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Framework & goals

Given an evolution eq: %f =—Lf, t>0; L.. const-in-t operator

Assume —L is semi-dissipative, i.e. Ly := %(L +L*)>0

Assume L has a unique steady state: Lfy, =0

L is called hypocoercive if: ||f(t) — foo|| < c e o — fol, t > 0, Viy;
but typically without coercivity of L

for an ODE: hypocoercive = positive stable, i.e.  R(\;(L)) > pu >0

Hypocoercivity is an interplay of 2 evolution mechanisms:
a degenerate dissipation/relaxation & mixing for the non-dissipative
“directions” .

GOAL: Quantify the exponential decay behavior.
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Framework & goals

e Wavy decay of ||x(t)| for ODE; ... of relative entropy w.r.t. the
global Maxwellian (- - -Hg(t))
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sample trajectories ||x(t)||, simulation of 142 D Boltzmann eq.

envelope |le~Lt|| [Filbet-Mouhot-Pareschi 2006]

e Hypocoercivity index is a measure for the “degeneracy” of L.
GOAL: Connect algebraic structure (HC-index) to short+large time decay.
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|. Algebraic structure, hypocoercivity index

Outline:

@ hypocoercive ODEs, Lyapunov's direct method
@ hypocoercivity index

@ hypocoercivity index for Hilbert-space evolution
equations

@ hypocontractivity for discrete-t systems
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Long-time decay for nonsymmetric ODEs
x = —Cx, t>0, x(t) e C" (1)

Definition: C is coercive if x"Cpx > k||x||? Vx (for a k > 0); Cpy:=SL=
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Long-time decay for nonsymmetric ODEs

x = —Cx, t>0, x(t) e C" (1)
Definition: C is coercive if x"'Cyx > r||x||? Vx (for a & > 0); Cy

1 -1
%C_<1 0

@ C not coercive = no decay of ||x(t)||2 by trivial energy method!

._ c4cH
=S
), Ac=1+ i\/Tg = decay rate = 1 for (1).

25

@ But decay of modified norm [|x(t)||p .= Vx"Px; P:=[2 —1;,-12]
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P > 0 can be constructed
from full spectral info of C.
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Constructing strictly decaying

Lyapunov functionals is the main
\\

theme of large-t analysis of

hypocoercive PDEs.
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Choice of P for ||x||p / Lyapunov’s direct method

Lemma 1

Let C € C"™" be positive stable, i.e. spectral abscissa pi:=min{R Ac}>0.
Q Ifall \T'" € {\ € o(C) | R\ = u} are non-defective

(i.e. geometric = algebraic multiplicity)
= 3JPecC™ P>0: PC+CHMP>2uP (Lyapunov inequ.)
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Choice of P for ||x||p / Lyapunov’s direct method

Lemma 1

Let C € C"™" be positive stable, i.e. spectral abscissa pi:=min{R Ac}>0.

Q Ifall \T'" € {\ € o(C) | R\ = u} are non-defective
(i.e. geometric = algebraic multiplicity)

= 3JPecC™ P>0: PC+CHMP>2uP (Lyapunov inequ.)

Q If (at least) one A\T'™ is defective =
Ye>0 IP=P(e)>0: PC+CHP>2(u—e)P.
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Choice of P for ||x||p / Lyapunov’s direct method
Lemma 1

Let C € C"™" be positive stable, i.e. spectral abscissa pi:=min{R Ac}>0.

Q Ifall \T'" € {\ € o(C) | R\ = u} are non-defective

(i.e. geometric = algebraic multiplicity)

= 3JPecC™ P>0: PC+CHMP>2uP (Lyapunov inequ.)
Q If (at least) one A\T'™ is defective =

Ye>0 IP=P(e)>0: PC+CHP>2(u—e)P.

Proof: P can be constructed explicitly; e.g. for C non-defective /
diagonalizable:

n
P .= sz ® zJ-H ; zj ... eigenvectors of ct O]
j=1

e P not unique; but the decay rates p (or i — €) are independent of P.
e If Cis real = P real.
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Long-time decay of P—norm

@ Sharp decay estimate for x = —Cx (non-defective case, C real):

Let ||x||2 :==x"Px .

d 2 H H 2
xR = —H(PCECP)x < 2ulx}
>2uP

= Ix(®)lle < lx(0)fpe™™, t=0.
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Long-time decay of P—norm

@ Sharp decay estimate for x = —Cx (non-defective case, C real):

Let [|x]|% :==x"Px.

d 2

S kB = —xH(PC+ CP)x < ~2plxI}
>2uP
= Ix(®)lle < lx(0)fpe™™, t=0.

@ motivation:
Consider transformation y := P/2x = y = —Cy, C = Pl/2Ccp-1/2,
Then, spectral abscissa of Cp is optimal = p.

@ P-norm has been used for entropy/energy methods of kinetic
equations (e.g. relaxation/BGK - also nonlinear, Fokker-Planck)
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Decay of P—norm

) : 1 -1
%X——CXWIthC—(l 0)

@ At xp-axis: trajectory x(t) tangent to level curve of |x| :

X'=-x+y
yi=-x

‘ Drift characteristic ‘ ‘ Level curve of P-norm ‘

@ level curve of “distorted” vector norm \/m; P= < —21 _21 )

— uniform decay of optimal Lyapunov funct. ||x(t)||p with sharp rate 3.
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Outline:

@ hypocoercive ODEs, Lyapunov's direct method
@ hypocoercivity index

@ hypocoercivity index for Hilbert-space evolution
equations

@ hypocontractivity for discrete-t systems
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hypocoercive ODEs

x = —Cx, t>0, x(t) e C"

@ Consider semi-dissipative systems C:
C=Cy+CseC™ Cll=Cy>0,Cl=-Cs

@ Condition for hypocoercivity:
No (non-trivial) subspace of ker Cy is invariant under Cg
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Hypocoercivity index
Definition: Semi-dissipative system:

x =—-Cx, withC=Cy+CseC™" (2)
if Cy > 0 Hermitian; Cgs is skew-Hermitian.

Definition 1 (Achleitner-AA-Carlen, KRM 2018)
The hypocoercivity index of C is the smallest integer myc € Ny, such that

mHc )
j Hyj

> cicy(cly >o.

Jj=0 |
@ Ciscoercive & Cy>0< myc=0
@ C is hypocoercive & mpyc < 00 [not true for infinite dimensions]
e If Cis hypocoercive: % < mpyc < n—rankCy (max=n—1)
@ myc describes the structural complexity of (2).
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Hypocoercivity index for x = —(Cy + Cs)x

ex: Cy = dlag(07 0,1, 1)

0 0 0 1
0 0 1 0 . ) .

(a) Cs = o -100 | HC index = 1 (direct connection)
-1 0 00
0 1 00

~ -1 0 1 0 . L .

(b) Cs = 0 -1 0 0 HC index = 2 (indirect connection)

0 0O 0 O
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Define HC index via iterated commutators, Kalman cond.
1) hypocoercivity index of C: smallest integer myc such that

myc i .
Y cicu(cly >o.
j=0

2) equivalent definition via iterated commutators: smallest integer myc

such that
muyc
Y "BF'B; >0 with By := \/Cy; Bjy1:=[B;,Cs], j € No.
j=0

o related to Hormander's “rank r” bracket condition for hypoellipticity,
Villani's hypocoercivity method.

3) equivalent definition via Kalman rank condition: smallest integer myc
such that
rank[Cy, CsCh;, ..., (Cs) M Ch] = n. (3)
@ (3) yields controllability of x = Ax +Bu; A ~ Cs, B~ Cy.
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Preservation of the hypocoercivity index

Lemma 2 (Achleitner-AA-Mehrmann, ELA 2022)

Let —C be semi-dissipative with HC-index myc€ Ng. The following linear
transformations preserve it:

e inversion: C~1 [tricky proof]

o unitary congruence: € = UCU" with U unitary [trivial by definition]
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Preservation of the hypocoercivity index

Lemma 2 (Achleitner-AA-Mehrmann, ELA 2022)

Let —C be semi-dissipative with HC-index myc€ Ng. The following linear
transformations preserve it:

e inversion: C~1 [tricky proof]

o unitary congruence: € = UCU" with U unitary [trivial by definition]

e Similarity transformations do not perserve it, in general:

1 -1
ex:C:(1 0 )haschzl.

But € := PY/2CP~/2 with P = [2 — 1; —1 2] has myc = O:

2
\\ 1x(t)[lp= lly(t)ll2

\\ with y := P1/2x
1 \\\ -y
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Short-time decay / hypocoercivity index for x = —Cx

characterization:

Theorem 2 (Achleitner-AA-Carlen, JDE 2023)
Let —C be semi-dissipative. Then its HC-index is myc € Ny iff

e Ctllo = 1 — c 2™t 4 O(2MHet2) 5 0+

e Optimal ¢ > 0 is explicit, in terms of Cy, Cs.

proof very technical:
@ lower bound: For xq € ﬂj";*{)cfl ker (\/CHCJ._';) show
Ix(£)||? ~ 1 — & t2muetl,
@ upper bound: Optimal c is not realized by a single (worst) trajectory,
only as envelope of well-chosen family of initial conditions.

o use: ||e~Ct||y is real analytic on some [0, tp).
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2 decay regimes: first polynomial, then exponential decay
ex: x = —Cx,C=Cy +¢Cs

0 0 01
. 0 0 10
Cy = diag(0,0,1,1), Cs= 0 -1 00 | mMHc=1
-1 0 00
—e=0.70711 €=0.70711
€=05 —€=05
85 E: z gfgem - e z gfgew
R " P > o 2 B 0 40 o e 0
log ¢ t
2 . .
et =1—- 5t +O(tY) exponential decay for large time
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Large HC-index delays exponential decay of ||e ¢¢||,

0 1
-t R nxn
ex: C= , , e R, myc=n-—1
I - - 1
-1 0 1
—1 1
HC index = 2 HC index = 6
0.5 021
0
0.1
05
ab 0
%71.57 =01
S g
3 g -
2Ll & 02
3r 03F
85
041
4t
45 0.5
0 5 10 15 20 0 5

||e_Ct||2v 1—c t2m,.,5+1, ce Mt
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Outline:

@ hypocoercive ODEs, Lyapunov's direct method
@ hypocoercivity index

@ hypocoercivity index for Hilbert-space evolution
equations

@ hypocontractivity for discrete-t systems
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Hypocoercivity

Definition 3 (Villani 2009)

Consider L on Hilbert space H with K := ker L; let H < K+ (densely)
(e.g- H ... weighted L2, H ... weighted H").
L is called hypocoercive on H if 3A >0, ¢ > 1:

le = hllz < ce™Mlfly; VheH

e typically ¢ > 1
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Hypocoercivity for Hilbert space evolution equations (1)

x(t) = —Cx(t), x(0) =xp € H ... separable Hilbert space

Let C € B(#H), —C semi-dissipative (often in physical systems) with
ker C = {0} (for simplicity, otherwise project it out).

Definition 4
@ C=Cy+Cs (C};=CH >0, Ct = —Cs) is hypocoercive if
e txolln < ce M|xolln Vxo €H.
[ = generator of a uniformly exponentially stable semigroup]

@ The hypocoercivity index of C is the smallest myc € Np, such that

myc

Z C{SCH(CE)j >kl for some kK > 0.
j=0

[Uniform lower bound «l in # is important.]
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Hypocoercivity for Hilbert space evolution equations (2)

Lemma 3 (Achleitner-AA-Mehrmann-Nigsch, JFA 2025)
Let C = Cy + Cs € B(H). If C is hypocoercive, its index is finite.

Proof:

@ Hypocoercivity condition >°7 CJ'SCH(CE)J' > kl is equivalent to
span (U range (C{;\/CH)) =H. [cp. Kalman rank cond.] (4)
j=0

e indirect: If (4) holds with m = oo, it also holds for some finite m:
By Baire's category theorem, H cannot be the union of meager sets

{ range (CJS CH) }j' hence one of them is non-meager. So, by the
open mapping theorem, a finite combination is already surjective. [

Rem: myc = oo is possible for unbounded generators.
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Hypocoercivity for Hilbert space evolution equations (3)
Theorem 5 (reverse direction)

Let —C € B(H) be semi-dissipative (for x = —Cx). Then

C is hypocoercive iff myc € Ny .

Rem: LHS is a global-in-t decay result; RHS a (local) generator property.
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Hypocoercivity for Hilbert space evolution equations (3)
Theorem 5 (reverse direction)

Let —C € B(H) be semi-dissipative (for x = —Cx). Then

C is hypocoercive iff myc € Ny .

Rem: LHS is a global-in-t decay result; RHS a (local) generator property.
Proof («=):

@ equivalent condition for HC-index: Zj'lo(c*)jCHCj >kl

e Lyapunov functional: ||x||2 := (x,Px), B(H) > P := Z(c*)icf >1,
j=0

H (B)llp = =2 (C/x, Culix) <—2¢|x|3; < HP”HX( Hip O
j=0

This gives exp. decay of ||x(t)||#, ||x(t)|p-
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short-time behavior: characterization by hypocoercivity
index

Theorem 6 (JFA 2025)
Let —C € B(H) be semi-dissipative. Then its HC-index is myc € Ny iff

el gy = 1 — c 2t 4 o(¢2™Hetl) -t — 0+

Rem: Remainder is only o(t2™#¢ 1), since ||e*|| (3 is in general not
analytic close to t =0  [but OK for matrices C].
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Outline:

@ hypocoercive ODEs, Lyapunov's direct method
@ hypocoercivity index

@ hypocoercivity index for Hilbert-space evolution
equations

@ hypocontractivity for discrete-t systems
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discrete-time systems (ODEs) — asymptotic stability

@ consider t-discretization of x = —Cx:  xyy11 = Axk
@ goal: discrete analog of hypocoercivity
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discrete-time systems (ODEs) — asymptotic stability

@ consider t-discretization of x = —Cx:  xyy11 = Axk
@ goal: discrete analog of hypocoercivity

spectral norm: [|A]l2 = /Amax(AHA) = 0ax(A)

Definition: A € C™" is ...
e contractive if omax(A) < 1;
o semi-contractive if omax(A) < 1,
e hypocontractive (or asymptotically stable) if all [A\(A)| < 1.

Anton ARNOLD (TU Vienna) Hypocoercivity: algebraic structure, index 25/30



discrete-time systems (ODEs) — asymptotic stability
@ consider t-discretization of x = —Cx:
@ goal: discrete analog of hypocoercivity

spectral norm: [|All2 = \/Amax(AFA) = 0 max(A)
Definition: A € C™" is
e contractive if omax(A) < 1;
o semi-contractive if omax(A) < 1,
@ hypocontractive (or asymptotically stable) if all [A\(A)| < 1.

Definition 7

Xk+1 = Axg

Let A € C"™" be semi-contractive. lIts hypocontractivity index mgyc € Ny
is the smallest integer m, such that

S (AT (- AYA)A > 0.
j=0

e A is contractive iff myyc = 0 (i.e. AHA <1).
Anton ARNOLD (TU Vienna)
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discrete short-time behavior: characterization by
hypocontractivity index

Theorem 8 (Achleitner-AA-Mehrmann, ELA 2022)

Let A € C"™" be semi-contractive (i.e. Tmax(A) < 1). Its
hypocontractivity index is mgyc € No iff

|Ad||2 =1, forall j=1,..., mguc, and |[A™#HcHL|, <1 .
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Mid-point rule: connection of hypocoercivity/-contractivity

o Consider mid-point-discretization of x = —Cx:
Xk41 =Xk __ _CXk+1+Xk
R 2

@ e.g. with h =1: x4 1 = Axx with A= (1 — %)(I + %)_1
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Mid-point rule: connection of hypocoercivity/-contractivity

o Consider mid-point-discretization of x = —Cx:
Xk41 =Xk __ _CXk+1+Xk
R 2

o eg with h=1: x,11 = Axe with A= (1-$)(1+5)?

Theorem 9 (Achleitner-AA-Mehrmann, ELA 2022)
Let -1 not be an eigenvalue of A € C"*". Then:

e C is hypocoercive < A is hypocontractive.

o —C /s semi-dissipative < A is semi-contractive.

@ The hypocoercivity and hypocontractivity indices coincide:
myc(C) = manc(A)

o For the scaled Cayley transform A, := (1 — 2C)(1 + 24C)~1, h >0,
mgyc(Ap) is constant in h.

e Same connection for C, A € B(H).
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explain exponent “mismatch”: hypocoercivity /-contractivity
e hypocoercivity: ¢(t) := ||e o ~ 1 — c t?mrctl
e hypocontractivity: ||AhmHC+1”2<1, A,:=(1-20)(1+420)?

HCindex =1

— e 2
—1—ct

o Azl

Let myc = 1. ldea: odd extension of ||Afh||2 toj <0, like 1 — ct3.
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explain exponent “mismatch”: hypocoercivity /-contractivity
e hypocoercivity: ¢(t) := ||e o ~ 1 — c t?mrctl
e hypocontractivity: ||AhmHC+1Hz<1, A,:=(1-20)(1+420)?

HCindex =1

— e 2
—1—ct

o Azl

Let myc = 1. ldea: odd extension of ||Afh||2 toj <0, like 1 — ct3.
@ structure-preserving numerical method w.r.t. hypocoercivity Vmyc:
e consistent finite difference analog of ¢(t):

A2m+1 AJ i=—m-—1.... 1
[l AGll2,J m—1,..,m+1] h=9 pPmH(0) = —(2m+1)! ¢

h2m+1
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explain exponent “mismatch”: hypocoercivity /-contractivity
e hypocoercivity: ¢(t) := ||e || ~ 1 — c t?mrctl
e hypocontractivity: ||Ahm”c+1||2<1, A, = (1-50)(1+5C)71 .27 order

HCindex =1

— e 2
—1—ct

o Azl

Let myc = 1. ldea: odd extension of ||Afh||2 toj <0, like 1 — ct3.
@ structure-preserving numerical method w.r.t. hypocoercivity Vmyc:
e consistent finite difference analog of ¢(t):

A2m+1 AJ i=—m-—1.... 1
[l AGll2,J m—1,..,m+1] h=9 pPmH(0) = —(2m+1)! ¢

h2m+1

Anton ARNOLD (TU Vienna) Hypocoercivity: algebraic structure, index 28/30



f-schemes, 0 # %: no match hypocoercivity /-contractivity

@ Consider f-schemes for x = —Cx:
W = —C(@Xk_H -+ (1 — Q)Xk), RS [O, 1]
@ i.e Xki1 = Apx, with Ay, = (l + h@C)_l(l — h(l — Q)C)
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f-schemes, 0 # %: no match hypocoercivity /-contractivity

@ Consider f-schemes for x = —Cx:
w = —C(HX/(_H + (1 — G)Xk), 0 e [0, 1]

o i.e. xei1 = Apxe with Ay = (1 + h9C)~1(1 — h(1 — 6)C)

Theorem 10 (AA-Egger, 2026)

(a) Let % < 0 <1, let C be hypocoercive and —C be semi-dissipative.
Then, for any h > 0, Ay is contractive, i.e. myyc(Ay) =0
(for any myc(C) € Np).

(b) Let 0 <0 < 3, let C be hypocoercive.
If mpc(C) = 0, then Ay, is contractive for h € (0, hy) with some

ho > 0, i.e. deC(Ah) =0.
If mpyc(C) > 1, then Ay, is not semi-contractive for any h > 0.

Hence: The more implicit schemes are too dissipative; the more
explicit schemes lose semi-contractivity for (only) hypocoercive evolutions.

29/30
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Conclusion
@ Hypocoercivity index characterizes the short-time decay of ODEs and
Hilbert space evolution equations x = —Cx, C € B(#): first
polynomial, then exponential decay of ||e~ .
e discrete t-analog for mid-point rule: hypocontractivity (index)
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Conclusion
@ Hypocoercivity index characterizes the short-time decay of ODEs and
Hilbert space evolution equations x = —Cx, C € B(H): first
polynomial, then exponential decay of ||e~ .
e discrete t-analog for mid-point rule: hypocontractivity (index)
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