stopping criterion (6.2), and uniform contraction (UC) of
the iterative solver show that

Hk0

`

(A1)
. jjj u?

` � uk0

` jjj + � ` (uk0

` )
(6.2)
. jjj u?

` � uk0

` jjj + jjj uk0

` � uk0� 1
` jjj

(i)
. jjj u?

` � uk0

` jjj
(UC)
� qk0� k

alg jjj u?
` � uk

` jjj � qk0� k
alg Hk

` :

(6.19)

Let C1 > 0 denote the hidden constant in the previous estimate, depending only onCstab ; qalg,
and � . Estimate (6.19) together with the geometric series proves

k[` ]X

k0= k+1

Hk0

` = Hk
` +

k[` ]� 1X

k0= k+1

Hk0

`

(6.19)
� Hk

` + C1 Hk
`

k[` ]� 1X

k0= k+1

qk0� k
alg

(6.17)
�

�
1 + C1(1 � qalg) � 1�

Hk
` :

(6.20)

Let C2 := max f K; 1 + C1(1 � qalg) � 1g. Then, combining (6.18) and (6.20), we conclude

k[` ]X

k0= k+1

Hk0

` � C2 Hk
` for all 0 � k < k [`] and ` 2 N0 with (`; 0) 2 Q . (6.21)

Step 3 (stability under mesh re�nement). Nested iteration u0
` = uk

` � 1 and the
stability estimate (3.18) show that there exists Clvl � 1 such that

Hk
`

(6.17)
� H0

`

(3.18)
� Clvl H

k
` � 1 for all 0 � ` < ` . (6.22)

The constant Clvl depends only on the constants in(A3) and (QM) . Repeated application
of (6.22) gives

Hk
` � C j

lvl H
k
` � j for all 0 � j � ` < ` . (6.23)
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Step 4 (tail summability of Hk
` in ` ). Let ` 2 N0 with ` < ` and let `0 2 LN0 denote

the minimal index such that `0 � `. In particular, `0 � ` � L � 1. For the �rst case, suppose
that `0 < ` , which ensures that`0 2 E. Then, the tail sum can be decomposed as

` � 1X

`0= `+1

Hk
`0 =

`0X

`0= `+1

Hk
`0 +

X

`02E
`0<` 0

Hk
`0 +

X

`02I
`0<` 0

Hk
`0: (6.24)

Set C3 := maxf 1; (Clvl � 1)� 1g. To estimate the �rst sum in (6.24), we apply the stability
estimate (6.23) andClvl � 1, which leads to

`0X

`0= `+1

Hk
`0

(6.23)
�

`0X

`0= `+1

C`0� `
lvl Hk

` =
C`0 � `+1

lvl � Clvl

Clvl � 1
Hk

` �
CL

lvl

Clvl � 1
Hk

` � C3CL
lvl Hk

` : (6.25)

For the second sum in(6.24), we use Proposition 6.4 together with(6.23) and Clvl � 1, to
obtain

X

`02E
`0<` 0

Hk
`0

(6.4)
� Ctail Hk

`0

(6.23)
� Ctail C`0 � `

lvl Hk
` � Ctail CL � 1

lvl Hk
` : (6.26)

To estimate the third sum in (6.24), note that there are exactly L � 1 intermediate levels
between two consecutive exact levels. Hence, it follows from(6.23) and Proposition 6.4 that

X

`02I
`0<` 0

Hk
`0

(6.23)
�

X

`02I
`0<` 0

Cmod( `0;L )
lvl Hk

`0� mod( `0;L ) �
X

`02E
`0 � `0

L � 1X

j =1

C j
lvl Hk

`0 =
CL

lvl � Clvl

Clvl � 1

X

`02E
`0 � `0

Hk
`0

� C3CL
lvl

�
Hk

`0
+

X

`02E
`0<` 0

Hk
`0

� (6.4)
� (1 + Ctail )C3CL

lvl H
k
`0

(6.23)
� (1 + Ctail )C3C2L � 1

lvl Hk
` :

(6.27)

De�ne C4 := 3(1 + Ctail )C3C2L � 1
lvl . Using (6.25)�(6.27), we estimate (6.24) via

` � 1X

`0= `+1

Hk
`0 �

�
C3CL

lvl + Ctail C
L � 1
lvl + (1 + Ctail )C3C2L � 1

lvl

�
Hk

` � C4 Hk
` : (6.28)

For the remaining case, suppose that̀0 � `. This can only occur if `0 = ` 2 LN0. Therefore,
` � ` � L � 1, and thus stability estimate (6.23) yields

` � 1X

`0= `+1

Hk
`0

(6.23)
�

` � 1X

`0= `+1

C`0� `
lvl Hk

` = ( Clvl � 1)� 1(C` � `
lvl � Clvl ) Hk

` � C3CL
lvl Hk

` � C4 Hk
` : (6.29)

Overall, the combination of (6.28) and (6.29) shows that

` � 1X

`0= `+1

Hk
`0 � C4 Hk

` for all 0 � ` < ` : (6.30)
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Step 5 (tail summability of Hk
` in ` and k). Using C2 � 1 and combining the previous

steps, we obtain

X

(`0;k0)2Q
j(`0;k0)j> j(`;k )j

Hk0

`0 =
k[` ]X

k0= k+1

Hk0

` +
X̀

`0= `+1

k[`0]X

k0=0

Hk0

`0

(6.21)
� C2

�
Hk

` + 2
X̀

`0= `+1

H0
`0

�

(6.22)
� C2

�
Hk

` + 2Clvl

` � 1X

`0= `

Hk
`0

�

(6.30)
� C2

�
Hk

` + 2Clvl (1 + C4)Hk
`

�

(6.17)
� C2

�
1 + 2Clvl (1 + C4)

�
Hk

` :

(6.31)

De�ne C5 := 1+ C1(1 � qalg)� 1 � 1, whereC1 denotes the hidden constant in estimate(6.19),
depending only onCstab ; qalg, and � . It follows that

C2 = max f K; 1 + C1(1 � qalg) � 1g = max f K; C 5g � C5K: (6.32)

Next, de�ne C6 := 3 C3C � 1
lvl � 1. Since C3 = maxf 1; (Clvl � 1)� 1g, the constant C6 is

independent ofK and L. Moreover, de�ne C7 := C2
lvl . Then, we have

1 � C4 = 3(1 + Ctail )C3C2L � 1
lvl � C6(1 + Ctail )CL

7 : (6.33)

Thus, the combination of (6.31)�(6.33) yields, for all (`; k ) 2 Q ,

X

(`0;k0)2Q
j(`0;k0)j> j(`;k )j

Hk0

`0

(6.31)
� C2

�
1 + 2Clvl (1 + C4)

�
Hk

` � 5C2C4Clvl Hk
`

(6.33)
� 5C2C6Clvl (1 + Ctail )CL

7 Hk
`

(6.32)
� 5C5C6Clvl K (1 + Ctail )CL

7 Hk
`

Finally, de�ne C := C7 and eC := 5 C5C6Clvl , which are both independent ofK and L.
The previous estimate veri�es the tail summability condition in Lemma 3.3 with Ctail =
eCK (1 + Ctail )CL . Applying the lemma yields R-linear convergence(6.15) with constants
Clin � Ctail +1 = eCK (1+ Ctail )CL +1 and qlin � (1+ C � 1

tail ) � 1 = (1+[ eCK (1+ Ctail )CL ]� 1) � 1.
This also establishes the bounds stated in (6.16) and thereby concludes the proof.

Corollary 6.7 (convergence of Algorithm C). Under the assumptions of Theorem 6.6, the
sequenceuk

` 2 X ` generated by Algorithm C converges to the solutionu? 2 H 1
0 (
) of (2.4).

Proof. The claim follows directly from the full R-linear convergence(6.15), in full analogy
to the proof of Corollary 4.5.

The next corollary shows that the case` < + 1 can only arise if the exact solution
u? 2 H 1

0 (
) of (2.4) is discrete. The proof is analogous to [GHPS21, Corollary 7].
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Corollary 6.8. Suppose that the assumptions of Theorem 6.6 hold. If` < + 1 , then
u? = u?

` 2 X ` and � ` (u?
` ) = 0 .

Proof. Since` 2 LN0, the uniform contraction property (UC) of the solver yields

jjj u?
` � uk

` jjj
(UC)
� qk

alg jjj u?
` � u0

` jjj k!1���! 0:

On the other hand, Corollary 6.7 ensures that the sequenceuk
` 2 X ` generated by Algorithm

converges tou?. By uniqueness of limits, we thus obtainu?
` = u?. Finally, full R-linear

convergence (6.15) guarantees

0 � � ` (u?
` ) � Hk

`

(6.15)
� Clin qk

lin H0
`

k!1���! 0;

which yields � ` (u?
` ) = 0 . This concludes the proof.

Corollary 6.9. Suppose that the assumptions of Theorem 6.6 hold. Assume there exists an
exact level`0 2 E such that � `0 (uk

`0
) = 0 . Then, for all (`; k ) 2 Q with j(`; k )j � j (`0; k)j, it

follows that Hk
` = 0 . In particular, for all (`; k ) 2 Q with j(`; k )j � j (`0; k)j, Algorithm C

guarantees thatuk
` = u?

` = u?, M ` = ; , and T` = T`0 .

Proof. From � `0 (uk
`0

) = 0 and the stopping criterion (6.2), it follows that uk
`0

= uk� 1
`0

.

Lemma 2.21 (iii) then gives uk
`0

= u?
`0

, and thus � `0 (u?
`0

) = 0 . Consequently, Hk
`0

=

� `0 (u?
`0

) = � `0 (uk
`0

) = 0 . Full R-linear convergence(6.15) then implies Hk
` = 0 for all

(`; k ) 2 Q with j(`; k )j � j (`0; k)j. The remaining assertions of the corollary follow as in the
proof of Corollary 5.7.

6.3 Proof of rate-optimality

In this section, we establish the rate-optimality of Algorithm C. Our �rst proposition is the
analogue of Proposition 5.8 from Chapter 5, and its proof is nearly identical. Only the case
` < + 1 requires a seperate consideration.

Proposition 6.10. Suppose that the assumptions of Theorem 6.6 and(R1) hold. Let s > 0.
Then, there exists a constantcopt > 0 such that

copt ku?kAs � sup
0� `<` +1

(# T` � # T0 + 1) s � ` (u?
` ) � sup

(`;k )2Q
(# T` � # T0 + 1) s Hk

` : (6.34)

The constant copt depends only on# T0; Cchild ; s, and possibly, in addition, on the minimal
index `0 2 LN0 satisfying either `0 = ` < + 1 or � `0 (uk

`0
) = 0 with `0 2 E. Speci�cally, if

such an index exists, thenc� 1
opt � (C`0

child � 1)s(# T0)s. Otherwise, c� 1
opt � Cs

child (# T0)s.

Proof. As � ` (u?
` ) � Hk

` for all (`; k ) 2 Q , the second estimate in(6.34) follows immediately.
For the �rst estimate in (6.34), we distinguish two cases.

Case 1: Suppose there exists a minimal index̀0 2 LN0 satisfying either `0 = ` < + 1
or � `0 (uk

`0
) = 0 with `0 2 E. By Corollary 6.8, respectively Corollary 6.9, this yields

� `0 (u?
`0

) = 0 .
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Let N 2 N0. If # T`0 � # T0 � N , then T`0 2 T(N ), which implies

min
Topt 2 T(N )

� opt (u?
opt ) = 0 :

If instead T`0 � # T0 > N , the child estimate (R1) guarantees

(N + 1) s min
Topt 2 T(N )

� opt (u?
opt ) � (# T`0 � # T0)s� 0(u?

0)

(R1)
� (C`0

child � 1)s(# T0)s� 0(u?
0)

� (C`0
child � 1)s(# T0)s sup

`2 N0

(# T` � # T0 + 1) s� ` (u?
` ):

Hence, for allN 2 N0,

(N + 1) s min
Topt 2 T(N )

� opt (u?
opt ) � (C`0

child � 1)s(# T0)s sup
`2 N0

(# T` � # T0 + 1) s� ` (u?
` ):

Taking the supremum over all N 2 N0 completes the proof in this case.
Case 2: Suppose` = + 1 and � ` (u

k
` ) > 0 for all ` 2 LN0. The argumentation from

Case 2 of the proof of Proposition 5.8 applies verbatim in the situation at hand and proves
the �rst estimate in (6.34) also for ` = + 1 . This concludes the proof.

The following lemma establishes the equivalence between the error estimator of the �nal
iterates � ` (u

k
` ) and the quasi-error Hk

` on the exact levels` 2 E. The validity of this
equivalence crucially depends on the stopping criterion (6.2).

Lemma 6.11. Suppose that the solver satis�es(UC) and that stability (A1) holds. Let
K; L 2 N; Cmark ; Ccard � 1; � > 0, u0

0 2 X 0, and 0 < � � 1 be arbitrary. Then, there exists a
constant Ceqv > 0 such that, for all ` 2 E, Algorithm C guarantees the equivalence

C � 1
eqv � ` (u

k
` ) � Hk

` � Ceqv � ` (u
k
` ): (6.35)

The constant Ceqv depends only onCstab ; �; and qalg.

Proof. The lower bound in (6.35) follows immediately from stability (A1) . For the upper
bound, Lemma 2.21 (iii) together with ` 2 E and the stopping criterion (6.2) gives

jjj u?
` � uk

` jjj
(iii)
. jjj uk

` � uk� 1
` jjj

(6.2)
. � ` (u

k
` ): (6.36)

Another application of stability (A1) yields

Hk
` = jjj u?

` � uk
` jjj + � ` (u?

` )
(A1)
. jjj u?

` � uk
` jjj + � ` (u

k
` )

(6.36)
. � ` (u

k
` );

which proves the upper bound in(6.35). All hidden constants depend only onCstab ; �; and
qalg. This concludes the proof.

For a su�ciently small stopping parameter � > 0, the estimator equivalence� ` (u
k
` ) ' � ` (u?

` )
holds on the exact levelsE. This is precisely stated in the following lemma, where we stress
that � is indeed independent ofK and L.
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Lemma 6.12 ([GHPS18, Lemma 4.9]). Suppose the solver satis�es(UC) . Suppose(A1) .
Let K; L 2 N; Cmark ; Ccard � 1, u0

0 2 X 0, and 0 < � � 1 be arbitrary. De�ne

� opt :=
1 � qalg

Cstabqalg
: (6.37)

Let 0 < � < � opt . Then, for all ` 2 E, the �nal iterates uk
` 2 X ` generated by Algorithm C

satisfy the estimator equivalence

(1 � �� � 1
opt )� ` (u

k
` ) � � ` (u?

` ) � (1 + �� � 1
opt )� ` (u

k
` ): (6.38)

In particular, Lemma 6.11 with constant Ceqv > 0 leads to

(1 � �� � 1
opt )C

� 1
eqv Hk

` � � ` (u?
` ) � (1 + �� � 1

opt )Ceqv Hk
` : (6.39)

Proof. Let ` 2 E. Then, Lemma 2.21(iii) together with the stopping criterion (6.2) implies

jjj u?
` � uk

` jjj
(iii)
�

qalg

1 � qalg
jjj uk

` � uk� 1
` jjj

(6.2)
� �

qalg

1 � qalg
� ` (u

k
` ): (6.40)

Stability (A1) and (6.40) yield

� ` (u
k
` )

(A1)
� � ` (u?

` ) + Cstab jjj u?
` � uk

` jjj
(6.40)

� � ` (u?
` ) + Cstab �

qalg

1 � qalg
� ` (u

k
` ) = � ` (u?

` ) + �� � 1
opt � ` (u

k
` ):

Rearranging the terms, this establishes the lower bound in(6.38). Note that � < � opt

ensures1 � �� � 1
opt > 0. Similarly, stability (A1) and (6.40) thus give

� ` (u?
` )

(A1)
� � ` (u

k
` ) + Cstab jjj u?

` � uk
` jjj

(6.40)
�

�
1 + Cstab �

qalg

1 � qalg

�
� ` (u

k
` ) = (1 + �� � 1

opt )� ` (u
k
` );

which proves the upper bound in(6.38). The equivalences(6.39) are an immediate conse-
quence of (6.35) and (6.38). This concludes the proof.

Even though the full R-linear convergence established in Theorem 6.6 is parameter
robust, it relies on the (mild) assumption that the smoother is uniformly stable (US) with
constant Calg � 1. In practice, most smoothers are (non-uniformly) contractive and therefore
satisfy uniform stability with Calg � 1. Nevertheless, the following proposition employs a
perturbation argument to show that this assumption can be removed when the stopping
parameter � > 0 is su�ciently small.

Proposition 6.13 (full R-linear convergence of Algorithm C for generalCalg). Suppose
that the solver satis�es (UC) and that the smoother satis�es(US). Suppose that(A1) � (A4)
and (QM) hold. Let K; L 2 N; Cmark ; Ccard � 1, u0

0 2 X 0, and 0 < � � 1 be arbitrary. Let
� opt be de�ned as in (6.37) and let 0 < � < � 1=2� opt . Then, Algorithm C guarantees that
the full quasi-error sequenceHk

` is R-linearly convergent, i.e., there exist constantsClin > 0
and 0 < q lin < 1 such that

Hk
` � Clin qj(`;k )j�j (`0;k0)j

lin Hk0

`0 for all (`0; k0); (`; k ) 2 Q with j(`0; k0)j � j (`; k )j: (6.41)

The constantsClin ; qlin depend only onK; L; �; � , and the constants in(A1) � (A4) and (QM) .
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6 Algorithm C: Cost-optimal S-AFEM with cardinality control

Proof. Let ` 2 E. Dör�er marking for M ` = fM ` from Algorithm C(II), stability (A1) , and
estimate (6.40) from the proof of Lemma 6.12 imply

p
�� ` (u

k
` ) � � ` (M ` ; uk

` )
(A1)
� � ` (M ` ; u?

` ) + Cstab jjj u?
` � uk

` jjj
(6.40)

� � ` (M ` ; u?
` ) + �� � 1

opt � ` (u
k
` ):

Rearranging the terms, this yields

(
p

� � �� � 1
opt ) � ` (u

k
` ) � � ` (M ` ; u?

` ): (6.42)

De�ne

0 < e� :=

p
� � �� � 1

opt

1 + �� � 1
opt

< 1:

From the estimator equivalence (6.38) and (6.42), it follows that

e� � ` (u?
` )

(6.38)
� (

p
� � �� � 1

opt ) � ` (u
k
` )

(6.42)
� � ` (M ` ; u?

` ): (6.43)

SinceM ` � T ` n T̀ + L , we have

e� � ` (u?
` )

(6.43)
� � ` (M ` ; u?

` ) � � ` (T` n T̀ + L ; u?
` ):

Hence, for all j 2 N0 with jL < ` , the sequencevj := u?
jL 2 X jL , together with the

corresponding meshesTjL , satis�es the assumptions(3.22)� (3.23) of Theorem 3.14. Applying
this theorem, there exists a scaling factor
 � > 0 such that the quasi-error sequence� jL (u?

jL )

from (3.13) for 0 � jL < ` is R-linearly convergent. By the equivalence� jL (u?
jL ) ' Hk

jL
from (6.39), we have

� jL (u?
jL )

(3.13)
= 
 � � jL (u?

jL )
(6.39)

' Hk
jL

and therefore,Hk
jL is R-linearly convergent in j . Applying Lemma 3.3 yields tail summability

of Hk
jL in j , i.e., there exists a constantCtail > 0 such that, under the change of indices

` = jL 2 E,
X

`02E
`0>`

Hk
`0 � Ctail Hk

` for all ` 2 E: (6.44)

The uniform contraction (UC) of the iterative solver, together with the uniform stabil-
ity (US) of the smoother, ensures that

Hk0

` � maxf 1; CK
alggHk

` for all 0 � k � k0 < k [`] + 1 and ` 2 N0 with (`; 0) 2 Q : (6.45)

Having established tail summability (6.44) of Hk
` on the exact levels and monotonicity(6.45)

of Hk
` in k, the argumentation from Steps 2�5 of the proof of Theorem 6.6 applies verbatim

to the situation at hand and yields full R-linear convergence(6.41). This concludes the
proof.
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6 Algorithm C: Cost-optimal S-AFEM with cardinality control

The following theorem is the main result of this section and establishes the rate-optimality
of Algorithm C for su�ciently small parameters � and � . The �rst step of the proof relies
on the equivalences established in Lemma 6.12, which allow us to apply the perturbation
argument from the proof of [GHPS21, Theorem 8]. The remaining steps then proceed
analogously to the proof of Theorem 5.9 from Chapter 5.

Theorem 6.14 (rate-optimality of Algorithm C) . Suppose that the solver satis�es(UC) and
that the smoother satis�es (US). Suppose that(R1)� (R3), (A1) � (A4) , (A3+ ), and (QM)
hold. Let K; L 2 N; Cmark ; Ccard � 1; and u0

0 2 X 0 be arbitrary. Let � opt be de�ned as
in (6.37). Let 0 < � � 1 and 0 < � < � 1=2� opt with

0 < � 0 :=
(� 1=2 + �=� opt )2

(1 � �=� opt )2 < � opt = (1 + C2
stabC2

drel )
� 1: (6.46)

Let s > 0. Then, there exist constantscopt ; Copt > 0 such that

copt ku?kAs � sup
(`;k )2Q

(# T` � # T0 + 1) s Hk
` � Copt maxfk u?kAs ; H0

0g: (6.47)

The constant copt is the one from Proposition 6.10 and depends only on# T0; Cchild ; s, and
possibly in addition on the minimal index`0 2 LN0 satisfying either `0 = ` < + 1 or
� `0 (uk

`0
) = 0 with `0 2 E. The constant Copt depends only ons; K; L; C card ; Cmark ; �; �; q alg,

and the constants in(A1) � (A4) , (A3+ ), (QM) , and (R3). Speci�cally, it satis�es

Copt �
2sCs

mesh

�
1 + Ccard(L � 1)

� sCeqvCs
mark C0s

drel CcmpClin

Clvl
�
1 � �� � 1

opt

��
1 � q1=s

lin

� s : (6.48)

Proof. Since Proposition 6.10 establishes the lower bound in(6.47), it only remains to prove
the upper bound. Without loss of generality, assume thatku?kAs < + 1 . The argument is
split into �ve steps.

Step 1. Let `0 2 E, and let R `0 � T `0 be the subset from Lemma 2.17 with� 0 from (6.46).
Stability (A1), Lemma 2.21 (iii), and the stopping criterion (6.2) yield

� `0(R `0; u?
`0)

(A1)
� � `0(R `0; uk

`0) + Cstab jjj u?
`0 � uk

`0jjj

� � `0(R `0; uk
`0) + Cstab

qalg

1 � qalg
jjj uk

`0 � uk� 1
`0 jjj

(6.2)
� � `0(R `0; uk

`0) + ( �=� opt )� `0(uk
`0):

(6.49)

The estimator equivalence from Lemma 6.12 and the Dör�er marking property(2.33) of R `0

from Lemma 2.17 thus ensure

(1 � �=� opt )
p

� 0� `0(uk
`0)

(6.38)
�

p
� 0� `0(u?

`0)
(2.33)

� � `0(R `0; ; u?
`0)

(6.49)
� � `0(R `0; uk

`0) + ( �=� opt )� `0(uk
`0):

(6.50)
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With the de�nition of � 0 from (6.46) it follows that

p
�� `0(uk

`0) =
�
(1 � �=� opt )

p
� 0� �=� opt

�
� `0(uk

`0)
(6.50)

� � `0(R `0; uk
`0):

Therefore, the setR `0 satis�es the Dör�er marking criterion with parameter � . Moreover,
as guaranteed by Algorithm C(II)�(III), the set M `0 = fM `0 is, up to the factor Cmark , of
minimal cardinality among all subset of T` satisfying the Dör�er marking criterion. Together
with (2.32) and the equivalence (6.39), we thus obtain

# M `0 � Cmark # R `0

(2.32)
� Cmark C0

drel C1=s
cmp ku?k1=s

As
� `0(u?

`0) � 1=s

(6.39)
� (1 � �� � 1

opt )
� 1=sC1=s

eqvCmark C0
drel C1=s

cmp ku?k1=s
As

�
Hk

`0

� � 1=s:

Moreover, the stability estimate (3.18) from Lemma 3.11 ensures that

�
Hk

`0

� � 1=s (3.18)
� C � 1=s

lvl

�
H0

`0+1

� � 1=s:

With C1 := C � 1=s
lvl (1 � �� � 1

opt )
� 1=sC1=s

eqvCmark C0
drel C1=s

cmp , the preceding two estimates yield

# M `0 � C1 ku?k1=s
As

�
H0

`0+1

� � 1=s for all `0 2 E. (6.51)

Step 2. Cardinality control in Algorithm C(III) ensures that

# M `0 � Ccard # M `0� mod( `0;L ) for all `0 2 I : (6.52)

Step 3. Let (`; k ) 2 Q with T` 6= T0. The child estimate (R1) yields # T` > # T0. Hence,
applying the mesh-closure estimate (R3) gives

# T` � # T0 + 1 � 2 (# T` � # T0)
(R3)
� 2Cmesh

`� 1X

`0=0

# M `0

= 2Cmesh

� X

`02 L N0
`0<`

# M `0 +
X

`0=2 L N0
`0<`

# M `0

�
:

Note that between two consecutive exact levels there are exactlyL � 1 intermediate levels.
Hence, applying (6.52), the second sum is bounded by

X

`0=2 L N0
`0<`

# M `0

(6.52)
� Ccard

X

`0=2 L N0
`0<`

# M `0� mod( `0;L ) � Ccard(L � 1)
X

`02 L N0
`0<`

# M `0:
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The combination of the previous two estimates together with (6.51) yields

# T` � # T0 + 1 � 2Cmesh
�
1 + Ccard(L � 1)

� X

`02 L N0
`0<`

# M `0

(6.51)
� 2Cmesh

�
1 + Ccard(L � 1)

�
C1ku?k1=s

As

X

`02 L N0
`0� `

�
H0

`0

� � 1=s

� 2Cmesh
�
1 + Ccard(L � 1)

�
C1ku?k1=s

As

X

(`0;k0)2Q
j(`0;k0)j�j (`;k )j

�
Hk0

`0

� � 1=s:

By full R-linear convergence (6.41), the geometric series implies

X

(`0;k0)2Q
j(`0;k0)j�j (`;k )j

�
Hk0

`0

� � 1=s (6.41)
� C1=s

lin

�
Hk

`

� � 1=s X

(`0;k0)2Q
j(`0;k0)j�j (`;k )j

�
q1=s

lin

� j(`;k )j�j (`0;k0)j

� C1=s
lin

�
1 � q1=s

lin

� � 1�
Hk

`

� � 1=s:

Combining the previous two estimates, we obtain that

# T` � # T0 + 1 � 2Cmesh
�
1 + Ccard(L � 1)

�
C1C1=s

lin

�
1 � q1=s

lin

� � 1ku?k1=s
As

�
Hk

`

� � 1=s:

De�ne Copt := 2 sCs
mesh

�
1 + Ccard(L � 1)

� sCs
1Clin

�
1 � q1=s

lin

� � s. Exponentiating by s and
rearranging terms proves that

(# T` � # T0 + 1) s Hk
` � Copt ku?kAs for all (`; k ) 2 Q with T` 6= T0. (6.53)

Step 4. Suppose(`; k ) 2 Q with T` = T0 and ` > 0. In this case, no re�nement has taken
place and hence,fM 0 = M 0 = ; . The quasi-minimality condition in Algorithm C(II) then
yields � 0(uk

0) = 0 . By Corollary 6.9, it follows that Hk
` = 0 . Consequently, estimate(6.53)

generalizes to

(# T` � # T0 + 1) s Hk
` � Copt ku?kAs for all (`; k ) 2 Q with ` > 0. (6.54)

Finally, the uniform contraction property (UC) guarantees thatHk
0 � H0

0 for all 0 � k � k[0].
Therefore, the estimate (6.54) carries over to

(# T` � # T0 + 1) s Hk
` � Copt maxfk u?kAs ; H0

0g for all (`; k ) 2 Q ,

which establishes the upper bound(6.47). Substituting the de�nition of C1 into that of Copt

yields the bound (6.48). This completes the proof.

Lemma 2.3 immediately implies the following corollary.
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Corollary 6.15. Suppose that the assumptions of Theorem 6.14 hold. Then, there exist
constantscopt ; Copt > 0 such that

copt ku?kAs � sup
(`;k )2Q

(# T` )s Hk
` � (# T0)sCopt maxfk u?kAs ; H0

0g:

The constantscopt and Copt are those from Theorem 6.14.

With the same argumentation as in the proof of Proposition 5.11, we obtain the following
result.

Proposition 6.16. Suppose the assumptions of Theorem 6.14. Suppose that there exists
s > 0 such that

0 < inf
`2 N0

(# T` )s� ` (u?
` ) � sup

`2 N0

(# T` )s� ` (u?
` ) < 1 :

Then, there exists a constanteCeqv � 1 such that

� ` (u?
` ) � Hk

` � eCeqv � ` (u?
` ) for all (`; k ) 2 Q .

Proposition 6.16 shows that, if the error estimator� ` (u?
` ) decays exactly at rates > 0,

i.e., � ` (u?
` ) ' (# T` ) � s (cf. Remark 5.12), then the quasi-errorHk

` is equivalent to the
discretization error � ` (u?

` ), i.e., Hk
` ' � ` (u?

` ) for all (`; k ) 2 Q . This extends Lemma 6.12,
which established this equivalence only for the �nal iterates on the exact levelsE.

The signi�cance of this extension is the following. Since the algebraic error cannot,
in general, be bounded in terms of the discretization error on the intermediate levels,
Lemma 6.12 applies only on the exact levelsE. Consequently, the perturbation argument
used in the proof of Theorem 6.14 was restricted to these levels. To overcome this restriction,
cardinality control was introduced to ensure bounds on the number of marked elements# M `

across all meshes. Proposition 6.16, however, shows that under the additional assumption
� ` (u?

` ) ' (# T` ) � s, the algebraic error is already implicitly bounded by the discretization
error � ` (u?

` ) on every level.
In summary, while cardinality control was originally motivated by the inability to bound

the algebraic error on the intermediate levels, Proposition 6.16 reveals that such a bound is,
under the compactness assumption, implicitly guaranteed. In this sense, cardinality control
can be viewed as ensuring control of the algebraic error � a somewhat surprising observation.

6.4 Proof of quasi-optimal complexity

In this section, we analyse the computational costs of an implementation of Algorithm C.
Under standard assumptions for �nite element implementations, we show that Algorithm C
achievesoptimal convergence rates with respect to the overall computational cost. In the
literature (see, e.g., [BFM+ 25]) this property is often called optimal complexity; here we use
the term quasi-optimal complexity. This result is the main theorem of this chapter.

We begin by examining the computational cost of each step (I)�(IV) of the adaptive loop
in Algorithm C:
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6 Algorithm C: Cost-optimal S-AFEM with cardinality control

ˆ SOLVE: A single step of a solver satisfying the uniform contraction property(UC) can
be realized with linear complexity O(# T` ). An example is the geometric multigrid
method from [IMPS24].

ˆ SMOOTH: Standard smoothers require only linear costO(# T` ), such as Richardson
iteration, the conjugate gradient method (CG), or trivially the identity.

ˆ ESTIMATE: The computation of all residual-based re�nement indicators can be realized
with linear complexity O(# T` ).

ˆ MARK: Dör�er marking with quasi-minimal cardinality can be implemented in O(# T` ).
We refer to [Ste07] forCmark = 2 and to [PP20] for Cmark = 1 .

ˆ CARDINALITY CONTROL: The cardinality control step (III) can be carried out in linear
complexity O(# T` ); see Remark 5.2.

ˆ REFINE: Mesh re�nement by newest-vertex bisection (NVB) can be implemented in
linear complexity O(# T` ); see, e.g., [Ste08; DGS25].

Since each adaptive step depends on the entire re�nement history, the overall computational
cost up to step (`; k ) 2 Q is thus proportional to

X

(`0;k0)2Q
j(`0;k0)j�j (`;k )j

# T`0:

We therefore say that Algorithm C achieves the convergence rates > 0 with respect to the
overall computational cost if

sup
(`;k )2Q

 
X

(`0;k0)2Q
j(`0;k0)j�j (`;k )j

# T`0

! s

Hk
` < + 1 :

The following theorem goes back to [Fei15, Theorem 2.5.1], where it was shown that if
each step of the adaptive loop can be realized at linear cost, then the convergence rates with
respect to degrees of freedom and with respect to computational cost coincide.

Theorem 6.17 (quasi-optimal complexity of Algorithm C) . Suppose that the assumptions
of Theorem 6.14 hold and lets > 0. Then, there exist constantsccost; Ccost > 0 such that

ccostku?kAs � sup
(`;k )2Q

 
X

(`0;k0)2Q
j(`0;k0)j�j (`;k )j

# T`0

! s

Hk
` � Ccost maxfk u?kAs ; H0

0g: (6.55)

The constant ccost coincides with the constantcopt from Theorem 6.14, whileCcost satis�es

Ccost � (# T0)C1=s
opt C1=s

lin

�
1 � q1=s

lin

� � 1; (6.56)

where Copt > 0 is the constant from Theorem 6.14, andClin > 0; 0 < q lin < 1 are the
constants from Proposition 6.13.
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Proof. The lower bound in (6.55) follows directly from Corollary 6.15 and

# T` �
X

(`0;k0)2Q
j(`0;k0)j�j (`;k )j

# T`0 for all (`; k ) 2 Q ;

For the upper bound, assume without loss of generality thatku?kAs < + 1 . Corollary 6.15
yields

sup
(`;k )2Q

(# T` )s Hk
` � (# T0)sCopt maxfk u?kAs ; H0

0g < + 1 ;

and, hence,

# T` � (# T0)C1=s
opt maxfk u?kAs ; H0

0g1=s(Hk
` ) � 1=s for all (`; k ) 2 Q . (6.57)

Set C1 := (# T0)C1=s
opt . By full R-linear convergence (6.41) from Proposition 6.13, the

geometric series implies

X

(`0;k0)2Q
j(`0;k0)j�j (`;k )j

# T`0

(6.57)
� C1 maxfk u?kAs ; H0

0g1=s
X

(`0;k0)2Q
j(`0;k0)j�j (`;k )j

�
Hk0

`0

� � 1=s

(6.41)
� C1 maxfk u?kAs ; H0

0g1=sC1=s
lin

�
Hk

`

� � 1=s X

(`0;k0)2Q
j(`0;k0)j�j (`;k )j

�
q1=s

lin

� j(`;k )j�j (`0;k0)j

� C1 maxfk u?kAs ; H0
0g1=sC1=s

lin

�
1 � q1=s

lin

� � 1�
Hk

`

� � 1=s:

This proves the upper bound in(6.55) with Ccost := C1C1=s
lin

�
1 � q1=s

lin

� � 1. Substituting the
de�nition of C1 into that of Ccost yields the bound (6.56), and the proof is complete.

The importance of Theorem 6.17 is the following. Lemma 2.11 shows thatku?kAs < + 1
implies that rate s is achievable with respect to the number of degrees of freedom (for exact
discrete solutions on optimally chosen meshes). The �rst inequality in(6.55) con�rms that
if decay of the quasi-error at rates is possible with respect to cost, then it is also possible
for exact discrete solutions with respect to the number of degrees of freedom. The second
inequality in (6.55) shows the converse: If rates is possible with respect to the number of
degrees of freedom, then Algorithm C achieves the same rate with respect to cost.

In summary, the quasi-error decays at rates > 0 with respect to cost if and only if the
exact discrete solutions on optimally chosen meshes decay at this rate with respect to the
number of degrees of freedom. Sinces > 0 is arbitrary, Algorithm C achieves optimal
convergence rates with respect to the overall computational cost, i.e., it has quasi-optimal
complexity.
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7 Numerical experiments

In this chapter, we present numerical experiments that con�rm the theoretical results
established in the previous chapters and analyse the performance of S-AFEM for various
smoothers and parameters. All computations were carried out within the object-oriented
Matlab software package MooAFEM from [IP23]. We employ its built-in data structure and
routines for triangular meshes, re�nement, quadrature, �nite element assembly, and iterative
solvers. Within the object oriented framework, the Richardson and Gauss�Seidel smoothers
were implemented as additional subclasses of the iterative solver class. Furthermore, the
multigrid solver class was extended by an additional method to control whether the �nest-level
block-Jacobi preconditioner is assembled.

In all experiments, we use the marking algorithm based on the binning technique
from [Ste07], which has linear complexity and returns a set of quasi-minimal cardinal-
ity with Cmark = 2 . For all timing measurements, each experiment was repeated �ve times,
and the run with the median total runtime is presented in the results. The computation
of the error, when the exact solutionu? is known analytically, was excluded from the time
measurement.

7.1 Comparison of setup and solve step for iterative methods

This section provides an empirical investigation of the setup time and solve-step time of
iterative methods introduced in Section 2.5, which will later be employed as solvers or
smoothers within the S-AFEM Algorithms A�C.

To this end, we consider the Poisson problem on the unit square
 = (0 ; 1)2, given by

� � u? = 1 in 
 ;

u? = 0 on @
 :
(7.1)

The problem (7.1) is discretized by the conforming Lagrange �nite element space(2.13) of
polynomial degreep = 2 . On a sequence of uniformly re�ned meshesT0; : : : ; T10, we assemble,
the Galerkin matrix A ` and the corresponding load vectory ` as de�ned in Lemma 2.19 for
each level` = 0 ; : : : ; 10.

To measure their runtime performance, we apply the iterative methods indicated in
Figure 7.1c to the discrete systems

A ` x ` = y ` for all ` = 0 ; : : : ; 10. (7.2)

The methods labeled PCG (iChol) and PCG (Jacobi) refer to the PCG method(2.45)
with the incomplete Cholesky preconditioner from Example 2.30 and the block-Jacobi
preconditioner from Example 2.29 respectively. The multigrid method is thehp-robust
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Figure 7.1: Setup time and solve-step time for the discrete linear systems(7.2) arising from
the Poisson problem(7.1) for various iterative methods. The results are obtained
on uniformly re�ned meshes with polynomial degreep = 2 .

geometric multigrid algorithm from [IMPS24], while Richardson, Gauss�Seidel, and CG
correspond to the iteration schemes(2.40), (2.42), and (2.43), respectively. The Richardson
iteration (2.40) employs the step size

! ` := 0 :95� 2=kA `k1; (7.3)

where k�k1 denotes the maximum absolute column sum norm. By the Gerschgorin circle
theorem [Ger31, Satz II], bothkA `k1 and the maximum absolute row sum normkA `k1

provide upper bounds for the spectral radius� (A ` ). Hence, the choice(7.3) guarantees
that the admissibility condition (2.41) is satis�ed. We opt for the column norm in (7.3),
since sparse matrices inMatlab are stored column-wise [GMS92], making its evaluation
particularly e�cient.

The setup time, shown in Figure 7.1a, measures the wall-clock time required before
the �rst iteration to prepare auxiliary data structures and, if applicable, to construct the
preconditioner. For the Richardson method, this includes computing the step size; for Gauss�
Seidel, extracting the lower and upper triangular parts; for CG, initializing the residual
and search direction; and for PCG, additionally assembling the preconditioner. The block-
Jacobi preconditioner is assembled using MooAFEM routines and the incomplete Cholesky
preconditioner via the Matlab built-in function iChol . In the case of multigrid, the setup
phase involves assembling the smoothers and transfer operators on the intermediate and

86



7 Numerical experiments

�nest levels. The assembly of the Galerkin matrix and the load vector is excluded from these
measurements, since it is identical for all iterative methods. The unpreconditioned methods
(Richardson, Gauss-Seidel, CG) exhibit negligible setup times, whereas the preconditioned
ones (PCG (iChol), PCG (Jacobi), multigrid) require a noticeable setup phase. Among
these, PCG (iChol) shows the smallest setup time, while PCG (Jacobi) and the multigrid
method are considerably more expensive. The close agreement of the multigrid and PCG
(Jacobi) curves re�ects the use of block Jacobi smoothing on the �nest level of the multigrid
algorithm, which also requires constructing the block-Jacobi preconditioner. The additional
setup time of diagonal Jacobi smoothers for intermediate-level smoothing appears negligible.

Figure 7.1b presents the solve-step time, i.e., the wall-clock time required for one iteration
in the iterative phase. Here, the unpreconditioned methods are the fastest, with PCG (iChol)
performing nearly as e�ciently despite the additional e�ort of applying the preconditioner.
In contrast, PCG (Jacobi) and multigrid exhibit the longest run times, again with almost
identical performance, con�rming that the multigrid operations on the intermediate levels
contribute only marginally to the total time. Overall, the di�erences in solve-step time
among the methods are moderate compared to their setup times, and for all methods the
setup time dominates the solve-step time. Notably, PCG (iChol) stands out as a competitive
preconditioned method combining low setup and iteration times. Moreover, both the setup
time and the solve-step time grow linearly with the number of degrees of freedom.

7.2 Pure di�usion with peak right-hand side

As a �rst benchmark problem, we consider a pure di�usion problem with peak right-hand
side, as studied in [MGH21]. The problem on the unit square
 = (0 ; 1)2 is given by

� � u? = f in 
 ;

u? = 0 on @
 ;
(7.4)

where the right-hand side f 2 C1 (
) is chosen such that the exact smooth solution
u? 2 C1 (
) of (7.4) reads

u?(x1; x2) = x1(x1 � 1)x2(x2 � 1)e� 100
�

(x1 � 0:5)2+( x2 � 0:117)2
�

for (x1; x2) 2 
 .

The exact solution u? has a strong peak near(0:5; 0:117), as illustrated in Figure 7.2a.

7.2.1 Single S-AFEM step experiment

To study the e�ciency underlying a single S-AFEM step from Section 4.1, we perform one
step of Algorithm A with step length L = 10 and K 2 f 3; 10g smoothing iterations per
intermediate level. Starting from the initial mesh T0 shown in Figure 7.2b, this generates a
sequence of meshesT0; : : : ; T10. On the �rst T0 and last meshT10, the discrete linear systems
are solved exactly usingMatlab 's built-in direct solver mldivide . On the intermediate
levelsT1; : : : ; T9, we employ the uniformly stable(US) smoothers introduced in Section 2.5.1,
with the Richardson step size chosen as in(7.3). For reference, we compare the results with
eleven steps of classic AFEM, which corresponds to Algorithm A withL = 1 .
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Figure 7.2: Exact solution u? and initial mesh of the peak problem (7.4).

Figure 7.3 shows the �nal meshesT10 obtained with K = 3 smoothing iterations. For all
considered smoothers, the re�nement is concentrated around the peak ofu?. Among the
tested smoothers, the mesh obtained with the identity smoother (Figure 7.3a) deviates most
from the classic AFEM mesh (Figure 7.3g), whereas the one obtained with PCG (iChol)
in Figure 7.3e exhibits the closest agreement. The irregular re�nement obtained with the
identity iteration indicates that omitting smoothing on the intermediate levels may prevent
the formation of e�ective re�nement patterns. All smoothers result in �nal meshes with
more elements than the classic AFEM mesh, with PCG (iChol) producing the smallest
number of elements among them. As already observed in [MGH21], even a few smoothing
iterations that damp high-frequency components of the algebraic error lead to re�nement
patterns comparable to those of classic AFEM.

The degree of similarity to the classic AFEM mesh correlates with the behaviour of the
global error estimator shown in Figure 7.4a. Although the global errors on the intermediate
levels (Figure 7.4b) are larger due to algebraic error, the �nal-level errors decrease signi�cantly
for all smoothers. This con�rms that the generated meshes capture the peak region well.
Among the unpreconditioned methods (identity, Richardson, Gauss�Seidel, CG), Gauss�
Seidel performs best. Moreover, PCG (iChol) achieves re�nement patterns closely aligned
with classic AFEM, showing that a more advanced, albeit more expensive, smoother can
prove bene�cial.

We repeat the experiment with an increased number ofK = 10 smoothing iterations.
The resulting meshes, presented in Figure 7.6, show that additional smoothing improves
the re�nement quality. All meshes, except those obtained with the identity and Richardson
iterations, now closely resemble the classic AFEM mesh (Figure 7.5g).

This observation agrees with the behaviour of the global error estimators and errors shown
in Figure 7.6. In Figure 7.6a, the global error estimators of all smoothers, except the identity
and Richardson iterations, are almost identical. The corresponding �nal-level errors in
Figure 7.6b also coincide with the classic AFEM reference. Although the mesh obtained
with the Richardson iteration (Figure 7.5b) still contains more elements, it captures the
peak region e�ectively, as its �nal-level error in Figure 7.6b aligns with the slope of the
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Figure 7.3: Final meshesT10 on level ` = 10 for the peak problem(7.4) generated by one
step of Algorithm A with S-AFEM step length L = 10 and K = 3 smoothing
iterations per intermediate level for various smoothers. The polynomial degree
is p = 2 and the bulk parameter is set to� = 0 :5.
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Figure 7.4: Values of error estimator� ` (u
k
` ) and error jjj u? � uk

` jjj for the peak problem(7.4) by
one step of Algorithm A with S-AFEM step length L = 10 and K = 3 smoothing
iterations per intermediate level for various smoothers. The polynomial degree
is p = 2 and the bulk parameter is set to� = 0 :5.

classic AFEM reference. Overall, these results con�rm that all methods except the identity
iteration yield e�ective re�nement patterns comparable to those of classic AFEM.

7.2.2 Veri�cation of rate-optimality of Algorithm B

In this section, we verify the rate-optimality of Algorithm B as stated in Theorem 5.9, i.e.,
we con�rm that the error estimator decreases with the optimal rate � p=2 with respect to
the number of elements for a �xed polynomial degreep.

In all experiments, we use the following approach for the cardinality control step in
Algorithm B (IV). We set

Ccard := 100 � 2L � 1; (7.5)

whereL denotes the S-AFEM step length. If, on all intermediate levels, the number of marked
elements doubles compared to the previous level (which may be either an intermediate or
an exact level), then the optimal value from(5.3) satis�es Copt

card = 2 L � 1. Hence, the above
choice guarantees that the number of marked elements can at least double without activating
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