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Abstract

We develop a theory that measures the complexity of multi-valued holomorphic func-
tions using group theory. The Main Theorem describes how the group-theoretic side
behaves when we apply arithmetic operations, composition, derivation or integration
to a function. We prove that the group-theoretic notion of solvability plays a role in
the representability of multi-valued functions by single-valued holomorphic functions,
roots and the logarithm. In the last chapter, we investigate multi-valued solution func-
tions of algebraic equations and prove that there is an isomorphy to the classical Galois

group.
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1 Introduction

In many areas of mathematics, functions or numbers are constructed abstractly, without
a specific description for them. For example, it is famously known that every complex
polynomial of degree n > 1 has n roots, counted with multiplicities. However, in the
general case, it is not described how the solutions are obtained from the coefficients. If
n = 2, every student can describe the solutions using the quadratic formula. For n = 3, 4,
more elaborate formulas have been discovered. In all cases, they involve taking (possibly
nested) roots of the coefficients. This has lead to the general question: Can one represent
the zeros of an arbitrary polynomial by roots of the coefficients? An answer is provided by
(classical) Galois Theory: One associates to the polynomial its Galois group, the structure
of which characterizes whether or not the zeros can be written as roots.

We can extend the question asked in classical Galois theory in two directions: First, one
can ask not only about the representability of the zeros of polynomials, but about other
expressions, such as differential equations or parameter integrals. The other direction
is to extend the means of representation: Instead of just using roots, we could wonder
whether any power of expressibility is gained by allowing other elementary functions such
as trigonometric functions.

Chapter 3 is concerned with the definition of a special class of complex-valued functions.
It turns out that the consideration of “ordinary” holomorphic functions C — C (with a
countable set of singularities) is not sufficient, because certain functions we want to regard
as elementary cannot be defined globally. For example, there exists no continuous function
f : C\{0} — C such that (f(z))? = z for all 2, i.e. the complex plane does not admit
a quadratic root. The underlying reason for this problem is the multi-valuedness of root
expressions: For every number z € C\{0}, there exist two distinct complex numbers wy, wo
such that w? = w? = 2. We can think of the complex quadratic root as having two branches.
These branches do not coexist independently from one another: If one traces the values
of one branch around a closed curve that surrounds the origin, one ends up on the other

branch.

It turns out that the use of Riemann surfaces, i.e. one-dimensional complex manifolds, as
domains for our functions is fruitful in our endeavor. Specifically, we consider maximal
analytic continuations (to Riemann surfaces) of holomorphic germs that have a countable
set of singular points. In this case, the Riemann surface can be seen as a covering space of
the complex plane, without the singular points. Every covering space naturally induces a
group action, the so-called monodromy action, which in turn defines the monodromy group.
This group serves as the analogue to the Galois group assigned to polynomials. Speaking in
very rough terms, our assignment captures the complexity of the multi-valuedness of the
underlying function. For instance, an ordinary single-valued complex function is assigned
the trivial group, the n-th root is assigned the cyclic group Z,, of order n, and the logarithm
is assigned the additive group Z of integers.

In Chapter 4, we analyze how exactly the monodromy group of a function is connected to
its expressive power: The Main Theorem (Theorem states that arithmetic operations,
composition and derivation do not increase the complexity of the monodromy action, while
integration may increase the complexity slightly. A well-known example of this behavior is
the integral of the single-valued function 1/z, which is the multi-valued logarithm.

Chapter 5 returns to the questions of polynomials. We apply the theory developed in the
main part of the thesis and demonstrate that for irreducible polynomials whose coefficients



are S-functions, the Galois group and the monodromy group are isomorphic. As a conse-
quence, the following holds if the Galois group is not solvable: Not only are the zeros of the
polynomial not representable by roots of the coefficients, but they are neither representable
by single-valued S-functions, roots, and the logarithm.

A few words are in order about the bibliography of this thesis. We assume knowledge of the
contents of the lecture notes [GSW23; SW23; Worl5; Wor21]] taken from undergraduate
and graduate courses at TU Wien. The key concepts are recalled in the preliminary , how-
ever, no proofs are given. In particular, this applies to fundamental groups and covering
spaces, Riemann surfaces, holomorphic germs, analytic continuation, elementary group
theory, and Galois theory. The contents of these works can also be found in introductory
textbooks on the respective subjects. The main part of the thesis, Chapters 3 and 4, is
largely inspired from the paper [Kho95], which contains many proof sketches. Elaborate
details on the subject of Topological Galois Theory can be found in the book [Kho14] by
the same author. As opposed to both works, we develop the theory explicitly using the
notion of analytic germs and Riemann surfaces. A detailed introduction to this topic can
be found in the first Chapter of [For81[], from which we frequently cite facts required for
our constructions.



2 Preliminaries

2.1 Group Actions

Let GG denote a group and S a set. A group action of G on S is a mapping « : S x G — S such
that a(a, gh) = a(a(a,g),h) and a(a,1) = aforallg,he Ganda e S. Wewritea : G —~ S
if o is a group action of G on S. For every g € G, the mapping «(-, g) is a bijection on S with
inverse a(-, g~ '). The mapping ®, : G — Sym(S) : g — a(-, g) is a homomorphism from G
to the group of all bijections on .S, denoted by Sym(.S), and « is uniquely determined by it.
We refer to ®,(G) as the image of G under «. The action « is called transitive if, for every
a,b € S, there exists g € GG such that a(a, g) = b. The isotropy group of an element a € S
with respect to a group action o : G —~ S is defined by I, = {g € G : a(a, g) = a}.

Lemma 2.1. The following statements hold for every group action o : G —~ S.

1. The image of G under « is isomorphic to the quotient

G/ﬂ[a.

aeS

2. If the group action « is transitive, then the isotropy groups of any two elements are
conjugate.

Proof. 1. We need to prove that () .q I, is the kernel of ®,. This is readily seen to be
true: The membership g € (), 1o is equivalent to g keeping all a € S fixed, which is
in turn equivalent to ®,(g) = a(+, g) being the identity mapping.

2. Assume that « is transitive and fix a,b € S. Choose g € G such that a(a, g) = b. Then
it follows for all h € G that a(a, h) = a < «(a, gh) = b. As a(b, ghg™') = a(a, gh),
this implies I, = gl,g~*, as desired.

Definition 2.2.Let « : G —~ S and 8 : G’ —~ S’ denote group actions. A tuple (¥,w)
is called an equivalence from « to 5 if ¥ : G — G’ is an isomorphism and w : S — 5’
is a bijection such that Q o &, = ®3 o ¥ with the induced isomorphism 2 : Sym(S) —
Sym(S’) : o > wo o ow™ !, i.e. the diagram in Fig. 1| commutes. Two group actions are
called equivalent if there exists a equivalence from one to the other. /

Sym(S) LN Sym(S")
Figure 1: Equivalent group actions.
It is readily seen that this notion is an equivalence relation; if « and 3 are equivalent group

actions, then the images of the respective groups are isomorphic via the restriction of 2 to
the range of ®,.



2.2 Covering Spaces

For the entire thesis, we assume that covering spaces and Riemann surfaces are path-
connected, unless it is explicitly indicated otherwise. Let X denote a topological space
with points a, b, ¢ € X. The notation v : a ~~ b denotes a path ~ with initial point a and
terminal point b. Paths are parameterized from the unit interval [0, 1], unless indicated
otherwise. The composition of paths v : a ~» b and k : b ~ ¢ is denoted by ~x, and the
reversed path of v is denoted by v~. By [v], we denote the equivalence class of the path
~ with respect to FEP-homotopy. For all z € X, we denote by 71 (X, z) the fundamental
group of the space X with base point z. If f : X — Y is a continuous map to another
topological space, then we denote by 7 (f, z) the induced homomorphism

L mX,z) - m(Y, f()
”1<f’””)‘{ [6] — [fogl.

Throughout this section, let p : M — X denote a covering. For every point x € X, we
write p~!(x) := p~!({z}) for the fiber of z. By definition, the map p : M — X is a covering
if it is continuous and for all = € X, there exists an open neighborhood U > z such that
p ' (U) = W,; S; with S; € M open and plg, : S; — U is a homeomorphism for all
i € I. The neighborhood U is called evenly covered neighborhood, the sets S; are called

sheets above U.

§ 2.3. Let us recall the basic properties of covering spaces. Denote by Z a connected topo-
logical space. A continuous map f : Z — X is said to admit a l ing into M if there exists
a continuous map f Z — M such that f = po f (cf. Fig.[2). A lifting need not exist,
however, the connectedness of the spaces ensures its unlqueness. If v is a path in X, then
for every choice of ¥ € p~1(v(0)), there exists a lifting with initial point 7. If v and « are
two FEP-homotopic paths in X and we lift them to paths 4 and k with the same initial
point, then ¥ and % are FEP-homotopic in M. The following characterization is known as
the lifting criterion: Fix a point z € Z,amap f : Z — X, and a point & € p~'(f(2)). Then f
admits a lifting f with f(z) = ¥ if and only if 711 (f, 2)(71(Z, 2)) < 71 (p, 3) (71 (M, 7)./

7 oox
)
7 x

Figure 2: A lifting of the continuous map f.

Our first preliminary goal is to describe how the fundamental group of a covering induces
a group action on the fiber. In order simplify the proof, we first introduce the more general
concept of transport.

Definition 2.4. For every path v in X and ¥ € p~!((0)), denote by tra(Z,~) the terminal
point of the lifting 7 of v with initial point z. /

If there is any risk of confusion, we write tra,, for the transport with respect to the covering
p:M—X.
Lemma 2.5. Let v and « denote paths in X. The following statements hold:

1. If the terminal point of ~y is the initial point of k, then tra(-,yx) = tra(tra(-,7y), k).



2. If v and k are FEP-homotopic, then tra(-,v) = tra(-, k).

Proof. To see that the first statement holds, fix ¥ € p~!(7(0)). Let ¥ and ¥ denote liftings of
~ and « with initial points Z and (1), respectively. Then the composition % is a lifting of
~k with initial point Z. Thus tra(Z,vx) = Y&(1) = tra(tra(Z, ), k), as desired. The second
statement follows immediately from the fact FEP-homotopic paths lift to FEP-homotopic
paths. |

Proposition 2.6. Denote by x € X an arbitrary base point. The mapping

o { P KD~ i
| @.[6]) — tra(.0)

constitutes a transitive group action « : 71(X,x) —~ p~1(z). For every ¥ € p~*(z), the isotropy
group is given by I = m1(p, T)(m1 (M, Z)). The action is independent of the choice of = up to
equivalence.

Proof. The map is a well-defined group action by Lemma[2.5] Transitivity follows from the
path-connectedness of M: For every ¥, %1 € p~!(z), there exists a path ¢ : ¥ ~ % in M,
inducing a loop p o ¢ at z, and we obtain «(z, [p o ¢]) = ;.

We now prove Iz = m1(p, %) (m1 (M, T)). If [¢] € I;, then tra(Z, [¢]) = ¥, whence the lifting
¢ of ¢ with initial point z is a loop. It follows that m(p, %)([¢]) = [po ¢] = [¢], i.e.

[¢] € m1(p, @) (w1 (M, T)). Conversely, if [¢] is of the form [p o 9|, where # is a loop at Z,
then ¢ is a lifting of ¢ with initial point Z, whence tra(z, [¢]) = ¥(1) = Z, proving that
[¢] € L.

To see the independence of the base point, choose another base point y and denote by
B : m(X,y) —~ p~Y(y) the corresponding group action. Because X is path-connected,
there exists a path v : z ~» y. We know that = (X, z) = m(X,y) via the isomorphism
U : [¢] — [y¢y~]. The mapping w : p~'(z) — p~(y) : ¥ — tra(%,7) is a bijection:
According to Lemma its inverse is given by § — tra(y,v ). We claim that (¥,w) is an
equivalence from « to 3. We must show that 3 = Qo ®, 0V ~!, where Q : Sym(p~!(z)) —
Sym(p~!(y)) : 0 = wo o ow™l. Indeed, for every [¢] € 71 (X, y), Lemma|[2.5]yields

(20 @q 0 UTH)([¢]) = tra(tra(tra(,,7),7"¢7),77) = tra(-,¢) = 5([9]),

as desired. [ |

Definition 2.7. The action from Proposition is called the monodromy action of the cov-
ering p : M — X. The image of the fundamental group under this action is called the
monodromy group of the covering p : M — X with base point . As proved, the base point
only influences the monodromy action up to equivalence, making it permissible to omit its
mention. /

Corollary 2.8. The monodromy group of the covering p : M — X is isomorphic to the
quotient

m(X,2)/ () ") m0Le),

Fep1(a)

Proof. Lemma states that the monodromy group is isomorphic to the quotient

1 &

Tep~i(z)
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and Proposition [2.6)yields I; = m(p, ¥)(m1 (M, T)). [ |

2.3 Analytic continuation

All Riemann Surfaces we encounter are of the following type: Let M denote a Hausdorff
space and p : M — C a local homeomorphism, i.e. for every z € M, there exists an open
neighborhood U < M such that p(U) is open and ply : U — p(U) is a homeomorphism.
Then M becomes a Riemann surface using the local restrictions of p as atlases. A mapping
f : M — C is holomorphic on M if and only if f o (p|y)~! is holomorphic for all local
restrictions ply. We write Hol(M) for the ring of all holomorphic functions on M. For
f € Hol(M) and z € M, we denote by p.(f) the germ of f at the point z, which is defined
as follows: Choose an open neighborhood U of z such that ply : U — p(U) is a homeo-
morphism and p(U) is open. Then f o (ply)~! is a holomorphic function and p(U) is an
open neighborhood of p(z). Define p,(f) as the germ of f o (ply)~! at p(2).

Some authors require that a Riemann surface M be a second-countable space, i.e. that
the topology on M have an at most countable base. The paper [Rad25, §4] gives an ele-
mentary proof that this property follows from the existence of a holomorphic atlas. As a
consequence, we can assume that all Riemann surfaces are second-countable. This allows
us to prove the following:

Lemma 2.9. Let M denote a Riemann surface. Then every uncountable subset A = M has
an accumulation point.

Proof. We demonstrate that every subset A — M consisting only of isolated points is at
most countable. We know that the topology on M has a base 15 which is at most countable.
For every a € A, we can choose an open neighborhood U, € B such that U, n A = {a}. We
have constructed the injective mapping A — B : a — U,, which proved that A is at most
countable. [

§ 2.10. We denote by 7, the set of all analytic germs at the point a € C. If f, € 0, is a germ
at a, we write val(f,) for the value of f, at a. The symbol &(C) denotes the topological
space of germs on C. The mapping IT : ¢(C) — C, mapping each germ to its base point,
is a local homeomorphism, whence ¢(C) is a Riemann surface (which is, however, not
connected). The mapping val is holomorphic on &'(C). Suppose that f, € 0, is a germ and
that v : a ~» bis a path in C. An analytic continuation of f, along ~ is defined as a lifting of
~ into ¢(C) with initial point f,, i.e. a path 7 such that 5(0) = f, and [T o5 = ~. In this
case, we say that the germ 5(1) arises from f, via analytic continuation along ~. Note that
an analytic continuation along a path need not exist in general; however, in the event that
is does, it is unique. /

§ 2.11. Let us briefly recall the concept of analytic continuation to Riemann surfaces. Sup-
pose that f, € 0, is a germ. An analytic continuation of f, is a tuple (M, p, f, @), where M
is a Riemann surface, p : M — C is locally bi-holomorphic such that p(d¢) = a and f is a
holomorphic function on M such that f, = p;(f). An analytic continuation (M, p, f,a) is
said to be maximal if, for every analytic continuation (N, ¢, g, E), there exists a holomorphic
mapping £ : N — M such that £ (5) = a and f o & = g. From this, it automatically follows
that p o £ = ¢. The situation is illustrated in Fig. [3| Every germ admits a maximal ana-
lytic continuation which is unique up to bi-holomorphic equivalence. A maximal analytic
continuation is given explicitly by the following construction: Denote by M the connected



component of &(C) containing the germ f,. Then the tuple (M, 11, val, f,) is a maximal
analytic continuation of f,. /

Figure 3: Maximal analytic continuation.

In certain proofs, it is convenient to work with the explicit construction of a maximal ana-
lytic continuation in ¢(C). The following remark ensures that this is possible.

Remark 2.12. Given an analytic continuation (M, p, f,a) of a germ f,, there exists a holo-
morphic map £ : M — O(C) such that valo £ = f, 1o £ = p, and £(a) = f,. Moreover, if
(M, p, f,a) is maximal, then by the uniqueness up to bi-holomorphic equivalence, we may
always assume that (M, p, f,a) = (M, 11, val, f,), where M is the connected component of
0'(C) containing f,. /

We now derive the properties concerning analytic continuations needed in the thesis. Let
us start with a simple observation: If (M, p, f, @) is an analytic continuation of a germ f,,
then, for all z € M, it holds that (M, p, f, z) is an analytic continuation of p,(f). Indeed, this
switch of base point preserves maximality: We may assume without loos of generality that
(M,p, f,a) = (M,II,val, f,), where M is the connected component of ¢(C) containing
fa. For this specific M, the statement follows using the knowledge from § As a
consequence, we can omit the point a from (maximal) analytic continuations when it is not
relevant and simply speak of (maximal) analytic continuations (M, p, f).

The majority of the thesis is concerned with the analysis of the topological structure of
the Riemann surface M in an analytic continuation (M, p, f,a). There is a convenient
interpretation of paths in M as analytic continuations of germs of f:

Lemma 2.13. If (M, p, f,a) is an analytic continuation and ~y is a path in M, then (t) :=
pyt)(f) is a path in 6(C), which is an analytic continuation of p-)(f) along p o .

Proof. Let{ : M — €(C) denote a holomorphic map such that p.(f) = pe(.y(val) = £(z) for
all ze M. Now, ¥ = £ o~y is a continuous path in ¢/(C) with initial point 7(0) = £(v(0)) =
P (0)(f), as desired. [

For the scenarios we consider in the thesis, the mapping p from an analytic continuation
(M, p, f,a) has a stronger property:

Proposition 2.14 ([For81, Thm. 4.19 & Ex. 7.11). Let (M, p, f) denote a maximal analytic
continuation such that every germ of f admits an analytic continuation along every path in
p(M)\A, where A < C is closed. Then p : M\p~'(A) — p(M)\A is a covering.

Proof. Let x € p(M)\A be arbitrary. We need to find an evenly covered neighborhood.
Because p is a local homeomorphism, there exists an open disc U < p(M)\A containing z:



Indeed, choose 7 such that p(Z) = x and a neighborhood V' such that ply : V' — p(V) is
a homeomorphism and p(V') is open. Now, x is a member of the open set p(V")\ A, hence
there exists an open disc U such that x € U < p(V)\A < p(M)\A. Fix such a disc and let
¢ : U — C denote the inclusion mapping.

Claim 2.15. For every & € p~!(x), there exists a lifting 7z : U — M\p~'(A) of ¢ such that
I7(x) =T and 73(U) is open in M.

Proof of Claim. We are given that the germ p;(f) admits an analytic continuation along
every path in U. Because U is simply connected, this implies that p;(f) may be continued
to a holomoprhic function g : U — C. In terms of Riemann surfaces, we have that (U, ¢, g, z)
is an analytic continuation of p;(f). Because (M, p, f, T) is a maximal analytic continuation
of pz(f), there exists a holomorphic map £ : U — M such that, in particular, p o £ =+ and
&(x) = . Setting 73 := ¢ yields the desired lifting. Because 7; is a holomorphic map, the
set 7z(U) is open in M. Proof of Claim W

We now demonstrate that p~1(U) = Wiep-1(2) ©2(U) and that the sets 73(U), 2 € p~ L(x),
qualify as sheets. We have already proved that they are open. To see the inclusion “2”
simply observe that if y € 73(U), then p(y) € (po ;) (U) = +(U) = U, i.e. y € p~1(U). We
now prove “c”, cf. Fig. |4l Choose an arbitrary member y € p~!(U). Because U is a disc,
there exists a path v : p(y) ~ x in U. Let 7 be a lifting of v with initial point y and set
7 := 7(1). Now, because we have

polzoy=rtoy=1 and (;o7)(1)=75(),

the map 7; oy is also a lifting of « with initial point z, whence by the uniqueness of liftings,
we obtain 7z oy = 7, i.e. the diagram in Fig. 4 commutes. In particular, we have y = 5(0) =
(27 ©7)(0) € 7z(U).

It is left to show that the union is disjoint. To that end, assume for the sake of contradiction
that there exist 7,2 € p~!(x) such that 73(U) n 73(U) # &. It follows that the set 7z(U) U
13(U) is path-connected; let v : & ~» Z denote a path that lies in the union. Then po v is a
path in U that lifts to . But as U has trivial fundamental group, p o v is FEP-homotopic to
the constant path at x, therefore, by the monodromy theorem for local homeomorphisms,
~ must be FEP-homotopic to the constant path at . It follows that 7 = Z. |

//)l

[0,1] —— U —“ p(M
Figure 4: Proof of Proposition m

Maximal analytic continuations have another convenient property:

Lemma 2.16 ([For81, Ex. 7.2]). Let (M,p, f) denote a maximal analytic continuation.
Then, for all z € p(M), f has different germs at distinct points z,w € p~'(z), i.e. the map
p1(z) = O(C) : 2+ p.(f) is injective.

Proof. We can assume without loss of generality that (M, p, f,a) = (M, 11, val, f,) where M

is the connected component of &(C) containing f, (cf. §[2.11). Now, the statement follows
immediately, as for this particular analytic continuation, it holds that p,(val) = z. |
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2.4 Two Lemmas on paths

Theorem 2.17 (Baire, [WKB25, Thm. 4.1.1]). In every complete metric space, every count-
able intersection of open and dense sets is again dense.

Lemma 2.18 ([Kho95, §2.1]). Consider a set A < C that is at most countable and closed, and
a path ~ : [0,1] — C such that the initial and terminal point of v do not belong to A. Then,
for every positive, continuous function § : (0,1) — R, there exists a path x : v(0) ~ (1)
such that |y(t) — k(t)| < 6(t) for all t € (0, 1) and the image of x does not intersect A.

Proof. We prove the statement for “< §” instead of “< ¢”, which in turn follows by using
d/2. Our goal is to apply Baire’s Theorem The set Y of all paths 7(0) ~» v(1) that are
d-close to v, i.e.

Y :i={rk:79(0) ~ (1) : ¥t e (0,1) : [v(t) — k(t)| < (t)}

endowed with the supremum metric A(x, \) := maxg 1] [(t) — A(t)| forms a complete
metric space. For a € A, let U, denote the set of paths in Y that do not intersect {a}, i.e.

Uy, :={rkeY :a¢r(0,1])}.

We claim that U, is open and dense in (Y, A). To see that it is open, consider an arbitrary
element x € U,. As rank and {a} are compact and disjoint, they have a positive distance
e := dist(rank, {a}). The e-ball {\ € Y : A(k,\) < e} with respect to A is an open
neighborhood of « in U,, hence U, is open. We now show that U, is dense in Y. Fix an
arbitrary path v € Y and ¢ > 0. Set I := {t € [0,1] : |y(t) — a|] < &}. By the continuity
of 7, I is a closed subset of [0,1]. The connected components of I are of the form [s, ]
with 0 < s < t < 1: It is clear that every connected component is an interval, and the
connectedness ensures that these intervals contain their boundaries. We modify ~ in every
connected component. Choose an arbitraty component [s,¢]. We may assume that ¢ <
min{|y(0) — al, |y(1) —al}, such that 0 < s <t < 1. If s < ¢, we replace the segment v,
by an arc around the circle with radius min{e, min, [, d(7)} and center point a. If s = ¢,
it must be the case that v(s) # a and we make no modifications. We obtain a path 7 that
is contained in U, and such that A(v,7) < ¢, proving that U, is indeed dense in Y. Baire’s
Theorem implies that ("),. 4 U, is dense, and in particular non-empty. Every element
of this intersection has the desired properties. [

Lemma 2.19. Let (M, p, f,a) denote a maximal analytic continuation of the germ f, at a € C.
Let v,k : a ~ b denote two paths in p(M ), and let ¥ and K denote their liftings with initial
point a. Further; let R(t) denote the radius of convergence of the series expansion of px)(f)-
The following statements hold:

1. R is continuous [Jdn06, §5.7, Aufgabe 1].
2. For all t, the open disc at v(t) with radius R(t) is contained in p(M).
3. If |I7(t) — k(t)| < R(t)/3 for all t, then ~y and k are FEP-homotopic in p(M).

Proof. 1. We demonstrate that R maps convergent sequences to convergent sequences.
Let (t,,)nen denote a convergent sequence in [0, 1] and set ¢ := lim,,_, t,,. Denote by
U the convergence disc of py;(s)- By the continuity of v, there exists an integer N
such that (¢, ) belongs to U for all n > N, which in turn implies two inequalities: The
convergence disc of py,) () must be bigger than the largest disc with center ~(¢,)
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contained in U, and no bigger than the smallest disc with center ~(¢,,) containing U,
ie.
max{r > 0: U,(y(tn)) S U} < R(t,) < min{r > 0: U < U, (7(tn))},
=R(t)—|y(tn)—7(t)] =R(t)+v(tn)—v(t)|
from which it follows that lim,,_,o, R(t,,) = R(t) (cf. Fig.[5).

Figure 5: Continuity of R.

2. For every germ p,(f) of f, (M, p, f, z) is a maximal analytic continuation of p,(f). Let
U denote the open disc at +(t) with radius R(t). Then (U, ¢, p51)(f)),7(t)), where ¢ :
U — C denotes the inclusion, is an analytic continuation of py (f). As (M, p, f,5(t))
is a maximal analytic continuation, there exists a mapping ¢ such that, in particular,
po & = . This implies that U = «(U) < p(M), as desired.

3. The series expansion of py ;) (f) must have a radius of convergence > R(t)/3, because
x(t) lies within the convergence disc of p5(;(y). In particular, the convergence discs
are contained in p(M) by the second statement, whence the straight line segment
k(t) ~» y(t) lies in p(M ). This implies that v and x are FEP-homotopic in p(M).
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3 S-functions

The central object our theory deals with is the so-called S-function. The objective of this
Chapter is to define and develop all necessary properties of S-functions; the contents are
based on [Kho95, §§1.3-3.2] and the proof ideas given therein. We discuss the necessary
theory in full before giving examples at the end of the Chapter.

Definition 3.1. Let A < C be at most countable and closed. A germ f, € 0,, where
a € C\A, is called an S-germ with prohibited set A if f, admits an analytic continuation
along every path contained in C\A. An S-function with prohibited set A is a maximal
analytic continuation of an S-germ with prohibited set A.

We denote by .7, 4 the set of S-germs at a with prohibited set A, by .7, the set of S-germs
at a, and by .% 4 the set of S-functions with prohibited set A. /

It follows immediately from the definition that (),.; “4,.4, © Fun,_, 4, for all e € C and
families of sets (A;):c;. This observation may lead one to believe that we could always
consider every germ with the smallest possible prohibited set of a germ, defined as the
intersection of all prohibited sets. However, when working with multiple germs, it may be
more convenient to find a common prohibited set for all of them.

Lemma 3.2. Let (M, p, f,a) denote an analytic continuation of the S-germ fq € S, 4. Then
every germ of f is an S-germ generating the same S-function.

Proof. Choose an arbitrary point be M and set b = p(g). Let f; denote the germ of f at
b. As f, is obtained via analytic continuation of f, along some path ~, we can assume that
b ¢ A. Therefore, f, admits an analytic continuation along any path x in C\A: Simply
continue f, along v« instead. The second part follows from the fact that (M, p, f, 5) is a
maximal analytic continuation of p;(f). [

As a consequence of the lemma, we may omit specification of the base point a and write
(M, p, f) for S-functions whenever the base point is not explicitly required. If an S-function
(M, p, f) is fixed within a given context, we abuse notation and refer to the entire object
by f without mentioning the Riemann surface M and covering projection p every time.

3.1 The monodromy group of an S-function

The definition of S-functions is such that Proposition applies. Therefore, every S-
function (M, p, f) is a complex function on a Riemann surface, and for every prohibited
set A of f, the map p: M\p~(A) — C\A is a covering. Viewing the situation from a point
x € p(M), one can imagine that f takes the multiple values f () at x, where 7 traverses the
fiber p~!(x). Analytic continuation along a loop at = may result in a change of value. From
this viewpoint, one could say that the function f is somehow “complicated” if the way in
which the values change is complicated. This notion is entirely determined by the covering
p: M\p~'(A) — C\A. For our purposes, the monodromy action of the covering captures
the complexity of the function f.

Definition 3.3. The A-monodromy group of an S-function (M, p, f) € %4 is the monodromy

group of the covering p : M\p~!(A) — C\A. It is denoted by Mon(f, A). We omit men-
tioning of M and p in order to simplify notation. /
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The first natural question arising from this definition is how the A-monodromy group de-
pends on the choice of the prohibited set A. It turns out that the closure of the monodromy
group with respect to a certain topology does not depend on the choice of the prohibited
set.

Definition 3.4. The Krull topology on Sym/(S) is the subspace topology of the product topol-
ogy on the set of all mappings f : S — S of the discrete topology on S. /

The name Krull topology is taken from a construction in classical Galois theory, where
a certain group of field automorphisms is endowed with a topology that is constructed
similarly. It appears in the Fundamental Theorem of Infinite Galois Theory.

Remark 3.5. Since product- and subspaces are initial constructions, the Krull topology is
initial with respect to the family of mappings tq,a € S, where ¢, : o — o(a) (cf. Fig.[6). In
particular, the following system is a basis of the Krull topology:

{ﬂLgl(oa):FgS,yFy<oo,oags}. (1)

acF

Further, the Krull topology is Hausdorff, because the product of Hausdorff spaces is Haus-
dorff.

Sym(S) —— S = [loes S
la S

Figure 6: The topology on Sym(S) is initial with respect to the family ¢,,a € S.

/

Indeed, Sym(S) is a topological group, as the following proposition shows.

Proposition 3.6. The set Sym(S), endowed with the Krull topology, is a topological group.
For every T € Sym(.S), an open neighborhood base is given by

BT :={U]: L< S,|L| <o}, where Uj:={ceSym(S):olr =7}

Proof. For every member U7 of B7, it holds that U7 = (. t; - ({r(a)}) is a finite inter-
section of continuous preimages of open sets, and thus open. We now prove that 87 is a
neighborhood base of 7. It suffices to prove that for every element V' of the base from Re-
markwith T € V, there exists a finite subset L such that U] € V. Let V = [ cx ta *(O4)
be an element of the set in Eq. (I). As 7 € V, it follows that 7(a) € O, for each a € F. We
thus have obtained, using L := F,

Ur=(w'(r@}) € [) (0 =V,
acl’ acl
as desired.

It is readily seen that Sym(.S) is a topological group: Recall that a mapping f : X — Y is
continuous at x € X if, for every element V' of a neighborhood basis of f(z), there exists
a neighborhood W of z such that f(W) < V, i.e. f~1(V) is a neighborhood of z. Thus,
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observing that (U7, L))_l — U7 ' and Uy o Up < Ur™” proves the continuity of ~Land
o, respectively, completing the proof. [

Lemma 3.7. Let X < Sym(S). Denote by X the closure of X in the Krull topology. Then it
holds that

ceX <= VLS S,|L|<w:3reX: 0ol ="1|L.

Proof. The right side simply states that every neighborhood of o intersects X using the
neighborhood base from Proposition [ |

We are now able to prove the proposition that allows us to define the closed monodromy
group.

Proposition 3.8. The closure of the monodromy group of every S-function (M, p, f) € F 4 in
the Krull topology does not depend on the choice of A.

Proof. Let A; and A, be prohibited sets for f, and denote by G; the A;-monodromy group
of (M,p, f) at a base point a € C\(A; U Ay). Our goal is to prove that G; = G2. We
demonstrate that for every o € G1, every neighborhood of ¢ intersects G. This implies
that Gy < G, and thus G; < Gs. The other inclusion follows by reversing the roles.

Fix ¢ € G and a neighborhood U7 € B7. Let ¢ be a loop corresponding to o. Suppose
that L = {¢1,...,¢,}. For 1 < j < n, let R;(t) denote the radius of convergence of the
series expansion of Py, (t)( f), where ch is a lifting of ¢ with initial point ¢;. Then §(¢) :=
1/3 - min{R,(¢),..., Ry(t)} is a continuous, non-negative function. By Lemma there
exists a loop v such that |¢(t) — ()| < d(t) and ¢ does not intersect A,. Lemma |2.19
implies that ¢ is FEP-homotopic to ¢ in p(M). As 1 does not intersect Ao, it induces a
permutation that is a member of GG5. This completes the proof. |

Definition 3.9. The closed monodromy group of an S-function (M, p, f) is the closure of the
monodromy group of f with respect to some prohibited set A. It is denoted by Mon(f), i.e.
we have that Mon(f) := Mon(f, A) for some prohibited set A. /

3.2 Representability by S-functions

In this section, we formalize what it means that a function is representable by a family
of functions. For functions with a domain contained in C, this notion is straightforward.
For example, the function f(z) = arctan(z) is representable by constant functions via
arithmetic operations and integration, because it holds that

and 2 = 1, which is a constant.

f'(z) =

14 22

However, the subject becomes more complicated once S-functions come into play. For ex-
ample, the derivative of an S-function is not defined a priori, even if one is tempted to
say that there is a canonical way to define it. The same goes for arithmetic operations,
composition, and integration.

14



Definition 3.10. Amap F': (C\A)" — C, where n is a positive integer and A < C is at most
countable, is called a holomorphic operation with prohibited set A if all partial derivatives
of GG exist except for points in A, i.e.

n, OF

Vje{l,...on}ivxe (C\A)": = A h
J

exists in C,

where e; denotes the j-th unit vector.

We say that an S-function (M, p, f) is representable under the n-ary holomorphic operation
F by the S-functions (Nj,qj,g5), 1 < j < n, if there exist germs f, € ., and g; € .7,
1 < j <mn,suchthat f, = F(g1,...,9n)- /

Example 3.11. Addition, multiplication, and taking additive inverses are holomorphic op-
erations. Every polynomial in n variables is an n-ary holomorphic operation, as is every
rational function in one variable if one takes the finite set of poles as prohibited set. /

Definition 3.12. Let (M, p, f), (N,q,g), and (K, r, h) denote S-functions generated by the
germs f, € .S, g» € %, and h. € ... We say that h is representable as the composition of
f with g if a = val(gy), ¢ = b, and the equality h. = f, o g, holds. We write f o g for any
S-function that is representable as the composition of f with g. /

Next, we define the derivative of an S-function. The first intuition may be to define the
derivative of a holomorphic function on a Riemann surface point-wise. This construction
is somewhat fruitful: One the one hand, it does yield a holomorphic function on the same
Riemann surface. On the other hand, this function is no longer necessarily a maximal
analytic continuation of its germs:

Lemma 3.13. Let (M,p, f,a) denote an S-function generated by the germ f, € #,. The
mapping h(z) := val(p.(f)") makes (M,p, h,a) an analytic continuation of f.. Further, for
every z € M, it holds that p.(h) = p.(f)".

Definition 3.14. The map (M, p, h, a) is called the point-wise derivative of f. /

Proof. It holds that pz(h) = p;(f) = f.. To see that h is continuous, take an arbitrary
convergent sequence (z,)ney in M and set z := lim,,_,4 2,. Let U denote an open neigh-
borhood of z such that ply : U — p(U) is bi-holomorphic and p(U) is open. Then there
exists an index N € N such that z,, € U for all n > N. It follows that p,, (f) and p.(f)
represent the same function in U for alln > N, let us denote it by F' : U — C. We now have
that lim,, o h(z,) = lim, e val(pz, (f)) = lim,—e F(2,) = F(z) = h(z). It remains to
verify that A is a holomorphic function on M: Fix an arbitrary z € M, and choose a neigh-
borhood U of z such that ply : U — p(U) is bi-holomorphic. Then, for every w € U, we
have h(w) = val((f o (plv)™1)), i.e. ho (ply)~" = (f o (ply)~t), which is a holomorphic
function. This calculation also shows that the germs p.(h) and p.(f)’ coincide. [ |

Let us give a better definition for the derivative of an S-function:

Definition 3.15. Let (M, p, f, @) denote an S-function generated by the germ f, € .#,. The
derivative of f is defined as the maximal analytic continuation of f/. It is denoted by f’. /

It is unclear a priori that this definition is independent of the germ f, we have chosen to
continue; the following lemma demonstrates that this is true.

15



Lemma 3.16. Let (M,p, f) denote an S-function. Choose z1,z2 € M and let f; := p,,(f)
denote the germ of f at z;. Denote by (N, g, g, a) a maximal analytic continuation of f{. Then
J5 is a germ of g, i.e. there exists y € N such that f5 = py(g).

Proof. By Lemma (M, p, h, z1), where h(w) := pu(f) (p(w)), is an analytic contin-
uation of f{. Because g is a maximal analytic continuation, there exists a holomorphic
mapping & : M — N such that p = g o £ and £(z;) = a. Now, we have

fo = P2 () = pza(R) = pe(zn)(9),

i.e. y = &(z2), as desired. [

Definition 3.17. Let (M, p, f) and (NN, q,g) denote S-functions. We say that g is repre-
sentable as the integral of f if f is the derivative of g. We write { f for every S-function
representable as the integral of f. /

Let us demonstrate that the class of S-germs (and thus the class of S-functions) is stable
under the operations we have introduced.

Proposition 3.18. The class of S-germs is stable under holomorphic operations, composition,
derivation and integration.

Proof. Holomorphic operations. Let F' denote an n-ary holomorphic operation with pro-
hibited set A and fix arbitrary S-germs g; € %, 4., 1 <j <n.Set B:= Au U?:l Aj. We
claim that the germ F'(¢1, ..., g») is an S-germ with prohibited set B. Indeed, let v denote
a path in C\B and choose analytic continuations 7; of g; for 1 < j < n. Now, the path of
germs F'(71,...,7,) is an analytic continuation of F'(g1, ..., g,) along ~.

~

Composition. Let f, € ./, 4 and g, € .%}, p denote S-germs with a = val(g). Let (N, ¢, g,b)
denote the S-function generated by g,. We claim that C := Bugq(g~!(A)) qualifies as a pro-
hibited set for f, o g,. Let us demonstrate that thet set g~!(A) is countable. If g~*(A) were
not countable, then by the countability of A, there exists a € A such that g takes the values
a uncountably often, whence g~!({a}) has an accumulation point in M by Lemma
The identity theorem yields that ¢ is constant, whence f, o g; is constant. In this case, we
can instead use ¢ as prohibited set. In all other cases, C is countable.

Let us now prove that f, o g, admits an analytic continuation along any path v : b ~ ¢
that lies in C\C. Choose a lifting 5 into N with initial point b. Now, because goy =1~
and v does not intersect ¢(g~'(A)), we know that ¥ does not intersect g~!(A). This implies
that the path g o 4 does not intersect A, whence f, admits an analytic continuation
along it. We claim that \(¢) := k(t) o p3(+)(g) is an analytic continuation of f, o g, along
7. As k(t) € Ogo3(1), the composition is well-defined. The topology on ¢(C) is such that
A is continuous. We have II(A(¢)) = ~(t), whence A is a lifting of ~ with initial point

A(0) = k(0) © py(0)(g) = fa © gb, i.€. an analytic continuation of f, o g along +.

Derivative and Integral. For the derivation and integration of germs, it is well-known that
analytic continuability is inherited, thus the same prohibited set qualifies. [

Using the notions of holomorphic operations, composition, derivation and integration, we
can give a precise definition of representability by S-functions.
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Definition 3.19. Let ¢ denote a set of S-functions. We say that an S-function f is repre-
sentable by ¢ if f can be obtained from ¥ by iteratively applying holomorphic operations,
composition, derivation and integration to members of ¥. /

3.3 Examples

It is immediately clear from the definition that every holomorphic function on C that only
has isolated singularities is an S-function. In particular, this means that all meromorphic
functions are S-functions. However, the type of isolated singularity is not restricted to poles:
The function f(z) = exp(1/z) is also an S-function with prohibited set {0}. We subsume
these S-functions under the following term:

Definition 3.20. An S-function is called single-valued if it is a holomorphic function on C\ 4,
where A is the prohibited set. /

Let us state two examples for S-functions and make claims about their monodromy groups.
We prove the claims later, when we have developed the proper tools.

Example 3.21. Let f; denote the germ of an antiderivative of the function z — 1/z at the
point 1 € C. We define the complex logarithm (or simply logarithm) as the maximal analytic
continuation of fj, i.e. the integral of the S-function z — 1/z. The monodromy group is
the additive group of integers. The calculation of the monodromy group is postponed to

Corollary /

Example 3.22. Let k denote a positive integer. There is an S-function whose germs are all
local representations of the k-th root. This function is called the (complex) k-th root function.
Its monodromy group is the k-element cyclic group. We postpone the construction of this
function and the calculation of its monodromy group to Corollary[5.10] /
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4 The Main Theorem

The goal of this Chapter is to prove the Main Theorem for one-dimensional topological
Galois Theory, which, in rough terms, states that if a function f is representable by S-
functions f1, ..., f,, then the monodromy action of f cannot be more complicated than the
monodromy actions of f1, ..., f,. The first section is concerned with introducing the notion
of pairs of groups, which turns out as convenient in the proof of the Main Theorem. In the
second section, we define so-called complete classes of pairs, which is the tool we utilize to
measure the complexity of pairs. The third section is dedicated to the precise formulation
and proof of the Main Theorem. In the fourth section, we give a broad application of the
Main Theorem using the concept of solvability from group theory. The contents of this
Chapter follow [Kho95, §§3.3-4].

4.1 Pairs of groups

Definition 4.1. A pair of groups is a tuple [G, H], where G is a group and H is a subgroup
of G. We say that the pair [G’, H'] is isomorphic to [G, H] is G is isomorphic to G’ and H is
isomorphic to ’. The factorization of the pair [G, H] is defined as G/ () . 9H g1, ie. the
quotient group obtained by factoring out the largest normal subgroup contained in H.

We associate a group GG with the pair [G, 1], where 1 denotes the trivial subgroup.

Definition 4.2. Let o : G —~ S denote a group action. Every element a € S gives rise to
the pair [G, I,] via the isotropy group I,,. This pair is called the monodromy pair of a with
respect to a. /

If « is transitive, the second statement in Lemma implies that every b € S yields a
pair [G, I;] that is isomorphic to [G, I,], and the factorizations of the pairs are equal to the
image of G under a.

Definition 4.3. Let (M, p, f) € %4 denote an S-function, and choose a base point a € C\ A.
For every element d € p~!(a), the A-monodromy pair of @ is the monodromy pair of @ with
respect to the monodromy action « : 1 (C\A, a) ~ p~*(a).

Recall that the closed monodromy group is a subgroup of the symmetric group, i.e.
Mon(f) —~ p~!(a) for every a ¢ A by a(c,d) = o(d). The closed monodromy pair of
(M, p, f) is the monodromy pair of @ with respect to this action. It is denoted by (f), i.e.

(I = [Mon(f), I]. /

For both pairs, we have established that their isomorphy class does not depend on the
choice of @ or a. By the first statement in Lemma the A-monodromy group Mon(f, A)
is isomorphic to the factorization of every A-monodromy pair.

The following lemma shows how the closed monodromy pair can be obtained from an
A-monodromy pair.

Lemma 4.4. Let (M,p, f) € #4 denote an S-function, and assume that [G, H] is the A-
monodromy pair of some point @ € M. Then [®,(G), ®,(H)] is the closed monodromy pair

of f.
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Recall that &, denotes the homomorphism g — «f(-,g) associated with the monodromy
action «, and that = denotes the closure operator with respect to the Krull topology on

Sym(p~!(a)).

Proof. The first component matches by definition. It remains to show that [; is isomorphic

to ®,(H), where I; = {o € Mon(f) : o(a) = a} is the isotropy group of @ with respect to
the action of Mon(f), and H = {[v] € m1(C\A,a) : a([y],a) = @} is the isotropy group of
a with respect to a. We employ Lemma [3.7]to obtain

ocely < oeMon(f)Aro(@)=a
= (VLcp'(a),|L| <w:3reMon(f,A) 1ol =7I1) no(@) =a
<= (VLcp'(a),|L| <0:37eMon(f,A) ol =7l AT(d) =a)

& VL<p Ya),|L| <0:3re®(H) 0l =7lL

= o0€e€Dy(H)

The equivalence (x) follows from applying the premise to L u {a} in the downwards direc-
tion and from using L = {a} in the upwards direction to obtain o(a) = a. In (xx), we use
that 7 € ®,(H) <= 7€ Mon(f, A) A 7(a) = a. This completes the proof. [

4.2 Classes of groups

Definition 4.5. A class of pairs of groups K is called a complete class if it has the following
closure properties for every pair [G, H| € K:

(C1) for every homomorphism ¥ : G — I', where I' is any group, the pair of groups
[V(G), ¥(H)] belongs to I,

(C2) for every homomorphism ¥ : I' — G, where T is any group, the pair of groups
[U~1(G), Y1 (H)] belongs to K,

(C3) if G is contained in a group I" with a Hausdorff-topology, then the pair the closures

of the groups [G, H| belongs to K,
(C4) If J is a group such that H < J < G, then the pair [G, J] belongs to K,
(C5) If [H, J] is another pair in K, then the pair [G, J] belongs to K.

If C is a class of pairs of groups, we denote by K(C) the smallest complete class of groups
containing C. /

The smallest complete class containing C is well-defined because the intersection of com-
plete classes is a complete class.

Lemma 4.6. Let (G, H1],...,|G, H,] denote members of a complete class K. Then the pair
[G,(j=, Hj] is a member of K.

Proof. Using induction, it is sufficient to prove the statement for n = 2. Let ¢t : H; — G
denote the inclusion mapping. It holds that . =!(Hs) = H; n Hy and +~(G) = Hy, whence
[Hi, H) n Hy] = [.71(G),."(H)] € K. Because K is a complete class and Hy n Hy <
H, € G, it follows that [G, H; n H3] € K. |
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The following lemma establishes a connection between a pair [G, H] and its factorization
within the setting of complete classes; in terms of S-functions, this is a relation between
the monodromy pair and the monodromy group.

Lemma 4.7. Let K denote a complete class and |G, H| a pair of groups. Consider the following
statements:

(1) [G, H] is a member of K.

(ii) The factorization of [G, H] is a member of K.

The implication (ii)) = (i) is always true. If there exists a finite set P < G such that
Neec gHg ' = MNper pHp~1, then the implication (i) = (ii) also holds.

Proof. Set N := ﬂgeG gHg~1; Denote by 7 : G — G/N the canonical projection.

(i) = (i: Forallpe P,themap V¥V, : G - G : g — pgp~! is an automorphism of
G. Because K is a complete class, it holds that [V, (G), ¥,(H)] = [G,pHp~'] is a member
of K. Because P is finite, Lemma yields that [G,(),cppH p~ '] belongs to K. Now,
[G/N,1] = [n(G),n(N)] € K, and G/N is the factorization of [G, H], as desired.

(i) = (i): We first obtain that [G, N] = [r~1(G/N),7~1(1)] € K by the closure proper-
ties. Now, the chain of inclusions N < H < G implies that [G, H] € K. [

When we introduced the A-monodromy group, we constructed the closed monodromy
group using the Krull topology to gain an object that is independent from the choice of
prohibited set. The following is a similar statement for monodromy pairs:

Proposition 4.8. Let (M, p, f) denote an S-function and K a complete class. The following
statements are equivalent:

() The closed monodromy pair of f belongs to K.
(i) For all prohibited sets A of f, the A-monodromy pair of f belongs to K.
(iii) For some prohibited set A of f, the A-monodromy pair of f belongs to K.

Proof. Let A denote an arbitrary prohibited set for f and fix a base point a € C\A. We
use Lem to obtain a representation of the closed monodromy pair, i.e. {f) =
[P0 (G), ®o(H)], where [G, H] is an A-monodromy pair of a. In particular, H is the isotropy
group of a.

(i) = (ii): We claim that ®,(H) = ®,(H) n ®,(G). The inclusion “=” holds trivially. To
see that the other inclusion is true, take o € ®,(H) n ®,(G). Using Lemma we know
that

VL<p Ya),|L| <o0:3re®u(H): 0l =71,

in particular, the statement holds for L = {a} and simplifies to 3h € H : o(a) = ®,(h)(a).
Fix such an h. Now, fix g € G such that 0 = ®,(g). We have ®,(g)(a) = o(a) = ®,(h)(a )
As H = {f € G: ®,(f)(a) = a}, it follows that g € H, whence 0 = ®,(g) € ®,(H), a

desired.

Now, &, (H) = ®,(H) n ®,(G) implies that &, (H) is the preimage of ®,(H) under the
inclusion homomorphism ¢ : ¢,(G) — ®,(G). By the closure properties of /C, it follows
that [G, H] = [(t 0 ©,) 1 (Pu(G)), (10 ®n) (P (H))] € K.
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(il) = (iii): This implication holds trivially, as there always exists at least one prohibited
set.

(iii) = @@: If [G, H] is a member of I, it follows directly that [ ] = [ (G), Po(H)] € £
by the closure properties of K. [

4.3 Proof of the Main Theorem

Theorem 4.9 (The Main Theorem). Let K denote a complete class, and let S(K) denote
the class of S-functions whose closed monodromy group belongs to K. Then S(K) is closed
under differentiation, composition, and meromorphic operations. Moreover, if IC contains the
additive group C, then S(K) is closed under integration.

Specifically, the following statements hold:

1. {f") e K

2. {go fre K<),

3. (F(g1;---:9n)) € K(g1), -, {gn)),
4. (§ ) e K(f),C).

Recall that we have already demonstrated in Proposition that the class of S-functions
is stable under differentiation, composition, holomorphic operations, and integration.

Proof. We use Proposition in every step of the proof to make our argument with a
concrete monodromy pair.

1. Derivative. The intuition for the proof of this statement is as follows: If the analytic
continuation of a germ along a loop yields the same germ, then analytic continuation of
its derivative yields the same derivative. Therefore, the isotropy group with respect to the
derivative contains the isotropy group of the germ, whence by the completeness of K, quod
erat demonstrandum. Let us be more precise.

Let (M, f,p, N) € Z4 denote the maximal analytic continuation of the germ f, € .7, .

Let (N, g,q,b) denote the maximal analytic continuation of f.. By Proposition it is
sufficient to show that [m;(C\A4,a), ;] € K([m1(C, A),1,]), where I, and I, denote the

isotropy groups of b and & with respect to the coverings ¢ and p, respectively. Let h denote
the point-wise derivative of f. Because g is a maximal analytic continuation of f;, there
exists a holomorphic mapping £ : M — N such that g o { = h and £(a) = b (cf. Fig. .

We claim that I, < I,. To that end, let ¢ : a ~» a be a loop in C\A and denote by qz the
lifting of ¢ into M with initial point a. Then § o ¢ is a lifting of ¢ into N with initial point
b. Now, if qb has terminal point @, then £ o ¢ has terminal point £(a@) = b. In other words,

[¢] € I, = tra,(@,[¢]) =a — trag(bh,[¢]) =b —> [¢] € I,

where tra, and tra, denote the transport with respect to the coverings p and g, respectively.
The situation is illustrated in Fig.

We have thus proved the inclusion I, < I,,. By the definition of complete classes, it follows
that [, (C\A4, a), I;] € K([m1(C\A4, a), [ ]) as desired.
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: M : N
s
P q
[0,1] ¢ c\A
(a) g is a maximal analytic continuation. (b) The liftings of ¢.

Figure 7: Proof of Theorem

2. Composition. Let (M,p, f,a) and (N,q, g,Z) denote S-functions generated by germs
fa € S and g, € %, Let (K, r, h,¢) denote the maximal analytic continuation of f, o gs.
Recall that we have demonstrated in Proposition that f, g, and h can be assumed
to share a prohibited set; let us call it A. By Proposition it is sufficient to prove that
[11(C\A,b),I,] € K := IC([m((C\A a), Ip|, [m1(C\A,b), I,]), where I,, I, and I, denote the
isotropy groups of &, b, and & ¢ with respect to the coverings p, ¢, and r, respectively. For
every loop ¢ at b, denote by (b its hftmg into N with initial point b. Then, for [¢] € I, the

curve g o ¢ again is a loop at b, as (1) = traq(b [4]) = b, i.e. the map

. I, — 7T1((C~\A,b)
v {[QS] — [god]

is a homomorphism. We claim that ¥~!(1,) < I,. Let ¢ denote a loop such that [¢] € I,
and ¥([¢]) € I,. We know from the proof of Proposition that the analytic continuation
of f, o gy along ¢ is given by ¢t — k(t) o P (g9), where & is an analytic continuation of f,

along g o ¢. The conditions [¢] € I, and ¥ ([¢]) € I, imply that p(z(l)(g) = gp and k(1) = fq,
whence continuation of f, o g, along ¢ yields the germ f, o g,. By Lemma it follows
that ¢(1) = $(0), i.e. [¢] € I,.

Now, we have that [, ¥~1(1,)] = [\I/ Y7 (C\A4,a)), ¥ 1(I,)] € K, and H~ (1) < I, <
71(C\A,b), whence [ (C\A,b), V1(,)] € K. As U=1(1,) < I, = m(C\A,b), it follows
that [ (C\A,b), I,.] € K, as desired.

3. Holomorphic operation. This statement is relatively easy to show: It turns out that
a loop is in the isotropy group of F(¢i,...,gy) if it is in the intersection of the isotropy
groups of the g;. Let us elaborate.

We consider an n-ary holomorphic operation F' and S-germs g; € ., 4, with maximal
analytic continuations (Nj, ¢j, Gj,a;). Let (M, p, f,a) denote the maximal analytic contin-
uation of F'(g1, ..., gn). We know from the proof of Propositionthat B:=Au U;L=1 A
is a prohibited set of f. We demonstrate that

n
[, = 8

Assume that [¢] € [, for all j. As the analytic continuation of F'(g1, ..., g,) along a loop ¢
is given by the composition of F' with the analytic continuations of g; along ¢ (cf. Proposi-
tion [3.18), it follows that the value of F(gi, ..., g,) does not change, whence the lifting of
¢ must terminate at a, i.e. [¢] € I;.
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From this, it follows that [ (C\B, a), I;] € K([m1(C\A;), I; ],1 < j < n) using Lemma
J
and the definition of complete classes.

4. Integral. The structure of the proof is as follows: We demonstrate that the mapping
[¢] — gfaisa homomorphism from one isotropy group to C, and that the other isotropy
group is its kernel. Let us proceed to the details.

Let (M, f, p,a) denote the maximal analytic continuation of the germ f, € ./, 4, and let g,
be a germ such that ¢/, = f,. Let (N, q, g,b) denote the maximal analytic continuation of
ga- By Proposition it is sufficient to show that [ (C\A, a), I;] € K([m1(C, A), I,)],C),
where I, and I,, denote the isotropy groups of b and @ with respect to the coverings ¢ and
p, respectively. Consider the mapping

I, — C N R
\P{ [¢] = gltrag(b, ¢)) — g(b).

It is well-defined by the monodromy theorem. Note that ¥([¢]) = § ¢ Ja- We demonstrate
that ¥ is a homomorphism with respect to addition in C. It is clear that the constant loop
is mapped to 0. Let us demonstrate that ¥ is compatible with the group operations.

Claim 4.10. For all loops [¢] € I, and paths v : @ ~» ¢, where ¢ € C\A is arbitrary, it holds
that

~

gltrag(b,7)) — g(b) = g(trag(b, ¢7)) — gltrag(b, 9)).

Proof of Claim. Denote by h the point-wise derivative of g. Because f is a maximal analytic

continuation of f,, there exists a holomorphic mapping { : N — M such that f o = h,

po& = ¢, and {(a) = b. The germ p, ) (g) arises from analytic continuation of p;(g)
q ’

along ¢. We know that {(tra, (b, ) = tra,(a, ¢) = a, from which it follows that
Ptrag (b,0) (g)/ = ptraq(z,qb)(h) = ptrap(a,qb)(f) = pa(f) = Pg(h) = Pg(g)/,

ie. [ (9) = py(g) + C for some constant C' € C. Because analytic continuation is
compatible with addition, it follows that Pixay (b.6) (9) = Pirag () (9) + C, whence

gltray(b,7)) = 9®) = (g(trag(3, 7)) + C) = (9B) + C) = gltrag(b,67)) - gltrag(F,9)).
as desired.

Proof of Claim H

Choose [¢], [¢] € I,,. Using the claim with ~ := ¢ implies that

)
) - N N

The complete class K := K([m1(C\A,a), I,],C) contains the pair [¢~(C), ¥~1({0})] =
[1,, ker U], where ker ¥ := ¥~1({0}) denotes the kernel of ¥. Now, we have that ker ¥ <
I, < m(C\A,a), hence [m(C\A4, a),ker ¥] is a member of K. It remains to show that
ker W = [,. According to Lemma it holds that [¢] € I, if and only if analytic contin-
uation of p;(g) along ¢ yields the same germ. By the reasoning in the proof of the claim,
this germ is p;(g) + ¥([¢]), which is equal to p;(g) if and only if ¥([#]) = 0. [ |
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We can use the proof of the Main Theorem to calculate the {0}-monodromy group of the
complex logarithm:

Corollary 4.11. The {0}-monodromy group of the complex logarithm from Example is
the additive group of integers.

Proof. By Lemma the {0}-monodromy group of the logarithm is isomorphic to the
quotient 71 (C\{0},1)/ ﬂaepflu) I;. We have 7;(C\{0},1) = Z from viewing C\{0} as a
deformation retract of the unit sphere S! and using the known result (S, 1) = Z.
Because the group Z is commutative, all isotropy groups are equal. We know from the
proof of the Main Theorem that the isotropy group is the kernel of the homomorphism
¢~ s 1/z dz. By the Cauchy integral formula, it holds that § 41/z dz = 0if and only if ¢

is null-homotopic in C\{0}, from which it follows that the isotropy group is trivial. It thus
follows that Mon(f, {0}) = Z. [

4.4 Discussion of the Main Theorem

Let A denote the class of all Abelian groups. The Main Theorem[4.9|states that membership
of the complete class IC(C) is of interest. We give a characterization of the class K(.A)
containing all Abelian groups via solvability. In particular, because K£(C) < K(A), this
result enables us to rule out membership of C(C) for certain monodromy pairs.

§ 4.12. A group G is called solvable if there exist subgroups Hy, ..., H, such that Hy = G,
H, is the trivial group, and for all j € {1,...,r}, the group H;_; is a normal subgroup of
Hj such that the factor H;_,/H; is abelian, i.e.

1=HT<HT,1<---<H1<H0=G, ijl/Hj abelian.

Subgroups and factors of solvable groups are again solvable. If G is a group and N is a
normal subgroup of G such that N and G/N are solvable, then so is G. /

Proposition 4.13. A pair [G, H] is contained in the smallest complete class K(.A) if and only
if the factorization of |G, H] is solvable.

Let us formulate a few group-theoretic statements needed in the proof:

Lemma 4.14. Let GG denote a group with normal subgroups N and M. The following state-
ments hold.

1. If N < M, then G/M = (G/N)/(M/N). In particular, G/M is a factor of G/N.

2. If ¥ : T — G is a group homomorphism from some group T, then ¥~1(G)/¥~1(N) is
isomorphic to G/N.

3. If ¥ : G — T is a group homomorphism into some group I', then ¥(N) is a normal
subgroup of ¥(G) and ¥(G)/¥(N) is isomorphic to G /U~ (¥(N)).
4. If G is contained in a topological group T, then N is a normal subgroup of G.

Proof. 1. This is a well-known isomorphism theorem.
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2. Letm:G — G/N and ' : ¥~1(G) — ¥~1(G)/¥~1(N) denote the canonical projec-
tions. Then W~!(N) is the kernel of 7 o ¥ and of 7/, which implies that the images of
these mappings are isomorphic, i.e. G/N =~ ¥~1(G)/¥~1(N). Cf. Fig.[84

3. To see that ¥(N) is a normal subgroup, we demonstrate that z¥(N)x~! < W¥(N)
for all z € ¥(G). Fix x € V(@) and choose g € G such that x = ¥(g). Then
2U(N)x=t = U(g)¥(N)¥(g9)~! = U(gNg~!) < ¥(N), as desired. The second part
follows from the previous point using ¥~} (¥(G)) = G (cf. Fig.|8b|and compare to

Fig.[8a).

G "= @)/ THN) G —"— G/UY(¥(N))
|# B p I
G —"—— G/N U(G) —— U(G)/T(N)
@ ()

Figure 8: Proof of. Lemma

4. We need to prove that gNg~! < N for all g € G. Fix an arbitrary element n € N,
andlet ¥ : G — G : g — gng~'. VU is a continuous map. In terms of the map V¥, our
goal is to show that ¥(G) < N. Because N is a normal subgroup of G, we know that
U(G) < N. Using the continuity of ¥, we obtain

U(G)c ¥(G) S N,
as desired.
[ ]

Proof of Proposition Denote by I' the factorization of [G, H] and assume that T is
solvable, i.e. there exist groups Hy, ..., H, such that

1:Hr<HT_1<---<1H1<H0:F, Hj—l/Hj abelian.

Because H;_i/H; is the factorization of the pair [H;_, H;], Lemma yields that
[Hj_1, H;] belongs to K(A) for all j € {1,...,r}. By the definition of complete class,
it follows that I" is a member of K(.A). Another application of Lemma yields that
[G,H] € K(A), as desired.

To see that the converse statement is true, it is sufficient to demonstrate that the class of
all groups whose factorization is solvable forms a complete class. Let us verify the axioms
(C1)-(C5). Using the notation Ng = ﬂgeG gH g™, the factorization of [G, H] can be
written as G /Ng Recall that Ng is the biggest normal subgroup of G contained in H. We
use statements from Lemma 4.14|in every step without explicit reference.

(C1). Let ¥ : G — T" denote a group homomorphism to an arbitrary group I'. One readily

sees that U(N§) < Ny, o % using the fact that U(N§) is a normal subgroup of ¥(G) and

U(H
the maximality of IV, (( ; It follows that ¥(G)/N,, ((g is a factor of ¥(G)/¥(N§), which is
isomorphic to G/U~1 (¥ (NG)). Because ¥~} (¥(N§)) 2 N, this is a factor of the solvable

group G/N§.

(C2). Let ¥ : T' — G denote a group homomorphism from an arbitrary group I'. We
know that ¥~(N§) is a normal subgroup of ¥~1(G) contained in ¥~1(H), from which it
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follows that U~1(N§) < N\;I]: ((I%’ which in turn implies that ¥—1(G) /N\;I],_l1 ((% is a factor

of U~1(@)/ ¥~ 1(N§) =~ G/N§, which is solvable.
(C3). Let G be contained in a topological group (we no not need Hausdorff here). We have
to demonstrate that @/N% is solvable. We first show that the factor G/N§ is solvable, and

then prove the inclusion Nig c Ng, yielding the desired result. Let . : G — G denote the
inclusion map. It holds that

G/Nig ~ ! (G) O <N71§> =G/t <Nig> ,

which is solvable because of the inclusion ¢! (Nﬁ) O N§. Let us now prove that N§ <

Ng. We know that Nig is a normal subgroup of G and that N§ < H, whence Nig C H.By
the maximality of N, the desired inclusion follows.

(C4). Assume that H < J < G with G/N§ and J/Nj, solvable. We know that G/N§ ~
(G/NS)/(NG/NG). Therefore, in order for G/N§ to be solvable, it is sufficient to demon-
strate that G/N¢ and N¥/N§ are solvable. The former is so by assumption. For the latter,
consider the inclusion map « : N§ — J. It holds that

N§/(N§ n Ng) =)/ H(Njy) = J /N,

which is solvable. Because N§ < N§ n N7, it follows that N¢/N§ is a factor of N¢ /(N§ n
Ny;), whence solvability is inherited (cf. Fig. @)

H—c—J—<c<—> (G
/‘g A

<

Figure 9: Overview of the situation in the proof of (C4). The red factors are solvable by
assumption; we demonstrate that the blue factor is solvable in order to apply the Isomor-
phism Theorem.

(C5). Assume that H < J < G with G/N§ solvable. It follows from N§ < N¢ that G/N¢
is a factor of the solvable group G/N§. [

It is demonstrated in Corollaries and that the complex logarithm and root func-
tions have Abelian monodromy groups. We have thus proved the following statement about
S-functions whose monodromy pair is not solvable.

Corollary 4.15. If the factorization of the closed monodromy pair of an S-function is not
solvable, then this S-function is not representable by single-valued S-functions, roots, and the
logarithm.

If A is a prohibited set, the same statement applies to the A-monodromy pair.
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5 Algebraic Equations

In this Chapter, we consider algebraic equations of the form 7" = 0, where
T(y) =y" + fiy" "+ + fa, 2)

is a polynomial whose coefficient are holomorphic functions. Under additional conditions
which are to be specified, we demonstrate that there exists an S-function (M, p,y) such
that T'(y) = 0; we can interpret y as a solution to the equation 7" = 0. In this situation,
the monodromy group of y is isomorphic to the Galois group of 7" and the equivalence in
Lemma holds, i.e. the Galois group plays a role in the representability of y according
to the Main Theorem Let us begin by clarifying the necessary conditions. If P is a
polynomial, we denote by disc P the discriminant of P. If T' is as in Eq. (2), we write T}
for the complex polynomial obtained by plugging = into the coefficient functions of 7, i.e.

T.(y) = y" + f1(2)y" "+ - + ful(2).

Definition 5.1. A polynomial of the form as in Eq. is said to be permissible with prohib-
ited set A < C if the following conditions are met:

* The set A is at most countable and closed such that all coefficients f; belong to
Hol(C\A).

* The polynomial T is irreducible over the ring Hol(C\A).
 For all z € C\4, it holds that disc 7%, # 0.

/

The following lemma shows that the third point of the definition is merely a convenience
and can always be achieved by increasing the size of the prohibited set:

Lemma 5.2. Let T fulfill the first two points in Definition [5.1| with prohibited set A. Then
there exists a set B < C that is at most countable and closed such that T is a permissible
polynomial with prohibited set B.

Proof. The map d : z — disc T, is continuous, whence the set d~1({0}) = {z € C : disc T}, =
0} is closed. We claim that it is also countable. Assume for the sake of contradiction that the
set d~1({0}) is uncountable; then it has an accumulation point. Note that d = disc T'if T is
viewed as a polynomial over the ring Hol(C\A). Because d is holomorphic and d~*({0}) has
an accumulation point, it follows that d = 0 by the identity theorem. This is a contradiction
to the irreducibility of 7. One can set B := A u d~1({0}). [

Remark 5.3. Let T' denote a permissible polynomial with prohibited set A. Then there are
multiple ways to view T from an algebraic perspective: On the one hand, T is a polynomial
over the ring Hol(C\A). On the other hand, for every z € C\A, we can plug z into the
coefficients of T' to obtain the complex polynomial 7. Because disc T, # 0, this polynomial
has n simple roots. /

For the remainder of the thesis, 7" denote a permissible polynomial with prohibited set A.
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5.1 The S-function of an algebraic equation

One quickly observes that the implicit function theorem gives local holomorphic solution
functions to the equations 7, = 0, i.e. only defined for z in a small open set. A closer
inspection reveals that the germs of these implicit functions are S-germs with prohibited
set A. Finally, we prove that all local holomorphic solution functions generate one and the
same S-function, which we define to be the solution function of 7T'.

Lemma 5.4. For all z € C\A and y € C such that T'(y, z) = 0, there exist open sets U,V < C
with z € U and a holomorphic function f : U — V such that y = f(z) and for every x € U,
f(z) is the only element of V such that T'(f(z),x) = 0.

Definition 5.5. The function f with the properties from Lemma viewed as a germ in
0., is called local solution of T around the point (y, z). /

Proof. Because y is a simple zero, it holds that 07'/dy(y, z) # 0. The mapping T is real-
continuously differentiable, hence there exist open neighborhoods U 5 2z, V 3 y and a
real-differentiable function f : U — V such that y = f(z) and for every x € U, f(x) is the
only element of V' such that 7'(f(x),x) = 0, and the derivative of f is given by

-1
P == (G 0@o) @),

where 07'/0y and 0T /0z are the real-valued Jacobians of the real and imaginary part of
T with respect to y and z. Because both factors fulfill the Cauchy-Riemann-Equalities, so
does f’, whence f is holomorphic. [

Lemma 5.6. Every local solution is an S-germ with prohibited set A.

Proof. Let f, € U, denote the local solution around a point (y, z), and fix a path v : z ~ w
in C\A. Consider the set

I:={te[0,1]: f, admits analytic continuation along g }-

Clearly we have 0 € I. By Lemma I is an open subset of [0,1]. If ¢t € I, it follows
immediately from the definition that [0,¢] < I. In summary, we have that I = [0, ) for
0<pu<lorl=]|0,1]. We claim that I = [0, 1]. To that end, it is sufficient to demonstrate
thatsup I € I.

Because v(sup/) belongs to C\A, the polynomial 7'(-,vy(sup/)) has n distinct zeros
Y1,...,Yyn. For every one of them, select a local solution germ f; : U; — V; around
(yj,y(supl)). We can assume that the sets U; are pairwise disjoint. The set V :=
ﬂ;‘:l Vj is an open neighborhood of ~(supI), therefore, there exists 6 > 0 such that
(supI—d,supI+d) <y (V). Set 7 := sup I — /2. Let § denote the analytic continuation
of f, along v[[o,- By the identity theorem, it holds that T'(val(5(7)),~(7)) = 0. Because
all zeros of T'(-,y()) are contained in the disjoint union [fJj_, Uj;, it follows that there
exists an index j such that val(y(7)) € U;. By the uniqueness of the zero in U;, we obtain
val((t)) = fj(v(t)) for t € (7 — /4,7 + §/4), whence ¥(7) = p,()(f) by the identity
theorem. An analytic continuation of f, along v up ] is Now given by the continuous
path

(t)_:{ (), 0<t<T

' pv(t)(fj)> T<t<supl.

We have thus proved that sup I € I. [

=22
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We are now ready to construct a global solution. In the upcoming construction, one could
imagine that we glue the local solution functions together to obtain the maximal analytic
continuation.

Proposition 5.7 ([For81, Thm. 8.9]). There exists an S-function (M, p,y) with prohibited
set A with the following properties:

1. For all z € M\p~'(A), it holds that p,(y) is the local solution function around
(y(2),p(2))-
2. For all z € C\A4, it holds that

T(y,2)= ] W) -,
zep~t(z)
i.e. the values of y are precisely the n zeros of the polynomial T.

By the uniqueness of maximal analytic continuations up to bi-holomorphic equivalence, we
can consider (M, p,y) to be unique.

Definition 5.8. The S-function from Proposition is be called global solution of T. /

Proof. We already know that the local solutions of 7" are S-germs. The first statement
follows from the identity theorem. It remains to show that a maximal analytic continuation
of any one local solution contains all local solutions. Let (M’,p,y) denote the maximal
analytic continuation of some local solution f at the point (yo, 29). Set

Ti(y,2):= ] (w—u2).
Zep 1 (2)

We claim that T} is a permissible polynomial with prohibited set A. The product is finite
at zo because f extends to local solution of 7' = 0 by the identity theorem, of which there
only exist n. Because the cardinality of the fiber is constant, the product is finite for all
z e p(M).

Next, we need the elementary symmetric functions

Si(Wi, ... W) 1= 2 H w.

Because these polynomials are symmetric in all arguments, we can view s; as a function of
m-element sets. The local solutions are holomorphic, whence it follows that the functions
z — sj(p~1(z)) are holomorphic on C\A. Now, we can rearrange T; to obtain

Ti(y,z) = D s~ (),
=0

which is a polynomial over Hol(C\A). The definition of 7} implies that 7} divides T'. Be-
cause T is irreducible, it follows that 77 = T, proving the second statement. [ |

29



5.2 Isomorphy of the monodromy and Galois groups

In preparation for our proof, we make some field-theoretic constructions. An overview
can be found in Fig. Let (M, p,y) denote a global solution of 7". There is an injective
homomorphism p, : Hol(C\A) — &, : f — pa(f). Set R := p,(Hol(C\A)), and let K
denote a quotient field of R. A splitting field Z of p,(7") over K is obtained by adjoining
the local solutions of T, i.e. the germs contained in the set {p;(y) : @ € p~!(a)}. Because
{ps(y) : @€ p(a)} < O,, we can choose a quotient field L of &, such that Z < L.

We can identify 7" with the image p,(7") obtained by applying p, to the coefficients and set
Gal(T) :={oc e Awt(Z) : o'k =id [k},

where Aut denotes the automorphism group of a field.

Hol(C\A)

Elpa

R —Quot— K —c— Z
AN

<

RN

<in-

= <in-

ﬁa Quot

Figure 10: The fields we work with.

A proof idea for a variant of the following statement can be found in [Kho19, §1].

Proposition 5.9. Let y denote a global solution to the permissible polynomial T with pro-
hibited set A. Then the A-monodromy group of y and the Galois group of T are isomorphic,
ie.

Mon(y, A) = Gal(T).

Proof. We can assume without loss of generality that M is the connected component of
¢ (C) containing all local solutions {p;(y) : @ € p~'(a)}. By Lemma we have

Mon(y, A) = m1(C\A4, a / ﬂ I;.
aep~!(a)

Therefore, it is sufficient to construct a surjective homomorphism ¥ : 71 (C\A4, a) — Gal(T)
such that ﬂaep o) (P, @) (m (M \p~1(A),q)) is the kernel of ¥. Indeed, because analytic
continuation is compatible with addition and multiplication, for every [¢] € 71 (C\A4,a),
we have that tra,(-, ¢) is an automorphism of &,. It therefore uniquely extends to an
automorphism o, € Aut(L) which we can restrict to Z. We define

U([¢]) :=04lz.

We claim that ¥ maps into Gal(T'). It maps into Aut(Z) by construction. To see that K is
kept fixed point-wise, note that tra,(f,, ¢) = f, for all f, € R because f, is the germ of a
function which is defined on all of C\ A. We have proved that o, [g = idgr. Because K is a
quotient field of R, the property is inherited.

To see that V¥ is surjective, we apply the Fundamental Theorem of Galois Theory: Specif-
ically, we use the fact that a subgroup H < GalT is equal to Gal T if and only if for all
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u € Z\K, there exists 0 € H such that o(u) # u. In our case, this criterion can be re-stated
in the following terms using contraposition: If some element u € Z is kept fixed by all
04, then u € K. The criterion holds for all elements of the ring generated by R u p~!(a)
because R precisely contains the single-valued germs. As Z is a quotient field of this ring,
it also holds here.

It remains to demonstrate that (;¢,-1(,)
if and only if tra,(a@, ¢) = a for all & € p~!(a), which is precisely the case if [¢] is a member
of the intersection in question. |

I is the kernel of W. This is true because o4 = idz

We give two applications of this result. First, we properly define complex root functions
and calculate their monodromy groups:

Corollary 5.10. The {0}-monodromy group of the k-th root function from Example is
the k-element cyclic group.

Proof. The k-th root function is the solution of the equation 7" = 0 for

T(y,2) = y* - 2.

The Galois group of this polynomial is the k-element cyclic group. [

Using the knowledge from Chapter 4 and the calculations from Examples and
yields the following negative criterion for the representability of the solution function of T
by elementary functions:

Corollary 5.11. If the Galois group of T is not solvable, then the solution function of T is not
representable by single-valued S-functions, roots, and the logarithm.

Proof. The A-monodromy group Mon(y, A) is the factorization of the A-monodromy pair.
Apply Corollary [
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Index

G — S, group action of G on S, of pair of groups,
N§, largest normal subgroup of G contained fundamental group,
in H,
[v], equivalence class w.r.t. FEP-homotopy, [5| &€ ' '
®,,, homomorphism of group action a, of holomorphic function on Riemann
§ f, integral of S-function, Surface,
{f), closed monodromy pair, global sol}mon,
71(X, x), fundamental group, group action,
p=(f), germ of f at z, Hol(M), ring of holomorphic functions,

<1, normal subgroup, |24
a ~ b, path from a to b,

S : . .
f', derivative of S-function, image of group under action,

A, class of Abelian groups, ;?éfrg;al Ofr gl-lfutlon,
A-monodromy group py group,

holomorphic operation,

of S-function, K(C), smallest complete class containing C,
A-monodromy pair Tl
of fiber element, Krull topology,
analytic continuation
along a path, lifting,
maximal, criterion,
analytic continutaion, local solution,
arises from analytic continuation, logarithm,

Aut, automorphism group, |30
P group. 30 Main Theorem, [21]

closed monodromy group maximal analytic continuation,

of S-function, Mon( f, A), A-monodromy group,
closed monodromy pair Mon( f), closed monodromy group,

of S-function, {f>, closed monodromy pair,
complete class of groups, monodromy action, [6]
complex logarithm, monodromy group
complex root, of covering, [6]
composition monodromy pair,

of paths, )

of S-functions, 0 (C), topological space of germs on C,
covering, 0,, set of germs at a,
derivative of S-function, pair of groups,

factorization,

elementary symmetric function, isomorphic,
equivalence permissible,

of group actions, I1, base point mapping of the space &/(C) of
equivalent germs, [7|

group actions, point-wise derivative,
evenly covered neighborhood, prohibited set,

F 4, set of S-functions with proh.set A4, p-(f), germ of f at z,
factorization representability
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composition,

integral,
representable,
reversed path,

root, [17]

Za,4, set of S-germs at a with proh. set A,

4, set of S-germs at a,
S-function,

S-germ, [12]

sheet,

solvable,

Sym(S), symmetric group,

transitive
group action,
transport, [5]
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