STABILITY AND UNIQUENESS OF BOUNDED WEAK SOLUTIONS
TO TRIANGULAR DEGENERATE CROSS-DIFFUSION SYSTEMS
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ABSTRACT. The continuous dependence on the initial data and consequently the unique-
ness of bounded weak solutions to a class of triangular reaction-cross-diffusion equations
is shown. The class includes two-species doubly degenerate equations for nutrient taxis
models describing the response of bacteria to nutrient conditions. The key difficulty is
the lack of a gradient bound for the difference of the first component of the solution,
due to the degeneracy. This issue is overcome by assuming a nonstandard Lipschitz-type
condition, applying the H~! method, and carefully combining various estimations.

1. INTRODUCTION

The proof of the uniqueness of weak solutions to cross-diffusion systems is a delicate and
largely unsolved problem. When the diffusion equations exhibit specific structural proper-
ties, the uniqueness of weak solutions can be shown [7, 9, 18]. The weak—strong uniqueness
property represents a weaker uniqueness concept and was studied in, e.g., [1, 6, 10]. An-
other simplification is the analysis of cross-diffusion equations with a triangular diffusion
matrix [2, 4]. In this paper, we establish the uniqueness of bounded weak solutions for
a class of two-species triangular cross-diffusion systems, which are motivated by nutrient-
taxis models [12].

To encompass a broad range of models studied in the literature, we consider a general
class of triangular two-species systems:

(1) dyu = div (A1 (u,v)Vu + Apa(u,v)Vo) + Ry (u,v),
(2) Oyv = div (A (u, v)Vv) + Ry(u,v) inQ, t >0,
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together with initial and no-flux boundary conditions:
(3) u(0) =", v(0) =" inQ,
(4) (A11(u,v)Vu+ App(u,v)Vo) - v =0, Axp(u,v)Vv-v=0 on 0,

where Q C R? (d > 1) and v is the exterior unit normal vector to 99 (which is assumed
to exist). The functions A;;(u,v) are the diffusion coefficients and R;(u,v) are reaction
rates. A typical example is the motion of food-consuming bacteria in a nutrient-poor
environment:

(5) Oyu = div(u®vVu — xu’vVo) + f(u,v), 0w = Av — uw,

where u and v represent the density of the bacterial cells and the concentration of the
nutrients, respectively, « > 0, f > 0, x > 0 are parameters, and f(u,v) describes the
effect of consumption. The model with « = 1, f = 2 and f(u,v) = uwv was proposed
in [12] and derived from a kinetic transport equation in the diffusion limit in [14]. The
existence of global weak solutions with these parameters was proved in [16, 19] in one and
two space dimensions. The boundedness of solutions was shown in [19] in two dimensions,
i.e., the constructed solution satisfies |[u(t)|z~@) + |[v(t)||wre@) < C for all £ > 0. In
the one-dimensional setting, such solutions turn out to be unique when 1/u® € L'(Q2) [4].
Surprisingly, the question of the uniqueness of weak solutions in the multi-dimensional
setting or for other parameters (o, 3) is open. In this paper, we fill this gap.

For our result, we need some structural conditions on the diffusion coefficients A;; that
include equations of the type (5). We impose a condition that is slightly stronger than
Lipschitz continuity. More precisely, for v > 1, we call a function f : [0,00)* — R locally
~-Lipschitz continuous if for any p > 0, there exists C'(p) > 0 such that for any (u,vq),

(uQvUZ) € [Ovp]za
| fur,v1) — fug,v2)] < C(p)(Ju] — ug] + |vg — o).

For instance, f(u,v) = uwYv with v > 1 is locally v-Lipschitz continuous. Any locally
~-Lipschitz continuous function is locally S-Lipschitz continuous for any 1 < 8 < 7.
We impose the following assumptions:

(A1) Domain: Q C R¢ (d > 1) is a bounded domain with smooth boundary.

(A2) Initial data: u°, v° € WH(Q) such that u® # 0 is nonnegative and v° is positive
in €.

(A3) Diffusion coefficients I: A (u,v) = p(v)u® with p : [0,00) = R, p € C?*((0,00)),
p>0in (0,00), and a > 0; Ags(u,v) > a(v) with a : [0,00) = R, a € C°((0,0)),
a>01in (0,00).

(A4) Diffusion coefficients II: A9, Agy are locally (a/2 + 1)-Lipschitz continuous.

(A5) Reactions: R;(u,v) = ug;(v) + R?(u,v) with ¢; : [0,00) = R, ¢; € C'((0,00)) and
R? is locally («/2 + 1)-Lipschitz continuous (i = 1,2).

We observe that the coefficients A;; and Ay may vanish if v = 0 and A;; vanishes if

u =0 (in case a > 0). Thus, equation (1) is doubly degenerated with respect to Ay;. A
non-standard degeneracy was treated for some cross-diffusion systems in [9] by exploiting
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additional a priori bounds, which are not available here. In the nutrient-taxis model (5),
we can argue in a different way: If an L°°(2) bound for u is available and v is strictly
positive, the minimum principle for (2) provides a positive lower bound v(t) > ¢ > 0 in
Q2 [17, Lemma 3.8]. In this situation, the degeneracy of Aj; at v = 0 is ruled out, but
equation (1) is still degenerate with respect to w.

An example satisfying Assumptions (A3)—(Ab) is given by equations (5) with f(u,v) =
uv, i.e.

A =u, Ap= —Xu%, Ap =1 q=v, ¢@=-v, R? = Rg =0,

where 8 > «/2 + 1. In particular, the choice & = 1 and § = 2 is admissible.
Our definition of bounded weak solution is as follows.

Definition 1 (Bounded weak solution). We call (u,v) a global bounded weak solution to
(1)—~(4) tfu(t) >0in Q fort >0, v(t) > c(T)>0inQ for0 <t <T and any T > 0,

u € Lig,(0,00; L%(Q)) N Li (0,00, H'(Q)), v € Liz (0, 00; WH()),

loc

it holds for all ¢ € C(2 x [0,00)) that

_ /0 b /ﬂ ubydadt — /Q u’¢(0)dx

_/00/ (A11(u, v)Vu + Aja(u,v) Vo) - Vodadt + /00/ Ry (u,v)pdxdt,
0 Q 0 Q

—/Ooo/vﬁtgbdxdt—/v%(O)dx
/ /A22 u,v)Vou - Vodzdt +/ /R2 u, v)pdxdt,

and the initial data (3) is satisfied in the sense of H'(Q

For degenerate problems, we cannot generally expect an L?(Q2) gradient bound as re-
quired in Definition 1. We claim that this condition is reasonable if o € (0,2]. Indeed,
consider (5) with § = 2 for illustration. Assume that u € L>(Qr), where Qr = Q x (0,7).
Then the minimum principle implies that v > ¢ > 0 in Q7 for some ¢ > 0, and a formal
computation shows that

d 4
(8) pr Q(—logu+§|Vv]2)dx+E/QMVUO‘”\de

+X/(|Av]2+u\Vv|2)dx+/vdx:().
Q Q

Because of v > ¢ > 0, this yields a bound for Vu®/? in L?(Q7) and consequently Vu =
(2/a)u'=*2Vu*? € L*(Q) if o < 2. Thus, the condition v € L*(0,T; H'(2)) in Defini-
tion 1 can be realized in this (and other) situations.

Our main result is as follows.
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Theorem 1 (Continuous dependence on the initial data & uniqueness). Let T > 0 and let
(ui,v;) be a global bounded weak solution to (1)—(4) in the sense of Definition 1 with the
initial datum (u?,v) for i = 1,2. Then there exists C(T) > 0 depending on T such that
for0<t<T,

(9) [ar — wa)(0) gy + 10n — 02) () oy + ( [ (- w)(t)dw)

< O(T)(Iluf = wall 72 + [lv7 = v2llZ2q))-
In particular, if (u9,v?) = (u3,v9) then (u1,v1)(t) = (ug, v2)(t) in Q, t > 0, i.e., the solution

1S UNLQUeE.

The proof is based on the H~!'(Q) method. More precisely, let (u,v;) and (ug,v9)
be two bounded weak solutions to (1)—(4) and let ¢; be the unique solution to —A; =
u; —meas(Q) ™! [, udr with homogeneous Neumann boundary conditions and [, ¢;dz = 0
for i = 1,2. The proof of Theorem 1 is carried out in four steps:

1. Choose the test function ¢ = 1 in the weak formulation of the difference of equation (1)
for u; and uy. We obtain after some estimations, detailed in Lemma 7,

(/Q(ul _ u2)(t)dx)2 < 4(/9@9 _ uS)dw)z
e /0 t /Q (U — uS )y — up)dards + C /O "G,

where C'; > 0 depends on T" but not on the solution and

2
G = (/le - Ug)dx) F IV = 2)li2@) + lor = vallZ2()-

2. Choose the test function ¢, —1) in weak formulation of the difference of equation (1) for
u1 and us. In some sense, this test function introduces an inverse Laplacian which cancels
with the “Laplacian part” of the term div(A;;Vu) = (a+ 1) 'p(v)Au®™! + V Ay; - Vu,
yielding the second term on the left-hand side of the estimate

d (0% o
IV =l + o [ (™ = g™ = wa)da
< 6[[ V(v — UQ)H%?(Q) + C5(9)G,

where § € (0,1) is arbitrary and ¢y > 0, C3(0) > 0 are some constants (see Lemma
8). The second term on the left-hand side allows us to cancel the first term on the
right-hand side of the inequality of Step 1.

3. Choose the test function v; — vy in the weak formulation of the difference of equation
(2) for v; and vy and estimate as follows (see lemma 9):

d
v = V2| Zae) + V(01 = v2)[[72q) < 03/@?“ —us™) (ur — ug)da + C3G,
Q
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where C3 > 0 is another constant. The gradient term V(v; —wy) is a consequence of the
condition Ay > 0 in Assumption (A4). It allows us to eliminate the first term on the
right-hand side of the inequality of Step 2.

4. Combine the three inequalities and choose ¢ in such a way that the terms involving
(¢ — uy™) (uy — ug) and V(v; — U2) on the right-hand sides of the inequalities are
eliminated. This gives G(t) < C fo s)ds + CG(0) for some C' > 0, and an application
of Gronwall’s lemma ﬁnlshes the proof

The uniqueness result can be applied to the double degenerate nutrient-taxis system (5).
Corollary 2. Let f : [0,

a/2 + 1.
unique.

)% — R be locally (o/2 + 1)-Lipschitz continuous and let 3 >
Then any global bounded weak solution to the nutrient-taxis model (3)—(5) is

Table 1 illustrates some variants of the nutrient-taxis system satisfying the assumptions
of Corollary 2 and for which the existence of global bounded weak solutions was proved in
the literature.

a o} d flu,v) | reference

1 2 1 uw [16]

1 2 2 kuv [19]

1 |[3/2,2)] 2 kuv [17]

1 1[3/2,2)| 3 kuv [15]

1 2 | 2 | uwl-w | [11

1 2 > 2 | u(p — pu®) [13]
0,2] | a+1 | 2 | u(l—u) [20]
0,2] | a+1 | 2 uv [21]

TABLE 1. Parameter values for which the existence of global bounded weak
solutions to (3)—(4) is proved. In the table, the parameters are k > 0, p > 0,
p>0,k>d/2.

In all cases of Table 1, the regularity u € L2 (0,00; L®(Q)), v € L{2(0, 00; WH(Q))
has been shown. We only need to verify that Vu € LQ(QT) for all 7" > 0. In fact, it has
been shown in the references in Table 1 that |[u|/z,) < K for some K > 0. Then, by the
minimum principle, v > k > O in QT for some k£ > 0. In the literature, entropy inequalities
related to the entropy [,,(h(u)+5|Vv|?)dz with h(u) = —logu or h(u) = u(logu—1) have

been derived, and the entropy productlon includes the integrals

T K T
/ / |Vul*dzdt < —/ /EIVuFdxdt <C or
/ /|Vu| drdt < — / /U|VU| dxdt;

also see (8). This yields the desired L?(€27) bound for Vu.
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Remark 3 (Existence of solutions). The existence of global bounded weak solutions to
the special class of systems (5) was shown in the literature in some special settings; see
Table 1. An existence result for the general model (1)—(4) is open. One delicate point is
the proof of the boundedness of u. If this property can be proved, the maximum principle
implies that v is bounded in any finite time interval, and parabolic regularity theory leads
tov € L7(0,T;W?7(Q)) — L"(0,T; Wh>°(Q)) for r > d. If the corresponding estimate
is independent of r, the limit r — oo gives v € L>=(0,T; W'*°(Q)). The gradient bound
for u follows if suitable entropy estimates are available (see, e.g., (10)). Such an estimate
requires a particular structure of the reaction rate Ry. We conclude that the existence of
solutions in the sense of Definition 1 strongly relies on the structure of the nonlinearities
A;; and R; and a general result seems to be out of reach. O

The paper is organized as follows. Some auxiliary results are presented in Section 2, and
Section 3 is devoted to the proof of Theorem 1.

2. AUXILIARY RESULTS

Let T > 0 and u; € L?(Q7) for i = 1,2, recalling that Q7 := Q x (0,7). There exists a
unique solution ; € L2(0,T; H*(2)) to

(11) —AY; = u; — ][ u;dr in Q, Vi;-v=0 on 0, / Yidx =0,
Q Q

where f u;dz = meas(Q)~" [, w;dx. If additionally d,u; € L*(0,T; H'(Q2)'), we have dy); €
L2(0,T; H'(Q)). In particular, ¢ — 3|V (¢ — ¥2)||72(q) 1 absolutely continuous, which
yields [8, Sec. 5.9.2, Theorem 3]

(12) IV~ ) O — IV~ ) Oy

1 [td t
— 5/0 EHV(% - ¢2)|I%2(Q)d8 = /0 (O,V (b1 — 1b3), V(b1 — 12))ds

= / (O(ur — uz), 1 — Po)ds
0

where (-,-) is the dual product between H'(Q) and H'(2). The weak formulations (6)
and (7) holds for test functions ¢ € C3°(92 x [0,00)). We wish to allow for test functions
(Q x

in C*°(2 x [0,t]) for t € (0,7"). The following result was proved in step 1 of the proof of
[5, Lemma 13]

Lemma 4. Let w be a weak solution to Qyw+div F' = g in ), t > 0, for integrable functions
F and g in the sense

(13) —/OT/Qwﬁtxdxdt—/gw(())x(O)da::/OT/Q(F-Vx—i-gx)dxdt
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for all x € C°(Q2 x [0,T)). Then, for any t € [0,T] and ¢ € C>(Q x [0,T]),

//w85<bd:cds+/( (t)o(t) — dx—// VX + gx)dxds.

If I and g are square integrable, the weak formulation can be slightly strengthened.

Lemma 5. Let w be a weak solution to Oyw +divE =g in Q, t > 0, for F, g € L*(Q7)
in the sense of (13) for all x € C(Q x [0,T)). Then d;w € L*(0,T; HY(Y)) and for
t € [0,T] and ¢ € L*(0,T; H(Q)),

/Ot<asw,¢>ds = /Ot/Q(F-Vx—FgX)dxds.

We use some elementary inequalities.

Lemma 6. Let a > 0. There exists C(«) > 0 such that for all uy, us >0,

(14) (2 =) < Cla)(ug ™ — g (un — ua).
Let M > 0. Then there exists C(M) > 0 such that for all 0 < uy < M, 0 <uy < M,
(15) (uf™ —us™)? < (M) (uf* — us ™) (ur — ).

Proof. Inequality (14) is proved in [3, Lemma A.3] with C(a) = (o +2)?/(4a +4). By the
mean-value theorem, for some & between u; and o,

(ug™ —ug™)? = (o + 1)E%(ur — ua)(ui™ —ug™)
< (a+ DM (ui™ —uy™)(ug — ua).
This shows inequality (15) with C(M) = (a+ 1)M°. O

3. PROOF OF THEOREM 1

Let T"> 0 and let (u;,v;) be a global bounded weak solution to (1)—(4) in the sense of
Definition 1. The proof of Theorem 1 is based on several estimations relating some norms
of the differences u; — us, 11 — 15, and vy — vs.

Lemma 7. There exists a constant Cy > 0 depending on T such that for 0 <t < T,
2 2 ¢ 2
(/(ul —ug)(t)dx) < 4(/(u? —ug)dx) +Cl/ </(u1 —u2)dx) ds
Q Q 0 Q

t t
+C1 [ 190 = da)lrayds + 1 [l = walands

0

+C’1/ / ot St (uy — up)dads.

Proof. According to Lemma 4, the weak formulation (6) can be written as

_/Ot/gluiasqﬁdxd(s%—/ﬂ(Ui(t)¢(t) _ui(0)¢(0>)dx
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t t
= — / / (AH('LLZ', ’UZ>VU,L + Alg(’ui, vi)Vvi) . ngdfl?dé’ + / / Rl ('LLZ', U2)¢d$d5

fori=1,2,t€[0,T], and ¢ € C>°(Q x [0,T]). This becomes for ¢ = 1:

/( i(t) — dx—//Rl w;, v;)pdads, 1 =1,2.

We take the difference of this equation for ¢ = 1 and ¢ = 2, insert the definition of R;
according to Assumption (A5), and take the square:

(16) (/Q(u1 - u2)(t)dx>2 < 4(/9@? - ug)dm>2 + I + Iy + I3, where

I :4(/:/0(“1 —ug)ql(vl)dxds)Q,
L :4(/;/Qu2(q1(vl) —ql(vg))d:pds)2,
I :4(/0t/Q(R§’(u1,v1) —Rg(ug,v2))dxd$)2.

To estimate I;, we apply the Cauchy—Schwarz inequality, insert (11) for w; — wue, and
integrate by parts:

I, < 4t /Ot (/Q(ul — uz)ql(vl)dx) 2ds
_ /Ot (/qu(vl)vwl ) Vnda + ]ﬁ(ul _ uz)dx/ﬂql(vl)dx>2ds
< c/ot/Q IV (1 — vo)[2deds +c/0t (/Q(ul _ uQ)dx>2ds,

where C' > 0 depends on T and on the L*(0,7; W*(Q2)) norm of v;. Next, we use the
boundedness of v5 to find that

nec [ @) - (o)

_c / / ( / 4 0v1+(1—0)02)d9>2('z)1—v2)2da:ds
< C’/O /Q(vl — vy)*dads,

where here and in the following, the value of the constant C' > 0 changes from line to line.
It follows from the (/2 + 1)-Lipschitz continuity of R? that

I3 < C/ / L(ug,v71) R(l)(ug,vg))2dxds
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t
< C’/ / ((uff/%rl — w2 4 (v — v2)?)dads.
0 Ja

a/2+1

To estimate the term involving u; , we use inequality (14), which yields

¢
(17) I3 < C’/ / ot us ™) (uy — ug)dads + C’/ /(vl — vy)2dxds.
0 Ja

Inserting the estimates for I, I, and I3 into (16) finishes the proof. O

The integral over (u$™ —uy™)(u; — uy) can be controlled up to a small contribution of

the L?(9) norm of V(v; — v5), as shown in the following lemma.

Lemma 8. Let § € (0,1). Then there exist constants co > 0 and Cy > 0 depending on T'
such that

HV(% 1#2 HL2 + CO/ / ot — a+1 (Ul - UQ)d$d5
2
< IV (W — 62 (O] 22y + Co / ( [ u2>dx) s
Oyt / I9(1 — )220 ds
0

t t
+ CQ/ ”U1 — U2H%2(Q)d8 + 5/ HV(Ul — Uz)”%g(g)d&
0 0

Proof. We split the proof into several steps.
Step 1: Preparations. According to Lemma 5, the weak formulation of the difference
u; — up can be written for all ¢ € L*(0,T; H'(Q)) as

/ <85(U1 — UQ), ¢>d8 == —/ / (Au(ul, vl)Vul — AH(UQ,UQ)VUQ) . V¢d$d8
0 0 JQ
— / /(; (Alg(ul, Ul)V’Ul - Alg(UQ, UQ)V’UQ) . ngdacds
0

—|—/Ot/Q(Rl(ul,vl)—Rl(ug,vz))¢da:ds.

This gives, with the test function ¢ = ¢; — 15 and identity (12),

%/ﬂ V(W1 — o) (1) [Pdee — %/ﬂ IV (1 — 02)(0)Pde = I + I5 + Is, where
- _/ /Q (Avs (g, v1)Vuy = A (ug, v2) Vug) - V(31 — 1by)dads,
0

—/ / (A12(ulyvl)vvl — Ao (us, U2)V’02) V(1 — thy)dads,
0 Ja
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Is = /Ot/Q (Ri(ur,v1) — Ri(u2,v2)) (¥ — 2)dads.

Step 2: Estimation of 1. We rewrite the term I, by inserting Assumption (A3):

a+1 / /p(vl)V(u‘fH - ug“) - V(11 — 9)dxds

a+1// (v1) — p(v2))Vuy™ - V(¢y — 1by)dads.

To get rid of the gradient in V(u¢*' —ug™!), we integrate by parts. Then Iy = Iy +- - -+ Iy,
where

Iy

Iy =

utt —usTHVp(or) - V(1 — i) dads,
Lo = —a 1 /0 /Qp(vl)(u?“ — u§ T Ay — ¢p)dads,
Iyg = a _1|_ 1 / / us TV (p(vi) = p(v2)) - V(91 — o) dads,

]44 = P / / Ul + A(lﬂl wg)dl'ds
We start with Io. For this, we insert (11) and use Holder’s inequality:

1 t
—— 1‘/0 /Qp(vl)(ui”rl —us™) (ug — ug)dads
1 t N .
+ a1 / /p(m)(ulH _ u2+1)dx(]£(u1 - u2)dx) ds
_CO/ / T —ug™) (ur — up)dads
1/2
+C’/ </(u?+1 uaH)Qdaz) /(U1 ~ up)da
0 Q o

where ¢y > 0 depends on the positive lower bound of p(v;) on Q7. The last term is
estimated by means of inequality (15) and Young’s inequality as

c /0 t ( /Q (uo+! — yat1y2 dm) v /ﬂ (11 — up)da
<c / t ( / (U — 0+ —ug)dx> v /Q (ur — un)dz
/ / 01 _ ety —ug)d:cds—l—C/ (/ " —u2)dx)2ds.

ds,

ds

ds
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This yields

Iy < —E

¢ 2
/ / ot uy ™) (uy —Ug)dl'd8+0/ (/(m —ug)d:v> ds.
0 Q

It follows from Young’s inequality and (15) that

In<C / / S — GV (4 — )| dds

t
// ot _qgth ul—UQ)dxds+C’/ /|V(¢1—@/)2)|2dxds.
0 Ja

For the estimate of I3, we first deduce from

p(v1) — p(vg) = /0 P (0vr + (1 — 0)va)db(vy — v2)

that

[V(p(v1) = p(v2))] = ‘ /0 p(Ovr + (1 = 0)v2)(0Vv1 + (1 — 0)Vua)df(vr — v2)

1
+/ P (0vy + (1 — 0)v2)dOV (vy — o)
0
S C(’Ul — UQ| -+ ’V(Ul — Uz)’),
where C' > 0 depends on the L*({2r) norm of Vu; for i = 1,2. This shows that, for any
d e (0,1),

t
I < c/ / (Jor — va] + [V (01 — v)[) |V (1 — )| dedls
0 Q
5 ! 2 ! 2
< - |V (vy — vo9)|*dxds + C (v1 — v9)“dxds
4 0 Q 0 Q

t
+05—1/ /|V(¢1 — ) |*dxds.

Finally, we insert equation (11) to find that

(18) Iy = v / / (v1) o))us ™ (ug — up)dads

1 [ [t - p(vznu;:“dx( f - wiar)as

=: Iya1 + Lyao.
Let F(uy,up) := (1 + «) fol Ouy + (1 — O)uz)*dh. Then we infer from

(Wi = ud™) (ur — uo)

= F(ug,ug)(u; — ug)?
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and Young’s inequality that

uaJrl
L < w v 2 F(uy, us)(uy — ug)?dads
% g [ Mewonlon) = o) P o =

S / / a+l a+l (ul o UQ)dl‘dS
242
+ C/ / 1{u1+u2>0}(p(vl> _p(U2))2F,(2—d$dS.
0 JQ

Uy, UQ)
We claim that the quotient in the last integral is bounded. Indeed, this is true if us = 0
(but u; > 0). Otherwise, if ug > 0, we have

1
F(uy,ug) > (o + 1)/ (1 —0)*ugdl = ug,
0

which yields u3*™2/F(uy, us) < ug™® < C. Therefore, by the Lipschitz continuity of p on
finite intervals,

t
Iy < —/ / O uy ™) (uy — ug)dwds + C/ /(vl — vy)*dads.
0o Ja

Applying Holder’s and Young’s inequality to l442, we obtain

t
Typ < C/ /|1)1 — vo|dx /(u1 — ug)dx
0 Ja Q
t t 2
< C/ /(U1 —1)2)2d:1:ds+0/ </(u1 —uz)da:> ds.
0 Ja 0 Q

Summarizing the estimates for Iy4; and I, we conclude from (18) that

Iy < —/ / oyt (uy —u2)dxds—|—C/ / v) — vg)?dxds
2
+C/ </(u1 —u2)dx> ds.
0 Q

The estimates for I41,..., [44 show that

t
I, < _%/ / O —uy ™ (uy — up)dads +C5_1/ / V(1 — o) |*dds

+C’/O (/Q(U]__UQ)dx) ds—i—C/ / (v1 — vo)*dads
+§/Ot/Q|V(vl — v9)|*dxds.

Step 3: Estimation of I5. We write I5 = I5; + I52, where

I5; = —/ / (Ara(ur,v1) = Ara(ug, v2)) Vuy - V(¢ — o)dads,
0o Ja

ds
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Isy = —/ / A12(u2;v2)v<vl - U2) : V(?/fl - wz)dlﬁdé’-

We exploit the (a/2 + 1)-Lipschitz continuity of A;s and use inequality (14):
I < C/ / (Ju$ T — s 4 oy — 0a]) [V (01 — o) |dds

C/ / (\/ i aH)(Ul—U2)+’U1—U2’>|V(¢1 ¥2)|dzds

§O/ / o+l _ a1y ul—uQ)dZUdS+C/ / (v1 — vy)*dxds
0o Jo

Thus, in view of

5 t t
Iy < —/ /]V(vl —Ug)]deds—I—Cél/ /|V(¢1 — ) Pdads,
4 0 Q 0 Q

we infer that

t
I, < _/ / M —uy ™ (g — ug)drds + 061/ / V(1 — o) [dxds

+O//'U1—U2 )dxds + — //|V211—1)2)| dxds.

Step 4: Estimation of Is. We use Assumption (A5) to formulate Iy = Ig1 + Igo + I3,
where

IN

| /\

ey = /Ot/ﬂ(ul — u2)q1 (1) (Y1 — 2)dads,
lgy = /t/ uz(q1(v1) = q1(v2)) (Y1 — ha)dads,
Tgs = / / Oy, vy) — R (3, v2)) (6 — o) dxdls.

We insert (11) and integrate by parts:

n== [ [ 36— va)anto) o — )i

+ /Ot/qu(Ul)(@bl - %)dl"(]{)(ul - U?)dm) ds

— /Ot /Q V(1 — ) - (q1(v1) Vo (€1 — ) + @1 (01) V(Y1 — t2)) dads

+ [ [t - wpte(  (wr = w)ac)as
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<C//yv¢1 wglda:derC//wl o) 2dds
+C’/ (/ ul—ug)dq,) ds
< C’/O /Q|V(¢1 —@/}2)|2da:ds~l—0/0t (/Q(ul—uQ)d$)2ds,

where we have applied the Poincaré inequality in the last step (this is possible since fQ(wl —
19)dx = 0). Similarly, by the Lipschitz continuity of ¢ and Poincaré’s inequality again,

t t
]62 S C/ /(Ul - ’Ug)Zdl’dS + C/ / |V(¢1 — ¢2)|2dl’d8.
0 JOQ 0 JQ

It follows from estimate (17), for any n > 0, that
¢
Igs < 7]/ / L(ug,v1) R(l)(ug,vQ))deds + C(n)/ /(wl — ) dxds

< Cn/ / T —ug™) (ug — up)dzds + Cn/ / vy — vy)*dads

We choose 1 > 0 such that Cn < ¢/8. Then, summarizing the estimates for Ig;, Is2, and
1637

t
Is < _/ / ot _ a+1 (ul—uQ)d$d8+C/ /|V(¢1—¢2)|2dxds
0 Ja

+0/0 /9@1 —vg)Qda:ds+C/0t (/Q(ul —uQ)dx>2ds.

Putting together the inequalities for Iy, I5, and I concludes the proof. O

It remains to find an estimate for the H'(2) norm of v; — vy.

Lemma 9. There exist constants ¢; > 0 and C3 > 0 depending on T such that
t
(1 = v2) (B)lI720) + 01/ IV (01 = v2) 220y ds < [[(v1 = v2)(0)[|72(0y

t
+ 03/ / 1 = uy ™) (ug — ug)dads + C'g/ |V (11 — ¢2)||2L2(Q)ds

—I—C'g/ (/(m — uy)dx ) dxds+C’3/ o1 — va |32 (@) ds.
0 Q
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Proof. We choose the test function ¢ = v; — vy in the weak formulation of the difference
v; — vy (see Lemma 5):

1 1
5 /(vl — vp)?(t)dx — 3 / (v1 — v9)*(0)dx = I; + Is + Iy, where
Q Q

t
—/ A1, 00)|V vy = v3) s,
0 Ja
t
—/ (AQQ(Ul,Ul) — Ago(us, UQ))VUQ -V(vy — vg)dxds,
0 Ja

Iy = /Ot/ﬂ (Ra(v1,v1) — Ra(us, v2)) (v1 — v9)dxds.

We infer from Assumption (A3) and the boundedness of w; and v; that Ags is bounded
from below by a positive constant ¢;. This yields

¢
I; < —cl/ /|V(v1 — vy) |2 dxds.
0 Jo

Similarly as for the term I5; in the proof of Lemma 8, we estimate

Iy < C’/ / \ua/QH ud? M 4 oy — v2|) |V (v1 — v2)|dds

<g// U = g ) = wa) + oy = va] ) [V (01 — )l dds

/ /|V v — vg)| dxds—i—C’/ / ot St (uy — ug)dads
+C/ /(vl — vy)*dads.
0 Ja

The remaining term /gy is estimated similarly as /g in the proof of Lemma 8. Indeed, we
write Ig = ]91 -+ ]92 + ]93, where

Iy, = /Ot/Q(ul — Ug)qa(v1)(v1 — vo)dxds,
Igy = /t/ uz(g2(v1) — g2(v2))(v1 — v2)dads,
Ios — / / (s, 01) — Rz, v2)) (01 — va)deds.

Inserting equation (11), integrating by parts, and using Young’s inequality as for the esti-
mate of I in the proof of Lemma 8, we obtain

Iy = /0 /glq;(vl)(vl —v2) V(1 — thy) - Vurdads
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+ /Ot/QQQ(UI)V(z/;l —1hy) - V(v — vg)dxds

+ /Ot/qu(vl)(vl — vg)dx(]é(ul — ug)dx> ds
< C/t/ |V (¢ —wQ)\deds+C/t/(v1 — vy)?dxds
/ /]V v — Vg d:vd3+C/ (/ Uy — Us) dm)2ds.

By similar arguments as above, we have

Igo + Ig3 < C/ / ol ud ™) (uy — ug)dads + C/ / vy — vy)*dads.

We conclude that

Ig<—//|V1)1—U2|dxds+0//|v¢1 Vo) |*dxds
+C’/ / v — o) dxds—i—C// O —uy ™) (uy — ug)dads
+C/ </ ul—u2dx> ds.

Combining the estimate for I, Ig, and Iy finishes the proof. O

We proceed with the proof of Theorem 1. We need to absorb the terms involving
V(v —vp) and (u§™ — uy™)(uy — uy). For this, we multiply the inequality of Lemma 8
by the factor K > 0 and add the inequalities of Lemmas 7 and 9. Then

2
( [ u2><t>dx) RNV — )0 oy + 101 — 1) (0) 2oy
+ (e — OK) / IV (01 — 02)|22(0y s
(KCO—Cl 03 / / o+l _ a+1 U1 —UQ)dIdS
s4( / <u9—u3>2dx) 11 — o2l 2age + KNV (e — 62) (O]
t 2
HO KO [ {( [ - u2>dx) 5V (W — 1) o
0 Q

+ HUl — UQH%Q(Q)}dS.



STABILITY AND UNIQUENESS OF TRIANGULAR CROSS-DIFFUSION SYSTEMS 17

The fourth and fifth terms on the left-hand side are both nonnegative if we choose K >
(Cy + C3)/co and § < min{l,¢;/K}.
We claim that
(19) [ 19— @iz <€ [ (@~ e
Q Q

Indeed, using the test function ()1 — 12)(0) in the weak formulation of (11) for i = 1,2 at
time t = 0, we find that

[ 96 = v OFde = [ (= a)r — ) 01
~f @t = e [ 1= )0y

Then a standard application of the Poincaré and Young inequalities leads to
1
[ 19— ) OPds <€ [ (@ = de+ 5 [ 1901 - )0 de
Q Q Q
which shows claim (19). The proof of inequality (9) follows from
2
o = valFe < O~ vl + € [ (01— i)
Q

for some constant C' > 0. This inequality follows from definition of the H'(2)’ norm and
definition (11) of 4,

||U1 - U2||H1(Q)' = Sup |<U1 - U27¢>|
||¢HH1(Q>:1
= sup / <V(@/11 — 1) - Vo + ][ (ug — ug)dx(b> dx
ol g1 (qy=11J/9 Q

< [[V(¥1 = o) |2 + C

/Q 1y — ) da

Finally, the uniqueness result is a direct consequence of inequality (9).
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