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Abstract

We develop a theory that measures the complexity of multi-valued holomorphic func-
tions using group theory. The Main Theorem describes how the group-theoretic side
behaves when we apply arithmetic operations, composition, derivation or integration
to a function. We prove that the group-theoretic notion of solvability plays a role in
the representability of multi-valued functions by single-valued holomorphic functions,
roots and the logarithm. In the last chapter, we investigate multi-valued solution func-
tions of algebraic equations and prove that there is an isomorphy to the classical Galois
group.
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1 Introduction

In many areas of mathematics, functions or numbers are constructed abstractly, without
a specific description for them. For example, it is famously known that every complex
polynomial of degree n ě 1 has n roots, counted with multiplicities. However, in the
general case, it is not described how the solutions are obtained from the coefficients. If
n “ 2, every student can describe the solutions using the quadratic formula. For n “ 3, 4,
more elaborate formulas have been discovered. In all cases, they involve taking (possibly
nested) roots of the coefficients. This has lead to the general question: Can one represent
the zeros of an arbitrary polynomial by roots of the coefficients? An answer is provided by
(classical) Galois Theory: One associates to the polynomial its Galois group, the structure
of which characterizes whether or not the zeros can be written as roots.

We can extend the question asked in classical Galois theory in two directions: First, one
can ask not only about the representability of the zeros of polynomials, but about other
expressions, such as differential equations or parameter integrals. The other direction
is to extend the means of representation: Instead of just using roots, we could wonder
whether any power of expressibility is gained by allowing other elementary functions such
as trigonometric functions.

Chapter 3 is concerned with the definition of a special class of complex-valued functions.
It turns out that the consideration of “ordinary” holomorphic functions C Ñ C (with a
countable set of singularities) is not sufficient, because certain functions we want to regard
as elementary cannot be defined globally. For example, there exists no continuous function
f : Czt0u Ñ C such that pfpzqq2 “ z for all z, i.e. the complex plane does not admit
a quadratic root. The underlying reason for this problem is the multi-valuedness of root
expressions: For every number z P Czt0u, there exist two distinct complex numbers w1, w2

such thatw2
1 “ w2

2 “ z. We can think of the complex quadratic root as having two branches.
These branches do not coexist independently from one another: If one traces the values
of one branch around a closed curve that surrounds the origin, one ends up on the other
branch.

It turns out that the use of Riemann surfaces, i.e. one-dimensional complex manifolds, as
domains for our functions is fruitful in our endeavor. Specifically, we consider maximal
analytic continuations (to Riemann surfaces) of holomorphic germs that have a countable
set of singular points. In this case, the Riemann surface can be seen as a covering space of
the complex plane, without the singular points. Every covering space naturally induces a
group action, the so-calledmonodromy action, which in turn defines themonodromy group.
This group serves as the analogue to the Galois group assigned to polynomials. Speaking in
very rough terms, our assignment captures the complexity of the multi-valuedness of the
underlying function. For instance, an ordinary single-valued complex function is assigned
the trivial group, the n-th root is assigned the cyclic group Zn of order n, and the logarithm
is assigned the additive group Z of integers.

In Chapter 4, we analyze how exactly the monodromy group of a function is connected to
its expressive power: The Main Theorem (Theorem 4.9) states that arithmetic operations,
composition and derivation do not increase the complexity of the monodromy action, while
integration may increase the complexity slightly. A well-known example of this behavior is
the integral of the single-valued function 1{z, which is the multi-valued logarithm.

Chapter 5 returns to the questions of polynomials. We apply the theory developed in the
main part of the thesis and demonstrate that for irreducible polynomials whose coefficients

2



are S-functions, the Galois group and the monodromy group are isomorphic. As a conse-
quence, the following holds if the Galois group is not solvable: Not only are the zeros of the
polynomial not representable by roots of the coefficients, but they are neither representable
by single-valued S-functions, roots, and the logarithm.

A few words are in order about the bibliography of this thesis. We assume knowledge of the
contents of the lecture notes [GSW23; SW23; Wor15; Wor21] taken from undergraduate
and graduate courses at TU Wien. The key concepts are recalled in the preliminary , how-
ever, no proofs are given. In particular, this applies to fundamental groups and covering
spaces, Riemann surfaces, holomorphic germs, analytic continuation, elementary group
theory, and Galois theory. The contents of these works can also be found in introductory
textbooks on the respective subjects. The main part of the thesis, Chapters 3 and 4, is
largely inspired from the paper [Kho95], which contains many proof sketches. Elaborate
details on the subject of Topological Galois Theory can be found in the book [Kho14] by
the same author. As opposed to both works, we develop the theory explicitly using the
notion of analytic germs and Riemann surfaces. A detailed introduction to this topic can
be found in the first Chapter of [For81], from which we frequently cite facts required for
our constructions.
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2 Preliminaries

2.1 Group Actions

LetG denote a group and S a set. A group action ofG on S is a mapping α : SˆG Ñ S such
that αpa, ghq “ αpαpa, gq, hq and αpa, 1q “ a for all g, h P G and a P S. We write α : G ñ S
if α is a group action ofG on S. For every g P G, the mapping αp¨, gq is a bijection on S with
inverse αp¨, g´1q. The mapping Φα : G Ñ SympSq : g ÞÑ αp¨, gq is a homomorphism from G
to the group of all bijections on S, denoted by SympSq, and α is uniquely determined by it.
We refer to ΦαpGq as the image of G under α. The action α is called transitive if, for every
a, b P S, there exists g P G such that αpa, gq “ b. The isotropy group of an element a P S
with respect to a group action α : G ñ S is defined by Ia “ tg P G : αpa, gq “ au.

Lemma 2.1. The following statements hold for every group action α : G ñ S.

1. The image of G under α is isomorphic to the quotient

G
M

č

aPS

Ia.

2. If the group action α is transitive, then the isotropy groups of any two elements are
conjugate.

Proof. 1. We need to prove that
Ş

aPS Ia is the kernel of Φα. This is readily seen to be
true: The membership g P

Ş

aPS Ia is equivalent to g keeping all a P S fixed, which is
in turn equivalent to Φαpgq “ αp¨, gq being the identity mapping.

2. Assume that α is transitive and fix a, b P S. Choose g P G such that αpa, gq “ b. Then
it follows for all h P G that αpa, hq “ a ðñ αpa, ghq “ b. As αpb, ghg´1q “ αpa, ghq,
this implies Ia “ gIbg

´1, as desired.

■

Definition 2.2. Let α : G ñ S and β : G1 ñ S1 denote group actions. A tuple pΨ, ωq

is called an equivalence from α to β if Ψ : G Ñ G1 is an isomorphism and ω : S Ñ S1

is a bijection such that Ω ˝ Φα “ Φβ ˝ Ψ with the induced isomorphism Ω : SympSq Ñ

SympS1q : σ ÞÑ ω ˝ σ ˝ ω´1, i.e. the diagram in Fig. 1 commutes. Two group actions are
called equivalent if there exists a equivalence from one to the other. �

G G1

SympSq SympS1q

Φα

Ψ

Φβ

Ω

Figure 1: Equivalent group actions.

It is readily seen that this notion is an equivalence relation; if α and β are equivalent group
actions, then the images of the respective groups are isomorphic via the restriction of Ω to
the range of Φα.
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2.2 Covering Spaces

For the entire thesis, we assume that covering spaces and Riemann surfaces are path-
connected, unless it is explicitly indicated otherwise. Let X denote a topological space
with points a, b, c P X. The notation γ : a ⇝ b denotes a path γ with initial point a and
terminal point b. Paths are parameterized from the unit interval r0, 1s, unless indicated
otherwise. The composition of paths γ : a ⇝ b and κ : b ⇝ c is denoted by γκ, and the
reversed path of γ is denoted by γ´. By rγs, we denote the equivalence class of the path
γ with respect to FEP-homotopy. For all x P X, we denote by π1pX,xq the fundamental
group of the space X with base point x. If f : X Ñ Y is a continuous map to another
topological space, then we denote by π1pf, xq the induced homomorphism

π1pf, xq :

"

π1pX,xq Ñ π1pY, fpxqq

rϕs ÞÑ rf ˝ ϕs.

Throughout this section, let p : M Ñ X denote a covering. For every point x P X, we
write p´1pxq :“ p´1ptxuq for the fiber of x. By definition, the map p :M Ñ X is a covering
if it is continuous and for all x P X, there exists an open neighborhood U Q x such that
p´1pUq “

Ţ

iPI Si with Si Ď M open and pæSi : Si Ñ U is a homeomorphism for all
i P I. The neighborhood U is called evenly covered neighborhood, the sets Si are called
sheets above U .

§ 2.3. Let us recall the basic properties of covering spaces. Denote by Z a connected topo-
logical space. A continuous map f : Z Ñ X is said to admit a lifting intoM if there exists
a continuous map rf : Z Ñ M such that f “ p ˝ rf (cf. Fig. 2). A lifting need not exist,
however, the connectedness of the spaces ensures its uniqueness. If γ is a path in X, then
for every choice of rx P p´1pγp0qq, there exists a lifting with initial point rx. If γ and κ are
two FEP-homotopic paths in X and we lift them to paths rγ and rκ with the same initial
point, then rγ and rκ are FEP-homotopic in M . The following characterization is known as
the lifting criterion: Fix a point z P Z, a map f : Z Ñ X, and a point rx P p´1pfpzqq. Then f
admits a lifting rf with rfpzq “ rx if and only if π1pf, zqpπ1pZ, zqq Ď π1pp, rxqpπ1pM, rxqq. �

M

Z X

p

f

rf

Figure 2: A lifting of the continuous map f .

Our first preliminary goal is to describe how the fundamental group of a covering induces
a group action on the fiber. In order simplify the proof, we first introduce the more general
concept of transport.

Definition 2.4. For every path γ in X and rx P p´1pγp0qq, denote by traprx, γq the terminal
point of the lifting rγ of γ with initial point rx. �

If there is any risk of confusion, we write trap for the transport with respect to the covering
p :M Ñ X.

Lemma 2.5. Let γ and κ denote paths in X. The following statements hold:

1. If the terminal point of γ is the initial point of κ, then trap¨, γκq “ traptrap¨, γq, κq.
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2. If γ and κ are FEP-homotopic, then trap¨, γq “ trap¨, κq.

Proof. To see that the first statement holds, fix rx P p´1pγp0qq. Let rγ and rκ denote liftings of
γ and κ with initial points rx and rγp1q, respectively. Then the composition rγrκ is a lifting of
γκ with initial point rx. Thus traprx, γκq “ rγrκp1q “ traptraprx, γq, κq, as desired. The second
statement follows immediately from the fact FEP-homotopic paths lift to FEP-homotopic
paths. ■

Proposition 2.6. Denote by x P X an arbitrary base point. The mapping

α :

"

p´1pxq ˆ π1pX,xq Ñ p´1pxq

prx, rϕsq ÞÑ traprx, ϕq

constitutes a transitive group action α : π1pX,xq ñ p´1pxq. For every rx P p´1pxq, the isotropy
group is given by I

rx “ π1pp, rxqpπ1pM, rxqq. The action is independent of the choice of x up to
equivalence.

Proof. The map is a well-defined group action by Lemma 2.5. Transitivity follows from the
path-connectedness of M : For every rx, rx1 P p´1pxq, there exists a path ϕ : rx ⇝ rx1 in M ,
inducing a loop p ˝ ϕ at x, and we obtain αprx, rp ˝ ϕsq “ rx1.

We now prove I
rx “ π1pp, rxqpπ1pM, rxqq. If rϕs P I

rx, then traprx, rϕsq “ rx, whence the lifting
rϕ of ϕ with initial point x is a loop. It follows that π1pp, rxqprrϕsq “ rp ˝ rϕs “ rϕs, i.e.
rϕs P π1pp, rxqpπ1pM, rxqq. Conversely, if rϕs is of the form rp ˝ ψs, where ψ is a loop at rx,
then ψ is a lifting of ϕ with initial point rx, whence traprx, rϕsq “ ψp1q “ rx, proving that
rϕs P I

rx.

To see the independence of the base point, choose another base point y and denote by
β : π1pX, yq ñ p´1pyq the corresponding group action. Because X is path-connected,
there exists a path γ : x ⇝ y. We know that π1pX,xq – π1pX, yq via the isomorphism
Ψ : rϕs ÞÑ rγϕγ´s. The mapping ω : p´1pxq Ñ p´1pyq : rx ÞÑ traprx, γq is a bijection:
According to Lemma 2.5, its inverse is given by ry ÞÑ trapry, γ´q. We claim that pΨ, ωq is an
equivalence from α to β. We must show that Φβ “ Ω˝Φα ˝Ψ´1, where Ω : Sympp´1pxqq Ñ

Sympp´1pyqq : σ ÞÑ ω ˝ σ ˝ ω´1. Indeed, for every rϕs P π1pX, yq, Lemma 2.5 yields

pΩ ˝ Φα ˝ Ψ´1qprϕsq “ traptraptrap¨, γq, γ´ϕγq, γ´q “ trap¨, ϕq “ Φβprϕsq,

as desired. ■

Definition 2.7. The action from Proposition 2.6 is called the monodromy action of the cov-
ering p : M Ñ X. The image of the fundamental group under this action is called the
monodromy group of the covering p :M Ñ X with base point x. As proved, the base point
only influences the monodromy action up to equivalence, making it permissible to omit its
mention. �

Corollary 2.8. The monodromy group of the covering p : M Ñ X is isomorphic to the
quotient

π1pX,xq

M

č

rxPp´1pxq

π1pp, rxqpπ1pM, rxqq.

Proof. Lemma 2.1 states that the monodromy group is isomorphic to the quotient

π1pX,xq

M

č

rxPp´1pxq

I
rx
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and Proposition 2.6 yields I
rx “ π1pp, rxqpπ1pM, rxqq. ■

2.3 Analytic continuation

All Riemann Surfaces we encounter are of the following type: Let M denote a Hausdorff
space and p : M Ñ C a local homeomorphism, i.e. for every z P M , there exists an open
neighborhood U Ď M such that ppUq is open and pæU : U Ñ ppUq is a homeomorphism.
ThenM becomes a Riemann surface using the local restrictions of p as atlases. A mapping
f : M Ñ C is holomorphic on M if and only if f ˝ ppæU q´1 is holomorphic for all local
restrictions pæU . We write HolpMq for the ring of all holomorphic functions on M . For
f P HolpMq and z P M , we denote by ρzpfq the germ of f at the point z, which is defined
as follows: Choose an open neighborhood U of z such that pæU : U Ñ ppUq is a homeo-
morphism and ppUq is open. Then f ˝ ppæU q´1 is a holomorphic function and ppUq is an
open neighborhood of ppzq. Define ρzpfq as the germ of f ˝ ppæU q´1 at ppzq.

Some authors require that a Riemann surface M be a second-countable space, i.e. that
the topology on M have an at most countable base. The paper [Rad25, §4] gives an ele-
mentary proof that this property follows from the existence of a holomorphic atlas. As a
consequence, we can assume that all Riemann surfaces are second-countable. This allows
us to prove the following:

Lemma 2.9. Let M denote a Riemann surface. Then every uncountable subset A Ď M has
an accumulation point.

Proof. We demonstrate that every subset A Ď M consisting only of isolated points is at
most countable. We know that the topology onM has a base B which is at most countable.
For every a P A, we can choose an open neighborhood Ua P B such that Ua XA “ tau. We
have constructed the injective mapping A Ñ B : a ÞÑ Ua, which proved that A is at most
countable. ■

§ 2.10. We denote by Oa the set of all analytic germs at the point a P C. If fa P Oa is a germ
at a, we write valpfaq for the value of fa at a. The symbol OpCq denotes the topological
space of germs on C. The mapping Π : OpCq Ñ C, mapping each germ to its base point,
is a local homeomorphism, whence OpCq is a Riemann surface (which is, however, not
connected). The mapping val is holomorphic on OpCq. Suppose that fa P Oa is a germ and
that γ : a⇝ b is a path in C. An analytic continuation of fa along γ is defined as a lifting of
γ into OpCq with initial point fa, i.e. a path rγ such that rγp0q “ fa and Π ˝ rγ “ γ. In this
case, we say that the germ rγp1q arises from fa via analytic continuation along γ. Note that
an analytic continuation along a path need not exist in general; however, in the event that
is does, it is unique. �

§ 2.11. Let us briefly recall the concept of analytic continuation to Riemann surfaces. Sup-
pose that fa P Oa is a germ. An analytic continuation of fa is a tuple pM,p, f,raq, whereM
is a Riemann surface, p : M Ñ C is locally bi-holomorphic such that ppraq “ a and f is a
holomorphic function on M such that fa “ ρ

rapfq. An analytic continuation pM,p, f,raq is
said to bemaximal if, for every analytic continuation pN, q, g,rbq, there exists a holomorphic
mapping ξ : N Ñ M such that ξprbq “ ra and f ˝ ξ “ g. From this, it automatically follows
that p ˝ ξ “ q. The situation is illustrated in Fig. 3. Every germ admits a maximal ana-
lytic continuation which is unique up to bi-holomorphic equivalence. A maximal analytic
continuation is given explicitly by the following construction: Denote byM the connected
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component of OpCq containing the germ fa. Then the tuple pM,Π, val, faq is a maximal
analytic continuation of fa. �

C

N M

C

g

ξ

q

f

p

Figure 3: Maximal analytic continuation.

In certain proofs, it is convenient to work with the explicit construction of a maximal ana-
lytic continuation in OpCq. The following remark ensures that this is possible.

Remark 2.12. Given an analytic continuation pM,p, f,raq of a germ fa, there exists a holo-
morphic map ξ : M Ñ OpCq such that val ˝ ξ “ f , Π ˝ ξ “ p, and ξpraq “ fa. Moreover, if
pM,p, f,raq is maximal, then by the uniqueness up to bi-holomorphic equivalence, we may
always assume that pM,p, f,raq “ pM,Π, val, faq, whereM is the connected component of
OpCq containing fa. �

We now derive the properties concerning analytic continuations needed in the thesis. Let
us start with a simple observation: If pM,p, f,raq is an analytic continuation of a germ fa,
then, for all z P M , it holds that pM,p, f, zq is an analytic continuation of ρzpfq. Indeed, this
switch of base point preserves maximality: We may assume without loos of generality that
pM,p, f,raq “ pM,Π, val, faq, where M is the connected component of OpCq containing
fa. For this specific M , the statement follows using the knowledge from § 2.11. As a
consequence, we can omit the point ra from (maximal) analytic continuations when it is not
relevant and simply speak of (maximal) analytic continuations pM,p, fq.

The majority of the thesis is concerned with the analysis of the topological structure of
the Riemann surface M in an analytic continuation pM,p, f,raq. There is a convenient
interpretation of paths inM as analytic continuations of germs of f :

Lemma 2.13. If pM,p, f,raq is an analytic continuation and γ is a path in M , then rγptq :“
ργptqpfq is a path in OpCq, which is an analytic continuation of ργp0qpfq along p ˝ γ.

Proof. Let ξ :M Ñ OpCq denote a holomorphic map such that ρzpfq “ ρξpzqpvalq “ ξpzq for
all z P M . Now, rγ “ ξ ˝ γ is a continuous path in OpCq with initial point rγp0q “ ξpγp0qq “

ργp0qpfq, as desired. ■

For the scenarios we consider in the thesis, the mapping p from an analytic continuation
pM,p, f,raq has a stronger property:

Proposition 2.14 ([For81, Thm. 4.19 & Ex. 7.1]). Let pM,p, fq denote a maximal analytic
continuation such that every germ of f admits an analytic continuation along every path in
ppMqzA, where A Ď C is closed. Then p :Mzp´1pAq Ñ ppMqzA is a covering.

Proof. Let x P ppMqzA be arbitrary. We need to find an evenly covered neighborhood.
Because p is a local homeomorphism, there exists an open disc U Ď ppMqzA containing x:
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Indeed, choose rx such that pprxq “ x and a neighborhood V such that pæV : V Ñ ppV q is
a homeomorphism and ppV q is open. Now, x is a member of the open set ppV qzA, hence
there exists an open disc U such that x P U Ď ppV qzA Ď ppMqzA. Fix such a disc and let
ι : U ãÑ C denote the inclusion mapping.

Claim 2.15. For every rx P p´1pxq, there exists a lifting rι
rx : U Ñ Mzp´1pAq of ι such that

rι
rxpxq “ rx and rι

rxpUq is open inM .

Proof of Claim. We are given that the germ ρ
rxpfq admits an analytic continuation along

every path in U . Because U is simply connected, this implies that ρ
rxpfq may be continued

to a holomoprhic function g : U Ñ C. In terms of Riemann surfaces, we have that pU, ι, g, xq

is an analytic continuation of ρ
rxpfq. Because pM,p, f, rxq is a maximal analytic continuation

of ρ
rxpfq, there exists a holomorphic map ξ : U Ñ M such that, in particular, p ˝ ξ “ ι and

ξpxq “ rx. Setting rι
rx :“ ξ yields the desired lifting. Because rι

rx is a holomorphic map, the
set rι

rxpUq is open inM . Proof of Claim ■

We now demonstrate that p´1pUq “
Ţ

rxPp´1pxq rι
rxpUq and that the sets rι

rxpUq, rx P p´1pxq,
qualify as sheets. We have already proved that they are open. To see the inclusion “Ě”,
simply observe that if y P rι

rxpUq, then ppyq P pp ˝ rι
rxqpUq “ ιpUq “ U , i.e. y P p´1pUq. We

now prove “Ď”, cf. Fig. 4. Choose an arbitrary member y P p´1pUq. Because U is a disc,
there exists a path γ : ppyq ⇝ x in U . Let rγ be a lifting of γ with initial point y and set
rx :“ γp1q. Now, because we have

p ˝ rι
rx ˝ γ “ ι ˝ γ “ γ and pι

rx ˝ γqp1q “ rγp1q,

the map rι
rx ˝γ is also a lifting of γ with initial point rx, whence by the uniqueness of liftings,

we obtain rι
rx˝γ “ rγ, i.e. the diagram in Fig. 4 commutes. In particular, we have y “ rγp0q “

prι
rx ˝ γqp0q P rι

rxpUq.

It is left to show that the union is disjoint. To that end, assume for the sake of contradiction
that there exist rx, rz P p´1pxq such that rι

rxpUq X rι
rzpUq ‰ H. It follows that the set rι

rxpUq Y

rι
rzpUq is path-connected; let γ : rx⇝ rz denote a path that lies in the union. Then p ˝ γ is a
path in U that lifts to γ. But as U has trivial fundamental group, p ˝ γ is FEP-homotopic to
the constant path at x, therefore, by the monodromy theorem for local homeomorphisms,
γ must be FEP-homotopic to the constant path at rx. It follows that rx “ rz. ■

M

r0, 1s U ppMq

p

γ

rγ

ι
ι

rx

Figure 4: Proof of Proposition 2.14.

Maximal analytic continuations have another convenient property:

Lemma 2.16 ([For81, Ex. 7.2]). Let pM,p, fq denote a maximal analytic continuation.
Then, for all x P ppMq, f has different germs at distinct points z, w P p´1pxq, i.e. the map
p´1pxq Ñ OpCq : z ÞÑ ρzpfq is injective.

Proof. We can assume without loss of generality that pM,p, f,raq “ pM,Π, val, faq whereM
is the connected component of OpCq containing fa (cf. § 2.11). Now, the statement follows
immediately, as for this particular analytic continuation, it holds that ρzpvalq “ z. ■
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2.4 Two Lemmas on paths

Theorem 2.17 (Baire, [WKB25, Thm. 4.1.1]). In every complete metric space, every count-
able intersection of open and dense sets is again dense.

Lemma 2.18 ([Kho95, §2.1]). Consider a setA Ď C that is at most countable and closed, and
a path γ : r0, 1s Ñ C such that the initial and terminal point of γ do not belong to A. Then,
for every positive, continuous function δ : p0, 1q Ñ R`, there exists a path κ : γp0q ⇝ γp1q

such that |γptq ´ κptq| ă δptq for all t P p0, 1q and the image of κ does not intersect A.

Proof. We prove the statement for “ď δ” instead of “ă δ”, which in turn follows by using
δ{2. Our goal is to apply Baire’s Theorem 2.17. The set Y of all paths γp0q⇝ γp1q that are
δ-close to γ, i.e.

Y :“ tκ : γp0q⇝ γp1q : @t P p0, 1q : |γptq ´ κptq| ď δptqu

endowed with the supremum metric ∆pκ, λq :“ maxtPr0,1s |κptq ´ λptq| forms a complete
metric space. For a P A, let Ua denote the set of paths in Y that do not intersect tau, i.e.

Ua :“ tκ P Y : a R κpr0, 1squ.

We claim that Ua is open and dense in pY,∆q. To see that it is open, consider an arbitrary
element κ P Ua. As ranκ and tau are compact and disjoint, they have a positive distance
ε :“ distpranκ, tauq. The ε-ball tλ P Y : ∆pκ, λq ă εu with respect to ∆ is an open
neighborhood of κ in Ua, hence Ua is open. We now show that Ua is dense in Y . Fix an
arbitrary path γ P Y and ε ą 0. Set I :“ tt P r0, 1s : |γptq ´ a| ď εu. By the continuity
of γ, I is a closed subset of r0, 1s. The connected components of I are of the form rs, ts
with 0 ď s ď t ď 1: It is clear that every connected component is an interval, and the
connectedness ensures that these intervals contain their boundaries. We modify γ in every
connected component. Choose an arbitraty component rs, ts. We may assume that ε ă

mint|γp0q ´ a|, |γp1q ´ a|u, such that 0 ă s ď t ă 1. If s ă t, we replace the segment γærs,ts

by an arc around the circle with radius mintε, minτPrs,ts δpτqu and center point a. If s “ t,
it must be the case that γpsq ‰ a and we make no modifications. We obtain a path rγ that
is contained in Ua and such that ∆pγ, rγq ď ε, proving that Ua is indeed dense in Y . Baire’s
Theorem 2.17 implies that

Ş

aPA Ua is dense, and in particular non-empty. Every element
of this intersection has the desired properties. ■

Lemma 2.19. Let pM,p, f,raq denote a maximal analytic continuation of the germ fa at a P C.
Let γ, κ : a ⇝ b denote two paths in ppMq, and let rγ and rκ denote their liftings with initial
point ra. Further, let Rptq denote the radius of convergence of the series expansion of ρ

rγptqpfq.
The following statements hold:

1. R is continuous [Jän06, §5.7, Aufgabe 1].
2. For all t, the open disc at γptq with radius Rptq is contained in ppMq.
3. If |γptq ´ κptq| ď Rptq{3 for all t, then γ and κ are FEP-homotopic in ppMq.

Proof. 1. We demonstrate that R maps convergent sequences to convergent sequences.
Let ptnqnPN denote a convergent sequence in r0, 1s and set t :“ limnÑ8 tn. Denote by
U the convergence disc of ρ

rγptqpfq. By the continuity of γ, there exists an integer N
such that γptnq belongs toU for all n ě N , which in turn implies two inequalities: The
convergence disc of ρ

rγptnqpfq must be bigger than the largest disc with center γptnq
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contained in U , and no bigger than the smallest disc with center γptnq containing U ,
i.e.

maxtr ą 0 : Urpγptnqq Ď Uu
looooooooooooooooomooooooooooooooooon

“Rptq´|γptnq´γptq|

ď Rptnq ď mintr ą 0 : U Ď Urpγptnqqu
looooooooooooooooomooooooooooooooooon

“Rptq`|γptnq´γptq|

,

from which it follows that limnÑ8 Rptnq “ Rptq (cf. Fig. 5).

γptq

γptnq

Figure 5: Continuity of R.

2. For every germ ρzpfq of f , pM,p, f, zq is a maximal analytic continuation of ρzpfq. Let
U denote the open disc at γptq with radius Rptq. Then pU, ι, ρ

rγptqpfqq, γptqq, where ι :
U ãÑ C denotes the inclusion, is an analytic continuation of ρ

rγptqpfq. As pM,p, f, rγptqq

is a maximal analytic continuation, there exists a mapping ξ such that, in particular,
p ˝ ξ “ ι. This implies that U “ ιpUq Ď ppMq, as desired.

3. The series expansion of ρ
rκptqpfq must have a radius of convergence ě Rptq{3, because

κptq lies within the convergence disc of ρ
rγptqpfq. In particular, the convergence discs

are contained in ppMq by the second statement, whence the straight line segment
κptq⇝ γptq lies in ppMq. This implies that γ and κ are FEP-homotopic in ppMq.

■
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3 S-functions

The central object our theory deals with is the so-called S-function. The objective of this
Chapter is to define and develop all necessary properties of S-functions; the contents are
based on [Kho95, §§1.3–3.2] and the proof ideas given therein. We discuss the necessary
theory in full before giving examples at the end of the Chapter.

Definition 3.1. Let A Ď C be at most countable and closed. A germ fa P Oa, where
a P CzA, is called an S-germ with prohibited set A if fa admits an analytic continuation
along every path contained in CzA. An S-function with prohibited set A is a maximal
analytic continuation of an S-germ with prohibited set A.

We denote by Sa,A the set of S-germs at a with prohibited set A, by Sa the set of S-germs
at a, and by FA the set of S-functions with prohibited set A. �

It follows immediately from the definition that
Ş

iPI Sa,Ai Ď Sa,
Ş

iPI Ai
for all a P C and

families of sets pAiqiPI . This observation may lead one to believe that we could always
consider every germ with the smallest possible prohibited set of a germ, defined as the
intersection of all prohibited sets. However, when working with multiple germs, it may be
more convenient to find a common prohibited set for all of them.

Lemma 3.2. Let pM,p, f,raq denote an analytic continuation of the S-germ fa P Sa,A. Then
every germ of f is an S-germ generating the same S-function.

Proof. Choose an arbitrary point rb P M and set b “ pprbq. Let fb denote the germ of f at
rb. As fb is obtained via analytic continuation of fa along some path γ, we can assume that
b R A. Therefore, fb admits an analytic continuation along any path κ in CzA: Simply
continue fa along γκ instead. The second part follows from the fact that pM,p, f,rbq is a
maximal analytic continuation of ρ

rb
pfq. ■

As a consequence of the lemma, we may omit specification of the base point ra and write
pM,p, fq for S-functions whenever the base point is not explicitly required. If an S-function
pM,p, fq is fixed within a given context, we abuse notation and refer to the entire object
by f without mentioning the Riemann surfaceM and covering projection p every time.

3.1 The monodromy group of an S-function

The definition of S-functions is such that Proposition 2.14 applies. Therefore, every S-
function pM,p, fq is a complex function on a Riemann surface, and for every prohibited
set A of f , the map p :Mzp´1pAq Ñ CzA is a covering. Viewing the situation from a point
x P ppMq, one can imagine that f takes the multiple values fprxq at x, where rx traverses the
fiber p´1pxq. Analytic continuation along a loop at x may result in a change of value. From
this viewpoint, one could say that the function f is somehow “complicated” if the way in
which the values change is complicated. This notion is entirely determined by the covering
p : Mzp´1pAq Ñ CzA. For our purposes, the monodromy action of the covering captures
the complexity of the function f .

Definition 3.3. TheA-monodromy group of an S-function pM,p, fq P FA is the monodromy
group of the covering p : Mzp´1pAq Ñ CzA. It is denoted by Monpf,Aq. We omit men-
tioning ofM and p in order to simplify notation. �
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The first natural question arising from this definition is how the A-monodromy group de-
pends on the choice of the prohibited set A. It turns out that the closure of the monodromy
group with respect to a certain topology does not depend on the choice of the prohibited
set.

Definition 3.4. The Krull topology on SympSq is the subspace topology of the product topol-
ogy on the set of all mappings f : S Ñ S of the discrete topology on S. �

The name Krull topology is taken from a construction in classical Galois theory, where
a certain group of field automorphisms is endowed with a topology that is constructed
similarly. It appears in the Fundamental Theorem of Infinite Galois Theory.

Remark 3.5. Since product- and subspaces are initial constructions, the Krull topology is
initial with respect to the family of mappings ιa, a P S, where ιa : σ ÞÑ σpaq (cf. Fig. 6). In
particular, the following system is a basis of the Krull topology:

#

č

aPF

ι´1
a pOaq : F Ď S, |F | ă 8, Oa Ď S

+

. (1)

Further, the Krull topology is Hausdorff, because the product of Hausdorff spaces is Haus-
dorff.

SympSq SS “
ś

aPS S

Sιa

πa

Figure 6: The topology on SympSq is initial with respect to the family ιa, a P S.

�

Indeed, SympSq is a topological group, as the following proposition shows.

Proposition 3.6. The set SympSq, endowed with the Krull topology, is a topological group.
For every τ P SympSq, an open neighborhood base is given by

Bτ :“ tU τ
L : L Ď S, |L| ă 8u, where U τ

L :“ tσ P SympSq : σæL “ τæLu.

Proof. For every member U τ
L of Bτ , it holds that U τ

L “
Ş

aPL ι
´1
a ptτpaquq is a finite inter-

section of continuous preimages of open sets, and thus open. We now prove that Bτ is a
neighborhood base of τ . It suffices to prove that for every element V of the base from Re-
mark 3.5 with τ P V , there exists a finite subset L such that U τ

L Ď V . Let V “
Ş

aPF ι
´1
a pOaq

be an element of the set in Eq. (1). As τ P V , it follows that τpaq P Oa for each a P F . We
thus have obtained, using L :“ F ,

U τ
F “

č

aPF

ι´1
a ptτpaquq Ď

č

aPF

ι´1
a pOaq “ V,

as desired.

It is readily seen that SympSq is a topological group: Recall that a mapping f : X Ñ Y is
continuous at x P X if, for every element V of a neighborhood basis of fpxq, there exists
a neighborhood W of x such that fpW q Ď V , i.e. f´1pV q is a neighborhood of x. Thus,
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observing that pU τ
τ´1pLq

q´1 “ U τ´1

L and U τ
ρpLq

˝Uρ
L Ď U τ˝ρ

L proves the continuity of ¨´1 and
˝, respectively, completing the proof. ■

Lemma 3.7. Let X Ď SympSq. Denote by X the closure of X in the Krull topology. Then it
holds that

σ P X ðñ @L Ď S, |L| ă 8 : Dτ P X : σæL “ τæL.

Proof. The right side simply states that every neighborhood of σ intersects X using the
neighborhood base from Proposition 3.6. ■

We are now able to prove the proposition that allows us to define the closed monodromy
group.

Proposition 3.8. The closure of the monodromy group of every S-function pM,p, fq P FA in
the Krull topology does not depend on the choice of A.

Proof. Let A1 and A2 be prohibited sets for f , and denote by Gi the Ai-monodromy group
of pM,p, fq at a base point a P CzpA1 Y A2q. Our goal is to prove that G1 “ G2. We
demonstrate that for every σ P G1, every neighborhood of σ intersects G2. This implies
that G1 Ď G2, and thus G1 Ď G2. The other inclusion follows by reversing the roles.

Fix σ P G1 and a neighborhood Uσ
L P Bσ. Let ϕ be a loop corresponding to σ. Suppose

that L “ tℓ1, . . . , ℓnu. For 1 ď j ď n, let Rjptq denote the radius of convergence of the
series expansion of ρ

rϕjptq
pfq, where rϕj is a lifting of ϕ with initial point ℓj . Then δptq :“

1{3 ¨ mintR1ptq, . . . , Rnptqu is a continuous, non-negative function. By Lemma 2.18, there
exists a loop ψ such that |ϕptq ´ ψptq| ă δptq and ψ does not intersect A2. Lemma 2.19
implies that ψ is FEP-homotopic to ϕ in ppMq. As ψ does not intersect A2, it induces a
permutation that is a member of G2. This completes the proof. ■

Definition 3.9. The closed monodromy group of an S-function pM,p, fq is the closure of the
monodromy group of f with respect to some prohibited set A. It is denoted byMonpfq, i.e.
we have that Monpfq :“ Monpf,Aq for some prohibited set A. �

3.2 Representability by S-functions

In this section, we formalize what it means that a function is representable by a family
of functions. For functions with a domain contained in C, this notion is straightforward.
For example, the function fpzq “ arctanpzq is representable by constant functions via
arithmetic operations and integration, because it holds that

f 1pzq “
1

1 ` z2
and z1 “ 1, which is a constant.

However, the subject becomes more complicated once S-functions come into play. For ex-
ample, the derivative of an S-function is not defined a priori, even if one is tempted to
say that there is a canonical way to define it. The same goes for arithmetic operations,
composition, and integration.
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Definition 3.10. Amap F : pCzAqn Ñ C, where n is a positive integer andA Ď C is at most
countable, is called a holomorphic operation with prohibited set A if all partial derivatives
of G exist except for points in A, i.e.

@j P t1, . . . , nu : @x P pCzAqn :
BF

Bxj
pxq :“ lim

hÑ0

F px ` hejq ´ F pxq

h
exists in C,

where ej denotes the j-th unit vector.

We say that an S-function pM,p, fq is representable under the n-ary holomorphic operation
F by the S-functions pNj , qj , gjq, 1 ď j ď n, if there exist germs fa P Sa and gj P Sa,
1 ď j ď n, such that fa “ F pg1, . . . , gnq. �

Example 3.11. Addition, multiplication, and taking additive inverses are holomorphic op-
erations. Every polynomial in n variables is an n-ary holomorphic operation, as is every
rational function in one variable if one takes the finite set of poles as prohibited set. �

Definition 3.12. Let pM,p, fq, pN, q, gq, and pK, r, hq denote S-functions generated by the
germs fa P Sa, gb P Sb, and hc P Sc. We say that h is representable as the composition of
f with g if a “ valpgbq, c “ b, and the equality hc “ fa ˝ gb holds. We write f ˝ g for any
S-function that is representable as the composition of f with g. �

Next, we define the derivative of an S-function. The first intuition may be to define the
derivative of a holomorphic function on a Riemann surface point-wise. This construction
is somewhat fruitful: One the one hand, it does yield a holomorphic function on the same
Riemann surface. On the other hand, this function is no longer necessarily a maximal
analytic continuation of its germs:

Lemma 3.13. Let pM,p, f,raq denote an S-function generated by the germ fa P Sa. The
mapping hpzq :“ valpρzpfq1q makes pM,p, h,raq an analytic continuation of f 1

a. Further, for
every z P M , it holds that ρzphq “ ρzpfq1.

Definition 3.14. The map pM,p, h,raq is called the point-wise derivative of f . �

Proof. It holds that ρ
raphq “ ρ

rapfq1 “ f 1
a. To see that h is continuous, take an arbitrary

convergent sequence pznqnPN in M and set z :“ limnÑ8 zn. Let U denote an open neigh-
borhood of z such that pæU : U Ñ ppUq is bi-holomorphic and ppUq is open. Then there
exists an index N P N such that zn P U for all n ě N . It follows that ρznpfq and ρzpfq

represent the same function in U for all n ě N , let us denote it by F : U Ñ C. We now have
that limnÑ8 hpznq “ limnÑ8 valpρznpfq1q “ limnÑ8 F pznq “ F pzq “ hpzq. It remains to
verify that h is a holomorphic function onM : Fix an arbitrary z P M , and choose a neigh-
borhood U of z such that pæU : U Ñ ppUq is bi-holomorphic. Then, for every w P U , we
have hpwq “ valppf ˝ ppæU q´1q1q, i.e. h ˝ ppæU q´1 “ pf ˝ ppæU q´1q1, which is a holomorphic
function. This calculation also shows that the germs ρzphq and ρzpfq1 coincide. ■

Let us give a better definition for the derivative of an S-function:

Definition 3.15. Let pM,p, f,raq denote an S-function generated by the germ fa P Sa. The
derivative of f is defined as the maximal analytic continuation of f 1

a. It is denoted by f 1. �

It is unclear a priori that this definition is independent of the germ fa we have chosen to
continue; the following lemma demonstrates that this is true.
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Lemma 3.16. Let pM,p, fq denote an S-function. Choose z1, z2 P M and let fj :“ ρzj pfq

denote the germ of f at zj . Denote by pN, q, g,raq a maximal analytic continuation of f 1
1. Then

f 1
2 is a germ of g, i.e. there exists y P N such that f 1

2 “ ρypgq.

Proof. By Lemma 3.13, pM,p, h, z1q, where hpwq :“ ρwpfq1pppwqq, is an analytic contin-
uation of f 1

1. Because g is a maximal analytic continuation, there exists a holomorphic
mapping ξ :M Ñ N such that p “ q ˝ ξ and ξpz1q “ ra. Now, we have

f 1
2 “ ρz2pfq1 “ ρz2phq “ ρξpz2qpgq,

i.e. y “ ξpz2q, as desired. ■

Definition 3.17. Let pM,p, fq and pN, q, gq denote S-functions. We say that g is repre-
sentable as the integral of f if f is the derivative of g. We write

ş

f for every S-function
representable as the integral of f . �

Let us demonstrate that the class of S-germs (and thus the class of S-functions) is stable
under the operations we have introduced.

Proposition 3.18. The class of S-germs is stable under holomorphic operations, composition,
derivation and integration.

Proof. Holomorphic operations. Let F denote an n-ary holomorphic operation with pro-
hibited set A and fix arbitrary S-germs gj P Sa,Aj , 1 ď j ď n. Set B :“ A Y

Ťn
j“1Aj . We

claim that the germ F pg1, . . . , gnq is an S-germ with prohibited set B. Indeed, let γ denote
a path in CzB and choose analytic continuations rγj of gj for 1 ď j ď n. Now, the path of
germs F prγ1, . . . , rγnq is an analytic continuation of F pg1, . . . , gnq along γ.

Composition. Let fa P Sa,A and gb P Sb,B denote S-germs with a “ valpgbq. Let pN, q, g,rbq
denote the S-function generated by gb. We claim that C :“ BYqpg´1pAqq qualifies as a pro-
hibited set for fa ˝ gb. Let us demonstrate that thet set g´1pAq is countable. If g´1pAq were
not countable, then by the countability of A, there exists α P A such that g takes the values
α uncountably often, whence g´1ptαuq has an accumulation point in M by Lemma 2.9.
The identity theorem yields that g is constant, whence fa ˝ gb is constant. In this case, we
can instead use H as prohibited set. In all other cases, C is countable.

Let us now prove that fa ˝ gb admits an analytic continuation along any path γ : b ⇝ c
that lies in CzC. Choose a lifting rγ into N with initial point rb. Now, because q ˝ rγ “ γ
and γ does not intersect qpg´1pAqq, we know that rγ does not intersect g´1pAq. This implies
that the path g ˝ rγ does not intersect A, whence fa admits an analytic continuation κ
along it. We claim that λptq :“ κptq ˝ ρ

rγptqpgq is an analytic continuation of fa ˝ gb along
γ. As κptq P Og˝rγptq, the composition is well-defined. The topology on OpCq is such that
λ is continuous. We have Πpλptqq “ γptq, whence λ is a lifting of γ with initial point
λp0q “ κp0q ˝ ρ

rγp0qpgq “ fa ˝ gb, i.e. an analytic continuation of fa ˝ gb along γ.

Derivative and Integral. For the derivation and integration of germs, it is well-known that
analytic continuability is inherited, thus the same prohibited set qualifies. ■

Using the notions of holomorphic operations, composition, derivation and integration, we
can give a precise definition of representability by S-functions.
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Definition 3.19. Let G denote a set of S-functions. We say that an S-function f is repre-
sentable by G if f can be obtained from G by iteratively applying holomorphic operations,
composition, derivation and integration to members of G . �

3.3 Examples

It is immediately clear from the definition that every holomorphic function on C that only
has isolated singularities is an S-function. In particular, this means that all meromorphic
functions are S-functions. However, the type of isolated singularity is not restricted to poles:
The function fpzq “ expp1{zq is also an S-function with prohibited set t0u. We subsume
these S-functions under the following term:

Definition 3.20. An S-function is called single-valued if it is a holomorphic function onCzA,
where A is the prohibited set. �

Let us state two examples for S-functions and make claims about their monodromy groups.
We prove the claims later, when we have developed the proper tools.

Example 3.21. Let f1 denote the germ of an antiderivative of the function z ÞÑ 1{z at the
point 1 P C. We define the complex logarithm (or simply logarithm) as the maximal analytic
continuation of f1, i.e. the integral of the S-function z ÞÑ 1{z. The monodromy group is
the additive group of integers. The calculation of the monodromy group is postponed to
Corollary 4.11. �

Example 3.22. Let k denote a positive integer. There is an S-function whose germs are all
local representations of the k-th root. This function is called the (complex) k-th root function.
Its monodromy group is the k-element cyclic group. We postpone the construction of this
function and the calculation of its monodromy group to Corollary 5.10. �

17



4 The Main Theorem

The goal of this Chapter is to prove the Main Theorem for one-dimensional topological
Galois Theory, which, in rough terms, states that if a function f is representable by S-
functions f1, . . . , fn, then the monodromy action of f cannot be more complicated than the
monodromy actions of f1, . . . , fn. The first section is concerned with introducing the notion
of pairs of groups, which turns out as convenient in the proof of the Main Theorem. In the
second section, we define so-called complete classes of pairs, which is the tool we utilize to
measure the complexity of pairs. The third section is dedicated to the precise formulation
and proof of the Main Theorem. In the fourth section, we give a broad application of the
Main Theorem using the concept of solvability from group theory. The contents of this
Chapter follow [Kho95, §§3.3–4].

4.1 Pairs of groups

Definition 4.1. A pair of groups is a tuple rG,Hs, where G is a group and H is a subgroup
of G. We say that the pair rG1, H 1s is isomorphic to rG,Hs is G is isomorphic to G1 andH is
isomorphic toH 1. The factorization of the pair rG,Hs is defined asG{

Ş

gPG gHg
´1, i.e. the

quotient group obtained by factoring out the largest normal subgroup contained in H. �

We associate a group G with the pair rG, 1s, where 1 denotes the trivial subgroup.

Definition 4.2. Let α : G ñ S denote a group action. Every element a P S gives rise to
the pair rG, Ias via the isotropy group Ia. This pair is called the monodromy pair of a with
respect to α. �

If α is transitive, the second statement in Lemma 2.1 implies that every b P S yields a
pair rG, Ibs that is isomorphic to rG, Ias, and the factorizations of the pairs are equal to the
image of G under α.

Definition 4.3. Let pM,p, fq P FA denote an S-function, and choose a base point a P CzA.
For every element ra P p´1paq, the A-monodromy pair of ra is the monodromy pair of ra with
respect to the monodromy action α : π1pCzA, aq ñ p´1paq.

Recall that the closed monodromy group is a subgroup of the symmetric group, i.e.
Monpfq ñ p´1paq for every a R A by αpσ,raq “ σpraq. The closed monodromy pair of
pM,p, fq is the monodromy pair of ra with respect to this action. It is denoted by xfy, i.e.
xfy :“ rMonpfq, I

ras. �

For both pairs, we have established that their isomorphy class does not depend on the
choice of ra or a. By the first statement in Lemma 2.1, the A-monodromy group Monpf,Aq

is isomorphic to the factorization of every A-monodromy pair.

The following lemma shows how the closed monodromy pair can be obtained from an
A-monodromy pair.

Lemma 4.4. Let pM,p, fq P FA denote an S-function, and assume that rG,Hs is the A-
monodromy pair of some point ra P M . Then rΦαpGq,ΦαpHqs is the closed monodromy pair
of f .
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Recall that Φα denotes the homomorphism g ÞÑ αp¨, gq associated with the monodromy
action α, and that ¨ denotes the closure operator with respect to the Krull topology on
Sympp´1paqq.

Proof. The first component matches by definition. It remains to show that I
ra is isomorphic

to ΦαpHq, where I
ra “ tσ P Monpfq : σpraq “ rau is the isotropy group of ra with respect to

the action of Monpfq, and H “ trγs P π1pCzA, aq : αprγs,raq “ rau is the isotropy group of
ra with respect to α. We employ Lemma 3.7 to obtain

σ P I
ra ðñ σ P Monpfq ^ σpraq “ ra

3.7
ðñ

`

@L Ď p´1paq, |L| ă 8 : Dτ P Monpf,Aq : σæL “ τæL
˘

^ σpraq “ ra

p˚q
ðñ

`

@L Ď p´1paq, |L| ă 8 : Dτ P Monpf,Aq : σæL “ τæL ^ τpraq “ ra
˘

p˚˚q
ðñ @L Ď p´1paq, |L| ă 8 : Dτ P ΦαpHq : σæL “ τæL

3.7
ðñ σ P ΦαpHq

The equivalence p˚q follows from applying the premise to LY trau in the downwards direc-
tion and from using L “ trau in the upwards direction to obtain σpraq “ ra. In p˚˚q, we use
that τ P ΦαpHq ðñ τ P Monpf,Aq ^ τpraq “ ra. This completes the proof. ■

4.2 Classes of groups

Definition 4.5. A class of pairs of groups K is called a complete class if it has the following
closure properties for every pair rG,Hs P K:

(C1) for every homomorphism Ψ : G Ñ Γ, where Γ is any group, the pair of groups
rΨpGq,ΨpHqs belongs to K,

(C2) for every homomorphism Ψ : Γ Ñ G, where Γ is any group, the pair of groups
rΨ´1pGq,Ψ´1pHqs belongs to K,

(C3) if G is contained in a group Γ with a Hausdorff-topology, then the pair the closures
of the groups rG,Hs belongs to K,

(C4) If J is a group such that H Ď J Ď G, then the pair rG, Js belongs to K,
(C5) If rH,Js is another pair in K, then the pair rG, Js belongs to K.

If C is a class of pairs of groups, we denote by KpCq the smallest complete class of groups
containing C. �

The smallest complete class containing C is well-defined because the intersection of com-
plete classes is a complete class.

Lemma 4.6. Let rG,H1s, . . . , rG,Hns denote members of a complete class K. Then the pair
rG,

Şn
j“1Hjs is a member of K.

Proof. Using induction, it is sufficient to prove the statement for n “ 2. Let ι : H1 ãÑ G
denote the inclusion mapping. It holds that ι´1pH2q “ H1 XH2 and ι´1pGq “ H1, whence
rH1, H1 X H2s “ rι´1pGq, ι´1pH2qs P K. Because K is a complete class and H1 X H2 Ď

H1 Ď G, it follows that rG,H1 XH2s P K. ■
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The following lemma establishes a connection between a pair rG,Hs and its factorization
within the setting of complete classes; in terms of S-functions, this is a relation between
the monodromy pair and the monodromy group.

Lemma 4.7. LetK denote a complete class and rG,Hs a pair of groups. Consider the following
statements:

(i) rG,Hs is a member of K.
(ii) The factorization of rG,Hs is a member of K.

The implication (ii) ùñ (i) is always true. If there exists a finite set P Ď G such that
Ş

gPG gHg
´1 “

Ş

pPP pHp
´1, then the implication (i) ùñ (ii) also holds.

Proof. Set N :“
Ş

gPG gHg
´1; Denote by π : G Ñ G{N the canonical projection.

(i) ùñ (ii): For all p P P , the map Ψp : G Ñ G : g ÞÑ pgp´1 is an automorphism of
G. Because K is a complete class, it holds that rΨppGq,ΨppHqs “ rG, pHp´1s is a member
of K. Because P is finite, Lemma 4.6 yields that rG,

Ş

pPP pHp
´1s belongs to K. Now,

rG{N, 1s “ rπpGq, πpNqs P K, and G{N is the factorization of rG,Hs, as desired.

(ii) ùñ (i): We first obtain that rG,N s “ rπ´1pG{Nq, π´1p1qs P K by the closure proper-
ties. Now, the chain of inclusions N Ď H Ď G implies that rG,Hs P K. ■

When we introduced the A-monodromy group, we constructed the closed monodromy
group using the Krull topology to gain an object that is independent from the choice of
prohibited set. The following is a similar statement for monodromy pairs:

Proposition 4.8. Let pM,p, fq denote an S-function and K a complete class. The following
statements are equivalent:

(i) The closed monodromy pair of f belongs to K.
(ii) For all prohibited sets A of f , the A-monodromy pair of f belongs to K.
(iii) For some prohibited set A of f , the A-monodromy pair of f belongs to K.

Proof. Let A denote an arbitrary prohibited set for f and fix a base point a P CzA. We
use Lemma 4.4 to obtain a representation of the closed monodromy pair, i.e. xfy “

rΦαpGq,ΦαpHqs, where rG,Hs is anA-monodromy pair of ra. In particular,H is the isotropy
group of ra.

(i) ùñ (ii): We claim that ΦαpHq “ ΦαpHq XΦαpGq. The inclusion “Ď” holds trivially. To
see that the other inclusion is true, take σ P ΦαpHq X ΦαpGq. Using Lemma 3.7, we know
that

@L Ď p´1paq, |L| ă 8 : Dτ P ΦαpHq : σæL “ τæL,

in particular, the statement holds for L “ trau and simplifies to Dh P H : σpraq “ Φαphqpraq.
Fix such an h. Now, fix g P G such that σ “ Φαpgq. We have Φαpgqpraq “ σpraq “ Φαphqpraq.
As H “ tf P G : Φαpfqpraq “ rau, it follows that g P H, whence σ “ Φαpgq P ΦαpHq, as
desired.

Now, ΦαpHq “ ΦαpHq X ΦαpGq implies that ΦαpHq is the preimage of ΦαpHq under the
inclusion homomorphism ι : ΦαpGq ãÑ ΦαpGq. By the closure properties of K, it follows
that rG,Hs “ rpι ˝ Φαq´1pΦαpGqq, pι ˝ Φαq´1pΦαpHqqs P K.
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(ii) ùñ (iii): This implication holds trivially, as there always exists at least one prohibited
set.

(iii) ùñ (i): If rG,Hs is a member of K, it follows directly that rf s “ rΦαpGq,ΦαpHqs P K
by the closure properties of K. ■

4.3 Proof of the Main Theorem

Theorem 4.9 (The Main Theorem). Let K denote a complete class, and let SpKq denote
the class of S-functions whose closed monodromy group belongs to K. Then SpKq is closed
under differentiation, composition, and meromorphic operations. Moreover, if K contains the
additive group C, then SpKq is closed under integration.

Specifically, the following statements hold:

1. xf 1y P Kpxfyq,
2. xg ˝ fy P Kpxfy, xgyq,
3. xF pg1, . . . , gnqy P Kpxg1y, . . . , xgnyq,
4. x

ş

fy P Kpxfy,Cq.

Recall that we have already demonstrated in Proposition 3.18 that the class of S-functions
is stable under differentiation, composition, holomorphic operations, and integration.

Proof. We use Proposition 4.8 in every step of the proof to make our argument with a
concrete monodromy pair.

1. Derivative. The intuition for the proof of this statement is as follows: If the analytic
continuation of a germ along a loop yields the same germ, then analytic continuation of
its derivative yields the same derivative. Therefore, the isotropy group with respect to the
derivative contains the isotropy group of the germ, whence by the completeness of K, quod
erat demonstrandum. Let us be more precise.

Let pM,f, p,raq P FA denote the maximal analytic continuation of the germ fa P Sa,A.
Let pN, g, q,rbq denote the maximal analytic continuation of f 1

a. By Proposition 4.8, it is
sufficient to show that rπ1pCzA, aq, Iqs P Kprπ1pC, Aq, Ipsq, where Iq and Ip denote the
isotropy groups of rb and ra with respect to the coverings q and p, respectively. Let h denote
the point-wise derivative of f . Because g is a maximal analytic continuation of f 1

a, there
exists a holomorphic mapping ξ :M Ñ N such that g ˝ ξ “ h and ξpraq “ rb (cf. Fig. 7a).

We claim that Ip Ď Iq. To that end, let ϕ : a ⇝ a be a loop in CzA and denote by rϕ the
lifting of ϕ intoM with initial point ra. Then ξ ˝ rϕ is a lifting of ϕ into N with initial point
rb. Now, if rϕ has terminal point ra, then ξ ˝ rϕ has terminal point ξpraq “ rb. In other words,

rϕs P Ip ùñ trappra, rϕsq “ ra ùñ traqprb, rϕsq “ rb ùñ rϕs P Iq,

where trap and traq denote the transport with respect to the coverings p and q, respectively.
The situation is illustrated in Fig. 7b.

We have thus proved the inclusion Iq Ď Ip. By the definition of complete classes, it follows
that rπ1pCzA, aq, Iqs P Kprπ1pCzA, aq, Ipsq, as desired.
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Figure 7: Proof of Theorem 4.9.

2. Composition. Let pM,p, f,raq and pN, q, g,rbq denote S-functions generated by germs
fa P Sa and gb P Sb. Let pK, r, h,rcq denote the maximal analytic continuation of fa ˝ gb.
Recall that we have demonstrated in Proposition 3.18 that f , g, and h can be assumed
to share a prohibited set; let us call it A. By Proposition 4.8, it is sufficient to prove that
rπ1pCzA, bq, Irs P K :“ Kprπ1pCzA, aq, Ips, rπ1pCzA, bq, Iqsq, where Ip, Iq, and Ir denote the
isotropy groups of ra, rb, and rc with respect to the coverings p, q, and r, respectively. For
every loop ϕ at b, denote by rϕ its lifting into N with initial point rb. Then, for rϕs P Iq, the
curve g ˝ rϕ again is a loop at b, as rϕp1q “ traqprb, rϕsq “ rb, i.e. the map

Ψ :

"

Iq Ñ π1pCzA, bq

rϕs ÞÑ rg ˝ rϕs

is a homomorphism. We claim that Ψ´1pIpq Ď Ir. Let ϕ denote a loop such that rϕs P Iq
andΨprϕsq P Ip. We know from the proof of Proposition 3.18 that the analytic continuation
of fa ˝ gb along ϕ is given by t ÞÑ κptq ˝ ρ

rϕptq
pgq, where κ is an analytic continuation of fa

along g ˝ rϕ. The conditions rϕs P Iq and Ψprϕsq P Ip imply that ρ
rϕp1q

pgq “ gb and κp1q “ fa,
whence continuation of fa ˝ gb along ϕ yields the germ fa ˝ gb. By Lemma 2.16, it follows
that rϕp1q “ rϕp0q, i.e. rϕs P Ir.

Now, we have that rIq,Ψ
´1pIpqs “ rΨ´1pπ1pCzA, aqq,Ψ´1pIpqs P K, and H´1pIpq Ď Iq Ď

π1pCzA, bq, whence rπ1pCzA, bq,Ψ´1pIpqs P K. As Ψ´1pIpq Ď Ir Ď π1pCzA, bq, it follows
that rπ1pCzA, bq, Irs P K, as desired.

3. Holomorphic operation. This statement is relatively easy to show: It turns out that
a loop is in the isotropy group of F pg1, . . . , gnq if it is in the intersection of the isotropy
groups of the gj . Let us elaborate.

We consider an n-ary holomorphic operation F and S-germs gj P Sa,Aj with maximal
analytic continuations pNj , qj , Gj ,rajq. Let pM,p, f,raq denote the maximal analytic contin-
uation of F pg1, . . . , gnq. We know from the proof of Proposition 3.18 thatB :“ AY

Ťn
j“1Aj

is a prohibited set of f . We demonstrate that
n

č

j“1

I
raj Ď I

ra.

Assume that rϕs P I
raj for all j. As the analytic continuation of F pg1, . . . , gnq along a loop ϕ

is given by the composition of F with the analytic continuations of gj along ϕ (cf. Proposi-
tion 3.18), it follows that the value of F pg1, . . . , gnq does not change, whence the lifting of
ϕ must terminate at ra, i.e. rϕs P I

ra.
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From this, it follows that rπ1pCzB, aq, I
ras P Kprπ1pCzAjq, I

rbj
s, 1 ď j ď nq using Lemma 4.6

and the definition of complete classes.

4. Integral. The structure of the proof is as follows: We demonstrate that the mapping
rϕs ÞÑ

ş

ϕ fa is a homomorphism from one isotropy group to C, and that the other isotropy
group is its kernel. Let us proceed to the details.

Let pM,f, p,raq denote the maximal analytic continuation of the germ fa P Sa,A, and let ga
be a germ such that g1

a “ fa. Let pN, q, g,rbq denote the maximal analytic continuation of
ga. By Proposition 4.8, it is sufficient to show that rπ1pCzA, aq, Iqs P Kprπ1pC, Aq, Ips,Cq,
where Iq and Ip denote the isotropy groups of rb and ra with respect to the coverings q and
p, respectively. Consider the mapping

Ψ :

"

Ip Ñ C
rϕs ÞÑ gptraqprb, ϕqq ´ gprbq.

It is well-defined by the monodromy theorem. Note that Ψprϕsq “
ş

ϕ fa. We demonstrate
that Ψ is a homomorphism with respect to addition in C. It is clear that the constant loop
is mapped to 0. Let us demonstrate that Ψ is compatible with the group operations.

Claim 4.10. For all loops rϕs P Ip and paths γ : ra ⇝ c, where c P CzA is arbitrary, it holds
that

gptraqprb, γqq ´ gprbq “ gptraqprb, ϕγqq ´ gptraqprb, ϕqq.

Proof of Claim. Denote by h the point-wise derivative of g. Because f is a maximal analytic
continuation of fa, there exists a holomorphic mapping ξ : N Ñ M such that f ˝ ξ “ h,
p ˝ ξ “ q, and ξpraq “ rb. The germ ρ

traqprb,ϕq
pgq arises from analytic continuation of ρ

rb
pgq

along ϕ. We know that ξptraqprb, ϕqq “ trappra, ϕq “ ra, from which it follows that

ρ
traqprb,ϕq

pgq1 “ ρ
traqprb,ϕq

phq “ ρtrappra,ϕqpfq “ ρ
rapfq “ ρ

rb
phq “ ρ

rb
pgq1,

i.e. ρ
traqprb,ϕq

pgq “ ρ
rb
pgq ` C for some constant C P C. Because analytic continuation is

compatible with addition, it follows that ρ
traqprb,ϕγq

pgq “ ρ
traqprb,γq

pgq ` C, whence

gptraqprb, γqq ´ gprbq “

´

gptraqprb, γqq ` C
¯

´

´

gprbq ` C
¯

“ gptraqprb, ϕγqq ´ gptraqprb, ϕqq,

as desired.

Proof of Claim ■

Choose rϕs, rψs P Ip. Using the claim with γ :“ ψ implies that

Ψprϕsrψsq “ gptraqprb, ϕψqq ´ gprbq

“ gptraqprb, ϕψqq ´ gptraqprb, ϕqq ` gptraqprb, ϕqq ´ gprbq

“ Ψprψsq ` Ψprϕsq.

The complete class K :“ Kprπ1pCzA, aq, Ips,Cq contains the pair rΨ´1pCq,Ψ´1pt0uqs “

rIp, kerΨs, where kerΨ :“ Ψ´1pt0uq denotes the kernel of Ψ. Now, we have that kerΨ Ď

Ip Ď π1pCzA, aq, hence rπ1pCzA, aq, kerΨs is a member of K. It remains to show that
kerΨ “ Iq. According to Lemma 2.16, it holds that rϕs P Iq if and only if analytic contin-
uation of ρ

rb
pgq along ϕ yields the same germ. By the reasoning in the proof of the claim,

this germ is ρ
rb
pgq ` Ψprϕsq, which is equal to ρ

rb
pgq if and only if Ψprϕsq “ 0. ■

23



We can use the proof of the Main Theorem to calculate the t0u-monodromy group of the
complex logarithm:

Corollary 4.11. The t0u-monodromy group of the complex logarithm from Example 3.21 is
the additive group of integers.

Proof. By Lemma 2.1, the t0u-monodromy group of the logarithm is isomorphic to the
quotient π1pCzt0u, 1q{

Ş

raPp´1p1q Ira. We have π1pCzt0u, 1q – Z from viewing Czt0u as a
deformation retract of the unit sphere S1 and using the known result π1pS1, 1q “ Z.
Because the group Z is commutative, all isotropy groups are equal. We know from the
proof of the Main Theorem that the isotropy group is the kernel of the homomorphism
ϕ ÞÑ

ş

ϕ 1{z dz. By the Cauchy integral formula, it holds that
ş

ϕ 1{z dz “ 0 if and only if ϕ
is null-homotopic in Czt0u, from which it follows that the isotropy group is trivial. It thus
follows that Monpf, t0uq – Z. ■

4.4 Discussion of the Main Theorem

LetA denote the class of all Abelian groups. The Main Theorem 4.9 states that membership
of the complete class KpCq is of interest. We give a characterization of the class KpAq

containing all Abelian groups via solvability. In particular, because KpCq Ď KpAq, this
result enables us to rule out membership of KpCq for certain monodromy pairs.

§ 4.12. A group G is called solvable if there exist subgroups H0, . . . ,Hr such that H0 “ G,
Hr is the trivial group, and for all j P t1, . . . , ru, the group Hj´1 is a normal subgroup of
Hj such that the factor Hj´1{Hj is abelian, i.e.

1 “ Hr ŸHr´1 Ÿ ¨ ¨ ¨ ŸH1 ŸH0 “ G, Hj´1{Hj abelian.

Subgroups and factors of solvable groups are again solvable. If G is a group and N is a
normal subgroup of G such that N and G{N are solvable, then so is G. �

Proposition 4.13. A pair rG,Hs is contained in the smallest complete class KpAq if and only
if the factorization of rG,Hs is solvable.

Let us formulate a few group-theoretic statements needed in the proof:

Lemma 4.14. Let G denote a group with normal subgroups N and M . The following state-
ments hold.

1. If N Ď M , then G{M – pG{Nq{pM{Nq. In particular, G{M is a factor of G{N .
2. If Ψ : Γ Ñ G is a group homomorphism from some group Γ, then Ψ´1pGq{Ψ´1pNq is

isomorphic to G{N .
3. If Ψ : G Ñ Γ is a group homomorphism into some group Γ, then ΨpNq is a normal

subgroup of ΨpGq and ΨpGq{ΨpNq is isomorphic to G{Ψ´1pΨpNqq.
4. If G is contained in a topological group Γ, then N is a normal subgroup of G.

Proof. 1. This is a well-known isomorphism theorem.
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2. Let π : G Ñ G{N and π1 : Ψ´1pGq Ñ Ψ´1pGq{Ψ´1pNq denote the canonical projec-
tions. Then Ψ´1pNq is the kernel of π ˝Ψ and of π1, which implies that the images of
these mappings are isomorphic, i.e. G{N – Ψ´1pGq{Ψ´1pNq. Cf. Fig. 8a.

3. To see that ΨpNq is a normal subgroup, we demonstrate that xΨpNqx´1 Ď ΨpNq

for all x P ΨpGq. Fix x P ΨpGq and choose g P G such that x “ Ψpgq. Then
xΨpNqx´1 “ ΨpgqΨpNqΨpgq´1 “ ΨpgNg´1q Ď ΨpNq, as desired. The second part
follows from the previous point using Ψ´1pΨpGqq “ G (cf. Fig. 8b and compare to
Fig. 8a).

Ψ´1pGq Ψ´1pGq{Ψ´1pNq

G G{N

π1

Ψ –

π

(a)

G G{Ψ´1pΨpNqq

ΨpGq ΨpGq{ΨpNq

π

Ψ –

π1

(b)

Figure 8: Proof of. Lemma 4.14

4. We need to prove that gNg´1 Ď N for all g P G. Fix an arbitrary element n P N ,
and let Ψ : G Ñ G : g ÞÑ gng´1. Ψ is a continuous map. In terms of the map Ψ, our
goal is to show that ΨpGq Ď N . Because N is a normal subgroup of G, we know that
ΨpGq Ď N . Using the continuity of Ψ, we obtain

ΨpGq Ď ΨpGq Ď N,

as desired.

■

Proof of Proposition 4.13. Denote by Γ the factorization of rG,Hs and assume that Γ is
solvable, i.e. there exist groups H0, . . . ,Hr such that

1 “ Hr ŸHr´1 Ÿ ¨ ¨ ¨ ŸH1 ŸH0 “ Γ, Hj´1{Hj abelian.

Because Hj´1{Hj is the factorization of the pair rHj´1, Hjs, Lemma 4.7 yields that
rHj´1, Hjs belongs to KpAq for all j P t1, . . . , ru. By the definition of complete class,
it follows that Γ is a member of KpAq. Another application of Lemma 4.7 yields that
rG,Hs P KpAq, as desired.

To see that the converse statement is true, it is sufficient to demonstrate that the class of
all groups whose factorization is solvable forms a complete class. Let us verify the axioms
(C1)–(C5). Using the notation NG

H :“
Ş

gPG gHg
´1, the factorization of rG,Hs can be

written as G{NG
H . Recall that NG

H is the biggest normal subgroup of G contained in H. We
use statements from Lemma 4.14 in every step without explicit reference.

(C1). Let Ψ : G Ñ Γ denote a group homomorphism to an arbitrary group Γ. One readily
sees that ΨpNG

H q Ď N
ΨpGq

ΨpHq
using the fact that ΨpNG

H q is a normal subgroup of ΨpGq and

the maximality of NΨpGq

ΨpHq
. It follows that ΨpGq{N

ΨpGq

ΨpHq
is a factor of ΨpGq{ΨpNG

H q, which is
isomorphic to G{Ψ´1pΨpNG

H qq. Because Ψ´1pΨpNG
H qq Ě NG

H , this is a factor of the solvable
group G{NG

H .

(C2). Let Ψ : Γ Ñ G denote a group homomorphism from an arbitrary group Γ. We
know that Ψ´1pNG

H q is a normal subgroup of Ψ´1pGq contained in Ψ´1pHq, from which it

25



follows that Ψ´1pNG
H q Ď N

Ψ´1pGq

Ψ´1pHq
, which in turn implies that Ψ´1pGq{N

Ψ´1pGq

Ψ´1pHq
is a factor

of Ψ´1pGq{Ψ´1pNG
H q – G{NG

H , which is solvable.

(C3). Let G be contained in a topological group (we no not need Hausdorff here). We have
to demonstrate that G{NG

H
is solvable. We first show that the factor G{NG

H is solvable, and
then prove the inclusion NG

H Ď NG
H
, yielding the desired result. Let ι : G Ñ G denote the

inclusion map. It holds that

G{NG
H – ι´1

`

G
˘

{ι´1
´

NG
H

¯

“ G{ι´1
´

NG
H

¯

,

which is solvable because of the inclusion ι´1
´

NG
H

¯

Ě NG
H . Let us now prove that NG

H Ď

NG
H
. We know that NG

H is a normal subgroup of G and that NG
H Ď H, whence NG

H Ď H. By
the maximality of NG

H
, the desired inclusion follows.

(C4). Assume that H Ď J Ď G with G{NG
J and J{NJ

H solvable. We know that G{NG
J –

pG{NG
H q{pNG

J {NG
H q. Therefore, in order for G{NG

H to be solvable, it is sufficient to demon-
strate that G{NG

J and NG
J {NG

H are solvable. The former is so by assumption. For the latter,
consider the inclusion map ι : NG

J Ñ J . It holds that

NG
J {pNG

J XNJ
Hq “ ι´1pJq{ι´1pNJ

Hq – J{NJ
H ,

which is solvable. BecauseNG
H Ď NG

J XNJ
H , it follows thatNG

J {NG
H is a factor ofNG

J {pNG
J X

NJ
Hq, whence solvability is inherited (cf. Fig. 9).

H J G

NJ
H NG

J

NG
H

Ď Ď

Ď Ÿ Ď Ÿ

Ď Ÿ

Figure 9: Overview of the situation in the proof of (C4). The red factors are solvable by
assumption; we demonstrate that the blue factor is solvable in order to apply the Isomor-
phism Theorem.

(C5). Assume that H Ď J Ď G with G{NG
H solvable. It follows from NG

H Ď NG
J that G{NG

J

is a factor of the solvable group G{NG
H . ■

It is demonstrated in Corollaries 5.10 and 4.11 that the complex logarithm and root func-
tions have Abelian monodromy groups. We have thus proved the following statement about
S-functions whose monodromy pair is not solvable.

Corollary 4.15. If the factorization of the closed monodromy pair of an S-function is not
solvable, then this S-function is not representable by single-valued S-functions, roots, and the
logarithm.

If A is a prohibited set, the same statement applies to the A-monodromy pair.
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5 Algebraic Equations

In this Chapter, we consider algebraic equations of the form T “ 0, where

T pyq “ yn ` f1y
n´1 ` ¨ ¨ ¨ ` fn, (2)

is a polynomial whose coefficient are holomorphic functions. Under additional conditions
which are to be specified, we demonstrate that there exists an S-function pM,p, yq such
that T pyq “ 0; we can interpret y as a solution to the equation T “ 0. In this situation,
the monodromy group of y is isomorphic to the Galois group of T and the equivalence in
Lemma 4.7 holds, i.e. the Galois group plays a role in the representability of y according
to the Main Theorem 4.9. Let us begin by clarifying the necessary conditions. If P is a
polynomial, we denote by discP the discriminant of P . If T is as in Eq. (2), we write Tz
for the complex polynomial obtained by plugging z into the coefficient functions of T , i.e.

Tzpyq :“ yn ` f1pzqyn´1 ` ¨ ¨ ¨ ` fnpzq.

Definition 5.1. A polynomial of the form as in Eq. (2) is said to be permissible with prohib-
ited set A Ď C if the following conditions are met:

• The set A is at most countable and closed such that all coefficients fj belong to
HolpCzAq.

• The polynomial T is irreducible over the ring HolpCzAq.
• For all z P CzA, it holds that discTz ‰ 0.

�

The following lemma shows that the third point of the definition is merely a convenience
and can always be achieved by increasing the size of the prohibited set:

Lemma 5.2. Let T fulfill the first two points in Definition 5.1 with prohibited set A. Then
there exists a set B Ď C that is at most countable and closed such that T is a permissible
polynomial with prohibited set B.

Proof. The map d : z ÞÑ discTz is continuous, whence the set d´1pt0uq “ tz P C : discTz “

0u is closed. We claim that it is also countable. Assume for the sake of contradiction that the
set d´1pt0uq is uncountable; then it has an accumulation point. Note that d “ discT if T is
viewed as a polynomial over the ringHolpCzAq. Because d is holomorphic and d´1pt0uq has
an accumulation point, it follows that d ” 0 by the identity theorem. This is a contradiction
to the irreducibility of T . One can set B :“ AY d´1pt0uq. ■

Remark 5.3. Let T denote a permissible polynomial with prohibited set A. Then there are
multiple ways to view T from an algebraic perspective: On the one hand, T is a polynomial
over the ring HolpCzAq. On the other hand, for every z P CzA, we can plug z into the
coefficients of T to obtain the complex polynomial Tz. Because discTz ‰ 0, this polynomial
has n simple roots. �

For the remainder of the thesis, T denote a permissible polynomial with prohibited set A.
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5.1 The S-function of an algebraic equation

One quickly observes that the implicit function theorem gives local holomorphic solution
functions to the equations Tz “ 0, i.e. only defined for z in a small open set. A closer
inspection reveals that the germs of these implicit functions are S-germs with prohibited
set A. Finally, we prove that all local holomorphic solution functions generate one and the
same S-function, which we define to be the solution function of T .

Lemma 5.4. For all z P CzA and y P C such that T py, zq “ 0, there exist open sets U, V Ď C
with z P U and a holomorphic function f : U Ñ V such that y “ fpzq and for every x P U ,
fpxq is the only element of V such that T pfpxq, xq “ 0.

Definition 5.5. The function f with the properties from Lemma 5.4, viewed as a germ in
Oz, is called local solution of T around the point py, zq. �

Proof. Because y is a simple zero, it holds that BT {Bypy, zq ‰ 0. The mapping T is real-
continuously differentiable, hence there exist open neighborhoods U Q z, V Q y and a
real-differentiable function f : U Ñ V such that y “ fpzq and for every x P U , fpxq is the
only element of V such that T pfpxq, xq “ 0, and the derivative of f is given by

f 1pxq “ ´

ˆ

BT

By
pfpxq, xq

˙´1

¨
BT

Bz
pfpxq, xq,

where BT {By and BT {Bz are the real-valued Jacobians of the real and imaginary part of
T with respect to y and z. Because both factors fulfill the Cauchy-Riemann-Equalities, so
does f 1, whence f is holomorphic. ■

Lemma 5.6. Every local solution is an S-germ with prohibited set A.

Proof. Let fz P Oz denote the local solution around a point py, zq, and fix a path γ : z ⇝ w
in CzA. Consider the set

I :“ tt P r0, 1s : fz admits analytic continuation along γær0,tsu.

Clearly we have 0 P I. By Lemma 5.4, I is an open subset of r0, 1s. If t P I, it follows
immediately from the definition that r0, ts Ď I. In summary, we have that I “ r0, µq for
0 ă µ ď 1 or I “ r0, 1s. We claim that I “ r0, 1s. To that end, it is sufficient to demonstrate
that sup I P I.

Because γpsup Iq belongs to CzA, the polynomial T p¨, γpsup Iqq has n distinct zeros
y1, . . . , yn. For every one of them, select a local solution germ fj : Uj Ñ Vj around
pyj , γpsup Iqq. We can assume that the sets Uj are pairwise disjoint. The set V :“
Şn

j“1 Vj is an open neighborhood of γpsup Iq, therefore, there exists δ ą 0 such that
psup I´δ, sup I`δq Ď γ´1pV q. Set τ :“ sup I´δ{2. Let rγ denote the analytic continuation
of fz along γær0,τ s. By the identity theorem, it holds that T pvalprγpτqq, γpτqq “ 0. Because
all zeros of T p¨, γpτqq are contained in the disjoint union

Ţn
j“1 Uj , it follows that there

exists an index j such that valprγpτqq P Uj . By the uniqueness of the zero in Uj , we obtain
valprγptqq “ fjpγptqq for t P pτ ´ δ{4, τ ` δ{4q, whence rγpτq “ ργpτqpfq by the identity
theorem. An analytic continuation of fz along γær0,sup Is is now given by the continuous
path

r

rγptq :“

"

rγptq, 0 ď t ď τ
ργptqpfjq, τ ă t ď sup I.

We have thus proved that sup I P I. ■
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We are now ready to construct a global solution. In the upcoming construction, one could
imagine that we glue the local solution functions together to obtain the maximal analytic
continuation.

Proposition 5.7 ([For81, Thm. 8.9]). There exists an S-function pM,p, yq with prohibited
set A with the following properties:

1. For all z P Mzp´1pAq, it holds that ρzpyq is the local solution function around
pypzq, ppzqq.

2. For all z P CzA, it holds that

T py, zq “
ź

rzPp´1pzq

pypzq ´ yq,

i.e. the values of y are precisely the n zeros of the polynomial T .

By the uniqueness of maximal analytic continuations up to bi-holomorphic equivalence, we
can consider pM,p, yq to be unique.

Definition 5.8. The S-function from Proposition 5.7 is be called global solution of T . �

Proof. We already know that the local solutions of T are S-germs. The first statement
follows from the identity theorem. It remains to show that a maximal analytic continuation
of any one local solution contains all local solutions. Let pM 1, p, yq denote the maximal
analytic continuation of some local solution f at the point py0, z0q. Set

T1py, zq :“
ź

rzPp´1pzq

py ´ ypzqq.

We claim that T1 is a permissible polynomial with prohibited set A. The product is finite
at z0 because f extends to local solution of T “ 0 by the identity theorem, of which there
only exist n. Because the cardinality of the fiber is constant, the product is finite for all
z P ppM 1q.

Next, we need the elementary symmetric functions

sjpw1, . . . , wmq :“
ÿ

WĎtw1,¨¨¨ ,wmu

|W |“j

ź

wPW

w.

Because these polynomials are symmetric in all arguments, we can view sj as a function of
m-element sets. The local solutions are holomorphic, whence it follows that the functions
z ÞÑ sjpp

´1pzqq are holomorphic on CzA. Now, we can rearrange T1 to obtain

T1py, zq “

m
ÿ

j“0

sjpp
´1pzqqyj ,

which is a polynomial over HolpCzAq. The definition of T1 implies that T1 divides T . Be-
cause T is irreducible, it follows that T1 “ T , proving the second statement. ■
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5.2 Isomorphy of the monodromy and Galois groups

In preparation for our proof, we make some field-theoretic constructions. An overview
can be found in Fig. 10. Let pM,p, yq denote a global solution of T . There is an injective
homomorphism ρa : HolpCzAq Ñ Oa : f ÞÑ ρapfq. Set R :“ ρapHolpCzAqq, and let K
denote a quotient field of R. A splitting field Z of ρapT q over K is obtained by adjoining
the local solutions of T , i.e. the germs contained in the set tρ

rapyq : ra P p´1paqu. Because
tρ

rapyq : ra P p´1paqu Ď Oa, we can choose a quotient field L of Oa such that Z Ď L.

We can identify T with the image ρapT q obtained by applying ρa to the coefficients and set

GalpT q :“ tσ P AutpZq : σæK “ id æKu,

where Aut denotes the automorphism group of a field.

HolpCzAq

R K Z

Oa L

– ρa

Quot

Ď

Ď

Ď Ď

Quot

Figure 10: The fields we work with.

A proof idea for a variant of the following statement can be found in [Kho19, §1].

Proposition 5.9. Let y denote a global solution to the permissible polynomial T with pro-
hibited set A. Then the A-monodromy group of y and the Galois group of T are isomorphic,
i.e.

Monpy,Aq – GalpT q.

Proof. We can assume without loss of generality that M is the connected component of
OpCq containing all local solutions tρ

rapyq : ra P p´1paqu. By Lemma 2.1, we have

Monpy,Aq – π1pCzA, aq

M

č

raPp´1paq

I
ra.

Therefore, it is sufficient to construct a surjective homomorphismΨ : π1pCzA, aq Ñ GalpT q

such that
Ş

raPp´1paq π1pp,raqpπ1pMzp´1pAq,raqq is the kernel of Ψ. Indeed, because analytic
continuation is compatible with addition and multiplication, for every rϕs P π1pCzA, aq,
we have that trapp¨, ϕq is an automorphism of Oa. It therefore uniquely extends to an
automorphism σϕ P AutpLq which we can restrict to Z. We define

Ψprϕsq :“ σϕæZ.

We claim that Ψ maps into GalpT q. It maps into AutpZq by construction. To see that K is
kept fixed point-wise, note that trappfa, ϕq “ fa for all fa P R because fa is the germ of a
function which is defined on all of CzA. We have proved that σϕæR “ idR. Because K is a
quotient field of R, the property is inherited.

To see that Ψ is surjective, we apply the Fundamental Theorem of Galois Theory: Specif-
ically, we use the fact that a subgroup H Ď GalT is equal to GalT if and only if for all
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u P ZzK, there exists σ P H such that σpuq ‰ u. In our case, this criterion can be re-stated
in the following terms using contraposition: If some element u P Z is kept fixed by all
σϕ, then u P K. The criterion holds for all elements of the ring generated by R Y p´1paq

because R precisely contains the single-valued germs. As Z is a quotient field of this ring,
it also holds here.

It remains to demonstrate that
Ş

raPp´1paq Ira is the kernel ofΨ. This is true because σϕ “ idZ
if and only if trappra, ϕq “ ra for all ra P p´1paq, which is precisely the case if rϕs is a member
of the intersection in question. ■

We give two applications of this result. First, we properly define complex root functions
and calculate their monodromy groups:

Corollary 5.10. The t0u-monodromy group of the k-th root function from Example 3.22 is
the k-element cyclic group.

Proof. The k-th root function is the solution of the equation T “ 0 for

T py, zq “ yk ´ z.

The Galois group of this polynomial is the k-element cyclic group. ■

Using the knowledge from Chapter 4 and the calculations from Examples 3.21 and 3.22
yields the following negative criterion for the representability of the solution function of T
by elementary functions:

Corollary 5.11. If the Galois group of T is not solvable, then the solution function of T is not
representable by single-valued S-functions, roots, and the logarithm.

Proof. The A-monodromy group Monpy,Aq is the factorization of the A-monodromy pair.
Apply Corollary 4.15. ■
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G ñ S, group action of G on S, 4
NG

H , largest normal subgroup ofG contained
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Φα, homomorphism of group action α, 4
ş

f , integral of S-function, 16
xfy, closed monodromy pair, 18
π1pX,xq, fundamental group, 5
ρzpfq, germ of f at z, 7
Ÿ, normal subgroup, 24–26
a⇝ b, path from a to b, 5
f 1, derivative of S-function, 15
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A-monodromy group
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group actions, 4
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Krull topology, 13
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Main Theorem, 21
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Monpfq, closed monodromy group, 14
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of covering, 6
monodromy pair, 18
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factorization, 18
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Π, base point mapping of the space OpCq of
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point-wise derivative, 15
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representability
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integral, 16

representable, 17
reversed path, 5
root, 17

Sa,A, set of S-germs at a with proh. set A,
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S-function, 12
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