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Optimal convergence ω = p/d wrt dofs and cost
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! Binev, Dahmen, DeVore: Numer. Math. , 97 (2004)

! Stevenson: Found. Comput. Math. , 7 (2007)

! Cascón, Kreuzer, Nochetto, Siebert: SIAM J. Numer. Anal. , 46 (2008)

! Gantner, Haberl, Praetorius, Schimanko: Math. Comp. , 90 (2021)
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Towards optimal complexity
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Optimal complexity of AFEM requires each of its modules to be realized in linear complexity:

! SOLVE iscritical

! ESTIMATE !

! MARK (Stevenson 2007, Pfeiler-Praetorius 2020 for minimal cardinality marking)!

! REFINE (Binev-Dahmen-DeVore 2004, Stevenson 2008)!
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Optimal algebraic solver
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Model problem and discretization

Consider thesymmetric linear elliptic PDE

! div( A " u! ) = f in ! # Rd u! = 0 on ! !

with weak formulation searching for u! $ X := H 1
0 (!) solution of

%A " u! , " v&L 2 (!) = %f , v &L 2 (!) ' v $ X

Lax-Milgram framework =( well-posed problem

FEM discretization

! T" simplicial mesh of! and p ) 1 polynomial degree

! Þnite element spaceX p
" := { v" $ H 1

0 (!) : v" |T $ Pp(T ) ' T $ T" } # X

! search for u!
" $ X p

" solution of

%A " u!
" , " v" &L 2 (!) = %f , v " &L 2 (!) ' v" $ X p

"
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A-posteriori-steered multigrid
uk

" * u!
" uk +1

" = uk
" + " 0#0 +

! "
" ! =1 " " !

!
z !N ! !

#" ! ,z

V-cycle :
! no pre- andone post-smoothing step
! lowest-ordercoarse solve
! lowest-orderand local smoothing in intermediate levels :h-robustness

=! Jacobi iteration

! high-order and patch-wisesmoothing on Þnest level:p-robustness
=! additive Schwarz/ block Jacobi with overlap

! level-wiseoptimal steps in error correction
=! line search: argmin

# ! R
+" (u!

" ! "u )+

! built-in a posteriori estimator
=! ! k

" = " 0 !" #0! 2 +
! "

" ! =1 " " !
!

z !N ! !
!" #" ! ,z ! 2

! Chen, Nochetto, Xu: Numer. Math. , 120 (2012)

! Sch¬oberl, Melenk, Pechstein, Zaglmayr: IMA J. Numer. Anal. , 28 (2008)

! Heinrichs: J. Comput. Phys., 77 (1988)
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Solver contraction
Theorem (h- and p-robust contraction of the algebraic error)

+" (u!
" ! uk +1

" )+ , qalg +" (u!
" ! uk

" )+ 0 < q alg (d, A , T0) < 1

Theorem (h- and p-robust reliability and e!ciency of the a posteriori estimator)

$k
" , +" (u!

" ! uk
" )+ and +" (u!

" ! uk
" )+ , Crel $k

" Crel := [2 / (1 ! q2
alg )]1/ 2

solver contraction-( reliability of the a posteriori estimator

Corollary (equivalencealgebraic error Ðlocalizeda posteriori estimator)

+" (u!
" ! uk

" )+2 ! ($k
" )2 = +" #0+2 +

""

" ! =1

" " !

"

z !N ! !

+" #" ! ,z +2

! Miraüci, Papeÿz, Vohral«õk:SIAM J. Sci. Comput., 43 (2021)

! Innerberger, Miraüci, Praetorius, Streitberger: ESAIM Math. Model. Numer. Anal. , 58 (2024)
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Adaptive mesh reÞnement and algebraic solver
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AFEM with iterative solver

input: initial mesh T0, adaptivity parameters0 < %, 1, " alg > 0

for each&= 0 , 1, 2, . . . repeat (mesh-reÞnement loop)

SOLVE & ESTIMATE (algebraic solver loop)
for k = 1 , 2, . . . , K , repeat

compute the new approximation uk
" # u!

"

compute the estimators of algebraic error ! k
" and of discretization error $" (uk

" )
until $k

" , " alg ' " (uk
" )

MARK select M " . T " such that %
!

T !T !

' " (T, uK
" )2 ,

!

T !M !

' " (T, uK
" )2

REFINE T" +1 := refine (T" , M " )

u0
" +1 := uK

"

output: approximationsuK
" and corresponding estimators$K

" , ' " (uK
" )
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Reliability and linear convergence
A posteriori control for each approximationuk

"

+" (u! ! uk
" )+

# $% &
total
error

, +" (u! ! u!
" )+

# $% &
discretization

error

+ +" (u!
" ! uk

" )+
# $% &
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error

reliability
(discretization)

! ' " (u!
" )

# $%&
discretization

estimator

+ +" (u!
" ! uk

" )+ =: Hk
"#$%&

quasi-error

reliability
(algebra)

! ' " (uk
" ) + $k

"#$%&
algebra

estimator

Theorem (full R-linear convergence of the quasi-error) Consider arbitrary0 < %, 1, " alg > 0. Then

Hk
" , Clin qlin

| ",k |"| " ! ,k ! | Hk !

" ! , Clin > 0, 0 < q lin < 1

Contraction independantly of the algorithmic step: mesh-reÞnement or algebraic iteraiton.

Corollary (convergence of the total error)

+" (u! ! uk
" )+ ! Hk

" ! q|",k |
lin H0

0 !/ 0 for |&, k| !/ 0

! Bringmann, Feischl, Miraüci, Praetorius, Streitberger: Comput. Math. Appl. , 180 (2025)
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Full R-linear convergence implies rates = complexity
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! Carstensen, Feischl, Page, Praetorius:Comput. Math. Appl. , 67 (2014)
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Optimal complexity

We introduce the notion ofapproximation class: %u#%A" := sup
N %# T0

N " ! min
# Topt $ N

#opt
"

%u#%A" < & '! u# can be approximated with rate! wrt dofs

Theorem (optimal convergence wrt to overall computational cost)
Let ! > 0 such that%u#%A" < & . Suppose0 < $ < 1 et %alg > 0 su!ciently small

=! %u#%A" ! sup
(!,k )#Q

! "

( ! ! ,k ! )#Q
|! ! ,k ! |$| !,k |

# T! !

#"
Hk

! ! max
$

%u#%A" , H0
0)

%

if u# can be approximated with rate! wrt dofs
then AFEM with algebraic solver approximatesu# with the rate ! wrt cost.

! Gantner, Haberl, Praetorius, Schimanko: Math. Comp. , 90 (2021)

! Innerberger, Miraüci, Praetorius, Streitberger: ESAIM Math. Model. Numer. Anal. , 58 (2024)
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Optimal complexity of AFEM
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FIGURE 5 Convergence plot of the adaptive Algorithm??to solve the Kellogg benchmark problem
from Subsection?? for various polynomial degrees. The adaptivity parameters read# = 0.5 and
%alg = 0.01. All graphs display values of the residual-based error estimator&! (' "

! ) from (??).
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! Kellogg: Appl. Anal. , 4 (1975)
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Optimality and robust contraction of the solver

L-shaped domain: ! " u! = 1 on ! , u! = 0 in ! !
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Figure 6. Plot of the cumulative runtime in Algorithm 1 with mldivide
and iterative algebraic solvers versus the cumulative number of degrees of
freedom to solve the benchmark problem from Subsection3 for various
polynomial degrees. The chosen adaptivity parameters read! = 0.5 and
" alg = 0.01. The plot displays the runtime of one out of Þve identical runs
chosen by the median of the total runtime.

101 102 103 104 105 106 107 108
10! 5

10! 4

10! 3

10! 2

10! 1

100

101

1

1
0.5

1

2

1

costp(! , k)

qu
as

i-e
rr

or
H

k !

uniform adaptive

p = 1

p = 2

p = 3

p = 4

Figure 7. Convergence plot of Algorithm1 for various polynomial de-
grees. The chosen adaptivity parameters read! = 0.5 and " alg = 0.01.
The graphs display the values of the quasi-error Hk! from (27) in each alge-
braic iteration step.
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4.1. Contraction and performance of local multigrid solver. We conÞrm nu-
merically our main results from Theorem4. In order to study the algebraic solver and
its built-in estimator with respect to di! erent polynomial degrees, we takeµ = 10! 5 in
Algorithm B, thus oversolving the algebraic problem. Moreover, we stop the adaptive
algorithm once the Þnal mesh consists of 106 degrees of freedom. Note that thanks to
Corollary 5 proving the equivalence of the reliability of the algebraic error estimator with
the contraction of the algebraic solver, we indeed only need to investigate numerically the
existence of thep-robust bound on the contraction of the solver. In Figure3 (left), we
present the maximal contraction factors on each levelL of the adaptive algorithm from
Algorithm B. We see that the contraction factors are robust in the polynomial degreep
with an upper bound of about 0.7 in all our experiments. In Figure3 (right), we see that
on a Þxed number of levels (L=10) even for higher-order polynomials their behavior is
clustered around similar values. Moreover, from a purely solver-centric perspective, we
see that the solver variant which employs higher-order smoothing also on the interme-
diate levels (and not only on the Þnest one) as studied in [MPV21] only leads to slight
improvements of the contraction constants. Adapting the arguments of [MPV21], this
modiÞed construction can be guaranteed to be contractive withp-robust, but linearly
L-dependent contraction bound on the algebraic error. However, this degradation with
increasingL is not seen in practice, provided that the patchwise smoothing is doneev-
erywhere for level L = 1 (as new degrees of freedom are added on all patches when the
polynomial degree isp > 1) and local patchwise smoothing is employed in the remaining
levels. We present a comparison of the resulting contraction factors of this approach to
Algorithm A for a Þxed number of level (L = 10) in Figure 3(right).
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Figure 3. Contraction of the algebraic solver.History plot of the contrac-
tion factors qctr from (13) for various polynomial degreesp with parameter
µ = 10! 5 for the presented polynomial hierarchy from (7) in the adaptive
algorithm from Algorithm B stopping once the Þnal mesh consists of 106

degrees of freedom (left) and the comparison with polynomial hierarchy
motivated by [MPV21] with localized smoothing for a Þxed number of lev-
els L = 10 (right).

4.2. Optimality of the adaptive algorithm. We take µ = 0.1 in Algorithm B and
study the decrease of the discretization error estimator! L (uL ), both in terms of number
of degrees of freedom and timing. We remark that the error estimator! L (uL ) on the

July 21, 2023 11

overall computational cost

%= 0 .5, " alg = 10 " 5
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Importance of nested iterations

L-shaped domain: ! " u! = 1 on ! , u! = 0 in ! !
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Figure 10. Number of iteration steps of algebraic solver for the Kellogg
benchmark problem from Subsection3 with nested (i.e., u0

! +1 := uk
! ) and

non-nested (i.e.,u0
! +1 := 0) iteration for various stopping parameters! alg.

The chosen polynomial degree readsp = 2 and the adaptivity parameter
" = 0.5.

Step 3 (quasi-contraction of quasi-error for every iterate). Recall the quasi-error with
respect to every iterate Hk

! = |||u"
! ! uk

! ||| + #! (uk
! ) for all ($, k) " Q from (27) and note

that

Hk
! ! H! , (39)

where the hidden equivalence constants depend only on%. The contraction (C) of the
algebraic solver in estimate (7) establishes, for all1 # k # k,

|||uk
! ! uk! 1

! |||
(7)
# (1 + qalg) |||u"

! ! uk! 1
! ||| # 2|||u"

! ! uk! 1
! |||. (40)

For all ($, k) " Q, this leads to

Hk
! = |||u"

! ! uk
! ||| + #! (u

k
! )

(A1)

! |||u"
! ! uk

! ||| + |||uk
! ! uk! 1

! ||| + #! (u
k! 1
! )

(27)
# Hk! 1

! + 2 |||uk
! ! uk! 1

! |||
(40)
# 5Hk! 1

! .

(41)

For the iterates with 0 # k" < k < k [$], the failure of the stopping criterion (21) for the
algebraic solver in Algorithm1 (I.b) guarantees

Hk
! = |||u"

! ! uk
! ||| + #! (uk

! )
(21)
< |||u"

! ! uk
! ||| + ! ! 1

alg |||uk
! ! uk! 1

! |||
(40)
# |||u"

! ! uk
! ||| + 2 ! ! 1

alg|||u"
! ! uk! 1

! |||
(C)
# (qalg + 2 ! ! 1

alg) |||u"
! ! uk! 1

! |||

(C)
#

qalg + 2 ! ! 1
alg

qalg
qk! k!

alg |||u"
! ! uk!

! |||.

(42)

December 10, 2024 21
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Adaptivity with non-linear solvers
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Adaptive approach with nested solvers

discretization ( ")
(FEM)

discrete problem
with solution u%

&
is non-linear

!

lin«earisation ( k)
(Picard)

SPD system with
solutionuk,%

&
is costly

!

algebraic solver (j )
(MG/PCG)

computable
approximation

uk,j
&

!

adapt ive stopping

adapt ive stopping

=( three nestedloops: mesh-reÞnement (&) 1/ linearization (k) 1/ algebra (j )

=( each of the solvers (algebra and linearization) iscontractive

! Congreve, Wihler: J. Comput. Appl. Math. , 311 (2017)

! Heid, Praetorius, Wihler: Comput. Methods Appl. Math. , 21 (2021)

! Haberl, Praetorius, Schimanko, Vohral«õk:Numer. Math. , 147 (2021)
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Optimality of AFEM with linearization : p ( 1

! div
*
" u! + exp( !|" u! |2)" u! +

= 1 on ! , u! = 0 in ! !

Iterative algebraic solvers
ASC !TUWIEN

Linearized discrete formulation

! givenuk,J
! ! X! , Þnduk+1 ,"

! ! X! s.t. "µ(|# uk,J
! |2)# uk+1 ,"

! , # v! $L 2 ( ! ) = "f , v ! $L 2 ( ! ) %v! ! X!

! Compute algebraic iteratesuk+1 ,j
! & uk+1 ,"

! via iterative solver
=' three nested loops: mesh-reÞnement (! ) () linearization (k) () algebraic solver (j )
=' triple index set(! , k, j ) ! Q * N3

0 with iteratesuk,j
!

! |||uk+1 ,"
! + uk+1 ,j +1

! ||| , q|||uk+1 ,"
! + uk+1 ,j

! ||| %j ! N0

! computinguk+1 ,j +1
! from uk+1 ,j

! has linear cost

! applies to contractive PCG[CNX12] or multigrid [WZ17], [IMPS24] solvers

" Chen, Nochetto, Xu: Numer. Math., 120 (2012)

" Wu, Zheng: Appl. Numer. Math., 113 (2017)

" Innerberger, Miraüci, Praetorius, Streitberger: M2AN, 58 (2024)
Dirk Praetorius (TU Wien) Ð 38 Ð Optimal complexity of AFEM

Termination of algebraic solver
ASC !TUWIEN

Equilibration criterion [HPSV21]

! stop algebraic solver if |||uk,J
! + uk,J ! 1

! ||| , µ [ " ! (u
k,J
! ) + |||uk,J

! + uk! 1,J
! ||| ]

! stop linearization if |||uK,J
! + uK ! 1,J

! ||| , # " ! (u
K,J
! )

=' full linear convergence for arbitrary# but su! ciently smallµ

Energy-based criterion [MPS24]

! stop algebraic solver if |||uk,J
! + uk,J ! 1

! ||| ! D(uk,J
! , uk,J ! 1

! )

! stop linearization if |||uK,J
! + uK ! 1,J

! ||| , # " ! (u
K,J
! )

=' full linear convergence for arbitrary#

! optimal rates/complexity follow from perturbation analysis for AFEM with exact solver

" Haberl, Praetorius, Schimanko, Vohral«õk: Numer. Math., 147 (2021)

" Miraüci, Praetorius, Streitberger: arXiv:2401.17778 (2024+)

Dirk Praetorius (TU Wien) Ð 39 Ð Optimal complexity of AFEM

Optimal convergence w.r.t. dofs ( ! = 0.2, " = 0.1)
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Optimal convergence w.r.t. time ( ! = 0.2, " = 0.1)
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Dirk Praetorius (TU Wien) Ð 41 Ð Optimal complexity of AFEM

De
P

Iterative algebraic solvers
ASC !TUWIEN

Linearized discrete formulation

! givenuk,J
! ! X! , Þnduk+1 ,"

! ! X! s.t. "µ(|# uk,J
! |2)# uk+1 ,"

! , # v! $L 2 ( ! ) = "f , v ! $L 2 ( ! ) %v! ! X!

! Compute algebraic iteratesuk+1 ,j
! & uk+1 ,"

! via iterative solver
=' three nested loops: mesh-reÞnement (! ) () linearization (k) () algebraic solver (j )
=' triple index set(! , k, j ) ! Q * N3

0 with iteratesuk,j
!

! |||uk+1 ,"
! + uk+1 ,j +1

! ||| , q|||uk+1 ,"
! + uk+1 ,j

! ||| %j ! N0

! computinguk+1 ,j +1
! from uk+1 ,j

! has linear cost

! applies to contractive PCG[CNX12] or multigrid [WZ17], [IMPS24] solvers

" Chen, Nochetto, Xu: Numer. Math., 120 (2012)

" Wu, Zheng: Appl. Numer. Math., 113 (2017)

" Innerberger, Miraüci, Praetorius, Streitberger: M2AN, 58 (2024)
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Termination of algebraic solver
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Equilibration criterion [HPSV21]

! stop algebraic solver if |||uk,J
! + uk,J ! 1

! ||| , µ [ " ! (u
k,J
! ) + |||uk,J

! + uk! 1,J
! ||| ]

! stop linearization if |||uK,J
! + uK ! 1,J

! ||| , # " ! (u
K,J
! )

=' full linear convergence for arbitrary# but su! ciently smallµ

Energy-based criterion [MPS24]

! stop algebraic solver if |||uk,J
! + uk,J ! 1

! ||| ! D(uk,J
! , uk,J ! 1

! )

! stop linearization if |||uK,J
! + uK ! 1,J

! ||| , # " ! (u
K,J
! )

=' full linear convergence for arbitrary#

! optimal rates/complexity follow from perturbation analysis for AFEM with exact solver

" Haberl, Praetorius, Schimanko, Vohral«õk: Numer. Math., 147 (2021)

" Miraüci, Praetorius, Streitberger: arXiv:2401.17778 (2024+)
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Optimal convergence w.r.t. dofs ( ! = 0.2, " = 0.1)
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Optimal convergence w.r.t. time ( ! = 0.2, " = 0.1)
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!
! Miraüci, Praetorius, Streitberger: Math. Comp. accepted (2025)
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Optimality of AFEM with symmetrization : p ( 1

! " u! (x) + x á " u! (x) + u! (x) = 1 in ! , u! (x) = 0 on ! !
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! Brunner, Innerberger, Miraüci, Praetorius, Streitberger, Heid: IMA J. Numer. Anal. , 44 (2024)
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Thank you for your attention!
! Miraüci, Papeÿz, Vohral«õk
A-posteriori-steeredp-robust multigrid with optimal step-sizes and adaptive number of smoothing steps
SIAM J. Sci. Comput., 43, doi : 10.1137/20M1349503(2021)

! Innerberger, Miraüci, Praetorius, Streitberger
hp-robust multigrid solver on locally reÞned meshes for FEM discretizations of symmetric elliptic PDEs
ESAIM Math. Model. Numer. Anal., 58, doi : 10.1051/m2an/2023104(2024)

! Miraüci, Praetorius, Streitberger
Unconditional full linear convergence and optimal complexity of adaptive iteratively linearized FEM for
nonlinear PDEs
Math. Comp. accepted(2025)

! Bringmann, Miraüci, Praetorius
Iterative solvers in adaptive FEM
Preprint, arXiv: 2404.07126 (2024)
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