GLOBAL WEAK SOLUTIONS TO A FRACTIONAL
CAHN-HILLTARD CROSS-DIFFUSION SYSTEM
IN LYMPHANGIOGENESIS

ANSGAR JUNGEL AND YUE LI

ABSTRACT. A spectral-fractional Cahn—Hilliard cross-diffusion system, which describes
the pre-patterning of lymphatic vessel morphology in collagen gels, is studied. The model
consists of two higher-order quasilinear parabolic equations and describes the evolution of
the fiber phase volume fraction and the solute concentration. The free energy consists of
the nonconvex Flory—Huggins energy and a fractional gradient energy, modeling nonlocal
long-range correlations. The existence of global weak solutions to this system in a bounded
domain with Neumann boundary conditions is shown. The proof is based on a three-level
approximation scheme, spectral-fractional calculus, and a priori estimates coming from
the energy inequality.

1. INTRODUCTION

The pre-patterning of lymphatic vessel morphology in collagen gels was modeled by
Roose and Fowler [36] using evolution equations for the fiber phase volume fraction ¢(x,t)
and the concentration c(x,t) of the solute. The model consists of a cross-diffusion system
of Cahn-Hilliard type solved in a bounded domain €2 with Neumann boundary conditions.
It was shown in [32] that a modified form of this model is thermodynamically consistent
in the sense that the evolution is a gradient flow associated to the free energy

Bucon) = [ (51V0P + £(6.0) )z

which is the sum of the correlation energy density %|ng5|2 and the interaction-nutrient
energy density f(¢,c). The equations model the separation of the phases ¢ = 0 and
¢ = 1 described by local short-range interactions. As mentioned in [6, 18], the gradient
term in the local energy is an approximation that neglects long-range interactions between
particles. To properly account for such interactions, a nonlocal free energy was introduced
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in [25]. A typical form of this nonlocal energy is given by

Buoe(6) = [ ( = )—¢(y>>2dy+f(¢,c)>dx7

where J denotes an integral kernel. We refer to [9, 39] for physical justifications of this
approach. Notably, this formulation implicitly assumes that interactions between particles
within the bulk domain €2 and those on the boundary 92 can be ignored. Consequently, the
(stationary) boundary condition for ¢ depends on the properties of the interaction kernel J.
ThlS framework is also valid for a strongly singular kernel J ¢ L _(R?), as demonstrated

n [1, 23, 27, 28], and it remains valid for the case where the interaction kernel J is
replaced by a fractional Laplacian operator. Such an operator is particularly advantageous
because it can simultaneously describe both short-range interactions between neighboring
particles and long-range interactions resulting from particles making “arbitrary” large steps
with small finite probability [20]. From a physical modeling perspective, the fractional
Laplacian operator (—A), offers a more realistic and comprehensive description of particle
interactions.

While there is a natural definition of the fractional Laplacian in the whole space, its
definition in bounded domains may differ. In this paper, we use the spectral-fractional
Laplacian definition. An existence analysis of the gradient-flow equations associated to
the energy FEj,. was given in [31]. Our aim is to extend this analysis for the gradient-flow
equations associated to a free energy in which the gradient term in E),. is replaced by a
fractional gradient term.

1.1. Model equations. More precisely, the diffusion system for lymphangiogenesis reads
as

(11) at¢ = div (M(¢)(VM - Cvgcf(¢7 C)))7
(1.2) Oe = —div (cM(¢) (Vi — cVO.f(¢,¢))) + div (ce *V.f(9,c)),
(13) f= (— A+ 0uf(60) S, >0,

where Q C R? (d > 1) is a bounded domain, 8. = 8/0c, 05 = 0/d¢ are partial derivatives,
and (—A)$ is the spectral-fractional Laplacian on its domain D((—A)) C L?(Q) with
parameter 0 < s < 1, defined by the spectral decomposition

)ad = D _A(d er)2@er, ¢ € D((—A)3),
k=1

where (eg, \g) are the eigenpairs of the Laplacian —A with homogeneous Neumann bound-
ary conditions; see Section 2 for details. One may use the Riesz fractional Laplacian as
well, but the spectral-fractional Laplacian requires no information about ¢ in the exterior
R\ Q [34].
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The mobility M(¢) is assumed to be nondegenerate, i.e., it is strictly positive, and the
Flory—Huggins energy density is given by
2

(1.4) f(¢,¢) = ¢log g+ (1 — ¢)log(l — ¢) + o(1 - ¢) + % +c(l—¢) +log2.

The first three terms describe the (nonconvex) Flory—Huggins energy [19, 29], while the
last three terms represent the nutrient energy [24, (2.63)]. Equations (1.1)—(1.3) are sup-
plemented by initial and homogeneous Neumann boundary conditions,

(15) ¢(0) = ¢07 C(O) = Co n Qa
(1.6) cVe-v=Vp-v=0 onodQ, t>0.

The goal of this paper is to prove the existence of global weak solutions.

1.2. Key ideas. The free energy of system (1.1)—(1.3) reads as

B, = [ (G170 + f0.0) )do

Thanks to the thermodynamically consistent modeling, the free energy is a Lyapunov
functional and the following energy equality is satisfied:

(17) ‘;—f@x ¢) + / M(6)| Vi — VOLf (6, 0)2dx + / eV, f(6,¢) 2z — 0.
Q Q

Interestingly, the energy dissipation is the same as in the local model of [31]. However,
since s < 1, we obtain less regularity than in [31], which makes the analysis more delicate.
Further difficulties are the degeneracy at ¢ = 0 and the singularity of the potential d, f (¢, ¢)
at ¢ = 0 and ¢ = 1. Unlike [31], we assume a nondegenerate mobility, which allows us to
overcome the mentioned difficulties.

The main task is the derivation of an a priori bound for i in some Sobolev space. Clearly,
in the degenerate case, a gradient bound cannot be expected. We first estimate as follows:

IVl z20,050030)) < ClIVIE— VO (0 0) | 20073 )
+ Vel Lo 0,700 IV VO f (0, €) || 20,7 12(02)) -

The right-hand side is bounded thanks to the energy equality (1.7) (here we use the posi-
tivity of M(¢)). To estimate p in L*(€2), we use equation (1.3):

/ pdz = [ (=D)50 + 04 (6,0)d = /Q 00 (6, )

The idea is to estimate the integral over d,f(¢,c) in terms of Vy, using (1.3) again and
some techniques from [21]. Then

< CIIVullp2,m,0030)) + C < C,

pdx
Q L2(0,T)
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where C' > 0 is a constant independent of the solution. The Poincaré-Wirtinger inequality
provides a bound for p in L2(0,T; L*3(Q)). This is the key estimate for deriving further
bounds for (—A)g,¢ in L0, T; L*(2)) and for ¢*?2 in L2(0, T; W'4/3(Q)).

Compared to our previous work [31], we are able to derive a gradient bound for p. This
was compensated in [31] by the computation of an entropy inequality yielding an L*()
bound for A¢. Such an estimate cannot be expected in our case, and we obtain only a
bound for (—A)%¢ in L?(Q) (recall that s < 1). However, this estimate is sufficient even
without the use of the entropy functional.

To derive a bound for (—A)$,¢, we split the Flory—Huggins potential in the singular part
f1(¢) =log ¢ —log(1 — ¢) and the regular part dyfa2(¢, c) = 1 — 2¢ — ¢ and multiply (1.3)

y (—A)qe:
(18) / (— Aol + / F1(6)(~ A oda
H(—A)addz + /Q (c— 1+ 26)(—A)oda

I
S~

<5l
The first term on the right-hand side can be absorbed by the left-hand side. Since we
already proved that p is bounded in W'#/3(Q) — L?(Q) (the embedding holds in up to
four dimensions), the last two terms on the right-hand side are bounded. It was shown in
[38, Theorem 3.3] that the second term on the left-hand side of (1.8) is nonnegative, which
can be interpreted as a weak form of the Stroock—Varapoulos inequality. However, this
result only holds true if f{’ is uniformly bounded, which is not true in our case. Therefore,
we need to approximate fi by some function f]; with some parameter § > 0. With these
arguments, we see that (—A)§ ¢ is bounded in L?(Q) for an approximation of ¢. These are
the key estimates for the existence analysis. The limit ¢ — 0 can be performed by using
the a priori estimates and compactness arguments.

[(=A)50l T2 ) + l1ellZe) + le = 1+ 201720

N | =

1.3. Main result. We first detail our definition of weak solution. Set Qr = Q x (0,7)
and ¢, = meas(Q) ™! [, godz.

Definition 1.1 (Weak solution). Let T' > 0 be arbitrary and let 1/2 < s < 1. The function
(¢, ) is called a weak solution to problem (1.1)~(1.6) on [0,T] if (¢,c) satisfies 0 < ¢ < 1,
c>0 a.e inQrp,

o € L=(0,T; D((~A)™) N L0, T, D((-A))),  p e L2(0,T; WH/3(9)),

ce L=(0,T;L*(Q)), &% e LY30,T;Wh3(Q)),

M(¢)(Vi = eVaef(¢,0) € L*(Qr), vcVO.f(¢,c) € L*(Qr),

O € L*(0,T; HY(Q)), 9,c e L¥?(0,T; WH(Q)),
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the initial conditions ¢(0) = ¢g in L*(Q), c(0) = co in the sense of H'(Q)', (¢, c) verifies
the weak formulation

T T
/ (Or, )t = — / / M(6) (Vi — VO (6,¢)) - Vibrdadt,
0 0 Q
T T
/ (Opc, ho)odt = / / cM(p) (Vi —cNVOo.f(¢,c)) - Vipodadt
0 0 Q

T
— / / ce *VO.f(¢,c) - Vihpdadt
0o Jo
for all ¢y € L*(0,T; HY(Q)), 1o € L3(0,T; WH2(Q)), and p satisfies

p=(—A)50+ 0pf(d,c) a.e in Q.

Here, {-,-); is the dual product between H'(Q)" and H'(Q), and (-,-)s is the dual product
between W12(Q)" and W19(Q).

Now we state our main result.

Theorem 1.2. Assume that Q C R? (d < 3) is a bounded domain with smooth boundary
and let 1/2 < s <1, T > 0. The mobility M is continuous on R and satisfies

vy<M(z)<1/y foranyz€eR

for some v € (0,1). Let ¢o € D((—=A)?), ¢y € LX) satisfy 0 < ¢y < 1,0 < ¢ < 1 and
co > 0 a.e. in Q. Then problem (1.1)—(1.6) possesses a weak solution (¢, c) in [0,T] in the
sense of Definition 1.1.

Since we need to define V¢ in L*(Q) in the weak formulation, the embedding ¢ €
D((—A)§) < H'(Q) is required, explaining the lower bound s > 1/2. The restriction
of the space dimension basically comes from the embedding W*/3(Q) — L?(Q) which
holds up to d < 4. We believe that our results hold true if d = 4 at the expense of the
integrability of the unknowns. The condition 0 < ¢, < 1 is used in Lemma 5.1 to estimate
an approximation of f{(¢) in L*(2). Note that the initial phases may vanish in certain
regions, but their integrals need to be positive.

Concerning the proof of Theorem 1.2, the complicated structure of system (1.1)—(1.3)
makes a three-level approximation necessary. First, we remove the singularity in f’(¢, c)
by truncation using the parameter § > 0. Furthermore, we add some artificial diffusion
of order ¢ to the equations for ¢ and p, and we mollify the initial data. Second, we
truncate the diffusion coefficient ¢ in the equation (1.2) for the solute concentration by
using a parameter € > 0. Third, we solve the approximate problem by the Faedo—Galerkin
method involving the dimension N € N of the Faedo—Galerkin space.

The Faedo—Galerkin system is solved by applying Peano’s theorem. Thanks to the
approximate energy equality and the artificial diffusion, we can pass to the limits N — oo
and € — 0. The delicate part of the proof is the limit 6 — 0. For this, we derive additional
estimates as described in Section 1.2 and apply a nonlinear version of the Aubin—Lions



6 A. JUNGEL AND Y. LI

compactness lemma in the version of [10] to obtain the existence of a subsequence of an
approximating sequence that converges to a weak solution (¢, ¢, 1) to (1.1)—(1.6).

Generally, the question of uniqueness of solutions is very delicate. For degenerate mobil-
ities, we cannot expect uniqueness of solutions without imposing regularity properties at
the boundary of the set where ¢ vanishes [13]. The uniqueness of weak solutions to a frac-
tional Cahn—Hilliard equation was proved in [4], while the uniqueness of strong solutions to
the incompressible Navier-Stokes—Cahn-Hilliard system was shown in [26]. In the present
work, the main difficulty is the cross-diffusion coupling (together with the fractional diffu-
sion). For cross-diffusion systems, usually only the weak—strong uniqueness property can
be verified using the relative entropy/energy method; see, e.g., [30]. We leave this question
for our system (1.1)—(1.3) to future work.

1.4. State of the art. Before we prove Theorem 1.2, we briefly comment on the state of
the art. While multi-phase models are intensively studied in the literature in the context of,
for instance, tumor [14] and biofilm growth [40] since several years, the two-phase modeling
of lymphoangiogenesis is more recent [36]. It was found in [37] that a hexagonal lymphatic
capillary network is optimal in terms of fluid drainage, confirmed by experiments in mouse
tails and human skin. A hexagonal pre-structure was found in numerical simulations in
two space dimensions [32].

The Cahn-Hilliard equation 0;¢p — A(—A¢ + f'(¢)) = 0 with the (possibly singular)
potential f'(¢) was introduced in [8] to study phase separation in binary alloys. The
local and nonlocal equations were derived in [25] from a lattice gas evolving via Kawasaki
exchange with respect to the Gibbs measure for a Hamiltonian. The localization limit was
proved both in the nondegenerate [12] and degenerate case [15].

The existence of one-dimensional solutions to the (local) Cahn-Hilliard equation was first
proved in [17] and later extended to several space dimensions in [16]. The existence and
uniqueness of solutions to the Cahn—Hilliard system strictly depend on the properties of the
mobility M (¢) (being degenerate or nondegenerate) and the potential f/'(¢) (being singular
or regular). A mathematical difficulty is the fourth-order derivative, which excludes the
use of comparison principles. A sufficient condition for the property 0 < ¢ <1 (if satisfied
initially) is a degenerate mobility M (¢) [41] or a singular potential [7]. We also refer to [35]
for the existence of a unique global solution with singular potential and constant mobility.

The study of fractional Cahn—Hilliard equations has recently received considerable at-
tention. In [2], the fractional version

0o+ (=A)5(—=Ad + f'(9)) =0

was identified as a gradient flow of the free energy FEj,. in the negative-order fractional
Sobolev space H*(2) with 0 < s < 1, and the existence of weak solutions was proved.
On the other hand, the H~1(Q) gradient flow of the fractional free energy becomes

0o — A((=A)go + f(9)) =0,
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which was investigated in a bounded domain with periodic boundary conditions [3] and with
Neumann boundary conditions [22]. Finally, the double-fractional Cahn—Hilliard equation

00+ (—A)5(—A)ad + f(9) =

with 0 < s,0 < 1 and the singular integral representation of the fractional Laplacian was
analyzed in [4, 5]. Instead of the fractional Laplacian, fractional powers of self-adjoint
monotone operators were considered in [11]. We are not aware of papers on systems of
fractional Cahn—Hilliard equations. Thus, up to our knowledge, the existence analysis of
the spectral-fractional Cahn—Hilliard cross-diffusion system (1.1)—(1.3) is new.

The paper is organized as follows. We recall the definition and some properties of the
spectral-fractional Laplacian in Section 2. The approximate solution in the Faedo—Galerkin
space and the limit N — oo are proved in Section 3. The limit ¢ — 0 is performed in
Section 4, while the more involved limit 6 — 0 is shown in Section 5.

2. THE SPECTRAL-FRACTIONAL LAPLACIAN

We introduce the spectral-fractional Laplacian and recall some of its properties. We
refer to [22, Sec. 2.1] for details. The operator (—A)q denotes the Laplace operator —A
with homogeneous Neumann boundary conditions with domain

D((=A)q) :=={u € H*(Q): Vu-v =0 on 9N}

By spectral theory, there exists a sequence of real nonnegative eigenvalues (Ay)ren Satis-
fying A\g = 0, A\p < A\gyq for k£ € N, and A\, — oo as & — oo. The sequence of associated
eigenfunctions (eg)reny C D((—A)gq) form an orthonormal basis of L?(Q). The eigenfunc-
tions verify (—A)ge, = Aeg in Q and e, := |Q|7! [, exdz = 0 for k € N. Any function
u € D((—A)q) can be represented by the series

—A)QU = Z )\k(u, ek)Lz(Q)ek
k=1

Based on this spectral decomposition, we define the (positive) fractional powers of order
s € (0,1) by

Z/\ (u, ex)r2@yer  for u € D((=A)g),
k=1
where the domain of (—A)g, is given by

D((=A)) = {u € L*(Q): (~A)ju € L*(Q) and /Q(—A)gudx = o}.

By definition, we have for s,0 > 0 and v € D((—A)§) N D((—A)3),

/(—A) Qudx—/| S+U /2u|2dx
Q
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With the norm of u € D((—A)g),

1 P&
Hu||2D((7A)5) = @(/QUCM) + Z)\i |(u, ex) L2 ()|,
k=1

the space D((—A)g,) becomes a Banach space. This space can be related to the Sobolev—
Slobodeckij space

_ 2
HQS(Q):{UELQ(Q):/ Mdmdy<oo}, 0<s<l.
oJo |z—yl?

Indeed, let
(2.1) D*(Q) := D((—A)?) for s > 0.
Then it holds that [22, (21)]

D*(Q) = H(Q) 0 < s < ;
D*(Q) = {u € H*?*(Q) : [, dist(z,0Q) u(z)?dr < oo} if s = ;,
D*(Q) ={ue H*(Q) : Vu-v =0 on 00} if;<s<1.

The identification with H*(€2) allows us to use standard Sobolev embedding theorems. In
particular, for p > 2, the embedding

d d
D?(Q) — LP(Q) fors>— — —,
2 p
is continuous, and it is compact if s > d/2 — d/p.
The following lemma, proved in [22, Lemma A.1l|, resembles the Stroock—Varopoulos
inequality for the (singular integral representation) of the fractional Laplacian in R? [38,

Theorem 3.3].

Lemma 2.1. Let 0 < s < 1 and let F € C*(R) be a convex function satisfying F(1/2) =
F'(1/2) = 0 and there exists C > 0 such that |F"(s)| < C for any s € R. Then, for any
u € D*(Q),

/ F/(u)(=A)sudz > 0.

3. APPROXIMATE SOLUTIONS

We construct a regularized problem associated to (1.1)—(1.6) by approximating the sin-
gular part of the energy density and truncating the concentration-dependent diffusion
coefficients. To this end, we split the free energy density (1.4) into a convex part f; and a
nonconvex part fs,

2

f1(6) = dlog &+ (1 = 9)log(1 — &) +log 2, fa(6,¢) = (1 = 9) + 5+ c(1 = 9).
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As in [21, (3.5)] (but different from [31]), we define an approximation fis of f; on R to
remove the singularities at ¢ = 0 and ¢ = 1. There exists a convex function f;5: R — R
such that f] ; is Lipschitz continuous on R with constant 1/6 and f5(1/2) = f] 5(1/2) = 0.
Additionally, f15 ~ fiin [0,1], [fis] 7 [fi] in (0,1) as 6 — 0, and for any 6* > 0, there
exists C* > 0 such that

2

S
>
frs(s) 2 o5

—C* forany s€ Rand 0 <4 <9

We set
f5(¢7 C) = f1,5(¢) + f2<¢7 C)‘

Finally, we introduce the truncations
(9]} = min{1, max{0,¢}}, [c]5 = min{l/e, max{0,c}},
where 0 < € < 1. Then our approximate system reads as
(3.1) 96 =div (M(¢)(Vu — [c]3VOef5(9,0))),
(3.2) dhe = —div ([d5M(¢) (Vi — [V f5(, ) + div ([c5e™PH V. f5(¢, ) + 6 Ac,
(3.3)  p=(—A)ao+0ufs(6,0) — 0A0,
with the initial and homogeneous Neumann boundary conditions
(3.4) ¢(0) = ¢os, ¢(0)=co inQ,
(3.5) Viu-v=Ve-v=0 on (0,7) x 09.

Here, ¢os C H'(Q) is an approximation of ¢y satisfying 0 < ¢ps < 11in Q, 0 < 5075 <1,
and for any 1 < p < o0, as § — 0,

\/EV(bo,g — 0 strongly in L*(Q2), o — ¢o strongly in D*(Q) N LP(Q),

recalling Definition 2.1 of D*(2). The approximate sequence (¢g5) can be constructed by
convolution of ¢ with a mollifier with parameter £(9) = log(1 + §). The remainder of this
section is devoted to the solvability of the approximate problem (3.1)—(3.5).

3.1. Faedo—Galerkin method. Let (ex)ren be a complete orthonormal set of eigenfunc-
tions of the Laplacian with homogeneous Neumann boundary conditions in L?(£2) and set
Xy =span{ey,...,ex} for N € N. Proceeding as in [31, Sec. 2.1], there exists T > 0 and
(dn,cen, uy) € C°([0, T']; X3;) solving

(3.6) / Dbyeds = — / M(63)(Viin — [en],VOufs(ow, cx)) - Veds,
Q Q
(3.7) /8tcNedx = /[CN]iM(¢N)(VuN — [en]E VO f5(dn. cn)) - Ved
Q Q
— /[cNﬁre[d’NBrV(?Cfng, cy) - Vedx — 5/ Vey - Vedz,
Q Q

(3.8) /Q,uNedx:/Q(—A)g/quN(—A)f{?edx—l-/Qc?qsfg(gzﬁN,CN)edx—i-é/QngN-Vedm,
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for any e € Xy, with initial conditions
N N

(3.9) én(0) = Z(Cbo,&, ex) 2@k, on(0) = 2(007 €k) 12(0) Ck-

k=0 k=0
We wish to extend the solution globally in time. For this, we need bounds for (¢, cy) in
Xpn. We start with the derivation of the approximate energy equality.

Lemma 3.1 (Approximate energy equality). Let (dn,cn,uny) € C°([0,T"]; X3;) be the
solution to (3.6)—(3.9). Then

d 1 s 0
(3.10) a ), (§|(—A)Q/2¢N\2 + fs(on,en) + §|V¢N|2) dx

+/M(¢N)WMN — [enEVOf5(dn, en)| de
Q
+ [fextie (90, fo(6x, ex)Pda

Q

_ _5/QVCN V(ew — on)da.

Proof. The proof is very similar to that one in [31, Lemma 3.1] with the exception that
we have (—A)g, instead of —A. The idea is to choose the test functions e = uy in (3.6),
e = 0.fs(dn,cn) in (3.7), e = Oy in (3.8), and adding the corresponding equations. [

3.2. Uniform estimates in N. We deduce from the approximate energy equality (3.10)
the following uniform estimates.

Lemma 3.2 (Estimates for ¢y and cx). There ezists a constant C' > 0 independent of N
such that

(3.11) ||VMN - [CN]ivaCf5(¢N’CN)HLQ(QX(O,T/)) =G,
(3.12) I(en]3) 2V 0efs(on, ) 2oy < ©
(3.13) lenll o o272 + ValIVen |l 2x o < C,
(3.14) léw e orpsc@) + Volléw o) < C.

Proof. The right-hand side of (3.10) is estimated according to Young’s inequality as

) )
—(5/VCN-V(CN—¢N)CZSC < ——/ ’VCNPCZ-?H‘—/ ’V¢N‘2dx-
Q 2 Jo 2 Jo

The last term on the right-hand side can be estimated via Gronwall’s inequality from the
energy, while the other term is nonpositive. Next, by construction of fi s,
2

fs(on,en) = frs(dn) + on(1 — dn) + %N +en(l—on)

1 2
> (-C)d+ D -czc@+d -,
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choosing ¢* > 0 sufficiently small. Then, taking into account the positive lower bound
M(¢n) > v > 0, estimates (3.11)—(3.14) follow from the energy equality, finishing the
proof. [l

The uniform bounds for ¢5 and cy in Xy imply the global existence of solutions for
system (3.6)—(3.9). Consequently, estimates (3.11)—(3.14) are valid on the interval [0, 7]
for any T' > 0. To take the limit N — oo, we also need an estimate for uy.

Lemma 3.3 (Estimate for uy). There ezists a constant C' > 0 independent of N (but
possibly depending on 6 and ) such that

(3.15) el 2207311 () < C.
Proof. 1t follows from (3.11)—(3.13) that
IV iz < ||[Vin — [en]3 VO f5(¢N7CN)||L2(QT)
1 0ent) | oo | (enls) >V 0 fs(ds el oy < CLE)-
It remains to derive an L?(Q2) bound for uy. By the property fi5(1/2) = 0 and the
Lipschitz continuity of f] 5,
(B16) (0w = [fs6n) — a2 < CO)lox — 1/21 < Clonl* + C.

Then, taking the test function e; = 1 (which is the eigenvalue of (—A)$, with associated
eigenvalue \; = 0) in (3.8),

(3.17) ‘/uNdas = ‘/ (f15(én) — 20N — ey + 1)dx
Q Q
< | fis(on) i) + Cllon i) + llenlliq) + C
< Cllénllr2@ +C < C,

where we used (3.16) and (3.13)—(3.14). It follows from the Poincaré~Wirtinger inequality
that

lunllrz@r) < lluv =Bl + 1Bxllzzen < ClIVen|lzen +C < C.
This finishes the proof. U

We derive further estimates for ¢y .

Lemma 3.4 (Estimates for ¢y). There exists a constant C' > 0 independent of N (but
possibly depending on 6 and ) such that

(3.18) I(=2)a0nllr2@r) + VOl Adwllrzor < C.
Proof. Using the test function e = (—A)§ ¢y in (3.8), we obtain

/ [(—A)qon|2da + / [(=A)S T 2oy Pda
_ / i (—A)pbda — / 0S50 on ) (—A)pbwda
Q Q
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<5 [ 1%oxPde+ [ lunfdo+ [ 10ufs(6x,ex)Pdr

We derive similarly as in (3.17) a uniform L*(Qr) bound for 0, fs5(én, cy). Then, together
with the bound (3.15) for py, we infer the first bound in (3.18). Similarly, the test function
e = A¢y in (3.8) yields the second bound in (3.18). O

The following lemma gives estimates for the time derivatives.

Lemma 3.5 (Estimates for the time derivatives). There exists a constant C > 0 indepen-
dent of N such that

(3.19) 10N || 20,701 2y + |1 Ocen || 20,101 () < C.
Proof. The proof follows from Lemmas 3.2-3.4 in a similar way as the proof of Lemma 3.4
of [31]. O

3.3. The limit N — oco. The uniform estimates from Lemmas 3.2-3.5 imply the existence
of a subsequence of (¢y, cy, pn), which is not relabeled, such that, as N — oo,

(3.20) én —* ¢ weakly* in L>(0,T; D*(Q) N H'(Q)) N L*(0,T; D*(Q)),
(3.21) ey — ¢, puny —p  weakly in L*(0,T; H'(Q)),
@ng — @gb, atCN — @c Weakly in LQ(O, T, Hl (Q)/)

Moreover, by the Aubin—Lions lemma, up to subsequences,

(3.22) ¢n — ¢ strongly in C([0, T); L*(2)),

(3.23) ey — ¢ strongly in L*(Q7) N C([0,T]; H'(Q)).

In particular, again up to subsequences, ¢y — ¢ and cy — c a.e. in Q7. Then, since M,
exp[-]}, and [-] are bounded continuous functions, for any 1 < p < oo,

M(dy) — M(¢), e N — eIl [en] = [c]S strongly in LP(Qr).
These convergences as well as the uniform bound (3.11) imply that

M(¢n)(Vin = [en]i (Ven = Von))
— M(¢)(Vp —[d.(Ve— V@) weakly in L*(Qr).

We deduce from the a.e. convergences of (¢n) and (cn) that 0, f5(dn, cn) — Osf5(0, ) a.e
in Qr and then, because of the uniform bound for 9, fs(¢n, cx) in L*(Qr),

(3.24) Ouf5(dn,cn) — Opfs(d,c) weakly in L*(Qr).

The convergence results (3.20)—(3.24) allow us to perform the limit N — oo in system
(3.6)—(3.8) to infer that the limit function (¢, c) solves system (3.1)—(3.2) in the sense of
L*(0,T; H(Q)'), and the limit function p satisfies (3.3) a.e. in Qp. It follows from (3.22)
and ¢n(0) — ¢gs strongly in L?(Q) that ¢(0) = ¢gs in Q. Furthermore, we deduce from
(3.23) that (cn(0),£)1 — (c(0),€); for any & € HY(Q), recalling that (-,-); is the dual
product between H'(Q) and H'(Q). Then cy(0) — ¢ strongly in H'(Q) implies that
¢(0) = ¢p in the sense of H'(€)'.
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We wish to pass to the limit N — oo in the energy equality (3.10). This is possible by
the previous convergences and the weak lower semicontinuity of convex functions except of
right-hand side of (3.10). Because of the L?(0,T; H*(2)) bound for V¢ from (3.18) and
the L*(0,7T; H*(Q2)') bound for §,V¢y from (3.19), the Aubin-Lions lemma implies that
(up to a subsequence) Vo — V¢ strongly in L?(Q7). Together with the weak convergence
of Vey in L2(Qr) from (3.21), we obtain

/ / Ven - Vondrdt — / / Ve - Vodxdt for 7 > 0.
0o Ja 0o Ja

Therefore, the limit function (¢, ¢, u) satisfies that, for any 7 € (0, 7)),
1 s
325 [ (SR s+ —|v¢|2)< )da
/ /M )|V — [e5. VO, f5(¢, ¢)| " dadt

/ / 98 V0L f5(6. |dxdt+6/ /yvc| dadt

< /Q (%|(—A)?z/2¢0,5|2 + fs(¢o,s, co) + §’V¢0,5‘2) dz

+5/ /Vc-V¢dxdt.
0o Ja

4. THE LIMIT € — 0

Our goal of this section is to perform the limit € — 0 in the weak formulation of (3.1)—
(3.3) to remove the truncation. We denote by (¢, c., pte) the solution constructed in the
previous section.

First, we notice that the test function ¢, := —min{0, ¢.} in the weak formulation of (3.2)
shows that c. > 0 in Qp (since [c.]5 ¢ = 0). Hence, we can replace the truncation |c.] by
[c]® := min{1/e, c.}. By the same arguments as those used in the proofs of Lemma 3.2,
we infer from the energy inequality (3.25) that there exists a constant C' > 0 independent
of € such that

(41) HV,UE - [cs]avacf5(¢€7 CE)HL2(QT) S C’
(4.2) H V [Ca]avacfé(gba’ Cs)HL2(QT) <C
(4.3) lleell o o.miz2(0) + VoI Vel 2iar) < C.

”¢E||L°°(0,T;D3(Q)) + \/SHVQSE”LOO(O,T;LQ(Q)) S C.

In view of (4.2)-(4.3), the sequence ([c.]*VO.f5(¢.,c.)) is bounded in L2(0,T; L¥3(Q)).
The arguments in the proof of Lemma 3.3 show that

||UE||L2(O,T;W1’4/3(Q)) <C.
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Furthermore, we deduce from (4.1) that

||8t¢€||L2(07T;H1(Q)/) < C.

The arguments for the limit € — 0 are similar to those given in Section 3, except for the
strong compactness of [c.]°. We only focus on this term. We have, by interpolation,

(4'4) HCEHL“(O,T;L3 Q)) < HCEH %0 (0,T;L2(Q)) HCEHL2(0TL6 () < Cv

where we used the continuous embedding H'(Q) < L5(Q) for d < 3. It follows for any
Y e LY0,T; W16(Q)) that

T
’ / / Opccpdadt
0o Jo

< |llecl* [l zao.r;z8 ) 1M (@) || oo (21)
X Hvﬂe Ca]ava f6 gbayca HL2(QT)||V¢||L4 0,T;L5(Q))
+ Vel HL4(0,T;L3(Q))H€ (el HLoo(QT)

X H\/ [Ce]avacfé(ﬁbsa Ce)HLQ(QT)||V@/J||L4(0,T;L6(Q))
+6[Veel 2 IV L2y < Clll Lao,mwre@y,

which implies that
Hatca||L4/3 0,T;WL6(Q)) = C.

Together with the gradient bound (4.3) for ¢., the Aubin-Lions lemma yields the existence
of a subsequence (not relabeled) such that c¢. — ¢ strongly in C°([0, T]; H'(Q)") N L*(Qr)
and a.e. in Q7 as ¢ — 0. Since

T T
leo)® = cellzrp = / / (co —1/2)dwdt < / / e.dudt
0 Jie>1/2) 0 Jie>1/2)
T
Ss/ /czdxdtSC’s—H),
0 Q

we have [c.]® — c a.e. in Qp and hence, due to (4.4), for any p € [1,4) and ¢ € [1, 3),
[c:]* = ¢ strongly in LP(0,T; LI(2)).
Proceeding as in Lemma 3.4, we obtain uniform bounds for ¢. in L*(0,T; D*(Q2)) and for
VAP, in L*(Qp). Thus, in the limit € — 0, the limit ¢ of ¢. satisfies
(4.5) ¢ € L*(0,T; D*(Q)), A¢ e L*(Qy).

Now, we can pass to the limit ¢ — 0 in the weak formulation of (3.1)—(3.3) to deduce
that the triplet (¢, ¢, 1) (the limit of (¢, c., 1)) is a weak solution to

(46) ath = le (M(qb)(Vu - Cvacf5(¢v C)))>
(4.7) Oe = —div (eM(¢) (Vi — ¢V, f5(9, ) + div (ce_[¢]}+V8cf5(¢, c)) + 0Ac,
(4.8) p=(=A)a¢ + 05 f5(d,c) — 0Ad,
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with the initial and boundary conditions (3.4)—(3.5). We observe that, in view of (4.5),
equation (4.8) holds a.e. in Q7. Furthermore, we deduce from (3.25) that the limit function
satisfies the energy inequality

(49) [ (GI00f20R + 5i0.0) + §1V6 ) w71

' 2
- / /QM (6)| Vi — V. fs(6, ¢)[*dudt

+/ /ce[¢>P+|vacf5(¢,c)|2dxdt+5/ /yvc|2da:dt
0 Q 0 Q

1

< /Q (§|(—A)?z/2¢0,5\2 + f5(¢o,6:co) + g|v¢075|2) dz

+5/ /Vc-ngdxdt.
0o Ja

5. THE LIMIT 6§ — 0

We perform the limit § — 0 in system (4.6)—(4.8) to complete the proof of Theorem 1.2.
Let (¢s, s, pis) be the solution to (4.6)—(4.8) with initial and boundary conditions (3.4)—
(3.5). We first derive estimates uniform in ¢, conclude convergence from compactness
arguments, and pass to the limit 6 — 0 in equations (4.6)—(4.8).

5.1. Estimates uniform in §. Based on the energy inequality (4.9) and proceeding sim-
ilarly as in Section 3.1, we find that there exists a constant C' > 0 independent of § such
that

(5.1) ||¢6||L°°(0,T;DS(Q)) + \/g||¢6||Loo(o,T;H1(Q)) <C,
(5.2) Vs — 5V 0. f5(¢s, CJ)HLQ(QT) <C,
(53) sl Lo (o,m;220)) + \/5||V05||L2(QT) <C,
(54) ||\/C_5V86f5(¢5, Cé)HLQ(QT) + ||V,U/6HL2(07T;L4/3(Q)) <C.

In contrast to Section 4, the function fj; is not Lipschitz continuous with a constant
independent of §. Thus, we need to find another way to obtain a uniform estimate for ps.
Note that this part of the proof is substantially different from [31], since in that paper, the
mobility M (¢s) is degenerate which excludes gradient bounds for .

Lemma 5.1 (Estimate for ps). There exists a constant C' > 0 independent of § such that
(5.5) ||N5||L2(O,T;W1a4/3(§l)) <C.

Proof. We use the test function ¢s — @y, € L*(0,T; H'(2)) in the weak formulation of
(4.8) to find that

(=005~ )05 ~ Bughdo + [ 1506005~ Gus)do +5 [ [VosPs
Q Q Q
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_ / s(6s — Gog)d — / O ol 65, ¢5) (9 — Bo)da
Q Q
_ / 5(ds — Bo.)d + / e5(ds — Fog)d + / (205 — 1)(s — Bo)de.
Q [9] Q

The first and last terms on the left-hand side are nonnegative. Therefore,

(5.6) / F1(68)(65 — Go5)de < / 15(5 — Bo)d + / e5(ds — Bog)da
n / (205 — 1)(ds — Go.5)d.
Q

We consider the first term on the right-hand side. Bound (5.1) for ¢5 and the continuous
embedding D*(Q) — L*(Q) for any s > 0 imply that (¢;) is bounded in L>°(0,T; L*(Q2)).
Consequently, taking into account the Poincaré-~Wirtinger inequality [33, Theorems 8.11-
8.12] (here, we need d < 4 to guarantee the embedding W'4/3(Q) < L2(Q)) and the bound
(5.4) for Vu(;,

/ 115 (s — b g)da = /(ﬂa — [i5)(ds — By 5)d
Q Q

< lps — Tisll 2@ lds — dosllzz) < ClIV sl pars -

The remaining two terms on the right-hand side of (5.6) are bounded by the L?(27) norms
of ¢s and ¢, which are bounded by (5.1) and (5.3). We conclude from (5.6) that

6.7 | 71506965 = duo)de < OVl + C.
It is proved in [21, p. 5270] that there exists C' > 0 independent of § such that
5:5) [ 1fisoa)lds < [ 514405165~ Goshdo + C.
Q Q

For the convenience of the reader, we recall the proof. Let my,ms € (0,1) be such that
my < 1/2 <my and my < ¢y 5 < mo. We set

No = min{50,5 — My, My — 50,5}7 m= max{50,5 —my, Mg — C_bo,a},
and we introduce the sets
Qo ={m1 < s <ma}, U ={ds <mi}, Qo= {ds>ms}.

Since f1 4 is convex, f] 5 is nondecreasing. Then it follows from f7 5(1/2) = 0 that f] 5(s) <0
for s € (0,1/2) and f] 5(s) > 0 for s € (1/2,1). Consequently, f{ s < 0in Q; and fj5 >0
in €25, and we infer that

mo [ 1568l < - / (B0 — ma) g () < / (65 — Bos) FLs(s)d.

Ql Ql

mo |1 5(60)lde < / (12— Bos) 1 5(ds)de < / (65 — Bos) fis(5)de.

Qo
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This yields
o / £ 5(66)ldz = mo / fpatos)ldz -+ / Ufta(@9ldz -+ / fialog)lr

<o | f15(ds)|dx +/Q (s — 50,5)]01,5((?6)(15" + /Q (¢ — 50,5)]%,5(‘?6)6137

Qo

<o [ |f15(65)ldz - / (65 — Bos) fls () + / (65 — Bos) f15(65)da
Qo Qo Q
< (mo+m) / L s(e)lda + / (65 — Bos) fis ()

<Cy / (65 — Bos) fls(s)de,

where the constant C' > 0 does not depend on ¢ since 0 < 5075 < 1. This proves (5.8).
We conclude from (5.7) and (5.8) that

| \is(09)lde < ClIVpsl oo + €.
Hence, taking into account the L°°(0,T; L?(Q2)) bounds for cs and ¢s from (5.1) and (5.3),
[ psda| = | [ (115405) = cs-+ 1= 208)ct| < UV sl + C.
It follows from the L2(0,T; L*/3(£2)) bound for Vs in (5.4) that

17251 L2 0,1) < C(Q)H/Q,ugdx

< O\ Vsl 20,2030y + C(T) < C.
£2(0,7)

We conclude from the Poincaré-Wirtinger inequality that

||#6||L2(0,T;L4/3(Q)) <|lp— /76||L2(0,T;L4/3(Q)) + ||ﬁ5||L2(O,T;L4/3(Q)) <C.
Together with (5.4), this finishes the proof. d

The following estimates improve (5.1).

Lemma 5.2 (Estimates for ¢s). There exists a constant C' > 0 independent of § such that

(5.9) H¢5HL2(O,T;D25(Q) + 5||A¢6HL2(QT) <C.
Proof. We know that (4.8) holds a.e. in 7. Therefore, we can write
(5.10) (=A)ads + f15(hi(¢s)) — 0Aps

= ps +cs — 1+ 205 + f1 5(hi(ds)) — fis(ds) a.e. in Qp,
where
—k  for z < —k,
hi(2) =< 2z for —k<z<k,
k for z > k.
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The truncation hy(¢s) is needed to satisfy the conditions of Lemma 2.1. Since by construc-
tion, f] 5 is Lipschitz continuous with constant 1/, we have

1
1 £1.6(hi(0s)) — f15(05)2) < <l1he(ds) — ¢sllL2(@)

We claim that the right-hand side converges to zero as k — oo, for fixed § > 0. Indeed,
since s > 0, there exists p > 1 such that the embedding D*(Q2) < L?*(2) (with constant
C, > 0) is continuous. Thus, using Markov’s inequality,

69 = dalley = [ |=h—osPdet [ k- oo
{ps<—k} {

s>k}

S/ |¢5|2dl’+/ ‘¢5|2dl’_/ ’¢5‘2dl‘
{¢5< k} {#s>k} {lgs|>k}

crp
< i [ oo < s ol

It follows that || f] ;(hr(¢s)) — f15(®s)l|L2() — 0 as k — oo for any fixed 6 > 0.
Next, we multiply (5.10) by (—A)§ s and take into account estimates (5.1) and (5.3):

JIaoide+ [ fisulo)(-aosda +6 [ (A 65
Q
< N(=A)absll L2 (ls + s — 1+ 25| L2() + [1£1,5(hi(26)) — f1.5(6) | 22(0))

1
< SI(=2)adslli2@) + Clinslliyrssg + €

where we have used the embedding W%/3(Q) < L?(Q) which holds for d < 4. We know
from Lemma 2.1 that the second integral on the left-hand side is nonnegative (here, we
need the truncation hy). We conclude that ((—A)§és) is bounded in L?(Q27), which shows
the first claim of (5.9).

We know that A¢s € L?(Q27). Hence, we can multiply (4.8) by Ag;, leading to

/OT/QI(— AT 264 dxdt+/ /f (65)|V 5] dmdt+6/ /A% )2dadt
< g/o /Q(Agb(;)Qd:Edt—Fg/O /Q|M5+c(5—1+2¢5|2dxdt.

By the L?(Q) bounds (5.1) and (5.3) for ¢s and ¢5 and the W'4/3(Q) bound (5.5) for y;,

5/0T/Q(A¢5)2d1:dt < g/OT/Q(Aqb(s)Qda:dtJr %

which implies the second claim of (5.9). O

The following lemma gives some estimates for f] ;(¢s) and c5, which will be used later.
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Lemma 5.3 (Estimates for f]5(¢s5) and cs). There exists a constant C > 0 independent
of 6 such that

3/2
(5'11) ||f{,5(¢6)||L2(QT) + ||Ca/ ||L2(O,T;W1¢4/3(Q)) + ||06||L6(0,T;L18/7(Q)) <C.
Proof. 1t follows from equation (4.8) that

115(@8) 12y < llusllz2(ar) + 1(=2)08s 120r)
+ {11 =205 — csll L2 + 01| Ads |20
The right-hand side is uniformly bounded thanks to the L?(€7) bounds for ¢s, cs, and ps,
which follow from (5.1), (5.3), and (5.5), respectively, and the bounds for ¢s from (5.9).

This proves the first statement.
Next, we obtain

H\/aVCJHLZ(O,T;L“/i”(Q)) < VesVies +1 - ¢6)HL2(0,T;L4/3(Q)) + H\/aV%HL?(o,T;LMS(Q))
< CllVesVo.fs(bs, cs)l| 2y + [Vesl Lo 1200 IV G5l L2 02r)-
The right-hand side is uniformly bounded thanks to bounds (5.3), (5.4) and bound (5.9)
for ¢5. Indeed, the latter bound implies that (¢s) is bounded in L*(0,T; D*()), which
embeddes into L?(0,T; H'(Q2)) if s > 1/2. Tt follows that (ch/z) is bounded in L*(0,T;
LY3(Q)). Since (¢?) is bounded in L*(0,T; LY3()) by (5.3), we deduce the second
bound in (5.11).

Finally, because of the continuous embedding W'4/3(Q) — L'?/5(Q) (for d < 3), the
L2(0, T; W'/3(Q)) bound for (Cg/z) implies that (cs) is bounded in L3(0,T; L'®/°(Q)).
Hence, the interpolation inequality

1/2 1/2
||C5||L6(0,T;L18/7(Q)) < CHC(SHL/?)(O’T;L18/5(Q))||c(5||L/0°(O,T;L2(Q)) <C
concludes the proof. O
The final result concerns an estimate for the time derivatives.

Lemma 5.4 (Estimates for the time derivatives). There exists a constant C' independent
of 6 such that

(5.12) ||8t05||L3/2(0,T;W1»9(Q)’) + ||6t¢5||L2(07T;H1(Q)/) S C.
Proof. We use the bounds (5.2) for Vs —csVO. fs(¢s, cs) in L*(Qr), (5.4) for \/c;V 0. f5(ds,
cs) in L*(Qr), and (5.11) for c5 in L8(0,T; L'%/7(Q2)) to infer from (4.7) that for any
¢ e L¥0,T; WH(Q)),
T
[ desvasar] < Nesllsioarriop I3 @s)imcon
0
X |V Lso,rs0 ) [ Vits — csV O f5(bs, ¢5) | L2020
+ HG_[%Lr HLoo(QT) ||\/C_5||L12(0,T;L36/7(Q))
X |[v/esV O f5(ds, cs)|| L2 IVl Lr2ss 0 138711 (0
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+ 6| Vesl| L2 IVl 22 ) < CllYl s o,mwro@))-

This finishes the proof the first claim of (5.12). Similarly, we obtain the second claim of
(5.12). O

5.2. Limit 0 — 0. In this section, we perform the limit 6 — 0 in the weak formulation of
(4.6)—(4.8). We deduce from bounds (5.1), (5.5), and (5.9) that there exist subsequences
(not relabeled) such that, as 6 — 0,

¢s —* ¢ weakly* in L>®(0,T; D*(Q2)) N L*(0,T; D*(52)),
Vs — V¢ weakly in L*(Q7),

s — g weakly in L2(Qp) N L2(0,T; WH/3(Q)).
In view of the compact embedding D*(Q2) < L*(Q2) for s > 0, the bounds (5.1) and (5.12)
for ¢s allow us to apply the Aubin-Lions lemma to infer that, up to a subsequence,

¢s — ¢ strongly in C([0,T7]; L*(2)).
This implies that
M(ps) = M(¢), el 5 Pl strongly in LP(Q7) for p € [1, 00).

Next, we prove that 0 < ¢ < 1 a.e. in Q. In [31, Lemma 5.3], this follows from the
degeneracy of M(¢). Since the mobility is not degenerate in our case, we exploit the
singularity as in [21, p. 5273]. For the convenience of the reader, we present the full proof.

Lemma 5.5 (Upper and lower bounds for ¢). The limit function ¢ satisfies 0 < ¢ < 1
a.e. in Qp.

Proof. Let n be a positive constant such that 1/2 € (n,1 —n). Define the sets
E} = {(x,t) € Qp : ¢s(x,t) > 1 —nor ¢s(x,t) <n},
E":={(x,t) € Qr: ¢(x,t) > 1 —nor ¢(z,t) <n}.
It follows from ¢5s — ¢ a.e. in {2y and Fatou’s lemma that
(5.13) meas(E") < lim inf meas(E}).
30+

Recall that estimate (5.11) gives a uniform bound for f{ ;(¢5) in L*(Qr). Since fi 5(z) <0
for x € (0,1/2], fis(x) > 0 for x € [1/2,1), and f] 5 is nondecreasing, we have

C 2 |fi5(@s)llrr@n) 2 /En |f1,6(¢s)|dzdt > min{f] 5(1 — n), —f1 5(n) meas(Ey),

which implies that
C

min{f{ s(1 =), —fis(m}
We pass to the limit § — 0 in the previous inequality, using (5.13):

(
. C
meas(E") < liminf meas(E}) <

550 min{ f{(1 —n),—f{(n)}

meas(EY) <
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Finally, the limit n — 0 yields
meas{(z,t) € Qr: ¢ >1or ¢ <0} =0,
which completes the proof of the lemma. Il

The previous lemma shows that f](¢) is well-defined. Then, in view of the a.e. conver-

gence of @5, we have fi ;(¢s) — fi(¢) a.e. in Qp as 6 — 0. The L*(Qr) bound of f] 5(¢s)
in (5.11) implies that
fis(ds) = fi(¢) weakly in L*(Qr).

Next, we apply the Aubin—Lions lemma to (cs), taking into account the bounds in (5.11)
and (5.12), to obtain (up to a subsequence)

cs — ¢ strongly in L*(Qr).
It follows from the bounds for ¢s in (5.11) that
cs — ¢ strongly in LP(0,T; LY(Q)) for p € [1,6), q € [1,18/7)
> 5 A2 strongly in LP(0,T; LU(R)) for p € [1,2), q € [1,12/5).
Therefore, for 1 € C5°(Qr; RY),

/ /05V05 Ydzdt = ——/ /05 div Ydxdt
— ——/ /02 divwdxdt:/ /ch-wdxdt,
2Jo Ja o Ja

which yields ¢sVes — ¢Ve in the sense of distributions. Actually, \/c;Ves is uniformly
bounded in L?(0,T; L*/3(12)) (see the proof of Lemma 5.3) and /¢; is uniformly bounded
in L'2(0,T; L%/7(Q)) (see (5.11)). Hence, (c;Vcs) is bounded in L'?7(0,T; L'®/17(Q)),
which implies that

3/

csVes — Ve weakly in L'¥7(0,T; L'¥/17(Q)).
The previous estimates and convergences show that
M(¢5)Vis — M(¢)Vp  weakly in L*(Qr),
M (¢s)csVes — M(¢)eVe  weakly in LH(Qr),
M(¢5)csV s — M(¢)cVé  weakly in L'(Qp).
Hence, we deduce from bound (5.2) that
M (¢5) (Vs — cs(Ves — Ves))
— M(¢) (Vi —c(Ve— Vo)) weakly in L*(Qr).
Moreover, we have
csM (¢s) (Vs — cs(Ves — V)
— cM(¢) (Vi — (Ve —V¢))  weakly in L' (Qr).
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Estimates (5.1) and (5.3) for v6V¢s and v6Ves in L*(Qr) give, for any ¢ € C°(Qp),
T
5/ / Apspdrdt < V3V Vsl r2i0m) IV 20y < CVE — 0,
o Jo

T
5/ / Acsidadt < V3(VIIVeszam) IVE] s2ian) < OV - 0.
0 Q

Thus, based on the previous convergence results, we can pass to the limit 6 — 0 in the
weak formulation of (4.6)—(4.8) for (¢s, cs, i1s) to deduce that the triplet (¢, ¢, 1) is a weak

solution to (1.1)—(1.3). This finishes the proof of Theorem 1.2.
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