CROSS-DIFFUSION LIMITS IN MULTISPECIES KINETIC MODELS
ANSGAR JUNGEL, ANNAMARIA POLLINO, AND SATOSHI TAGUCHI

ABSTRACT. Cross-diffusion systems are formally derived from multispecies kinetic models
in the diffusion limit. The first limit in the multispecies BGK model of Gross and Krook
leads to a variant of the non-isothermal Maxwell-Stefan equations. The second limit
in a BGK model with Brinkman-type force term yields generalized Busenberg—Travis
equations, which reduce for constant temperature to the classical Busenberg—Travis system
for segregating population species. Entropy equalities are derived for the kinetic and cross-
diffusion equations.

1. INTRODUCTION

Cross-diffusion equations appear in many applications from physics, biology, chemistry,
and other fields. They can be derived from random walks on a lattice [35], interacting
particle systems [15], or fluid approximations [13]|. In this paper, we study the derivation
from kinetic equations. For instance, the diffusion limit in the multispecies Boltzmann
model leads to the Maxwell-Stefan equations for gas mixtures [8, 9]. We explore to what
extend other cross-diffusion systems can be derived from multispecies BGK (Bhatnagar—
Gross—Krook) models [6], and we determine the entropy equalities for the limiting cross-
diffusion models. We investigate two models.

1.1. First model. We consider the multispecies BGK model of Gross and Krook [21]. Let
fe(z, &, t) be the distribution function of the ith component of a gas mixture, depending
on the position x € R3, velocity ¢ € R3, and time ¢ > 0 and solving the scaled equations

N
1 .
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for (z,&,t) € R? x R3 x (0,00), where ¢ > 0 relates to the Mach and Knudsen number,
vij > 01is the collision frequency, and M;; denotes the equilibrium distribution (Maxwellian)
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associated to the ith and jth component. We refer to Appendix B for details on the scaling.
The model satisfies the conservation laws of mass, momentum, and energy, the H-theorem,
and the uniqueness of the equilibrium solution [22]; see Section 2.2 for details. We show
that the Chapman-Enskog expansion ff = M + g5, where M = lim._,o M5 and ¢ is a
correction, leads in the formal limit € — 0 to the non-isothermal Maxwell-Stefan equations
(see Theorem 1)

N
(2) 81&7%‘ + dlvx(”zvz) = 0, Vm(nﬁ) = — Z Dijninj (Ui — ’Uj),
j=1
N N
3 5 . nﬂ@i ’I'LZ‘Q2 . 3
(3) 3 Z-Zlat(nie) + 5 izldlvz { o Vm(mi%)} =0, inR’ ¢t>0,
fori=1,..., N, where n; is the (limiting) number density, m; the particle mass of the ith

species, v; the velocity of the 7th species, and 6 the gas temperature. The Maxwell-Stefan
coefficients D;; depend on v;; and are symmetric, v; = Zf\il vij, and 7; is a mean value
of (v1,...,vy). For constant temperature, equations (2) were suggested in 1866 by James
Maxwell [30] for dilute gases and in 1871 by Joseph Stefan [33] for fluids. In contrast to
Fick’s law, which predicts a linear dependence between the gradient V,n; and the flux
n;v;, the flux in the Maxwell-Stefan approach also depends on the other gradients V,n;
for j # 1.

The isothermal Maxwell-Stefan equations were derived from the Boltzmann system
by Boudin, Grec, and Salvarani [8] by assuming that the distribution function ff is a
shifted Maxwellian. Anwasia and Simi¢ [2] justified this ansatz by showing that the shifted
Maxwellian is the formal minimizer of the kinetic entropy subject to the moment con-
straints. Briant and Grec [9] proved rigorously the asymptotic limit ¢ — 0 in the lin-
earized Boltzmann system, leading to the Maxwell-Stefan equations in the Fick-Onsager
formulation, where the flux is written as a linear combination of the density gradients.
The existence of global weak solutions to the Maxwell-Stefan system was proved in [26].
The Maxwell-Stefan equations coupled to a heat equation for the mixture temperature
were derived and analyzed by Hutridurga and Salvarani [24, 25]. Another non-isothermal
Maxwell-Stefan model was determined by Grec and Simi¢ [20], using a pressure tensor
instead of multispecies temperatures.

Our model (2)—(3) slightly differs from other non-isothermal Maxwell-Stefan equations.
The works [2, 24] include the convective term div,(n;0v;) in the energy equation but no
diffusion term. Moreover, the convective velocity in our model is given by the average v;
instead of v;. While the diffusion term in (3) differs from conventional expressions, like in
[19], the model in [23] leads to the right-hand side of (3) under a specific choice of the heat
conductivity.

1.2. Second model. We perform a Chapman—Enskog expansion for the simple BGK
model
Vi

3 1 _
0T €V + V0T Veff = Z(M(fF) — f7), i=1,.... N,



CROSS-DIFFUSION LIMITS IN MULTISPECIES KINETIC MODELS 3

where ¢ solves
N

(4) —eA G5+ ¢ == aypts MRS =1 N
j=1

Here, M;(f;) is a Maxwellian having the same moments as ff (up to second order) and vy;
is a collision frequency (not to be confused with v; from the first model). Furthermore,

= man =m, [ gede o= 2 [ feiepg
R3 n;, Jrs
are the mass density and temperature of the ith species, respectively, and a;; € R are
interaction coefficients. Here, we interpret f; as the distribution function of active agents or
animals of different species with masses my, ..., m,. The right-hand side of (4) represents
(up to the sign) the mixture pressure for an ideal gas. Accordingly, (4) can be interpreted
as the Brinkman equation that is an extension of the Darcy law [10]. The unconventional
point here is that the Brinkman potential ¢; depends on the distribution function in a
nonlocal way.
The diffusion limit leads to the equations (see Theorem 5)

1 pifi al
Opi +div; =0, Ji=—— x — PiVaPi ¢ i:_E iP5
tpi + dIv {UV (m) PVCb} ¢ @i P50

Vi

i =1

-at(p ) = 2 div, {ivx(p ;) - p—vm@} b= J Vs, i=1,....N.
2 2 m o

m; v i vims;

The last term in the energy equation is the Joule heating with the flux J;. We interpret this
model as a non-isothermal generalization of the Busenberg—Travis model. In the isothermal
case ; = 1, we recover the regularized Busenberg—Travis equations

Vepi | Pi
(5) Oyp; = div, <0 whi | B aijvzpj)‘
vim; U =
The classical Busenberg-Travis model is obtained after setting ¢ = 0 and a;; = 1 [11]. It
describes the segregation of population species and can be derived from a mean-field-type
limit from interacting particle systems [15].
We can derive equations (5) without the o-diffusion term by changing the scaling: Setting
o = /¢ and performing the modified Chapman-Enskog expansion ff = f? + \/zg¢ leads
directly to (5) with o = 0; see Section 3.3. We show in Appendix B that this corresponds
to a high-field scaling.

1.3. State of the art. Let us mention other cross-diffusion derivations from kinetic models
in the literature. A cross-diffusion—fluid system was obtained from a kinetic—fluid model
with turning and macroscopic interaction operators [4]. Without fluid coupling, the cross-
diffusion system resembles the Shigesada—Kawasaki-Teramoto system analyzed in [16].
In a similar spirit as in [4], chemotaxis Keller—Segel-fluid equations were derived in [3].
A kinetic model with nonlocal Fokker—Planck collision operator was studied in [17]; the
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limit of dominant collisions (without rescaling of time) leads to nonlocal Busenberg—Travis
equations. A related quasilinear parabolic system for gas mixtures was derived in [29] from
kinetic equations with dominant elastic collisions.

BGK operators are suggested as simple approximations of the highly complex Boltzmann
collision operator. They should satisfy the same physical properties of the Boltzmann
collision operator, like conservation of mass, momentum, and energy; the H-theorem:;
the indifferentiability principle (when all particle properties are identical, the multispecies
description reduces to the single-species description); positivity of the temperature; and
the Onsager reciprocal relations. The development of multispecies BGK models is delicate,
and various consistent choices are possible. Up to our knowledge, none of the existing
BGK-type models comply with all of the mentioned requirements.

The first consistent BGK model was suggested in [1]. It satisfies the conservation laws,
the H-theorem, and the uniqueness of the equilibrium solution, but the strong conditions
v;; = v; and 0;; = 0; may be subject to criticism. A general model for two species was
proposed in [27], fulfilling the conservation laws and the H-theorem, later improved in [7]
and extended to reactive mixtures in [28]. Haack et al. [22] suggest the multispecies BGK
model (1), satisfying the same properties as before. Here, the symmetry conditions v;; = v;;
and 6,; = 0;; are supposed. Benilov [5] discusses the validity of the Onsager reciprocal
relations. The Onsager relations hold in the model of [18] but not in the multispecies
version of [22]. For more details, we refer to [27, 32].

The paper is organized as follows. We define the multispecies BGK model of Gross
and Krook in Section 2 and derive formally the non-isothermal Maxwell-Stefan equations.
The diffusion limit in the multispecies BGK model with Brinkman force is computed in
Section 3. For both approaches, we compute the entropy equalities. In the appendices, we
recall the computation of the multispecies velocities v;; and temperatures 0;; and detail
the physical background of our scaling.

2. DIFFUSION LIMIT IN A MULTISPECIES BGK MODEL

The aim of this section is the formal derivation of non-isothermal Maxwell-Stefan equa-
tions from the multispecies BGK model of Gross and Krook [21] in the diffusion limit, using
a Chapman—-FEnskog expansion. The BGK model replaces the Boltzmann collision operator
with a simpler nonlinear operator, still conserving mass, momentum, and energy and sat-
isfying an H-theorem [12, Sec. IV.1]. Before presenting the Chapman—Enskog procedure,
we introduce the multispecies BGK collision operator and the nonlinear BGK model.

2.1. Multispecies BGK collision operator. Consider a gas mixture consisting of N
different particle species. Each particle of the ith species has the mass m;, i = 1,..., N.
The collision of two particles is assumed to be elastic and to conserve the mass of each
particle. Let & and &, be the pre-collisional velocities of species i and 7 and £ and £ be
the corresponding post-collisional velocities. The collisions conserve the momentum and
kinetic energy,

(6) mil +mill = mi +mi€e, P+ P = P+ G



CROSS-DIFFUSION LIMITS IN MULTISPECIES KINETIC MODELS 5
These relations yield for ¢, =1,..., N,
0= (m; +my) (mal€* +myl&f* — mal¢'|* — my|€L]?)
— (Ima€ +m&l? — [mi +myEl )
=mm; (1§ = &2 = € = €1]?)

and consequently [ — &,| = |¢ — &|. Thus, there exists ¢ € S?, where S? is the two-
dimensional unit sphere, such that &' — &, = |£ — &, |0, and the conservation of momentum
implies the relations

m;&" + m;E, m;
Ermg m,

5/: m; -+ m.; m'—{—m-(gl_gk):m-+m_4(mi§+mj€*+mj|§_§*|g)>
3 i g _m, ](5’ &) 1 J( € +my€, —myl€ — &o)
s —_ J— :—mi m.*_mi _*0-’
Tomi+my my+my T g+ my j

which express (£/,£.) in terms of (£,&,) (and o). The multispecies Boltzmann collision
operator is the difference of gain and loss terms,

Z sz fi, fj), where

Q% (1 1) / / Biy(€, £, 0)(fifl. — fif)dode..

describing the collisions of particles of species ¢ with particles of species j. Here, we abbre-

viated f] = fi(§'), fij« = fi(&), and f}, = f;(£). The collision kernels (or cross-sections)
BZ] satlsfy the micro-reversibility condltlons (&€, 0) = Bji(&, €, 0) and B;;(&, &, 0) =
Bij(¢,¢,0) foralli #j,& & € R and o € 82 The collision operator fulfills the follow-

ing invariance properties that reﬁect the conservation of mass, momentum, and energy [8,
Sec. 3.3]:

/ QP2 f5)de =0,
(7) / QE(JE. foymatde + / QE(f:, f2)mjtde =0,
[ @ntzsymiskae [ Qb milePde =0

for all i # j. The collision operator also satisfies a multispecies form of the H-theorem,
i.e., the entropy

N
> /R | #ttox 1~ e
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fulfills dH/dt > 0 with equality if and only if

m; 3/2 )
fi = ni<27reeq) exXp ( 206q|§ veq| )

holds for some equilibrium number density n;, equilibrium velocity veq, and equilibrium
temperature 0., that are common to all species. Here, temperatures are measured in energy
units so that the Boltzmann constant kp equals one.

We wish to simplify the collision operator. To this end, we introduce the multispecies
equilibrium (Maxwellian)

3/2
m; m;
luz = Tl - - . — Uiy 2 )

where n; is the number density of the ith species, and the multispecies velocities v;; and
multispecies temperatures 6;; are determined by momentum and energy conservation (6);
see below. We require that v;; = v;; and 6;; = 0;;. These assumptions are sufficient to
ensure the H-theorem [22, Sec. 3.2] and they imply, together with energy conservation (6),
that M, M}, = M;jMji..

In the BGK approximation, we suppose that the particles reach the equilibrium after a
single collision, i.e. f{ ~ M;; and f, ~ Moreover, replacing f;. by Mj;. (see below)
leads to

]Z*

Brr r. ~ B ! !
B [ ] Be 6o O = fiMy ) dsudo

We deduce from M’ M, = M;;Mj;, that

]’L*

(8) (fu f]) ~ Vz]( f’L) where V@'j<€> = \/Rii /§2 Bij(£7£*70'>Mji*d§*dO'-

The replacement of f;, by Mj;. can be motivated if B;; only depends on o [32, Sec. 1.1],
since in this case

S0 = [ [ B Mo~ fifdeedo = ([ Bydo )it - 1)

as M;;. and f;, have the same zeroth-order moment n;. The approximation (8) is the
multispecies BGK collision operator. This formulation keeps the quadratic structure of
the Boltzmann collision operator. To simplify the computations, we assume that v;; is
independent of the velocity £. In the following, we consider only the multispecies BGK
collision operator.

2.2. Multispecies BGK model. We assume that the Knudsen number, representing
the average frequency of collisions, and the Mach number, representing the ratio of flow
velocity to the local sound speed, are small and of order € > 0; see Appendix B. Then the
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multispecies BGK model in the diffusion scaling reads as
(9) €O fE+E-Voff == ZQU f5) R >0, i=1,...,N,

where the multispecies BGK operator is given by

N
00 Q7. 5) = w085 = 7). M50 =ni (55 ) esw (= gle—eri ).

The multispecies velocities are of order ¢, since we are interested in pure diffusive dynamics.
The moments of f£ are the number density, momentum (supposed to be of order ¢), and
energy of the ith species,

jrae =i, [ grede=entur, [ jrlepde = it + tuilutl
R3 R3
These relations define n;, v5, and 6. A computation shows that
(11) / SdE = n; / M;;86dE = enfug;, / |§| d§ = —nf@fj +e n€|v |2,
R3 R3

We still need to determine the velocities vj; and temperatures 67;. Imposing the invari-
ance properties (7) for @;; instead of Qg and recalling that we supposed the symmetry

v5; = v5; and 05; = 05, a computation shows that (see Lemma 8 in Appendix A)
UJ = ozwvl + ozﬂvj,
(12) e € ne e ne 2 €12 €12 €12 €12
eij :( 2]92 + jzej) 3( ml(|v | |Uij| )+ m](|v | |Uij| ))7
where
€ Vijp? e Vijn;lg

€ e’ € e’
VijPi T Vil Vil + Vil

and we have introduced the mass densities p; = m;n;. Lemma 8 also shows that the
multispecies temperature is positive if 67, 05, and v;;n; + v;n$ are positive. This was first
proved in [22, Prop. 2].

According to [22, Prop. 1], the multispecies BGK model satisfies the H-theorem, i.e.

(dH/dt)(f) > 0 and (dH/dt)(f) = 0 if and only if f; = My with v5; = v* and 0; = 0°,

which means that
m 32
=t — €2 ).
fi nl(zwee) P ( 296'f v ‘)

In the limit ¢ — 0, the equilibrium M;; converges to

N\ 3/2 .
(14 M0 = (1) e (el




8 A. JUNGEL, A. POLLINO, AND S. TAGUCHI

where n; = lim._,on$ and 6 = lim._,o #°. The moments of M} equal
[ ade=m, [ wrveae = [ aciepas =,
- . ,

/MO£®§)d£—

where I is the unit matrix in R3*3.

(15)

n€2

/ MO(€ @ €)|€de =

2.3. Chapman—Enskog expansion. We expand the solution ff to (9) (which is assumed
to exist) around the Maxwellian (14),

ff:MiO—i—sgf, i1=1,...,N,

which in fact defines the correction g;. We compute the zeroth-, first-, and second-order
moment equations. First, because of mass conservation,

. 1 . ‘)
e frde + - div, 5 MP¢de + div, / g = 5 Z / vi; (M5, — f£)de = 0.

The second term on the left-hand side vanishes since & — MP(£)¢ is odd. We conclude

from
enfur = [ rrede = [ Mosdgve [ gieac = [ greae

that [os g7€d€ = nfvf. Assuming the convergences ni — n;, v — v;, and g — g7 as
€ — 0 in a sense that allows us to perform the limit in the integrals, we find the mass
conservation equation

on; + div,(nv;) = 0.

The first-order moment equation reads as

Oy /R ff£d£+divm/i M(€ ® §)dé + e div, /R3gg(§®g)dg

Z v [ (05 = £r)ede

The first and third terms on the left—hand side vanish in the limit € — 0, while the second
term equals V. (n;0)/m; (see (15)) and the right-hand side becomes (see (11))

N N
1 1
g;vij43<Mé—ff>éd§=gZu11 Envf; — enief) ng o (v = vf),

since vf; — vf = (af; — 1)vf + a5,v5 = af,(v5 — v7). We obtaln in the limit ¢ — 0 the
Maxwell-Stefan equations

Vjimjnj

= — Vi OLii T M\ Uy — U5 Qi =
Z I ( ])7 J uijmini -+ Vﬂmjnj’
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which can be written as

I/Z-jujimimj

Vijmmi + I/jimjnj

N
=Y Dymin(v; —v;),  Dij =
j=1

The symmetry of (D;;) implies that the sum of these equations over i = 1,..., N equals

N
> Va(nif) =0,
=1

showing that ZZ]L n;0 is constant in space.
To derive the energy balance law, we compute the second-order moment equations:

29, /R ff|§|2d§+sdivx/ MY€|E|PdE + € div, /}ngf§|§|2d§

—Z%/ — f5)lefPde.

The first term on the left-hand side equals [p, f£]€[*dE = 3n56 /m;+ O(e?) and the second
term vanishes:

EHE 1 N a .
ao) 30" ) waiv, [ gcePae+ O =;Z;%A; Mg — f9)lefde.
We conclude that
N
2}@/@@—ﬁ%ﬁ%=w¥>
j=1  JF

By (15), the left-hand side becomes

(17) i%é( - f)lePds = Z%(

We deduce from definition (12) of ¢§; that

2
05 — 07 = 55:(65 — 07) + 3(%%(\0?!2 [05517) + BGim (|05 = 105 ))

—mﬂ%Wme)

Hence, (17) shows that 67 — 65 = O(e?), and as expected, there is only one mixture
temperature in the limit, 6 = lim. o 6;. In particular, 05, — 0 = O(e 2).

This order is not sufficient to pass to the limit ¢ — 0 in (17), divided by 2. However, it
turns out that the sum over ¢ = 1,..., N vanishes. Indeed, we have

N

Zmzz y” —6) =0,
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since nfv; 85 = viyvunins/(vin; + vyuns) is symmetric. (We have used the fact that

D e 1A B;j = 0 if (A;;) is symmetric and (B;;) is skew-symmetric.) Therefore, using

7+ 05 =1, the sum of (17) over i = 1,..., N becomes
N
S ma / FlePdE =33 gm0 — )
ij=1 R3 ij=1
w23 gt (B ma(ez — 105 2) + By (5P — 105, 2) + (o5 2 — o )
i,j=1
=¢’ Z vigng (Bgma([v? — [il?) + B5my (Jo5]* — o5 ?)
,j=1

+ (85 + B)ma(lo* = [v]*)

=e Z vign B5; ((m|v51* — mal v [*) + (my — my)[v5]?)
i,j=1
=€ ZVU : ]Ez Y v)(vmjvj—i—\,mivf)—i—( m])'”zg‘ ]
i,j=1
Since the matrices (vyn; 55, (\/m;v5 + /miv5))ij, (vin;B5|v5[?)i; are symmetric and the
matrices (,/M;U5 —/Mv5 )iz, (m;—my); are skew—symmetmc the right-hand side vanishes.
Hence, the sum of (16) over i =1,..., N can be written as

32&: (ni67) +lezZmi [ rciepas o
=1

and the limit € — 0 gives

N N
(18) 3 0(ni0) +div, > m, / ¢O¢|€)Pde = 0
i=1 i=1 R3

It remains to determine the third-order moment of ¢?. For this, we consider the third-
order moment equations:

19)  eo, [ srelsac+aiv, [ Mc@ Qs+ ediv, [ gi( @ 9lePde

B S O Y B
= 5].;1/” /Rs(Mij M;)E[E|7dg ;1/” /ngif’ﬂ d¢.

The first and third terms are of order O(e), and the second term becomes

div, /R3 MP(€® €)|€]2dE = %Vx(mﬁ?).

%



CROSS-DIFFUSION LIMITS IN MULTISPECIES KINETIC MODELS 11

The first term on the right-hand side of (19) can be computed explicitly. In fact, the
integral over MP¢|¢|? vanishes and, using the change of variables z = (m;/05;)"/?(¢ — evs;),

1 N
15, / MEE|ePde
£ = R3

nEn [l N N LT
B ; /R3 27m)3/2 \ \'m; Z 7+ evy = z+evy| dz
5 a Vl] z] e —I=?/2 9 .
:nljzl m; / (27)3/2 (127 + 2(z ® 2))vj;dz + O(e)
— —n ZVZ]HE UE —|—O = —n ZVU az]Uz —|—aﬂvj)_|_0<82)
o4
Y 00;
my
as € — 0, where
v N
i1 Vij QiU + vy
2 b= e : j>, Vi:ZVij.

N
D=1 Vij

We infer from (19) in the limit € — 0 that

) oy OV ‘ 0t e12
eV (nt?) = enid— i [ gbelee

7 7

and consequently,

m; / g €lEIPdg = 5ni0v; — V. (ni6?).
R3

We conclude from (18) that

32@ (n:t) —5Zd1vx( W? )) +5Zdw$ n0;) =

Summarizing the previous computations leads to the following result.

m;V;

Theorem 1 (Non-isothermal Maxwell-Stefan model). The Chapman—Enskog expansion
ff = M? + eg¢ in the multispecies BGK model (9) and the formal limit € — 0 yield the
non-isothermal Mazxwell-Stefan equations

N
i + dive(nv;) =0,  Vi(nib) = — Z Dijnin(vi — v;),
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N
3 V. (67| _
2 ;:1 0y (n;0) E div,, {nﬁvl — } =0,

where v; and v; are defined in (20), the diffusion coefficients are given by
VijViimmimmy;

DU - )
l/l-jmmi + Vjimjnj

and formally, fori=1,..., N,

1
n; =limn; =lim [ f7d§, mnv;, =lim —/ fredeg,
e—0 e—0 R3 e—0 ¢ R3

m; 2
&7 dE.
o [ e

2.4. Entropy structure. The kinetic entropy
N

(21) HE = _Z/RB £ (log f* — 1)déda

is nondecreasing in time; this is known as the H-theorem, and it follows from

e _ Z [ [ oswssaca~-5 [ [ z ~ f7)log fFdgda

/3 / Z vi; (M5, — f)(log M, — log f£)dédx > 0,
R R

1,7=1

where the last equality follows from the fact that M;; and f; have the same moments and
the inequality is a consequence of the monotonicity of the logarithm. We claim that such
a property holds under some conditions for the macroscopic entropy

N
3 ™m;
H¢® H0:—§ J(logn; — 1)+ =n; | 1 : dz.
N il/ﬂj\)g{n(ogn )—|—2n(02w9 >}x

Proposition 2 (Entropy inequality). Let mjv; =1 fori=1,...,N. Then

n

dH° n;
— = / (29 Z Dininjlv; — vj)* + Z E|V$9|2)dx > 0.

i,j=1 i=1

Proof. We compute

HO 1
d Z/ {atnl(log n; — §log «9) 23l 0 (n;0) + §8tni}dx
R3 20 2
V.n; 3V.,0 5 _ n;0? V.0
——;/Rg {nzvz( 29 )+§(nievi_Vx(miVi>> 2 }d:c

N n; 5ny
= — i N+ =Vl ) —=—=V,0-(v; — v
;l/Rg{v (Vn—kev ) QQV (v; — U;)
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0 0 OV .0 0
5 Ve(ni0) + n0V, .Vz }dx

2 m;l; 02

B n;d)  5n; ~ 5n; |V.00?
N Z/Rs( 20Vx9 (vi = 0) 260 my; dz,

where we used the fact that S, V,(n8)/(mv;) = 0, since m;v; = 1. Tt follows from
definition (20) of v; that

1 & 1 &
Vi = U= > (1= v — ajiv;) = - > wiagi(vi —vy).
— e
Inserting the relation V,(n;0) = — Zjvzl D;jnni(v; —v;), we deduce from the symmetry
of Dij that
dHO 5V Vi Oy
(22> Z; DU’)’I,ZTL] ) v; + 5 0 . Z; —mi]/i (Ui — 'U])dl'

0 mzl/Z
V.0
_/RS QQZDUnnJM v]| dr + = / Zl/”aﬂmnz v; — ;) - 7 ——dx

3,j=1 5,j=1

5 7
z -t 19261
+2/R$;0'V 2z,

where we used the assumption m;v; = 1. The matrix with entries

viiVsi(ming) (myn;)

VijOLimin; =
A Vijminy + Viimn;

is symmetric, while the matrix with entries v; — v; is skew-symmetric. Hence, the second

term on the right-hand side of (22) vanishes, and we conclude the proof. O

The assumption m;v; = 1 is not needed in the isothermal case, which is not surprising
since this product does not appear explicitly in the isothermal model.

Remark 3 (Rigorous limit). The diffusion limit ¢ — 0 was made rigorous in [9] for the
linearized Boltzmann equations, leading to the isothermal Maxwell-Stefan equations, and
in [14] for a kinetic velocity-jump model, leading to a drift-diffusion equation. It seems
to be delicate to perform the rigorous limit ¢ — 0 in our model because of the highly
nonlinear structure of the multispecies collision operator.

Remark 4 (Boundary conditions). The boundary conditions for the macroscopic equations
depend on the boundary conditions for the kinetic model. The expansion for higher-order
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quantities may not satisfy the kinetic boundary conditions, which requires the Knudsen-
layer correction near the boundary [34]. It was shown in [31, Prop. 2] that, assuming a
linear combination of a regular reflection with a diffusive boundary operator, the leading
part of the expansion satisfies no-flux boundary conditions.

3. DIFFUSION LIMIT IN A BGK MODEL WITH BRINKMAN FORCE TERM

In this section, we derive the generalized Busenberg—Travis equations from a multispecies
kinetic model in the diffusion limit. Compared to the previous section, we choose a single
collision operator similarly as in [1] and include a Brinkman force term.

3.1. BGK-Brinkman model. The equations in the diffusion scaling read as
€ e e 1 e e Vi e e : 3
(23) ;8tfi +&-Vafi +gvx¢z‘ Vefi :g(Mi(fi)_fi) in R%, >0,

fori =1,..., N, where e > 0 is associated to the Knudsen and Mach number (see Appendix
B), 0 > 0 is a free parameter (see Section 3.3), v; > 0 is the collision frequency of the ith
species, and ¢; is the Brinkman potential solving

N
(24) —eDodf + ¢ = — > a;pif; in R,
i=1
where a;; € R, the number density n; and temperature 65 are given by
5 € e |2 3 Epe
fid§ =n;, fil&|7dE = —nj65,
R3 R3 my;

and p; = m;n; is the particle density. The Brinkman law is a generalization of the Darcy
law V; = —V,.p;, where V; is the partial velocity and p; = vazl a;jp;05 is the partial
pressure, by adding an elliptic regularization, —eA,V;+V; = —V,p;. This equation follows
from (24) after differentiating and setting V; = V,¢5. The Maxwellian in (23) is given by

e € m; 3/2 mz\§|2
) =i () oo (= e ).

This means that M;(ff) has the same moments as f7,

g 3 (3 € 3 gNe
M =i, [ e =0, [ anniepde = e,
R3 R3 R3 m;
and M;(ff) depends on ff in a nonlinear and nonlocal way. Compared to the model in
[1], we have set the velocity in the Maxwellian equal to zero and we have used the same
temperatures for M;(f7) and ff.
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3.2. Chapman—Enskog expansion. We expand the solution f; to (23) as follows:
fi=f14eg, i=1,...,N,
which defines the function gi. The limit ¢ — 0 in (23) leads to M;(f?) = f?, where

(M (f2)E) =, ( 27:;1,)3/2 P ( - mziglz)’

assuming that n; — n;, 0 — 6;, and ¢; — ¢;, where ¢, = — Zjvzl a;jp;j0;. We insert the

expansion ff = M;(f) + egf into equation (23),
eOuf; +0& - Vuo(Mi(f7') +eg7) + Vit - Ve(Mi(f7') + eg7) = —ovigi,
and perform the formal limit € — 0,

(25) 0& - Vo Mi(f7) + Vads - Ve M(f)) = —ovigy,

(2

where ¢? = lim. ¢ ¢¢.
The zeroth-order moment equation of (23) becomes

1
O | fidE+ z divx/ M;(f7)EdE + Jdivz/ g;8dé + =V 0% - / Vefid€
R3 9 R3 R3 € R3

ov;

=T | o - g =o.

2

The second and fourth terms on the left-hand side vanish, and the limit ¢ — 0 yields
oyn; + adivz/ g?fdf =0.
R3

By inserting (25), we compute the first-order moment of ¢

@) o [ absde= o (oaiv. [ M0 Ot Tuor- [ Teanisieas)
R3 1% R3 R3

1

i0i 1
= _gvx (n ) + —n; Vi ;.
; m V;

v 7

This yields the equation
Oy (myn;) = div, (1/1._1 (Uvm(nﬂi) — mmzvxd)l))

To derive the energy balance law, we consider the second-order moment equation of (23):
oo . . .
o [ felePag+ T, [ MAFIEIEPdg + v, [ gielePde
R3 9 R3 R3
1
V.0 [ VM(DIePd + 9,05 [ VestlePag
€ R3 R3

ov;

_ /R () - F)lePdg =

c2
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since M;(ff) and f7 have the same moments. Taking into account that the second and
fourth integrals on the left-hand side vanish, the limit ¢ — 0 gives

at(?m"ei) + odiv, / GO |€[2dE — 2V 4 - / g0¢de = 0.
R3 R3

m;

The first-order moment of ¢? was computed in (26). It remains to compute the third-order
moment of g}

1 :
o [ dbelstas =~ (odiv, [ M0 OlePas + Tuor- [ Tean(relerac)

_ —5<adm/ Mi(£)( ® €)|¢[2de _/ Mi(f’p)(WM25®£)Vx¢id5)
i R3 R

.62 0.
= _E <va (n, 22 ) — Mvm@).
v; m; my

We conclude that

0. 1 .62 0.
o (3%&) = 5div, {— (O’VI (nﬂ; ) _ n’_elvw@) }

2 0; i
+ = ( = vx(" ) + ”—vmi) Vi,
V; m; o

and, using p; = m;n;, we obtain the following result.

Theorem 5 (Non-isothermal Busenberg-Travis model). The Chapman—Enskog expansion
ff = M? + egs in the BGK-Brinkman model (23) and the formal limit ¢ — 0 yield the
non-isothermal Busenberg—Travis-type equations

N
. o piti Pi
Op; = div, {sz( e > - ;ivz¢i}7 Qi = — ; aijpjejv

0. .62 0.
§at(p19z) _ §divx {EVZ(M;) _ pidi quzﬁi}
2 m; 2 v; m; v;m;

- —{ivx(p ) - ”—vqu} Vs,
o \V; m; V;

mi/ fElePde fori=1,...,N.
n; Jrs

where

pi = limm;n; = lim fid¢, 0, =lim
e—0 e—0 R3 e—0

3

3.3. High-field scaling. We claim that the diffusion term in the mass balance equation
(5) vanishes if we make a high-field scaling. We choose o = /¢ in (23):

1 ; .
Vet Veff = Z(M(f) — f) B, 1> 0,

@) VRS eVt :
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and expand ff = f? + \/e¢g5. As in the previous section, we find in the limit ¢ — 0 that
f2 = M;(f?). Inserting the expansion into (27) gives

v

g
\/Egl?

V6, VM) + V) = -

VDT + € VoM7) +Veg) + 2

and the limit ¢ — 0 yields
(28) g = ——V 2i - VeMi(f7).
The zeroth-order moment equation becomes
Oy /]R3 fidé + —lex/ M;(f?) §d£+dlvx/ gs&dE
2V [ Vet =25 [ gag—o

Taking into account that the second and fourth terms vanish, the limit ¢ — 0 leads to the
mass conservation law

omn; + divx/ gedé = 0.
R3
The flux is computed by inserting expression (28) for g
. 1 . 1 . 1
9;§d§ = ——Vy¢; - VeM;(f7)8dE = —Vagi - M;(f7)d§ = —niV oo
R3 Vi R3 Vi R3 Vi

We deduce from ¢; = — Zfil a;jp;0; the Busenberg-Travis equations

N
. Pi . Pi .
8tpi = - lex (va@) = lex (Z E_l aijvx(pﬁj)) 1= 1, ... ,N.

For constant temperature ¢; = 1, we recover the generalized Busenberg—Travis model
[11]. (More precisely, the model in [11] has been suggested for the special case a;; = 1.)
Note that the high-field scaling does not allow us to derive the energy equation, since the
second-order moment equation becomes

2
L[ SFIEPE + divy | giElEPdE — —=Vagi - | giéd
a/Rngfl ¢+ div /ngzﬁlfl §— 2Ve9 /ngzﬁi
= _51;;2 /Rs(Mz-(f?) — [IEPdg =0,

and the third term on the left-hand side does not converge as ¢ — 0.
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3.4. Entropy structure. As in the first model, the kinetic entropy in definition (21) is
nondecreasing in time:

dHE
Z / / vi(MS — £5)(log MF — log f£)dédx > 0.
R3 JR3

We show that the macroscopic entropy

N
HozlimH‘e:—Z/ ni(logni—l)—§nilog27rei —1|dx
e—0 pr R3 2 m

1

is also nondecreasing in time under some positive semidefiniteness condition.

Proposition 6 (Macroscopic entropy equality). Let the symmetric part of (ai;/(miv;0;)):;
be positive semidefinite. Then the macroscopic entropy is nondecreasing in time:

dH° Va(piti)|? 50pz 1pi
Z/Rg ” <m2%+ |v 0; |2+——|Vx¢,|2>dx

i Z /3 m;v;b; it) - Va(p;0;)de = 0.

Proof. We use the evolution equations in Theorem 5 to compute

dHO 31
Z/ ( oy, logn; + 8th log 6; + = 57
R3

1

N
‘;ASZ{(EVx<”i9i>‘”ivx¢i> ( )

Vé’

—0(n;6;) — gatni) dx

+

— N ot

oy

We collect the terms with factors V, ( :0;) and V,¢;:
dHO Van, Vb
g R B e
R3 V’L mz n’L 02

5
2
— OV, (vxni n 6—%‘%&) + ﬁﬂw W}

N 2
Z/ A\ AU LS
— Jrs Vi \mi  nb; 2m,; 0;

- 200 V) + DV )
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Inserting the definition of ¢;, the third term on the right-hand side is written as

_Z/I%S VZ lv ¢’L : nz ’L - 2 Z /3 mlyz ) je ) vx(pzel)dl"

1,j=1

and this expression is nonnegative if the symmetric part of (a;;/(m;1;6;)) is positive definite.
g

Remark 7 (Rao entropy). It is shown in [13] that the so-called Rao entropy

Z / aijpipjde

i,j=1

can be interpreted as the potential energy associated to the compressible Navier—Stokes
equations with force —p;V¢; in the zero-inertia limit, and this functional is nonincreasing
in time along solutions to the classical (isothermal) Busenberg—Travis model. Such an
interpretation is also possible on the kinetic level under the assumptions that (a;;) is
symmetric and positive definite and m;v; = 1. Indeed, we deduce from the symmetry of
(aij) that

dE
d_tR: Z/ aszjatpzdx_ Z/ g ffp] ( ] prz_’_ Zazkvipk)d

i,j=1 i,j=1 v k=1

n N
= —0 Z /3 mzﬂzvzpz - Vapjde — Z;/Ra 5—: <2aijv$pj> dx,
1= j=

i,7=1

and the right-hand side is nonpositive since (a;;) is positive definite and v;m; = 1. The
Rao entropy can be interpreted as the limiting potential energy

Zml || eiscasas

associated to the kinetic model (still in the isothermal setting):

lim B¢

N N
m; 1
E ) M(dédar = —= E ed
e—0 pot — - 2 /]1&3 /Rs Cbz z(fZ) f v 2 i1 /RS ¢ZP¢ v
=3 E / QiP5 P; = ER

i,j=1

It is an open problem whether the Rao entropy can be interpreted as a potential energy in
more general kinetic settings. O
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APPENDIX A. COMPUTATION OF v;; AND 0;;

Lemma 8. Let the collision operator (10) satisfy the invariance properties
[ @utsz e =o
R3
[ @utrgpymsds+ [ Quts; somieds o
[ @utir gpymilerac + / Quil 2, F)my ¢ 2dE = 0.

Assume that vi; = v5; and 05; = 605,. Then v; = ajv; + o5,v5 and
2
€
0;; = (B0 + B;:05) + 3( [V — [vi;|?) + B5my (5] — [vi; )
2
:( 'szef + 3516§> galjajl( fjml + ;m])|vf - UJE'|27
where the values of; and [3; are defined in (13).

Proof. We insert the definition of Q;;(ff, f7) into the momentum conservation equation
and use the moments (11) as well as vf; = v5;:

OZ/R vij(M; fs)m,§d§+/ vji(Mji — f7)m;€d§

= evij(pvy; — piv7) + 5”]%(/’3’ i~ P5Y5)-

Solving this equation for vf; yields vf; = afvf + ajv;. Next, we consider the energy

conservation equation and take into account 05 = 05

o:/ vig(Mij — f7)mil€] d§+/ vji(Mji — f5)ymylé[*de
R3
= 3vyn; (05 — 07) + %vymns 2 (v 12— |v]?)
+ 3vjn (9E —95) + &2 Vjim;n (\v ]2 \vj|2).
We solve for 65

5, giving

Vijny; 96+Vﬂn696 i”ijml ng (Jvs]? — |Ui€j|)+’/jim3 (’USP ’UZD

0F —
v v::né + v..nt 3 viiné 4+ viyn
171 ]z 177" J j
e? 2 2
= (65,0 + fﬂ;) = (BGma((o* = 1o 1) + Bim (151 = o).
The £>-term can be reformulated by using of;+a5; = 1 and |v5;|* = (af;)*|vf [P+ (a5,)? 05[>+
205;05,07 - U5

Sma(|vf1? = o)) + B5imy (o5 * = 0g1)
Vigng =+ Vjm;ns

= J( £|2 £ € (lE]? = ‘?)
o o = o) + (gl = o)
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= (Bmi + 5§imj)(0‘z§jlvf|2 + a§i|vj€'|2 - |Uz‘€j|2)
= ( fgmz + ]E'imj)(afj(l - afj)\UﬂQ + 0‘;(1 - ozji)\v;]Q - 20‘%“;“? ) Uj)

= (Bimi + B5my)ag;a5;lv; — v

- 5.‘2
ij % gl

finishing the proof. U

APPENDIX B. SCALING

We wish to interpret the scaling o = /¢ in Section 3.3 by writing the kinetic equation

(29) Ofi + € Vofit T Vefi= Quf), i=1,....N,

m*

in dimensionless form. Here, F; denotes a force and m* the associated particle mass. We
choose a characteristic time 7, a characteristic length A\, and the characteristic velocity uy =
kgl /m* (proportional to the sound speed of an ideal gas), where kg is the Boltzmann
constant and # the ensemble temperature. The characteristic time and length define a
second velocity scale, u = A/7. The value \g = ug7y (mean-free path) is the distance
that a particle travels between two consecutive collisions in time 75. This defines the
dimensionless variables

t:Ttsa l’:)\l's, gzuogsv

as well as the dimensionless force F; = FyF; 5, where Fj will be determined below, and the
dimensionless collision operator Q;(f) = 75 'Qis(f). Then (29) becomes, after omitting
the index “s” for the dimensionless variables and functions,

FoA 1
Mao,fi +& - Vafi + mTugFi -Vefi = EQz(f)a

where the Mach number Ma and Knudsen number Kn are defined by

Ma = E, Kn = &.
Uo A

The diffusive scaling in Section 2.2 is obtained by assuming that the Mach and Knudsen
numbers are equal, Mu = Kn = . This means that the mean free path is small compared
to the charatceristic length, i.e., collisions are very frequent, and the time 7y between
two consecutive collisions is very small compared to the characteristic time 7, 70/7 =
Ma - Kn = 2. Furthermore, the characteristic force Fj is of the same order as the kinetic
energy m*u3/2 of a particle with mass m* and moving with the sound speed, Fy = m*ug.
This leads to

Oufi € Vafi+ FoVefi= ~Qi(f).

For the scaling o = /¢, we suppose that the Knudsen number is much smaller than the
Mach number, Ma = & and Kn = €. This means that 79/7 = &3, i.e., collisions are even
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more frequent than in the diffusive scale. Furthermore, the force is dominant at the scale
1/, and we choose Fy = m*u2/s. We find that

Oufi+ & Vali+ F - Vefi = 5@l

which yields (27) after replacing e by /.

When performing the Chapman-Enskog expansion f; = M; + £g; in the BGK model
Q:(f) = vi(M;(fi) — fi), the right-hand side becomes —g;/e, while the convective part
¢ - V.M, that usually provides the diffusion term is of order one only. The force term
contains F' - V¢ M, /e which balances the collision term and leads in the limit € — 0 to the
flux

/ giéds = —F . / VeMids = F | Mg = Fny,
R3 R3 R3

which acts like a convective term. Since in our model F' = V,¢; depends on the gradients
of pj, we arrive to a diffusion model.
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