September 3, 2025 ENUMATH 2025

A-posteriori-steered h- and p-robust
multigrid and optimal complexity of AFEM

Ani Miraci
joint work with Philipp Bringmann, Michael Innerberger, Jan Papez, Dirk
Praetorius, Julian Streitberger, Martin Vohralik

I;‘
SORBONNE
UNIVERSITE



S SOR;BO;QEF\IE

UNIVERSITE

Motivation and context

Ani Miraci HO robust solvers for AFEM



W\ SCIENCES

Workflow S soreene

{7 Testmator n, T T estimator ¢f T T TTTTT 2

1 ~ ~ 1

: discretization error solver emzr :

! IV (u* — up)ll ) IV (up — ug)ll [

MODELING ! il DISCRETIZATION(/) T SOLVER(k)
PDE H FEM (mesh Ty, polynomial degree p) .
urEX i uf ex? uf € XP :

N\ 7

solution u*

0 =1
1 —

kol
|
w
>~
([l
o @

{ =
k=

1. Reliability ||V (u* —u")|| <00+ ¢F
2. Convergence u’ —s u*
3. Optimal rates of convergence

Ani Miragi 1/17



Optimal convergence o = p/d wrt dofs and cost
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Towards optimal complexity S senssun
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Optimal complexity of AFEM requires each of its modules to be realized in linear complexity:
't SOLVE iscritical
1 ESTIMATE !
't MARK (Stevenson 2007, Pfeiler-Praetorius 2020 for minimal cardinality marking)
' REFINE (Binev-Dahmen-DeVore 2004, Stevenson 2008)
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Model problem and discretization

Consider thesymmetric linear elliptic PDE
Ldiv(A" u')=f in! #R* u' =0 on!!
with weak formulation searching for u' $ X := HE() solution of
B U, " V&2 =%, V&2, VX

Lax-Milgram framework =( well-posed problem

FEM discretization
! T. simplicial mesh of and p) 1 polynomial degree
' pnite element spaceX’ := {v-$HG(): v|r $P(T) ' T$T-}#X
' search for ui $X.P solution of

%" u- y " V"&_Z(!) = %, V"&._Z(!) 'z $X..p
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A-posteriori-steered multigrid O NNERSHE
Gl U = oot Ly e
V-cycle :
! no pre- andone post-smoothing step
' lowest-ordercoarse solve
! lowest-orderand local smoothing in intermediate levels h-robustness

=l Jacobi iteration

' high-orderand patch-wise smoothing on Pnest levelp-robustness
=l additive Schwarz/ block Jacobiwith overlap
! level-wiseoptimal steps in error correction
=l line search: argmin +" (u' ! "u)+
#! R

' built-in a posteriori estimatolr

=Lk = ol gl 2 L ey 1 e 12

!
1!
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Theorem (h- and p-robust contraction of the algebraic error)

‘ll(+l )

U U+ qug (U D uf)+ 0<Qag(dA,To) < 1

Theorem (h- and p-robust reliability and elciency of the a posteriori estimator)

L+ (Ul uf)+ and + (UM ! U+, G $ Cr =271 )Y

solver contraction{  reliability of the a posteriori estimator

Corollary (equivalencealgebraic error Blocalizeda posteriori estimator)

b U ($2 = 4 R+ " gy, 4P
"oy ZIN |
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AFEM with iterative solver S somaou
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input: initial mesh To, adaptivity parametersO< %, 1,"aq > 0

for each&=0,1,2,... repeat (mesh-rePnement loop)

SOLVE & ESTIMATE
fork=1,2,...,K, repeat
compute the new approximation uk # u

(algebraic solver loop)

compute the estimators of algebraic error! ¥ and of discretization error $- (u¥)

until -~ $¢, L (uf)
[ [
MARK select M- .T - suchthat % '-(T,uf)?, Lo(T, ul)?
REFINE T-.; := refine (T-,M ») T T
URan = U

output: approximationsuX and corresponding estimator$ ,' - (uX)
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Reliability and linear convergence
A posteriori control for each approximatioruX

1
" U , " drouys o+ +" U uky+
3 (g, )& w (U )t G )&
total discretization algebraic
error error error
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(algebra)
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T g
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v e
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Theorem (full R-linear convergence of the quasi-error) Consider arbitrafy< %, 1, "ag > 0. Then

HE L Cin g T TR

Cin >0, 0<qin <1

Contraction independantly of the algorithmic step: mesh-rebnement or algebraic iteraiton.

Corollary (convergence of the total error)

+ 't u)+ L HE L glf T HG Y
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Full R-linear convergence implies rates = complexity S°

'R(() = ("sku)[')Q # T-v)$ HY <0 rate ( wrt dofs is possible

. )s
' R(():= sup #T. HE<O rate ( wrt costs/overall computational cost ispossible
("k)Q ( | l)'Q
REUTRY
Proposition
. Clln
RO RO . rams RO

" Proof: #T." R(1)T(HX)' * #(" k") $Q, summing and using theeometric series

[ #. 1

#
= #T!! " R(' )L (H!(I)| L R(' ) C||n Ghin Lk vokepe (Ht()‘ i
(1 kH#Q (1 k"H#Q (' k"H#Q
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We introduce the notion oBpproximation class

W < & ! u” can be approximated with raté wrt dofs

Theorem (optimal convergence wrt to overall computational cost)
Let! > Osuch that%i”%a. < & . SupposeD<$< 1 et % > 0 sulciently small
!

# " e k $ # o%
=l %"%. ! sup #Tp H ! max %"%. ,Hp)
(Lk)#Q (1 k')#Q
[ kS Lk |

if u* can be approximated with raté wrt dofs
then AFEM with algebraic solver approximateg with the rate! wrt cost.
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Optimal complexity of AFEM O NNERSHE

1r b 1

1 2e6

-1 1

10t
S
£ "ag =0.01
.g uniform adaptive
0
s 102 #=1 #=05
5 $=1 -o- —e—
\ $=2 -A- —A—
10!5 A N 1T A A1 \\H%I\-H‘ HHF $=3 -a-
10t 100 10t 12 10° $=4 -o- —o—

median cumulative runtime

I Kellogg: Appl. Anal., 4(1975)
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Optimality and robust contraction of the solver

L-shaped domain: ! "u' =1 on !,

108 ;H
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Importance of nested iterations O NNERSHE
L-shaped domain: ! "u' =1 on!, u =0 in !!
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Adaptive approach with nested solvers

discrete problem

: ! i ionu%
(FEM) W|_th soluqon Ug’
is non-linear

SPD system with
solution ug%

linearisation (k) \

Q6 (Picard) !
Yptive stopping T R is costly
E o T computable
algebraic solver (j) N
- approximation
i (MG/PCG) by
93ptive sopping” P e 3

=(  three nestedloops: mesh-rebnement& 1/ linearization (k) 1/ algebra ()

=(  each of the solvers (algebra and linearization) ontractive
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Optimality of AFEM with linearization :  p( 1 O NNERSHE
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Optimality of AFEM with symmetrization :

Prut )+ xa"u' (x)+u(x)=1 int!, u(x)=0

error estimator
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