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Abstract. Cross-diffusion systems are formally derived from multispecies kinetic models
in the diffusion limit. The first limit in the multispecies BGK model of Gross and Krook
leads to a variant of the non-isothermal Maxwell–Stefan equations. The second limit
in a BGK model with Brinkman-type force term yields generalized Busenberg–Travis
equations, which reduce for constant temperature to the classical Busenberg–Travis system
for segregating population species. Entropy equalities are derived for the kinetic and cross-
diffusion equations.

1. Introduction

Cross-diffusion equations appear in many applications from physics, biology, chemistry,
and other fields. They can be derived from random walks on a lattice [35], interacting
particle systems [15], or fluid approximations [13]. In this paper, we study the derivation
from kinetic equations. For instance, the diffusion limit in the multispecies Boltzmann
model leads to the Maxwell–Stefan equations for gas mixtures [8, 9]. We explore to what
extend other cross-diffusion systems can be derived from multispecies BGK (Bhatnagar–
Gross–Krook) models [6], and we determine the entropy equalities for the limiting cross-
diffusion models. We investigate two models.

1.1. First model. We consider the multispecies BGK model of Gross and Krook [21]. Let
f ε
i (x, ξ, t) be the distribution function of the ith component of a gas mixture, depending
on the position x ∈ R3, velocity ξ ∈ R3, and time t ≥ 0 and solving the scaled equations

ε∂tf
ε
i + ξ · ∇xf

ε
i =

1

ε

N∑
j=1

νij(M
ε
ij − f ε

i ), i = 1, . . . , N,(1)

for (x, ξ, t) ∈ R3 × R3 × (0,∞), where ε > 0 relates to the Mach and Knudsen number,
νij > 0 is the collision frequency, andM ε

ij denotes the equilibrium distribution (Maxwellian)
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2 A. JÜNGEL, A. POLLINO, AND S. TAGUCHI

associated to the ith and jth component. We refer to Appendix B for details on the scaling.
The model satisfies the conservation laws of mass, momentum, and energy, the H-theorem,
and the uniqueness of the equilibrium solution [22]; see Section 2.2 for details. We show
that the Chapman–Enskog expansion f ε

i = M0
i + εgεi , where M0

i = limε→0M
ε
ii and gεi is a

correction, leads in the formal limit ε → 0 to the non-isothermal Maxwell–Stefan equations
(see Theorem 1)

∂tni + divx(nivi) = 0, ∇x(niθ) = −
N∑
j=1

Dijninj(vi − vj),(2)

3

2

N∑
i=1

∂t(niθ) +
5

2

N∑
i=1

divx

{
niθv̄i
νi

−∇x

(
niθ

2

miνi

)}
= 0, in R3, t > 0,(3)

for i = 1, . . . , N , where ni is the (limiting) number density, mi the particle mass of the ith
species, vi the velocity of the ith species, and θ the gas temperature. The Maxwell–Stefan
coefficients Dij depend on νij and are symmetric, νi =

∑N
i=1 νij, and v̄i is a mean value

of (v1, . . . , vN). For constant temperature, equations (2) were suggested in 1866 by James
Maxwell [30] for dilute gases and in 1871 by Joseph Stefan [33] for fluids. In contrast to
Fick’s law, which predicts a linear dependence between the gradient ∇xni and the flux
nivi, the flux in the Maxwell–Stefan approach also depends on the other gradients ∇xnj

for j ̸= i.
The isothermal Maxwell–Stefan equations were derived from the Boltzmann system

by Boudin, Grec, and Salvarani [8] by assuming that the distribution function f ε
i is a

shifted Maxwellian. Anwasia and Simić [2] justified this ansatz by showing that the shifted
Maxwellian is the formal minimizer of the kinetic entropy subject to the moment con-
straints. Briant and Grec [9] proved rigorously the asymptotic limit ε → 0 in the lin-
earized Boltzmann system, leading to the Maxwell–Stefan equations in the Fick–Onsager
formulation, where the flux is written as a linear combination of the density gradients.
The existence of global weak solutions to the Maxwell–Stefan system was proved in [26].
The Maxwell–Stefan equations coupled to a heat equation for the mixture temperature
were derived and analyzed by Hutridurga and Salvarani [24, 25]. Another non-isothermal
Maxwell–Stefan model was determined by Grec and Simić [20], using a pressure tensor
instead of multispecies temperatures.

Our model (2)–(3) slightly differs from other non-isothermal Maxwell–Stefan equations.
The works [2, 24] include the convective term divx(niθvi) in the energy equation but no
diffusion term. Moreover, the convective velocity in our model is given by the average v̄i
instead of vi. While the diffusion term in (3) differs from conventional expressions, like in
[19], the model in [23] leads to the right-hand side of (3) under a specific choice of the heat
conductivity.

1.2. Second model. We perform a Chapman–Enskog expansion for the simple BGK
model

ε

σ
∂tf

ε
i + ξ · ∇xf

ε
i +

1

σ
∇xϕ

ε
i · ∇ξf

ε
i =

νi
ε
(Mi(f

ε
i )− f ε

i ), i = 1, . . . , N,
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where ϕε
i solves

−ε∆xϕ
ε
i + ϕε

i = −
N∑
j=1

aijρ
ε
jθ

ε
j in R3, i = 1, . . . , N.(4)

Here, Mi(fi) is a Maxwellian having the same moments as f ε
i (up to second order) and νi

is a collision frequency (not to be confused with νi from the first model). Furthermore,

ρεi = min
ε
i = mi

∫
R3

f ε
i dξ, θεi =

mi

3nε
i

∫
R3

f ε
i |ξ|2dξ

are the mass density and temperature of the ith species, respectively, and aij ∈ R are
interaction coefficients. Here, we interpret f ε

i as the distribution function of active agents or
animals of different species with masses m1, . . . ,mn. The right-hand side of (4) represents
(up to the sign) the mixture pressure for an ideal gas. Accordingly, (4) can be interpreted
as the Brinkman equation that is an extension of the Darcy law [10]. The unconventional
point here is that the Brinkman potential ϕε

i depends on the distribution function in a
nonlocal way.

The diffusion limit leads to the equations (see Theorem 5)

∂tρi + div Ji = 0, Ji = − 1

νi

{
σ∇x

(
ρiθi
mi

)
− ρi∇xϕi

}
, ϕi = −

N∑
j=1

aijρjθj,

3

2
∂t

(
ρiθi
mi

)
=

5

2
divx

{
σ

νi
∇x

(
ρiθ

2
i

m2
i

)
− ρiθi

νimi

∇xϕi

}
+

1

σ
Ji · ∇xϕi, i = 1, . . . , N.

The last term in the energy equation is the Joule heating with the flux Ji. We interpret this
model as a non-isothermal generalization of the Busenberg–Travis model. In the isothermal
case θi = 1, we recover the regularized Busenberg–Travis equations

∂tρi = divx

(
σ
∇xρi
νimi

+
ρi
νi

N∑
j=1

aij∇xρj

)
.(5)

The classical Busenberg–Travis model is obtained after setting σ = 0 and aij = 1 [11]. It
describes the segregation of population species and can be derived from a mean-field-type
limit from interacting particle systems [15].

We can derive equations (5) without the σ-diffusion term by changing the scaling: Setting
σ =

√
ε and performing the modified Chapman–Enskog expansion f ε

i = f 0
i +

√
εgεi leads

directly to (5) with σ = 0; see Section 3.3. We show in Appendix B that this corresponds
to a high-field scaling.

1.3. State of the art. Let us mention other cross-diffusion derivations from kinetic models
in the literature. A cross-diffusion–fluid system was obtained from a kinetic–fluid model
with turning and macroscopic interaction operators [4]. Without fluid coupling, the cross-
diffusion system resembles the Shigesada–Kawasaki–Teramoto system analyzed in [16].
In a similar spirit as in [4], chemotaxis Keller–Segel-fluid equations were derived in [3].
A kinetic model with nonlocal Fokker–Planck collision operator was studied in [17]; the
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limit of dominant collisions (without rescaling of time) leads to nonlocal Busenberg–Travis
equations. A related quasilinear parabolic system for gas mixtures was derived in [29] from
kinetic equations with dominant elastic collisions.

BGK operators are suggested as simple approximations of the highly complex Boltzmann
collision operator. They should satisfy the same physical properties of the Boltzmann
collision operator, like conservation of mass, momentum, and energy; the H-theorem;
the indifferentiability principle (when all particle properties are identical, the multispecies
description reduces to the single-species description); positivity of the temperature; and
the Onsager reciprocal relations. The development of multispecies BGK models is delicate,
and various consistent choices are possible. Up to our knowledge, none of the existing
BGK-type models comply with all of the mentioned requirements.

The first consistent BGK model was suggested in [1]. It satisfies the conservation laws,
the H-theorem, and the uniqueness of the equilibrium solution, but the strong conditions
vij = vi and θij = θi may be subject to criticism. A general model for two species was
proposed in [27], fulfilling the conservation laws and the H-theorem, later improved in [7]
and extended to reactive mixtures in [28]. Haack et al. [22] suggest the multispecies BGK
model (1), satisfying the same properties as before. Here, the symmetry conditions vij = vji
and θij = θji are supposed. Benilov [5] discusses the validity of the Onsager reciprocal
relations. The Onsager relations hold in the model of [18] but not in the multispecies
version of [22]. For more details, we refer to [27, 32].

The paper is organized as follows. We define the multispecies BGK model of Gross
and Krook in Section 2 and derive formally the non-isothermal Maxwell–Stefan equations.
The diffusion limit in the multispecies BGK model with Brinkman force is computed in
Section 3. For both approaches, we compute the entropy equalities. In the appendices, we
recall the computation of the multispecies velocities vij and temperatures θij and detail
the physical background of our scaling.

2. Diffusion limit in a multispecies BGK model

The aim of this section is the formal derivation of non-isothermal Maxwell–Stefan equa-
tions from the multispecies BGK model of Gross and Krook [21] in the diffusion limit, using
a Chapman–Enskog expansion. The BGK model replaces the Boltzmann collision operator
with a simpler nonlinear operator, still conserving mass, momentum, and energy and sat-
isfying an H-theorem [12, Sec. IV.1]. Before presenting the Chapman–Enskog procedure,
we introduce the multispecies BGK collision operator and the nonlinear BGK model.

2.1. Multispecies BGK collision operator. Consider a gas mixture consisting of N
different particle species. Each particle of the ith species has the mass mi, i = 1, . . . , N .
The collision of two particles is assumed to be elastic and to conserve the mass of each
particle. Let ξ and ξ∗ be the pre-collisional velocities of species i and j and ξ′ and ξ′∗ be
the corresponding post-collisional velocities. The collisions conserve the momentum and
kinetic energy,

miξ
′ +mjξ

′
∗ = miξ +mjξ∗,

mi

2
|ξ′|2 + mj

2
|ξ′∗|2 =

mi

2
|ξ|2 + mj

2
|ξ∗|2.(6)
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These relations yield for i, j = 1, . . . , N ,

0 = (mi +mj)
(
mi|ξ|2 +mj|ξ∗|2 −mi|ξ′|2 −mj|ξ′∗|2

)
−

(
|miξ +mjξ∗|2 − |miξ

′ +mjξ
′
∗|2

)
= mimj

(
|ξ − ξ∗|2 − |ξ′ − ξ′∗|2

)
and consequently |ξ − ξ∗| = |ξ′ − ξ′∗|. Thus, there exists σ ∈ S2, where S2 is the two-
dimensional unit sphere, such that ξ′ − ξ′∗ = |ξ − ξ∗|σ, and the conservation of momentum
implies the relations

ξ′ =
miξ

′ +mjξ
′
∗

mi +mj

+
mj

mi +mj

(ξ′ − ξ′∗) =
1

mi +mj

(
miξ +mjξ∗ +mj|ξ − ξ∗|σ

)
,

ξ′∗ =
miξ

′ +mjξ
′
∗

mi +mj

− mi

mi +mj

(ξ′ − ξ′∗) =
1

mi +mj

(
miξ +mjξ∗ −mi|ξ − ξ∗|σ

)
,

which express (ξ′, ξ′∗) in terms of (ξ, ξ∗) (and σ). The multispecies Boltzmann collision
operator is the difference of gain and loss terms,

QB
i (f) =

N∑
i=1

QB
ij(fi, fj), where

QB
ij(fi, fj) =

∫
R3

∫
S2
Bij(ξ, ξ∗, σ)(f

′
if

′
j∗ − fifj∗)dσdξ∗,

describing the collisions of particles of species i with particles of species j. Here, we abbre-
viated f ′

i = fi(ξ
′), fj∗ = fj(ξ∗), and f ′

j∗ = fj(ξ
′
∗). The collision kernels (or cross-sections)

Bij satisfy the micro-reversibility conditions Bij(ξ, ξ∗, σ) = Bji(ξ∗, ξ, σ) and Bij(ξ, ξ∗, σ) =
Bij(ξ

′, ξ′∗, σ) for all i ̸= j, ξ, ξ∗ ∈ R3, and σ ∈ S2. The collision operator fulfills the follow-
ing invariance properties that reflect the conservation of mass, momentum, and energy [8,
Sec. 3.3]: ∫

R3

QB
ij(f

ε
i , f

ε
j )dξ = 0,∫

R3

QB
ij(f

ε
i , f

ε
j )miξdξ +

∫
R3

QB
ji(f

ε
j , f

ε
i )mjξdξ = 0,(7) ∫

R3

QB
ij(f

ε
i , f

ε
j )mi|ξ|2dξ +

∫
R3

QB
ji(f

ε
j , f

ε
i )mj|ξ|2dξ = 0

for all i ̸= j. The collision operator also satisfies a multispecies form of the H-theorem,
i.e., the entropy

H(f) = −
N∑
i=1

∫
R3

∫
R3

fi(log fi − 1)dξdx
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fulfills dH/dt ≥ 0 with equality if and only if

fi = ni

(
mi

2πθeq

)3/2

exp

(
− mi

2θeq
|ξ − veq|2

)
holds for some equilibrium number density ni, equilibrium velocity veq, and equilibrium
temperature θeq that are common to all species. Here, temperatures are measured in energy
units so that the Boltzmann constant kB equals one.

We wish to simplify the collision operator. To this end, we introduce the multispecies
equilibrium (Maxwellian)

Mij(ξ) = ni

(
mi

2πθij

)3/2

exp

(
− mi

2θij
|ξ − vij|2

)
,

where ni is the number density of the ith species, and the multispecies velocities vij and
multispecies temperatures θij are determined by momentum and energy conservation (6);
see below. We require that vij = vji and θij = θji. These assumptions are sufficient to
ensure the H-theorem [22, Sec. 3.2] and they imply, together with energy conservation (6),
that M ′

ijM
′
ji∗ = MijMji∗.

In the BGK approximation, we suppose that the particles reach the equilibrium after a
single collision, i.e. f ′

i ≈ M ′
ij and f ′

∗ ≈ M ′
ji∗. Moreover, replacing fj∗ by Mji∗ (see below)

leads to

QB
ij(fi, fj) ≈

∫
R3

∫
S2
Bij(ξ, ξ∗, σ)(M

′
ijM

′
ji∗ − fiMji∗)dξ∗dσ.

We deduce from M ′
ijM

′
ji∗ = MijMji∗ that

QB
ij(fi, fj) ≈ νij(Mij − fi), where νij(ξ) =

∫
R3

∫
S2
Bij(ξ, ξ∗, σ)Mji∗dξ∗dσ.(8)

The replacement of fj∗ by Mji∗ can be motivated if Bij only depends on σ [32, Sec. 1.1],
since in this case

QB
ij(fi, fj) ≈

∫
R3

∫
S2
Bij(σ)(MijMji∗ − fifj∗)dξ∗dσ =

(∫
S2
Bijdσ

)
nj(Mij − fi),

as Mji∗ and fj∗ have the same zeroth-order moment nj. The approximation (8) is the
multispecies BGK collision operator. This formulation keeps the quadratic structure of
the Boltzmann collision operator. To simplify the computations, we assume that νij is
independent of the velocity ξ. In the following, we consider only the multispecies BGK
collision operator.

2.2. Multispecies BGK model. We assume that the Knudsen number, representing
the average frequency of collisions, and the Mach number, representing the ratio of flow
velocity to the local sound speed, are small and of order ε > 0; see Appendix B. Then the
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multispecies BGK model in the diffusion scaling reads as

ε∂tf
ε
i + ξ · ∇xf

ε
i =

1

ε

N∑
j=1

Qij(f
ε
i , f

ε
j ) in R3, t > 0, i = 1, . . . , N,(9)

where the multispecies BGK operator is given by

Qij(f
ε
i , f

ε
j ) = νij(M

ε
ij − f ε

i ), M ε
ij(ξ) = nε

i

(
mi

2πθεij

)3/2

exp

(
− mi

2θεij
|ξ − εvεij|2

)
.(10)

The multispecies velocities are of order ε, since we are interested in pure diffusive dynamics.
The moments of f ε

i are the number density, momentum (supposed to be of order ε), and
energy of the ith species,∫

R3

f ε
i dξ = nε

i ,

∫
R3

f ε
i ξdξ = εnε

iv
ε
i ,

∫
R3

f ε
i |ξ|2dξ =

3

mi

nε
iθ

ε
i + ε2nε

i |vεi |2.

These relations define nε
i , v

ε
i , and θεi . A computation shows that∫

R3

M ε
ijdξ = nε

i ,

∫
R3

M ε
ijξdξ = εnε

iv
ε
ij,

∫
R3

M ε
ij|ξ|2dξ =

3

mi

nε
iθ

ε
ij + ε2nε

i |vεij|2.(11)

We still need to determine the velocities vεij and temperatures θεij. Imposing the invari-

ance properties (7) for Qij instead of QB
ij and recalling that we supposed the symmetry

vεij = vεji and θεij = θεji, a computation shows that (see Lemma 8 in Appendix A)

(12)

vεij = αε
ijv

ε
i + αε

jiv
ε
j ,

θεij = (βε
ijθ

ε
i + βε

jiθ
ε
j) +

ε2

3

(
βε
ijmi(|vεi |2 − |vεij|2) + βε

jimj(|vεj |2 − |vεij|2)
)
,

where

αε
ij =

νijρ
ε
i

νijρεi + νjiρεj
, βε

ij =
νijn

ε
i

νijnε
i + νjinε

j

,(13)

and we have introduced the mass densities ρεi = min
ε
i . Lemma 8 also shows that the

multispecies temperature is positive if θεi , θ
ε
j , and νijn

ε
i + νjin

ε
j are positive. This was first

proved in [22, Prop. 2].
According to [22, Prop. 1], the multispecies BGK model satisfies the H-theorem, i.e.

(dH/dt)(f) ≥ 0 and (dH/dt)(f) = 0 if and only if fi = M ε
ii with vεij = vε and θεij = θε,

which means that

fi = nε
i

(
mi

2πθε

)3/2

exp

(
− mi

2θε
|ξ − εvε|2

)
.

In the limit ε → 0, the equilibrium M ε
ii converges to

M0
i (ξ) = ni

(
mi

2πθ

)3/2

exp

(
− mi

2θ
|ξ|2

)
,(14)
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where ni = limε→0 n
ε
i and θ = limε→0 θ

ε. The moments of M0
i equal

(15)

∫
R3

M0
i dξ = ni,

∫
R3

M0
i ξdξ =

∫
R3

M0
i ξ|ξ|2dξ = 0,∫

R3

M0
i (ξ ⊗ ξ)dξ =

niθ

mi

I,
∫
R3

M0
i (ξ ⊗ ξ)|ξ|2dξ = 5

niθ
2

m2
i

I

where I is the unit matrix in R3×3.

2.3. Chapman–Enskog expansion. We expand the solution f ε
i to (9) (which is assumed

to exist) around the Maxwellian (14),

f ε
i = M0

i + εgεi , i = 1, . . . , N,

which in fact defines the correction gεi . We compute the zeroth-, first-, and second-order
moment equations. First, because of mass conservation,

∂t

∫
R3

f ε
i dξ +

1

ε
divx

∫
R3

M0
i ξdξ + divx

∫
R3

gεi ξdξ =
1

ε2

N∑
j=1

∫
R3

νij(M
ε
ij − f ε

i )dξ = 0.

The second term on the left-hand side vanishes since ξ 7→ M0
i (ξ)ξ is odd. We conclude

from

εnε
iv

ε
i =

∫
R3

f ε
i ξdξ =

∫
R3

M0
i ξdξ + ε

∫
R3

gεi ξdξ = ε

∫
R3

gεi ξdξ

that
∫
R3 g

ε
i ξdξ = nε

iv
ε
i . Assuming the convergences nε

i → ni, v
ε
i → vi, and gεi → g0i as

ε → 0 in a sense that allows us to perform the limit in the integrals, we find the mass
conservation equation

∂tni + divx(nivi) = 0.

The first-order moment equation reads as

ε∂t

∫
R3

f ε
i ξdξ + divx

∫
R3

M0
i (ξ ⊗ ξ)dξ + ε divx

∫
R3

gεi (ξ ⊗ ξ)dξ

=
1

ε

N∑
j=1

νij

∫
R3

(M ε
ij − f ε

i )ξdξ.

The first and third terms on the left-hand side vanish in the limit ε → 0, while the second
term equals ∇x(niθ)/mi (see (15)) and the right-hand side becomes (see (11))

1

ε

N∑
j=1

νij

∫
R3

(M ε
ij − f ε

i )ξdξ =
1

ε

N∑
j=1

νij(εn
ε
iv

ε
ij − εnε

iv
ε
i ) =

N∑
j=1

νijα
ε
jin

ε
i (v

ε
j − vεi ),

since vεij − vεi = (αε
ij − 1)vεi + αε

jiv
ε
j = αε

ji(v
ε
j − vεi ). We obtain in the limit ε → 0 the

Maxwell–Stefan equations

∇x(niθ) = −
N∑
j=1

νijαjimini(vi − vj), αji =
νjimjnj

νijmini + νjimjnj

,
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which can be written as

∇x(niθ) = −
N∑
j=1

Dijninj(vi − vj), Dij =
νijνjimimj

νijmini + νjimjnj

.

The symmetry of (Dij) implies that the sum of these equations over i = 1, . . . , N equals

N∑
i=1

∇x(niθ) = 0,

showing that
∑N

i=1 niθ is constant in space.
To derive the energy balance law, we compute the second-order moment equations:

ε2∂t

∫
R3

f ε
i |ξ|2dξ + ε divx

∫
R3

M0
i ξ|ξ|2dξ + ε2 divx

∫
R3

gεi ξ|ξ|2dξ

=
N∑
j=1

νij

∫
R3

(M ε
ij − f ε

i )|ξ|2dξ.

The first term on the left-hand side equals
∫
R3 f

ε
i |ξ|2dξ = 3nε

iθ
ε
i /mi+O(ε2) and the second

term vanishes:

3∂t

(
nε
iθ

ε
i

mi

)
+ divx

∫
R3

gεi ξ|ξ|2dξ +O(ε2) =
1

ε2

N∑
j=1

νij

∫
R3

(M ε
ij − f ε

i )|ξ|2dξ.(16)

We conclude that
N∑
j=1

νij

∫
R3

(M ε
ij − f ε

i )|ξ|2dξ = O(ε2).

By (15), the left-hand side becomes

N∑
j=1

νij

∫
R3

(M ε
ij − f ε

i )|ξ|2dξ =
N∑
j=1

νij

(
3nε

i

mi

(θεij − θεi ) + ε2nε
i (|vεij|2 − |vεi |2)

)
.(17)

We deduce from definition (12) of θεij that

θεij − θεi = βε
ji(θ

ε
j − θεi ) +

ε2

3

(
βε
ijmi(|vεi |2 − |vεij|2) + βε

jimj(|vεj |2 − |vεij|2)
)
.

Hence, (17) shows that θεi − θεj = O(ε2), and as expected, there is only one mixture

temperature in the limit, θ = limε→0 θ
ε
i . In particular, θεij − θ = O(ε2).

This order is not sufficient to pass to the limit ε → 0 in (17), divided by ε2. However, it
turns out that the sum over i = 1, . . . , N vanishes. Indeed, we have

N∑
i=1

mi

N∑
j=1

3nε
i

mi

νijβ
ε
ji(θ

ε
j − θεi ) = 0,
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since nε
iνijβ

ε
ji = νijνjin

ε
in

ε
j/(νijn

ε
i + νjin

ε
j) is symmetric. (We have used the fact that∑n

i,j=1AijBij = 0 if (Aij) is symmetric and (Bij) is skew-symmetric.) Therefore, using

βε
ij + βε

ji = 1, the sum of (17) over i = 1, . . . , N becomes

N∑
i,j=1

miνij

∫
R3

(M ε
ij − f ε

i )|ξ|2dξ = 3
n∑

i,j=1

νijn
ε
iβ

ε
ji(θ

ε
j − θεi )

+ ε2
n∑

i,j=1

νijn
ε
i

(
βε
ijmi(|vεi |2 − |vεij|2) + βε

jimj(|vεj |2 − |vεij|2) +mi(|vεij|2 − |vεi |2)
)

= ε2
n∑

i,j=1

νijn
ε
i

(
βε
ijmi(|vεi |2 − |vεij|2) + βε

jimj(|vεj |2 − |vεij|2)

+ (βε
ij + βε

ji)mi(|vεij|2 − |vεi |2)
)

= ε2
n∑

i,j=1

νijn
ε
iβ

ε
ji

(
(mj|vεj |2 −mi|vεi |2) + (mi −mj)|vεij|2

)
= ε2

n∑
i,j=1

νijn
ε
iβ

ε
ji

[
(
√
mjv

ε
j −

√
miv

ε
i )(

√
mjv

ε
j +

√
miv

ε
i ) + (mi −mj)|vεij|2

]
.

Since the matrices (νijn
ε
iβ

ε
ji(
√
mjv

ε
j +

√
miv

ε
i ))ij, (νijn

ε
iβ

ε
ji|vεij|2)ij are symmetric and the

matrices (
√
mjv

ε
j−

√
miv

ε
i )ij, (mi−mj)ij are skew-symmetric, the right-hand side vanishes.

Hence, the sum of (16) over i = 1, . . . , N can be written as

3
N∑
i=1

∂t(n
ε
iθ

ε
i ) + divx

N∑
i=1

mi

∫
R3

gεi ξ|ξ|2dξ = 0,

and the limit ε → 0 gives

3
N∑
i=1

∂t(niθ) + divx

N∑
i=1

mi

∫
R3

g0i ξ|ξ|2dξ = 0(18)

It remains to determine the third-order moment of g0i . For this, we consider the third-
order moment equations:

ε∂t

∫
R3

f ε
i ξ|ξ|2dξ + divx

∫
R3

M0
i (ξ ⊗ ξ)|ξ|2dξ + ε divx

∫
R3

gεi (ξ ⊗ ξ)|ξ|2dξ(19)

=
1

ε

N∑
j=1

νij

∫
R3

(M ε
ij −M0

i )ξ|ξ|2dξ −
N∑
j=1

νij

∫
R3

gεi ξ|ξ|2dξ.

The first and third terms are of order O(ε), and the second term becomes

divx

∫
R3

M0
i (ξ ⊗ ξ)|ξ|2dξ =

5

m2
i

∇x(niθ
2).
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The first term on the right-hand side of (19) can be computed explicitly. In fact, the
integral over M0

i ξ|ξ|2 vanishes and, using the change of variables z = (mi/θ
ε
ij)

1/2(ξ− εvεij),

1

ε

N∑
j=1

νij

∫
R3

M ε
ijξ|ξ|2dξ

=
nε
i

ε

N∑
j=1

νij

∫
R3

e−|z|2/2

(2π)3/2

((
θεij
mi

)1/2

z + εvεij

)∣∣∣∣( θεij
mi

)1/2

z + εvεij

∣∣∣∣2dz
= nε

i

N∑
j=1

νijθ
ε
ij

mi

∫
R3

e−|z|2/2

(2π)3/2
(|z|2 + 2(z ⊗ z))vεijdz +O(ε)

=
5

mi

nε
i

N∑
j=1

νijθ
ε
ijv

ε
ij +O(ε) =

5

mi

nε
i

N∑
j=1

νijθ
ε
ij(α

ε
ijv

ε
i + αε

jiv
ε
j ) +O(ε2)

→ 5νi
mi

niθv̄i

as ε → 0, where

v̄i =

∑N
j=1 νij(αijvi + αjivj)∑N

j=1 νij
, νi =

N∑
j=1

νij.(20)

We infer from (19) in the limit ε → 0 that

5

m2
i

∇x(niθ
2) =

5νi
mi

niθv̄i − νi

∫
R3

g0i ξ|ξ|2dξ,

and consequently,

mi

∫
R3

g0i ξ|ξ|2dξ = 5niθv̄i −
5

miνi
∇x(niθ

2).

We conclude from (18) that

3
N∑
i=1

∂t(niθ)− 5
N∑
i=1

divx

(
∇x(niθ

2)

miνi

)
+ 5

N∑
i=1

divx(niθv̄i) = 0.

Summarizing the previous computations leads to the following result.

Theorem 1 (Non-isothermal Maxwell–Stefan model). The Chapman–Enskog expansion
f ε
i = M0

i + εgεi in the multispecies BGK model (9) and the formal limit ε → 0 yield the
non-isothermal Maxwell–Stefan equations

∂tni + divx(nivi) = 0, ∇x(niθ) = −
N∑
j=1

Dijninj(vi − vj),
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3

2

N∑
i=1

∂t(niθ) +
5

2

N∑
i=1

divx

{
niθv̄i −

∇x (niθ
2)

miνi

}
= 0,

where v̄i and νi are defined in (20), the diffusion coefficients are given by

Dij =
νijνjimimj

νijmini + νjimjnj

,

and formally, for i = 1, . . . , N ,

ni = lim
ε→0

nε
i = lim

ε→0

∫
R3

f ε
i dξ, nivi = lim

ε→0

1

ε

∫
R3

f ε
i ξdξ, θ = lim

ε→0

mi

3nε
i

∫
R3

f ε
i |ξ|2dξ.

2.4. Entropy structure. The kinetic entropy

Hε = −
N∑
i=1

∫
R3

∫
R3

f ε
i (log f

ε
i − 1)dξdx(21)

is nondecreasing in time; this is known as the H-theorem, and it follows from

dHε

dt
= −

N∑
i=1

∫
R3

∫
R3

∂tf
ε
i log f

ε
i dξdx = − 1

ε2

∫
R3

∫
R3

N∑
i,j=1

νij(M
ε
ij − f ε

i ) log f
ε
i dξdx

=
1

ε2

∫
R3

∫
R3

N∑
i,j=1

νij(M
ε
ij − f ε

i )(logM
ε
ij − log f ε

i )dξdx ≥ 0,

where the last equality follows from the fact that M ε
ij and f ε

i have the same moments and
the inequality is a consequence of the monotonicity of the logarithm. We claim that such
a property holds under some conditions for the macroscopic entropy

Hε → H0 = −
N∑
i=1

∫
R3

{
ni(log ni − 1) +

3

2
ni

(
log

mi

2πθ
− 1

)}
dx.

Proposition 2 (Entropy inequality). Let miνi = 1 for i = 1, . . . , N . Then

dH0

dt
=

∫
R3

(
1

2θ

N∑
i,j=1

Dijninj|vi − vj|2 +
5

2

n∑
i=1

ni

θ
|∇xθ|2

)
dx ≥ 0.

Proof. We compute

dH0

dt
= −

N∑
i=1

∫
R3

{
∂tni

(
log ni −

3

2
log θ

)
− 3

2

1

θ
∂t(niθ) +

3

2
∂tni

}
dx

= −
N∑
i=1

∫
R3

{
nivi ·

(
∇xni

ni

− 3

2

∇xθ

θ

)
+

5

2

(
niθv̄i −∇x

(
niθ

2

miνi

))
· ∇xθ

θ2

}
dx

= −
N∑
i=1

∫
R3

{
vi ·

(
∇xni +

ni

θ
∇xθ

)
− 5

2

ni

θ
∇xθ · (vi − v̄i)
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− 5

2

θ∇x(niθ) + niθ∇xθ

miνi
· ∇xθ

θ2

}
dx

= −
N∑
i=1

∫
R3

(
vi ·

∇x(niθ)

θ
− 5

2

ni

θ
∇xθ · (vi − v̄i)−

5

2

ni

θ

|∇xθ|2

miνi

)
dx,

where we used the fact that
∑N

i=1∇x(niθ)/(miνi) = 0, since miνi = 1. It follows from
definition (20) of v̄i that

vi − v̄i =
1

νi

N∑
j=1

νij
(
(1− αij)vi − αjivj

)
=

1

νi

N∑
j=1

νijαji(vi − vj).

Inserting the relation ∇x(niθ) = −
∑N

j=1 Dijninj(vi − vj), we deduce from the symmetry
of Dij that

dH0

dt
=

∫
R3

(
1

θ

N∑
i,j=1

Dijninj(vi − vj) · vi +
5

2

∇xθ

θ
·

N∑
i,j=1

νijαjimini

miνi
(vi − vj)dx(22)

+
5

2

N∑
i=1

ni

θ

|∇xθ|2

miνi

)
dx

=

∫
R3

1

2θ

N∑
i,j=1

Dijninj|vi − vj|2dx+
5

2

∫
R3

N∑
i,j=1

νijαjimini(vi − vj) ·
∇xθ

θ
dx

+
5

2

∫
R3

N∑
i=1

ni

θ
|∇xθ|2dx,

where we used the assumption miνi = 1. The matrix with entries

νijαjimini =
νijνji(mini)(mjnj)

νijmini + νjimjnj

is symmetric, while the matrix with entries vi − vj is skew-symmetric. Hence, the second
term on the right-hand side of (22) vanishes, and we conclude the proof. □

The assumption miνi = 1 is not needed in the isothermal case, which is not surprising
since this product does not appear explicitly in the isothermal model.

Remark 3 (Rigorous limit). The diffusion limit ε → 0 was made rigorous in [9] for the
linearized Boltzmann equations, leading to the isothermal Maxwell–Stefan equations, and
in [14] for a kinetic velocity-jump model, leading to a drift-diffusion equation. It seems
to be delicate to perform the rigorous limit ε → 0 in our model because of the highly
nonlinear structure of the multispecies collision operator.

Remark 4 (Boundary conditions). The boundary conditions for the macroscopic equations
depend on the boundary conditions for the kinetic model. The expansion for higher-order
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quantities may not satisfy the kinetic boundary conditions, which requires the Knudsen-
layer correction near the boundary [34]. It was shown in [31, Prop. 2] that, assuming a
linear combination of a regular reflection with a diffusive boundary operator, the leading
part of the expansion satisfies no-flux boundary conditions.

3. Diffusion limit in a BGK model with Brinkman force term

In this section, we derive the generalized Busenberg–Travis equations from a multispecies
kinetic model in the diffusion limit. Compared to the previous section, we choose a single
collision operator similarly as in [1] and include a Brinkman force term.

3.1. BGK–Brinkman model. The equations in the diffusion scaling read as

ε

σ
∂tf

ε
i + ξ · ∇xf

ε
i +

1

σ
∇xϕ

ε
i · ∇ξf

ε
i =

νi
ε
(Mi(f

ε
i )− f ε

i ) in R3, t > 0,(23)

for i = 1, . . . , N , where ε > 0 is associated to the Knudsen and Mach number (see Appendix
B), σ > 0 is a free parameter (see Section 3.3), νi > 0 is the collision frequency of the ith
species, and ϕε

i is the Brinkman potential solving

−ε∆xϕ
ε
i + ϕε

i = −
N∑
i=1

aijρ
ε
jθ

ε
j in R3,(24)

where aij ∈ R, the number density nε
i and temperature θεi are given by∫

R3

f ε
i dξ = nε

i ,

∫
R3

f ε
i |ξ|2dξ =

3

mi

nε
iθ

ε
i ,

and ρεi = min
ε
i is the particle density. The Brinkman law is a generalization of the Darcy

law Vi = −∇xpi, where Vi is the partial velocity and pi =
∑N

i=1 aijρ
ε
jθ

ε
j is the partial

pressure, by adding an elliptic regularization, −ε∆xVi+Vi = −∇xpi. This equation follows
from (24) after differentiating and setting Vi = ∇xϕ

ε
i . The Maxwellian in (23) is given by

(Mi(f
ε
i ))(ξ) = nε

i

(
mi

2πθεi

)3/2

exp

(
− mi|ξ|2

2θεi

)
.

This means that Mi(f
ε
i ) has the same moments as f ε

i ,∫
R3

Mi(f
ε
i )dξ = nε

i ,

∫
R3

Mi(f
ε
i )ξdξ = 0,

∫
R3

Mi(f
ε
i )|ξ|2dξ =

3

mi

nε
iθ

ε
i ,

and Mi(f
ε
i ) depends on f ε

i in a nonlinear and nonlocal way. Compared to the model in
[1], we have set the velocity in the Maxwellian equal to zero and we have used the same
temperatures for Mi(f

ε
i ) and f ε

i .
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3.2. Chapman–Enskog expansion. We expand the solution f ε
i to (23) as follows:

f ε
i = f 0

i + εgεi , i = 1, . . . , N,

which defines the function gεi . The limit ε → 0 in (23) leads to Mi(f
0
i ) = f 0

i , where

(Mi(f
0
i ))(ξ) = ni

(
mi

2πθi

)3/2

exp

(
− mi|ξ|2

2θi

)
,

assuming that nε
i → ni, θ

ε
i → θi, and ϕε

i → ϕi, where ϕi = −
∑N

j=1 aijρjθj. We insert the

expansion f ε
i = Mi(f

0
i ) + εgεi into equation (23),

ε∂tf
ε
i + σξ · ∇x(Mi(f

0
i ) + εgεi ) +∇xϕ

ε
i · ∇ξ(Mi(f

0
i ) + εgεi ) = −σνig

ε
i ,

and perform the formal limit ε → 0,

σξ · ∇xMi(f
0
i ) +∇xϕi · ∇ξMi(f

0
i ) = −σνig

0
i ,(25)

where g0i = limε→0 g
ε
i .

The zeroth-order moment equation of (23) becomes

∂t

∫
R3

f ε
i dξ +

σ

ε
divx

∫
R3

Mi(f
ε
i )ξdξ + σ divx

∫
R3

gεi ξdξ +
1

ε
∇xϕ

ε
i ·

∫
R3

∇ξf
ε
i dξ

= −σνi
ε2

∫
R3

(Mi(f
ε
i )− f ε

i )dξ = 0.

The second and fourth terms on the left-hand side vanish, and the limit ε → 0 yields

∂tni + σ divx

∫
R3

g0i ξdξ = 0.

By inserting (25), we compute the first-order moment of g0i :

σ

∫
R3

g0i ξdξ = − 1

νi

(
σ divx

∫
R3

Mi(f
0
i )(ξ ⊗ ξ)dξ +∇xϕi ·

∫
R3

∇ξMi(f
0
i )ξdξ

)
(26)

= − σ

νi
∇x

(
niθi
mi

)
+

1

νi
ni∇xϕi.

This yields the equation

∂t(mini) = divx
(
ν−1
i

(
σ∇x(niθi)−mini∇xϕi

))
.

To derive the energy balance law, we consider the second-order moment equation of (23):

∂t

∫
R3

f ε
i |ξ|2dξ +

σ

ε
divx

∫
R3

Mi(f
ε
i )ξ|ξ|2dξ + σ divx

∫
R3

gεi ξ|ξ|2dξ

+
1

ε
∇xϕ

ε
i ·

∫
R3

∇ξMi(f
ε
i )|ξ|2dξ +∇xϕ

ε
i ·

∫
R3

∇ξg
ε
i |ξ|2dξ

=
σνi
ε2

∫
R3

(Mi(f
ε
i )− f ε

i )|ξ|2dξ = 0,
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since Mi(f
ε
i ) and f ε

i have the same moments. Taking into account that the second and
fourth integrals on the left-hand side vanish, the limit ε → 0 gives

∂t

(
3niθi
mi

)
+ σ divx

∫
R3

g0i ξ|ξ|2dξ − 2∇xϕi ·
∫
R3

g0i ξdξ = 0.

The first-order moment of g0i was computed in (26). It remains to compute the third-order
moment of g0i :

σ

∫
R3

g0i ξ|ξ|2dξ = − 1

νi

(
σ divx

∫
R3

Mi(f
0
i )(ξ ⊗ ξ)|ξ|2dξ +∇xϕi ·

∫
R3

∇ξMi(f
0
i )ξ|ξ|2dξ

)
= − 1

νi

(
σ divx

∫
R3

Mi(f
0
i )(ξ ⊗ ξ)|ξ|2dξ −

∫
R3

Mi(f
0
i )(|ξ|2I+ 2ξ ⊗ ξ)∇xϕidξ

)
= − 5

νi

(
σ∇x

(
niθ

2
i

m2
i

)
− niθi

mi

∇xϕi

)
.

We conclude that

∂t

(
3niθi
mi

)
= 5divx

{
1

νi

(
σ∇x

(
niθ

2
i

m2
i

)
− niθi

mi

∇xϕi

)}
+

2

νi

(
−∇x

(
niθi
mi

)
+

ni

σ
∇xϕi

)
· ∇xϕi,

and, using ρi = mini, we obtain the following result.

Theorem 5 (Non-isothermal Busenberg–Travis model). The Chapman–Enskog expansion
f ε
i = M0

i + εgεi in the BGK–Brinkman model (23) and the formal limit ε → 0 yield the
non-isothermal Busenberg–Travis-type equations

∂tρi = divx

{
σ

νi
∇x

(
ρiθi
mi

)
− ρi

νi
∇xϕi

}
, ϕi = −

N∑
i=1

aijρjθj,

3

2
∂t

(
ρiθi
mi

)
=

5

2
divx

{
σ

νi
∇x

(
ρiθ

2
i

m2
i

)
− ρiθi

νimi

∇xϕi

}
− 1

σ

{
σ

νi
∇x

(
ρiθi
mi

)
− ρi

νi
∇xϕi

}
· ∇xϕi,

where

ρi = lim
ε→0

min
ε
i = lim

ε→0

∫
R3

f ε
i dξ, θi = lim

ε→0

mi

3nε
i

∫
R3

f ε
i |ξ|2dξ for i = 1, . . . , N.

3.3. High-field scaling. We claim that the diffusion term in the mass balance equation
(5) vanishes if we make a high-field scaling. We choose σ =

√
ε in (23):

√
ε∂tf

ε
i + ξ · ∇xf

ε
i +

1√
ε
∇xϕi · ∇ξf

ε
i =

νi
ε
(Mi(f

ε
i )− f ε

i ) in R3, t > 0,(27)
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and expand f ε
i = f 0

i +
√
εgεi . As in the previous section, we find in the limit ε → 0 that

f 0
i = Mi(f

0
i ). Inserting the expansion into (27) gives

√
ε∂tf

ε
i + ξ · ∇x(Mi(f

0
i ) +

√
εgεi ) +

1√
ε
∇ϕi · ∇ξ(Mi(f

0
i ) +

√
εgεi ) = − νi√

ε
gεi ,

and the limit ε → 0 yields

g0i = − 1

νi
∇xϕi · ∇ξMi(f

0
i ).(28)

The zeroth-order moment equation becomes

∂t

∫
R3

f ε
i dξ +

1√
ε
divx

∫
R3

Mi(f
0
i )ξdξ + divx

∫
R3

gεi ξdξ

+
1

ε
∇xϕi ·

∫
R3

∇ξf
ε
i dξ = − νi

ε3/2

∫
R3

gεi dξ = 0.

Taking into account that the second and fourth terms vanish, the limit ε → 0 leads to the
mass conservation law

∂tni + divx

∫
R3

g0i ξdξ = 0.

The flux is computed by inserting expression (28) for g0i :∫
R3

g0i ξdξ = − 1

νi
∇xϕi ·

∫
R3

∇ξMi(f
0
i )ξdξ =

1

νi
∇xϕi ·

∫
R3

Mi(f
0
i )dξ =

1

νi
ni∇xϕi.

We deduce from ϕi = −
∑N

i=1 aijρjθj the Busenberg–Travis equations

∂tρi = − divx

(
ρi
νi
∇xϕi

)
= divx

(
ρi
νi

N∑
i=1

aij∇x(ρjθj)

)
, i = 1, . . . , N.

For constant temperature θj = 1, we recover the generalized Busenberg–Travis model
[11]. (More precisely, the model in [11] has been suggested for the special case aij = 1.)
Note that the high-field scaling does not allow us to derive the energy equation, since the
second-order moment equation becomes

∂t

∫
R3

f ε
i |ξ|2dξ + divx

∫
R3

gεi ξ|ξ|2dξ −
2√
ε
∇xϕi ·

∫
R3

gεi ξdξ

=
νi
ε3/2

∫
R3

(Mi(f
0
i )− f ε

i )|ξ|2dξ = 0,

and the third term on the left-hand side does not converge as ε → 0.
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3.4. Entropy structure. As in the first model, the kinetic entropy in definition (21) is
nondecreasing in time:

dHε

dt
=

1

ε2

N∑
i=1

∫
R3

∫
R3

νi(M
ε
i − f ε

i )(logM
ε
i − log f ε

i )dξdx ≥ 0.

We show that the macroscopic entropy

H0 = lim
ε→0

Hε = −
N∑
i=1

∫
R3

(
ni(log ni − 1)− 3

2
ni log

2πθi
mi

− 1

)
dx

is also nondecreasing in time under some positive semidefiniteness condition.

Proposition 6 (Macroscopic entropy equality). Let the symmetric part of (aij/(miνiθi))ij
be positive semidefinite. Then the macroscopic entropy is nondecreasing in time:

dH0

dt
=

N∑
i=1

∫
R3

1

νi

(
σ

m2
i

|∇x(ρiθi)|2

ρiθi
+

5

2

σ

m2
i

ρi
θi
|∇xθi|2 +

1

σ

ρi
θi
|∇xϕi|2

)
dx

+ 2
n∑

i,j=1

∫
R3

aij
miνiθi

∇x(ρiθi) · ∇x(ρjθj)dx ≥ 0.

Proof. We use the evolution equations in Theorem 5 to compute

dH0

dt
=

N∑
i=1

∫
R3

(
− ∂tni log ni +

3

2
∂tni log θi +

3

2

1

θi
∂t(niθi)−

3

2
∂tni

)
dx

=
N∑
i=1

∫
R3

1

νi

{(
σ

mi

∇x(niθi)− ni∇xϕi

)
·
(
∇xni

ni

− 3

2

∇xθi
θi

)
+

5

2

(
σ

mi

θi∇x(niθi) +
σ

mi

niθi∇xθi − niθi∇xϕi

)
· ∇xθi

θ2i

− 1

θi

(
∇x(niθi)−

mini

σ
∇xϕi

)
· ∇xϕi

}
dx.

We collect the terms with factors ∇x(niθi) and ∇xϕi:

dH0

dt
=

N∑
i=1

∫
R3

1

νi

{
σ

mi

∇x(niθi) ·
(
∇xni

ni

+
∇xθi
θi

)
+

5

2

σ

mi

ni

θi
|∇xθi|2

− 2∇xϕi ·
(
∇xni +

ni

θi
∇xθi

)
+

mi

σ

ni

θi
|∇xϕi|2

}
dx

=
N∑
i=1

∫
R3

1

νi

(
σ

mi

|∇x(niθi)|2

niθi
+

5

2

σ

mi

ni

θi
|∇xθi|2

− 2

θi
∇xϕi · ∇x(niθi) +

mi

σ

ni

θi
|∇xϕi|2

)
dx.



CROSS-DIFFUSION LIMITS IN MULTISPECIES KINETIC MODELS 19

Inserting the definition of ϕi, the third term on the right-hand side is written as

−
N∑
i=1

∫
R3

2

νi

1

θi
∇xϕi · ∇x(niθi) = 2

n∑
i,j=1

∫
R3

aij
miνiθi

∇x(ρjθj) · ∇x(ρiθi)dx,

and this expression is nonnegative if the symmetric part of (aij/(miνiθi)) is positive definite.
□

Remark 7 (Rao entropy). It is shown in [13] that the so-called Rao entropy

ER =
1

2

N∑
i,j=1

∫
R3

aijρiρjdx

can be interpreted as the potential energy associated to the compressible Navier–Stokes
equations with force −ρi∇ϕi in the zero-inertia limit, and this functional is nonincreasing
in time along solutions to the classical (isothermal) Busenberg–Travis model. Such an
interpretation is also possible on the kinetic level under the assumptions that (aij) is
symmetric and positive definite and miνi = 1. Indeed, we deduce from the symmetry of
(aij) that

dER

dt
=

N∑
i,j=1

∫
R3

aijρj∂tρidx = −
N∑

i,j=1

∫
R3

aij∇xρj ·
(

σ

miνi
∇xρi +

ρi
νi

N∑
k=1

aik∇xρk

)
dx

= −σ
N∑

i,j=1

∫
R3

aij
miνi

∇xρi · ∇xρjdx−
n∑

i=1

∫
R3

ρi
νi

( N∑
j=1

aij∇xρj

)2

dx,

and the right-hand side is nonpositive since (aij) is positive definite and νimi = 1. The
Rao entropy can be interpreted as the limiting potential energy

Eε
pot = −

N∑
i=1

mi

2

∫
R3

∫
R3

ϕε
if

ε
i dξdx

associated to the kinetic model (still in the isothermal setting):

lim
ε→0

Eε
pot = −

N∑
i=1

mi

2

∫
R3

∫
R3

ϕiMi(f
0
i )dξdx = −1

2

N∑
i=1

∫
R3

ϕiρidx

=
1

2

N∑
i,j=1

∫
R3

aijρjρi = ER.

It is an open problem whether the Rao entropy can be interpreted as a potential energy in
more general kinetic settings. □



20 A. JÜNGEL, A. POLLINO, AND S. TAGUCHI

Appendix A. Computation of vij and θij

Lemma 8. Let the collision operator (10) satisfy the invariance properties∫
R3

Qij(f
ε
i , f

ε
j )dξ = 0,∫

R3

Qij(f
ε
i , f

ε
j )miξdξ +

∫
R3

Qji(f
ε
j , f

ε
i )mjξdξ = 0,∫

R3

Qij(f
ε
i , f

ε
j )mi|ξ|2dξ +

∫
R3

Qji(f
ε
j , f

ε
i )mj|ξ|2dξ = 0.

Assume that vεij = vεji and θεij = θεji. Then vεij = αε
ijv

ε
i + αε

jiv
ε
j and

θεij = (βε
ijθ

ε
i + βε

jiθ
ε
j) +

ε2

3

(
βε
ijmi(|vεi |2 − |vεij|2) + βε

jimj(|vεj |2 − |vεij|2)
)

= (βε
ijθ

ε
i + βε

jiθ
ε
j) +

ε2

3
αε
ijα

ε
ji

(
βε
ijmi + βε

jimj

)
|vεi − vεj |2,

where the values αε
ij and βε

ij are defined in (13).

Proof. We insert the definition of Qij(f
ε
i , f

ε
j ) into the momentum conservation equation

and use the moments (11) as well as vεij = vεji:

0 =

∫
R3

νij(Mij − f ε
i )miξdξ +

∫
R3

νji(Mji − f ε
j )mjξdξ

= ενij(ρ
ε
iv

ε
ij − ρεiv

ε
i ) + ενji(ρ

ε
jv

ε
ij − ρεjv

ε
j ).

Solving this equation for vεij yields vεij = αε
ijv

ε
i + αε

jiv
ε
j . Next, we consider the energy

conservation equation and take into account θεij = θεji:

0 =

∫
R3

νij(Mij − f ε
i )mi|ξ|2dξ +

∫
R3

νji(Mji − f ε
j )mj|ξ|2dξ

= 3νijn
ε
i (θ

ε
ij − θεi ) + ε2νijmin

ε
i (|vεij|2 − |vi|2)

+ 3νjin
ε
j(θ

ε
ij − θεj) + ε2νjimjn

ε
j(|vεij|2 − |vj|2).

We solve for θεij, giving

θεij =
νijn

ε
iθ

ε
i + νjin

ε
jθ

ε
j

νijnε
i + νjinε

j

+
ε2

3

νijmin
ε
i (|vεi |2 − |vεij|) + νjimjn

ε
j(|vεj |2 − |vεij|)

νijnε
i + νjinε

j

= (βε
ijθ

ε
i + βε

jiθ
ε
j) +

ε2

3

(
βε
ijmi(|vεi |2 − |vεij|) + βε

jimj(|vεj |2 − |vεij|)
)
.

The ε2-term can be reformulated by using αε
ij+αε

ji = 1 and |vεij|2 = (αε
ij)

2|vεi |2+(αε
ji)

2|vεj |2+
2αε

ijα
ε
jiv

ε
i · vεj :

βε
ijmi(|vεi |2 − |vεij|) + βε

jimj(|vεj |2 − |vεij|)

=
νijmin

ε
i + νjimjn

ε
j

νijnε
i + νjinε

j

(
αε
ij(|vεi |2 − |vεij|) + αε

ji(|vεj |2 − |vεij|)
)
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= (βε
ijmi + βε

jimj)
(
αε
ij|vεi |2 + αε

ji|vεj |2 − |vεij|2
)

= (βε
ijmi + βε

jimj)
(
αε
ij(1− αε

ij)|vεi |2 + αε
ji(1− αε

ji)|vεj |2 − 2αε
ijα

ε
jiv

ε
i · vεj

)
= (βε

ijmi + βε
jimj)α

ε
ijα

ε
ji|vεi − vεj |2,

finishing the proof. □

Appendix B. Scaling

We wish to interpret the scaling σ =
√
ε in Section 3.3 by writing the kinetic equation

∂tfi + ξ · ∇xfi +
Fi

m∗ · ∇ξfi = Qi(f), i = 1, . . . , N,(29)

in dimensionless form. Here, Fi denotes a force and m∗ the associated particle mass. We
choose a characteristic time τ , a characteristic length λ, and the characteristic velocity u0 =√

kBθ/m∗ (proportional to the sound speed of an ideal gas), where kB is the Boltzmann
constant and θ the ensemble temperature. The characteristic time and length define a
second velocity scale, u = λ/τ . The value λ0 = u0τ0 (mean-free path) is the distance
that a particle travels between two consecutive collisions in time τ0. This defines the
dimensionless variables

t = τts, x = λxs, ξ = u0ξs,

as well as the dimensionless force Fi = F0Fi,s, where F0 will be determined below, and the
dimensionless collision operator Qi(f) = τ−1

0 Qi,s(f). Then (29) becomes, after omitting
the index “s” for the dimensionless variables and functions,

Ma ∂tfi + ξ · ∇xfi +
F0λ

m∗u2
0

Fi · ∇ξfi =
1

Kn
Qi(f),

where the Mach number Ma and Knudsen number Kn are defined by

Ma =
u

u0

, Kn =
λ0

λ
.

The diffusive scaling in Section 2.2 is obtained by assuming that the Mach and Knudsen
numbers are equal, Mu = Kn = ε. This means that the mean free path is small compared
to the charatceristic length, i.e., collisions are very frequent, and the time τ0 between
two consecutive collisions is very small compared to the characteristic time τ , τ0/τ =
Ma · Kn = ε2. Furthermore, the characteristic force F0 is of the same order as the kinetic
energy m∗u2

0/2 of a particle with mass m∗ and moving with the sound speed, F0 = m∗u2
0.

This leads to

ε∂tfi + ξ · ∇xfi + F · ∇ξfi =
1

ε
Qi(f).

For the scaling σ =
√
ε, we suppose that the Knudsen number is much smaller than the

Mach number, Ma = ε and Kn = ε2. This means that τ0/τ = ε3, i.e., collisions are even
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more frequent than in the diffusive scale. Furthermore, the force is dominant at the scale
1/ε, and we choose F0 = m∗u2

0/ε. We find that

ε∂tfi + ξ · ∇xfi +
1

ε
F · ∇ξfi =

1

ε2
Qi(f),

which yields (27) after replacing ε by
√
ε.

When performing the Chapman–Enskog expansion fi = Mi + εgεi in the BGK model
Qi(f) = νi(Mi(fi) − fi), the right-hand side becomes −gi/ε, while the convective part
ξ · ∇xMi that usually provides the diffusion term is of order one only. The force term
contains F · ∇ξMi/ε which balances the collision term and leads in the limit ε → 0 to the
flux ∫

R3

giξdξ = −F ·
∫
R3

∇ξMiξdξ = F

∫
R3

Midξ = Fni,

which acts like a convective term. Since in our model F = ∇xϕi depends on the gradients
of ρj, we arrive to a diffusion model.
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